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ABSTRACT. Given two complex Banach spaces X7 and X2, a tensor product
of X1 and X3, X1®X>, in the sense of J. Eschmeier ([5]), and two finite tuples
of commuting operators, S = (S1,...,5,) and T = (11, ...,T), defined on
X1 and X» respectively, we consider the (n+m)-tuple of operators defined on
X18Xo, SRLIKT)=(S1®1,...,51,IxT,...,I ®Ty), and we give
a description of the semi-Browder joint spectra introduced by V. Kordula,
V. Miiller and V. Rako€evi¢ in [7] and of the split semi-Browder joint spectra
(see Section 3) of the (n+m)-tuple (S®1,I®T), in terms of the corresponding
joint spectra of S and 7. This result is in some sense a generalization of a
formula obtained for other various Browder spectra in Hilbert spaces and for
tensor products of operators and for tuples of the form (S ® I,I ® T). In
addition, we also describe all the mentioned joint spectra for a tuple of left
and right multiplications defined on an operator ideal between Banach spaces
in the sense of [5].
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1. INTRODUCTION

Given a complex Banach space X, V. Kordula, V. Miiller and V. Rakocevié ex-
tended in [7] the notion of upper and lower semi-Browder spectrum of an operator
to n-tuples of commuting operators, and they proved the main spectral properties
for this joint spectra, i.e., the compactness, nonemptiness, the projection property
and the spectral mapping property.

On the other hand, there are many other joint Browder spectra, for example,
we may consider the one introduced by R.E. Curto and A.T. Dash in [2], o1, and
the joint Browder spectra defined by A.T. Dash in [3], o, 02 and ol. By the
observation which follows Definition 4 in [3] and the Example in [7], we have that
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the Browder spectra of V. Kordula, V. Miiller and V. Rakocevi¢, o, and op_,
differ, in general, from the other mentioned joint Browder spectra. However, if
we consider two complex Hilbert spaces H; and Hsy, and S and T two operators
defined on H; and Hj respectively, by [2] and by [3;7] we have that the joint
Browder spectra oy, o, 02 and o of the tuple of operators (S ®I,1®T) defined
on Hi®Hs,, coincide with the set

op(S) x a(T)U o (S) x on,(T),

where o and o}, denote, respectively, the usual and the Browder spectrum of an
operator.

Moreover, if S = (S1,...,Sy), respectively T' = (T1,...,T,,), is an n-tuple,
respectively an m-tuple, of commuting operators defined on the Hilbert space H,
respectively Hy, R.E. Curto and A.T. Dash computed in [2] the Browder spectum
of the (n+m)-tuple (SR I,IRT)=(S$1®1,...,5, L, IT,...,I®T,), and
they obtained the formula

ob(SRLIRT) =0p(S) X or(T)Uor(T) x op(T),

where o denotes the Taylor joint spectrum (see [9]).

In this article we give in some sense a generalization of the above formulas
for commutative tuples of Banach spaces operators and for the semi-Browder joint
spectra. Indeed, we consider two complex Banach spaces, X; and X5, a tensor
product between X; and X5 in the sense of J. Eschmeier ([5]) X;®X>, S and T, two
commuting tuples of Banach space operators defined on X; and X5 respectively,
and we describe the semi-Browder joint spectra introduced in [7], op, and op_,
and the split semi-Browder joint spectra spg, and spg  (see Section 3) of the
tuple (S® I,1®T), in terms of the corresponding semi-Browder joint spectra and
of the defect and the approximate point spectra of S and T'. The results that we
have obtained extend in same way the above formulas, see Section 5. Furthermore,
since for our objective we need to know the Fredholm joint spectra of J.J. Buoni,
R. Harte and T. Wickstead of (S® I,I ® T) ([1]) and its split versions ([4]) we
also describe in Section 4 these joint spectra.

In addition, by similar arguments we describe in Section 6 all the mentioned
joint spectra for a tuple of left and right multiplications defined on an operator
ideal between Banach spaces in the sense of [5].

However, in order to give our descriptions, we need to introduce the split
semi-Browder joint spectra of a tuple of commuting Banach space operators, and
to prove their main spectral properties (see Section 3).

The article is organized as follows. In Section 2 we recall several definitions
and results which we need for our work. In Section 3 we introduce the split semi-
Browder joint spectra and prove their main spectral properties. In Section 4 we
compute the semi-Fredholm joint spectra of (S®1,I®T). In Section 5 we compute
the semi-Browder joint spectra of (S®I, I®T), and in Section 6, the semi-Fredholm
and the semi-Browder joint spectra of a tuple of left and right multiplications
defined on an operator ideal between Banach spaces in the sense of [5].
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2. PRELIMINARIES

Let us begin our work by recalling the definitions of the lower semi-Fredholm and
of the lower semi-Browder joint spectra of a finite tuple of operators defined on a
complex Banach space; for a complete exposition see [1] and [7].

Let T = (T3,...,T,) be an n-tuple of commuting operators defined on a
Banach space X, and for k € N define My (T) = R(TF) + --- + R(TF). Clearly

XDOM(T)DMx(T)2 -+ 2 M(T) D ---. Let us set R®(T) = (| Mr(T). We
k=1

may now recall the definition of the lower semi-Browder joint spectrum (see [7]).
We say that T = (T1,...,T},) is lower semi-Browder if codim R*(T') < oo.

The set of all lower semi-Browder n-tuples is denoted by B™ (X), and the lower
semi-Browder spectrum is the set

o (T)={AeC": T—x¢ B (X)),
where \ = (>\17---7>\n) and T — \ = (T1 —All,...,Tn —Anl)
As usual (see [1]), we say that T = (T, ...,T,) is lower semi-Fredholm, i.e.,
T e o™ (X), if
codim M1 (T) = codim (R(Ty) + -+ - + R(T},)) < oo,
equivalently, if the operator T : X" — X defined by f(xl, censxy) = Th(z) +

-+ -+T, (xy,) is lower semi-Fredholm, i.e., R(f ) is closed and has finite codimension.
The lower semi-Fredholm spectrum is the set

oo (T)={rAeC": T—)\¢ o™ (X))
An easy calculation shows that
oo (T) Cop (T) Cos(T),
where o5(T) is the defect spectrum of T, i.e.,
os(T)={\ e C": codim M{(T — \) # 0}.

Moreover, it is easy to see that the lower semi-Browder spectrum may be decom-
posed as the disjoint union of two sets,

op_(T)=0e_(T)UA(T),
where

A(T)={ e C": Vk € N, 1<codim My (T — \) < oo, codim My (T — A) P~ oo}

Now, we recall the definition of the upper semi-Fredholm and the upper
semi-Browder joint spectra; as above, for a complete exposition see [1] and [7].

If T is an n-tuple of commuting operators defined on a Banach space X, then
T is said upper semi-Fredholm, i.e., T € (I>Sr") (X), if the map T:X — X" defined

by T(z) = (T1(z), ..., T,(x)) is upper semi-Fredholm; equivalently, if T has finite
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dimensional null space and closed range. Moreover, T is said upper semi-Browder,
ie, T eB™M(X),if T ed”(X) and dim N*(T) < o, where

N=(T) = kLeJN[N(Tf) N NN(TY)).

As above, the upper semi-Fredholm spectrum is the set
oo, (T)={AeC":T—x¢ o (X))},
and the upper semi-Browder spectrum is the set
o5, (T)={reC":T—x¢B™X)}
In addition, it is easy to see that
09, (T) Cop,(T) C ox(T),
where o, (T) denotes the approximate point spectrum of T,
0x(T)={A€C": N(T — ) #0 or R(T — \) is not closed}.

Moreover, it is easy to see that the upper semi-Browder spectrum may be

decomposed as the disjoint union of two sets,
o5, (T) = 09, (T) UD(T),
where D(T) = {A € C" : Vk € N, 1 < dim N (T — \) < oo, R(T — )) is closed,
— — — k
and dim N (T — \) . oo}, where Np(T —)\) = N((T =) ) and (T — \)F =
(Ty — M), (T — A0)5).

Let us recall that the semi-Fredholm and the semi-Browder joint spectra are
compact nonempty subsets of C™, which also satisfy the projection property and
the analytic spectral mapping theorem for tuples of holomorphic functions defined
on a neighborhood of the Taylor joint spectrum ([9]) (see [4] and [7]).

On the other hand, in order to prove our main results, we have to recall
the axiomatic tensor product between Banach spaces introduced by J. Eschmeier
in [5]. This notion will be central in this work. For a complete exposition see [5].
We proceed as follows.

A pair (X, X) of Banach spaces will be called a dual pairing, if

(X=X or (i)X=X.
In both cases, the canonical bilinear mapping is denoted by
XxX—C, (z,u)~ (z,u).
If (X, X) is a dual pairing, we consider the subalgebra £(X) of L(X) con-

sisting of all operators T € L(X) for which there is an operator 77 € L(X) with
(Tx,u) = (x,T'u),
for all z € X and w € X. It is clear that if the dual pairing is (X, X’), then
L(X) = L(X), and that if the dual pairing is (X', X), then £(X) = {T" : T' €
L(X)}. In particular, each operator of the form
fyo: X =X, zw— (z,0)y,
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is contained in £(X), where y € X and v € X.
We now recall the definition of the tensor product given by J. Eschmeier in [5].
Given two dual pairings (X, X) and (Y,Y), a tensor product of the Banach
spaces X and Y relative to the dual pairings (X, X y and (Y, }N/), is a Banach space
7 together with continuous bilinear mappings

XxY — Z, (z,y) — 2 ®Y;
LIX)xLY)—=L(Z), (T,8)—T®S,

which satisfy the following conditions:

(T1) lz @yl = =] lyll;

(T2) T® S(z®y) = (Tz) ® (Sy);

(T3) (Tl ®Sl) o (T2 ® Sz) = (TlTQ) & (5152), I®I=1I,

(T4) Im (fpu®I) C{z@y:yeY}, In(f,,@I) C{z®y:ze X}

In this work, as in [5], instead of Z we shall often write X®Y". In addition,
as in [5], we shall have two applications of this definition of tensor product. First
of all, the completion X®,Y of the algebraic tensor product of Banach spaces X
and Y with respect to a quasi-uniform crossnorm « (see [6]) and an operator ideal
between Banach spaces (see [5] and Section 6).

In Section 4 and 5, given two complex Banach spaces X; and X5, and two
tuples of Banach spaces operators, S and T, defined on X; and X5 respectively, we
shall describe the semi-Fredholm and the semi-Browder joint spectra of the tuple
(S®I,I®T), whose operators, S; ® [ and I ®T;,i=1,...,nand j =1,...,m,
are defined on X;®X>, a tensor product of X; and X, relative to (X;, X]) and
(Xo,X%). However, in the following section, we first introduce the split semi-
Browder joint spectra, which will be necessary for our description.

3. THE SPLIT SEMI-BROWDER JOINT SPECTRA

In this section we introduce the upper and lower split semi-Browder joint spectra.
We also prove their main spectral properties.

Let us consider, as in Section 2, a complex Banach space X and T =
(Ty,...,T,) a commuting tuple of operators defined on X. We say that T is
lower split semi-Browder if R (T) has finite codimension and N(T') has a direct
complement in X", where T: X" — X is the map considered in Section 2. We
denote by SB(_")(X ) the set of all lower split semi-Browder n-tuples, and the lower
split semi-Browder spectrum is the set

spg (T) ={AeC":T—\¢ SB™ (X))

It is clear that
spp (T) =op_(T)UC_(T),

where C_(T) = {A € C" : N (T/—\)\) has not a direct complement in X”}. In
particular, spg_ (7)) is a nonempty set.
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On the other hand, if we consider the split defect spectrum and the essential
split defect spectrum of T' introduced in [4], sps(T) and sps.(T) respectively, sets
that by 2.7 from [4] may be presented as

sps(T) = os(T) UC_(T), spse(T) =00 (T)UC_(T),
then we have that
spse(T') C spg_(T') C sps(T).

In addition, if we consider the set A(T) = {A € C" : X ¢ sps.(T), Vk € N, 1 <
codim My (T — X) < oo, codim My (T — \) . oo}, then it is clear that

A(T) € A(T) Cop_(T) S spg_(T).
In particular _
sPse(T) UA(T) € spp_(T).

On the other hand, let us consider A € spg (T), and let us decompose the

lower split semi-Browder spectrum of T' as
spg (T) =0 (T)UC_(T)=0e_(T)JA_(T)JC_(T).

Now, it A € og_(T)UC_(T), then X € sps.(T'). Moreover, if A € A(T)\ (ce_(T)U
C_(T)), then A € A(T) \ sps.(T) = A(T). Thus, we have that

spp_(T) = spse(T) UA(T).
‘We now introduce the upper split semi-Browder spectrum.
If X and T = (T1,...,T,) are as above, then we say that T is upper split
semi-Browderif it is upper semi-Browder and R(7T') has a direct complement in X",

where T : X — X™ is the map considered in Section 2. We denote by SBSTL)(X)
the set of all upper split semi-Browder n-tuples, and the upper split semi-Browder
spectrum is the set

spp, (T) ={r e C": T — A ¢ SBL(X)}.
It is clear that
SpB+ (T) = 0By (T) U C+ (T)7

where Co(T) = {A € C" : R(T — A) has not a direct complement in X"}. In
particular, spg, (T') is a nonempty set.

On the other hand, if we consider the split approximate point spectrum and
the essential split approximate point spectrum of T' (see [4]), sp,.(T') and sp_(T)
respectively, i.e., the sets

P (T) = 0x(T) UCL(T), $pre(T) = 00, (T) UCL(T),
then we have that
SPre (T) c Sp5+ (T> - SPr (T)

In addition, if we consider the set D(T) = {A € C" : A\ ¢ sp,.(T), Vk € N, 1 <
dim N (T — X)) < oo, dim Ny (T — ) " oo}, then it is clear that

B(T) € D(T) € o5, (T)  sps, (T)-
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In particular N
SPre (1) UD(T) € spg, (T).

On the other hand, let us consider A € spg_ (T), and let us decompose the
upper split semi-Browder spectrum of T as

spg, (1) = 05, (T) UCH(T) = 00, (T) UD+(T) UCL(T).
Now, if X € 0¢_, (T)UCL(T), then X € sp,.(T'). Moreover, if X\ € D(T)\ (0o, (T)U

C(T)), then A € D(T) \ spo(T) = D(T). Thus, we have that

5P, (T) = sDe(T) UD(T).

We now see that the sets that we have introduced satisfy the main spectral
properties.

PROPOSITION 3.1. Let X be a complex Banach space and T = (T1,...,T),) a
commuting tuple of bounded linear operators defined on X. Then the sets spg (T')

and spg, (T') are compact subsets of C".

Proof. Since spg_(T) = spso(T) U A(T) C sps.(T) U op_(T), we have that
spp_(T) is a bounded subset of C™.

On the other hand, let us consider a sequence (Ap)nen C spp (T), and
A € C™ such that A\, — A. If there exists a subsequence (An,)ken C spse(T),

n—oo
then A € sps(T) C spg_(T). Thus, we may suppose that there is ny € N such

that for all n € N, n > ng, A, € VZ(T) Moreover, we may also suppose that
A ¢ sps.(T). In particular, there is an open neighborhood of A, U, such that
U Nspse(T) = 0, and there is n; € N such that A, € U, for all n > ny.

However, since for all n > ng, A\, € A(T) C A(T) C op_(T), then A €
op_(T). But A ¢ og_(T), for oo_(T) C spse(T). Then, A € A(T) \ sps.(T) =
A(T) C spp_(T).

By means of a similar argument, it is possible to see that SPs., (T) is a
compact subset of C". 1

PROPOSITION 3.2. Let X be a complex Banach space and T = (T, ..., Ty,
Tni1) a commuting tuple of bounded linear operators defined on X. If w: C"tl —
C™ denotes the projection onto the first n-coordinate, then we have that:

(i) m(spg_(Th,- -y TnyTnt1)) =spg_(T1,..., Th);

(11) ﬂ-(SpBJr(Tla v 7Tn7Tn+1)) = SpB+(T17 v 7Tn)

Proof. By 7 from [7] we know that w(op_(T4,...,Tn, Tnt1)) = os_(Th, .- .,
T.) Cspg_ (T1,...,T,). Moreover, since C—(T1,...,Tn,Tnt1) C spse(Th,- .-, Th,
Tht1), by 2.6 from [4] we have that 7(C_(T1,...,Tn, Tnt1)) C m(spse(Th, .-, Th,
Tnt1)) = Spse(T1, .-, Tn) Cspg_ (Th,-..,Ty). Thus, we have that

m(spg (Thy. ., Tn,Tnt1)) Cspg (Th, ..., Tn).
On the other hand, by 7 from [7] we also have that

ORB_ (Tl, e ,Tn) = W(JB_ (Tl, e ,Tn,Tn+1)) Q W(Spg_ (Tl, e ,Tn,Tn+1)).
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Furthermore, since C_(T1,...,Ty) C spse(Th,- - -, Th), by 2.6 from [4] we also have
that
C_(Th,....Ty) Cspse(Th,....Tn) = m(sPse(Ths- -, Tny Tt1))

g ﬂ-(spB_ (T17 ... 7T717T7l+1))-
Thus,
SPs_ (Tl’ ce ’Tn) < W(SpB, (Tlﬂ s 7Tn7Tn+1))7

i.e., we have proved the first statement of the proposition.
By means of a similar argument it is possible to see the second statement. I

In the following proposition we shall see that the split semi-Browder joint
spectra satisfy the analytic spectral mapping theorem.

PROPOSITION 3.3. Let X be a complex Banach space and T = (T,...,T,) a
commuting tuple of bounded linear operators defined on X . Then, if f € O(sp(T))™,
we have that:

(1) f(SpB, (Tla v 7Tn)) = SPp_ (f(T17 e ,T’I’L));
(i) f(spg, (Th,-..,Tn)) = spg, (f(T1,...,Tn)),
where sp(T') denotes the split spectrum of T

Proof. By 2.6 from [4], the split sectrum of T, sp(T’), satisfies the analytic
spectral mapping theorem, i.e., there is an algebra morphism

®: O(sp(T)) — L(X), fw f(T),

such that 1(T) = I, z;(T) = T;, 1 < i < n, where z; denotes the projection of C™
onto the i-th coordinate, and such that the equality sp(f(T)) = f(sp(T)), holds
for all f € O(sp(T))™.

Now, as in [4], let us consider the algebra

A =2(O(sp(T))) < L(X).
Then, we have that the split spectrum is a spectral system on A, in the sense of 1
from [4].

In order to show this claim, since the split spectrum is a compact set which
also satisfies the projection property (2.6 from [4]), we have only to see that if
a = (ay,...,a,) is a tuple of commuting operators such that a; € A, then sp(a) C
Tjoint(a)"

In fact, if A = (A1,...,A\n) € sp(a) \ O'j'?)int(a), there are By,..., B, € A such

that > B;(a; — \;I) = I, where I denotes the identity map of X. In particular,
i=1

> Lp,(La, — MilLx)) = Iuix)-
i=1

Then A ¢ o(L,), the Taylor joint spectrum of the tuple of left multiplication,
L,=(Lg,,...,L,,), defined on L(X). However, by 2.5 from [4], A ¢ sp(a), which
is impossible by our assumption.

Now, since spg_(11,...,T,) and spg, (T1,...,T,) are contained in sp(T),
by Propositions 3.1 and 3.2, spg_(71,...,T;,) and SPg, (Ty,...,T,) are spectral
systems on A contained in sp(7). Then, by 1.2 and 1.3 from [4], since the split
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spectrum is a spectral system on A which satisfy the analytic spectral mapping
theorem, spg_(11,...,7;) and spg, (11,...,T,) also satisfies the analytic spectral

mapping theorem defined on O(sp(T)). 1

In the following section we give a description of the semi-Fredholm joint
spectra of the system (S ® I,I ® T'), which will be a central step for one of the
main theorems of the present article.

4. THE SEMI-FREDHOLM JOINT SPECTRA

In this section we consider two complex Banach spaces X; and X5, two tuples
of bounded linear operators defined on X; and Xo, S = (S1,...,5,) and T =
(T1,...,T,) respectively, and we describe the semi-Fredholm joint spectra of the
(n 4+ m)-tuple (S ® I,I ® T) defined on X;®X5, a tensor product between X
and X relative to (X7, X7) and (X, X3), where (S®I,IQ®T) = (S1®1,...,
Spn@LIRT, ..., I T,).

We recall that if K1, K5 and K are the Koszul complexes associated to the
tuples S, T and (S ® I,I ® T) respectively (see [9]), i.e., K1 = (X1 ® AC",dy),
Ky = (Xo @ AC™,dy) and K = (X;®X, ® AC™™ d}5), then, by 3 from [5] we
have that K is isomorphic to the total complex of the double complex obtained
from the tensor product of the complexes K7 and K»; we denote this total complex
by K 1QK>. Moreover, if we consider the differential spaces associated to K1, Ko,
K, and K,®K,, which we denote, by K1,/s, K, and K;®K, respectively, then
we have that K = KC;®Ks; and if the boundary of these differential spaces are,
01, 02,012, and 0 respectively, then we have that 0 = 01 ® I + n ® 0a, where 7 is
the map 7 : Ko — Ka, n|X2 ® A™C = (—1)™I (for a complete exposition see 3
from [5]).

In the following proposition we describe the defect, the approximate point
spectrum, and the split version of these spectra for the tuple (S ® I, ® T'). This
result is necessary for our description of the semi-Fredholm joint spectra.

ProrosiTIiON 4.1. Let X; and X5 be two complex Banach spaces, and
X1®Xy a tensor product of X1 and X, relative to (X1, X}) and (X2, X3). Let
us consider two tuples of commuting operators defined on X1 and Xo, S and T
respectively. Then, for the tuple (S ® I,I ®T), defined on X1®X,, we have that:

(i) 05(S) x05(T) Cos(SRI,IRT) Csps(SRI,IRT) Csps(S) x sps(T);

(ii) 02(S) X 0x(T) C o, (S®I,IRT) Csp,(S®I,I®T) Csp,(S) xsp,(T).
In addition, if X1 and Xo are Hilbert spaces, the above inclusions are equalities.

Proof. Let us consider A € C", u € C™ and the Koszul complexes associated
toS—A\T—pand (SRLIST)—(M\p)=((S—=N@I,I® (T —p)), which we
denote by K1, K5 and K. By the previous observation we have that K = K;®K».
Moreover, if we consider the differential spaces associated to these complexes, K1,
K5 and K, then we have that K 2 K1 ®/,.

Now, we may apply 2.2 from [5] to the differential spaces K1, Ka, and Ky RKs.
However, by the definition of the map ¢ in 2.2 from [5], the grading of the differ-
ential spaces K1, /s, and K1®K,, and of the isomorphism K = K;®K,, we have
the left hand side inclusion of the first statement.
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The middle inclusion is clear.

Let us now suppose that (A, u) € sps(S) x sps(T). Then, either A ¢ sp;s(.S)
or p ¢ sps(T). We shall see that if A ¢ sps(S), then (A, u) ¢ sps(S® I,IQT).
By means of a similar argument it is possible to see that if u ¢ sps(7) then
(M) ¢sps(SRIIRT).

Now, if A ¢ sps(S), there is a bounded linear operator h : X1 — X; ® A"C
such that

diyoh=1,

where di; : X1 ® AC™ — X is the chain map of the Koszul complex K at level
p=1.
Let us consider the map

H:X10X: — X1 9 AC"®X,, H=hI.

Then, by the properties of the tensor product introduced in [5], H is a well defined
map which satisfies
dioH=dyohl=11=1,

where d; is the chain map of the complex K1®K, at level p = 1. Since K =
K1®K>, we have that (A, p) € sps(S®@I,IQT).
The second statement may be proved by means of a similar argument. 1

In the following proposition we state our description of the semi-Fredholm
joint spectra.

PROPOSITION 4.2. Let X; and Xs be two compler Banach spaces, and
X1®Xy a tensor product of X1 and X, relative to (X1, X}) and (X2, X3). Let
us consider two tuples of commuting operators defined on X1 and Xo, S and T
respectively. Then, for the tuple (S ® I,I ®T), defined on X1®Xs, we have that:

(i) o9_(S) x 0s(T)U0s(S) X 06_(T) Coe_(SRI,IRT) C sps.(S® I,
IT®T) Cspse(S) x sps(T) Usps(S) x spse(T);

(i) 09, (S) x ox(T)U0x(S) x 09, (T) C 05, (SRI,IRT) C spre(S®I,
ITQT) C spro(S) X spr(T) Uspr(S) x spre(T).

In addition, if X1 and Xo are Hilbert spaces, the above inclusions are equalities.

Proof. First of all, let us observe that we use the same notations of Propo-
sition 4.1.

With regard to the first statement, in order to prove the left hand side
inclusion, it is enough to adapt for this case the argument that we have developed
in Proposition 4.1 for the corresponding inclusion.

The middle inclusion is clear.

Let us denote by E the set E = sp;.(S) x sps(T") Usps(S) x spse(T'), and
let us consider (A, p) € spse(S ® I,I @ T) \ E. Then, by Proposition 4.1, since
(A ) €sps(S®I,IRT) C sps(S) xsps(T), we have that A € sps(S) \spse(S) and
w € 8ps(T) \ spse(T'). In particular, there are two linear bounded maps h : X; —
X1 @ AIC™, g: Xy — Xo @ A'C™, and two compact operators k; : X; — X3 and
ko : X9 — X5 such that

diyoh=1—ky, dynog=1—ko,
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where ds; is the boundary map of the complex K5 at level p = 1. Moreover, by
an argument similar to 2.7 from [4] or 2.1 from [5], the maps k;, i = 1,2, may be
chosen as finite rank projectors.

In addition, by the properties of the tensor product introduced in [5], we
may consider the well defined map

H:X,0X, — (K1®Ky), H=(hoI,I®g).

Now, an easy calculation shows that d; o H = I — k1 ® ko, where d; denotes the
chain map of the complex K1®K, at level p = 1. However, it is not difficult to
see, using in particular 1.1 from [5], that k1 ® ko is a finite rank projector whose
range coincide with R(k1) ® R(k2). In particular, k1 ® ko is a compact operator.
Thus, since K = K1®@Ko, (A 1) ¢ sps.(S ® I, 1 ® T), which is impossible by our
assumptions.

By means of a similar argument it is possible to prove the second statement. I

5. THE SEMI-BROWDER JOINT SPECTRA

In this section we give our description of the semi-Browder joint spectra of the
tuple (S ® I,I ® T). The following theorem is one of the main results of the
present article.

THEOREM 5.1. Let X1 and X2 be two complex Banach spaces, and X10X5
a tensor product of X1 and X5 relative to (X1, X1) and (Xo, X}). Let us consider
two tuples of commuting operators defined on Xy and X3, S and T respectively.
Then for the tuple (S® I,I ®T), defined on X1®Xs, we have that:

(i) 0_(S) x 05(T)U0s(S) x o_(T) Cop_ (S®I,I®T) Cspg (S®I,
I'®T) Cspp_(S) xsps(T) Usps(S) x spp_(T);

(i) 05, (S) X 0x(T) Uox(S) x 05, (T) Cop, (S®IL,IRT) C spB+(S® I,
I®T) Cspp, (S) xsp(T) Usp,(S) x spg, (T).
In addition, if X1 and X5 are Hilbert spaces, the above inclusions are equalities.

Proof. First of all, as in Proposition 4.2, we use the notations of Proposi-
tion 4.1.

Let us consider (A, u) € og_(S) x o5(T). If A € 0¢_(.5), then, by Proposi-
tion 4.2, (\, p) € 0p_(S) x 05(T) Coe_(SQRI,I®T)Cop_(SRI,IRT).

Now, if A € A(S), since p € 05(T), by the definition of the map ¢ in 2.2
from [5], the grading of the complex K1, K», and K; ®K5, and by the isomorphism
K = K®K,, we have that dim Hy(K) = dim Ho(K,®K3) > dim Ho(K;) x
dim Ho(K2) > 1. In particular, (A, p) € 05(SQ [, I ®T).

Moreover, if dim Hy(K) = oo, then (A, ) €oe_(SQRI,IRT)Cop_(S® I,
I1eT).

>On the other hand, if we suppose that (A, 1) ¢ 0o_(S®I,I ® T). Then we
consider the tuples of operators (S—\)! = ((S1—A1)!, ..., (Sp—A,)!) and (T—p)! =
(Ty — p1)'s ..o, (T — pim)'), and we denote by K! and K} the Koszul complexes
associated to the tuples (S —\)! and (T — )}, respectively. Moreover, if we denote
by K'! the Koszul complex associated to the tuple ((S — N\ @ I,1® (T — u)'), as
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above, K' is isomorphic to the total complex of the double complex of the tensor
product of K! and K}, ie., K!' =2 KIQK}.

In addition, as we have seen for the complexes K1, Ks, K, and K,QK5, we
have that dim Hy(K') = dim Ho(K!®K}) > dim Ho(K}) x dim Hy(K}). Now,
since u € o5(T), by the analytic spectral mapping theorem for the defect spec-
trum (see 2.1 from [4]) we have that dim Ho(K}) # 0. In addition, since dim Ho(K!)
= codim M;(S — )), and since A € A(S), then dimHo(Kl)l—> co. However,

— 00

dim Ho(K') = codim M;((S —A\) ®I,I® (T — p)). In particular, (A, ) € A(S® I,
I®T)Cop_ (S®I,I®T).

By means of a similar argument it is possible to see that o5(S) x op_(T) C
op_(SRI,IRT).

The middle inclusion is clear.

In order to see the right hand inclusion, let us consider (A, ) € spg (S ®
II®T). If (A ) € spse(S®I,I®T), then by Proposition 4.2, (A, i) € sps.(S) x
sps(T) Usps(S) X spse(T) S spp_(S) x sps(T) Usp;(S) x spp_(T).

On the other hand, if (A, ) € A(S ® I,I ® T), since by Proposition 4.1
spp_(S®LI®T) Csps(S®I,IRT) Csps(S) x sps(T), if (A, p) ¢ (spg_(S5) x
sps(T)Usps(S) xspg (T)), then A ¢ spg (S) and i ¢ spg (T). In particular, \ ¢
SPse(S) and p ¢ sps.(T), and there is I € N such that for all r > I, dim Ho(K7) =
dim Hy(K!) and dim Ho(K?%) = dim Ho(K3}).

In addition, by the analytic spectral mapping theorem of the essential split
defect spectrum (2.6 from [4]) the complex K] and K} are Fredholm split for all
r € N at level p = 0. In particular, for all » € N there are bounded linear maps
hy: X1 — X1 ® A'C" and g, : Xo — Xo ® A'C™, and finite rank projectors (see
Proposition 4.2), ky, : X1 — X7 and ko, : X5 — X5, such that

dqlohT’:I_klra dgl o0gr=1— ko,

where dj; and dj; are the chain maps of the complex K7 and K7 at level p = 1,
respectively.

Moreover, since the complexes K and K3 are Fredholm split at level p = 0,
by 2.7 from [4] the complexes K| and K% are Fredholm at level p = 0 and N(dj,)
and N (d5;) have direct complements in X; ® A'C™ and X3 ® A'C™ respectively.
Now, by an argument similar to 2.7 from [4] or 2.1 from [5], we have that the maps
Ry, gr, k1, and ko, may be chosen in the following way. If N7 and INJ are finite
dimensional subspaces of X; and X respectively, such that R(d};) @ N| = X,
and R(db;) & N5 = X5 and L] and L} are closed linear subspaces of X; ® A1C"
and Xo ® A'C™ respectively, such that N(d};) ® L] = X; ® A*C", and N(d,) ®

r = Xy @ A'C™, then, ky,., respectively ks, may be chosen as the projector
onto N7, respectively N3, whose null space coincide with R(dj,), respectively
R(d5,), and the map h,, respectively g,, may be chosen such that h, odj; = I|L},
respectively g, o dy = I|L5, h.|N] = 0, respectively g,|N5 = 0. In particular,
R(klr) = H()(KI) and R(kgr) = Ho(KQT)

Now, as in Proposition 4.2, for all » € N we have a well defined map H, :
X1®X, — (K]®K}); such that

dioH,=1—k1, ® kap,



SEMI-BROWDER JOINT SPECTRA 91

where df is the boundary map of the complex K7 <§~§K§ at level p = 1. Then, since
for all r € N, R(k1, ® kar) = R(k1,) ® R(kay) (see Proposition 4.2) for all r > [ we
have that

dim Hy(K") = dim Hy(KT®K5) < dim R(ky, ® ko)
= dim R(k1,) x dim R(kg,) = dim Ho(K7) x dim Ho(K?)
= dim Hy(K!) x dim Hy(K2),

which is impossible for (A, 1) € A(S®I,1®T) and dim Hy(K") = codim M, ((S —
AN @ILIR(T = p)).
By means of a similar argument it is possible to prove the second statement. 1

6. OPERATOR IDEALS BETWEEN BANACH SPACES

In this section we extend our descriptions of the semi-Fredholm joint spectra and
the semi-Browder joint spectra for tuples of left and right multiplications defined
on an operator ideal between Banach spaces in the sense of [5]. We first recall the
definition of such an ideal and then we introduce the tuples with which we shall
work. For a complete exposition see [5].

An operator ideal J between Banach spaces X, and X; will be a linear
subspace of L(Xa, X1), equiped with a space norm « such that:

(i) 1 @ 25 € J and a2y ® 5) = ||z ]| [|25];

(ii) SAT € J and «(SAT) < ||S||a(A)||T|;
where 21 € X3, 25 € X5, Ae J, Se€L(X;), T € L(Xs), and 21 ® x4 is the usual
rank one operator Xo — X1, 2o — (T2, 25)21.

Examples of this kind of ideals are given in 1 from [5].

Let us recall that such an operator ideal J is naturally a tensor product
relative to (X1, X7) and (X%, X5), with the bilinear mappings:

Xl XXé*)‘L ($1,$/2)’—’$1®$/2,
L0X0) % £(X5) = L(J), (8,T)—SeT,

where S ® T'(A) = SAT.

On the other hand, if X is a Banach space and U € L(X), we denote by Ly
and Ry the operators of left and right multiplication in L(X), respectively, i.e., if
V € L(X), then Ly (V) =UV and Ry(V) =VU.

Now, if S = (S1,...,5,) and T = (T1,...,T,,) are tuples of commuting
operators defined on X; and X, respectively, if J is seen as a tensor product of
X1 and X5 relative to (X1, X]) and (X%, X5), then the tuple of left and right mul-
tiplications (Lg, Rr) defined on L(J), (Lg,Rr) = (Ls,,...,Ls,,Rz,,...,R1,,),
may be identified with the (n+m)-tuple (S® 1,1 ®T") defined on X;®X}, where
T =(TV,...,T') and for all i = 1,...,m, T;’ is the adjoint map associated to
T; (see 3.1 from [5]).

In addition, if A € C" and g € C™, and if we denote by K; and K} the
Koszul complexes associated to S and A and T” and p respectively, then the total
complex of the double complex obtained from the tensor product of Ky and K},

K1®K} is isomorphic to IN(, the Koszul complex associated to (S® I,I ®T") and
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(A, i) on X1® X5, which is naturally isomorphic to the Koszul complex of (Lg, Rr)
and (A, 1) on L(J) (see 3 from [5]).

In order to state our description of the semi-Fredholm and the semi-Browder
joint spectra of the tuple (Lg, Rr), as we have done in Section 4, we first describe
the defect and the approximate point spectra of the mentioned tuple.

PROPOSITION 6.1. Let Xy and X5 be two complex Banach spaces, and J an
operator ideal between Xo and X; in the sense of [5]. Let us consider two tuples
of commuting operators defined on X1 and Xo, S and T respectively. Then, if
(Ls, Ry) is the tuple of left and right multiplications defined on L(J), we have
that:

(i) 05(S) x 0x(T') € 05(Ls, Rr) € sps(Ls, Rr) € sps(S) x sp(T);

(i) 0.(S) x 05(T) C 0x(Ls, Rr) C sp,(Ls, Rr) C sp,(S) x sps(T).

In addition, if X1 and X5 are Hilbert spaces, the above inclusions are equal-
ities.

Proof. As we have said, J may be seen as the tensor product of X; and X},
X, ®X}, relative to (X1, X]) and (Xy, X}), and (Lg, Ry) may be identified with
the tuple (S ® I,1 ® T"). Moreover, if K1 and K5’ denote the differential space
associated to K7 and K} respectively, then IE, the differentiable space associated
to K, is isomorphic to K1 &K, (see 3 from [5]).

In addition, since for all i = 1,...,n S; € L(X;) and for all j = 1,...,m
T; € L(X3), the differential spaces K1 and Ky’ satisfy the conditions of 2.2 from
[5], and by means of an argument similar to the one of Proposition 4.1 we have

that
05(8) x 05(T") Cos(S@ 1,1 @ T') = 05(Ls, Rr).

However, by 2.0 from [8], 0,(T) = os(T"). Thus, we have proved the left hand
side inclusion of the first statement.
The middle inclusion is clear.

In order to see the right hand inclusion, let us first observe that if u ¢ sp,. (T,
then p ¢ sps(T").

In fact, if K is split at level p = m, then by 2.2 from [8] K} is split at level
p=0.

Now, by the isomorphism of 2.2 from [8], if we think the homotopy operator
which gives the splitting for the complex K} at level p = 0 as a matrix, then
each component of the matrix is an adjoint operator. In particular, by means
of the properties of the tensor product of [5], it is possible to adapt the proof
of the corresponding inclusion of Proposition 4.1 in order to see that if (A, u) ¢
sps(S) X sp(T), then (X, u) & sps(S @ I,I ® T') = sps(Ls, Rr).

The second statement may be proved by means of a similar argument. 1§

In the following proposition we give our description of the semi-Fredholm
joint spectra of the tuple (Lg, Rr).
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PROPOSITION 6.2. Let X7 and X5 be two complex Banach spaces, and J
and operator ideal between Xo and Xi in the sense of [5]. Let us consider two
tuples of commuting operators defined on X7 and X2,S and T respectively. Then,
if (Ls, Rr) is the tuple of left and right multiplications defined on L(J), we have
that:

(i) 06_(S) x 0x(T) U os(5) x 09, (T) S oa_(Ls, Rr) C spse(Ls, Rr) C
$Pse(S) X 8P (T) Usps(S) X spre(T);

(ii) o9, (S) x 0§(T) U 0x(S) x 0o_(T) C 0o, (Ls,Rr) C spre(Ls, Rr) C
SPre(S) X 8D5(T) Usp,(S) X spse(T).

In addition, if X1 and Xo are Hilbert spaces, the above inclusions are equal-
ities.

Proof. By means of an argument similar to the one of Proposition 4.2,
adapted as we have done in Poposition 6.1, it is possible to see that

O (S) X O'(;(T/) U O'(;(S) X 0@ (T/) Cop_ (S ® I,I@T/) =0 _ (Ls,RT).

However, by 2.0 from [8] o5(T") = 0,(T), and by elementary properties of the
adjoint of an operator it is easy to see that og, (T) C og_(T"). Thus, we have
seen the left hand side inclusion of the first statement.

The middle inclusion is clear.
Let us consider (A, 1) € spso(Ls, Rr) \ (8Pse (S) X 8p (T)Usps (S) X 8p e (T'))-
By Proposition 6.1 we have that A € sp;(S) \ sps.(S) and p € sp,(T) \ sp,.(T).

However, by 2.2 from [8] and elementary properties of the adjoint of an operator
we have that u € sps(T”) \ spso(7”). Then, as in Proposition 4.2, there are two
linear bounded maps h : X; — X; ® A'C", ¢’ : X5 — X} ® ALC™, and two finite

rank projectors k1 : X3 — X3 and K : X5 — X such that

dipoh=1—ky, dyog =I-Kj,

where dj; is the boundary map of the complex K} at level p = 1.

Now, by the isomorphism of 2.2 from [8], if we think the map ¢’ as a matrix,
then each component of the matrix is an adjoint operator. Then, by the properties
of the tensor product introduced in [5], we may consider the well defined map

H:X19X), — (K1®K}),, H=(hoIl,I®g).
Now, by an argument similar to the one of Proposition 4.2, it is easy to see that

(A 1) & 8pso(S®I, IQT") = sps.(Ls, Rr), which is impossible by our assumptions.

By means of a similar argument it is possible to prove the second statement. I

We now give our description of the semi-Browder joint spectra of the tuple
of left and right multiplications (Lg, Rr) defined on L(.J).
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THEOREM 6.3. Let X7 and X be two complex Banach spaces, and J an
operator ideal between Xo and X, in the sense of [5]. Let us consider two tuples
of commuting operators defined on X1 and Xo, S and T respectively. Then, if
(Ls, Ry) is the tuple of left and right multiplications defined on L(J), we have
that:

(i) o5_(S) x ox(T) U os(S) x 05, (T) € op_(Ls,Rr) C sps_(Ls,Rr) C
spp_(9) x Spﬂ( ) Usps(9) x spg, (T);

(ii) op ( ) X os(T) U o,(S) x o_(T) C CTB+(L5,RT) - SpB+(Ls,RT) -
spp, () % bp(s(T) Usp,(S) x spp_(T).

In addition, if X1 and Xo are Hilbert spaces, the above inclusions are equal-
ities.

Proof. In order to see the first statement, let us observe that if K{ is the
Koszul complex associated to the tuple (S — A)" = ((S1 — A1)", ..., (Sn — A\n)"),
and if K'; is the Koszul complex associated to the tuple (177 — p)" = ((T"1 —

1) ooy (Try — tm)"), then K7, the Koszul complex associated to the tuple ((S —
A" QT, I®(T'—p)"), is isomorphic to the total complex obtained from the double
complex of the tensor product of K7 and K'5, i.e., K™ = K{®K' (see 3 from [5]).

Now, we may adapt the proof of the left hand inclusion of Theorem 5.1, as
we have done in Proposition 6.1, using in particular Proposition 6.2 instead of
Proposition 4.2, in order to see that op_(S) x 05(T") C op_ (SR I,I®T') =
os_(Ls, Rr). However, by 2.0 from [8], 0(T") = 05(T"). Thus, op_(S) x o,(T) C
os_(Ls, Rr).

A similar argument, using in particular that op_(1") = o, (T') (see 11 from
[7]) gives us that o5(S) x o, (T) C 05_(Ls, Rr).

The middle inclusion is clear.

In order to see the right hand inclusion, it is possible to adapt the proof of
the corresponding part of Theorem 5.1.

Indeed, if we use Proposition 6.2 instead of Proposition 4.2, we have that
SPse(Ls, Br) C spp_(S) x sp,(T) Usps(S) x spg, (T'). On the other hand, if we

suppose that (A, 1) € A(Lg, Rr) \ (spg_(S) x sp,(T) Usp;(S) x spg, (1)), then it
is possible to adapt the argument of Theorem 5.1 in order to get a contradiction.
However, in order to adapt this part of the proof, we have to observe the following
facts.

First, by 2.2 from [8], if u ¢ sp,o(T"), then p & sps.(T”). Moreover, if there
exists [ € N such that for all r > [ dim H,,(K}) = dim H,,(K}), then by 11 from

[7] it is easy to see that dim Ho(K'}) = dim Ho(K'5), for all 7 > I. In addition,
if p ¢ spse(T”), by the analytic spectral mapping theorem for the essential split
defect spectrum, the complex K'; are Fredholm split for all r € N, i.e., there are
operators g.. : X} — X, ® A'C™ and finite rank projectors kb, : X5 — X} such
that d; o g. = I — kb, where dj, denotes the chain map of the complex K’} at
level p = 1. Furthermore, by 2.2 from [8], if for » € N we think the map ¢/ as
a matrix, then each component of the a matrix is an adjoint operator, and by
elementary properties of the adjoint of an operator, the maps g, and ki, may be
chosen with the same properties of the maps g, and ks, of Theorem 5.1. With
all these observations it is possible to conclude the proof of the right hand side
inclusion of the first statement.
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The second statement may be proved by means of a similar argument. 1§
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