J. OPERATOR THEORY © Copyright by THETA, 2002
47(2002), 145-167

PERTURBATION OF ['-COPIES
AND MEASURE CONVERGENCE
IN PREDUALS OF VON NEUMANN ALGEBRAS

HERMANN PFITZNER

Communicated by Serban Stratila

ABSTRACT. Let L' be the predual of a von Neumann algebra with a finite
faithful normal trace. We show that a bounded sequence in L* converges to 0
in measure if and only if each of its subsequences admits another subsequence
which converges to 0 in norm or spans I* almost isometrically. Furthermore
we give a quantitative version of an essentially known result concerning the
perturbation of a sequence spanning {! isomorphically in the dual of a C*-
algebra.
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1. INTRODUCTION; MAIN RESULTS

The present article deals with convergence in probability in L!-spaces from a
functional analytic point of view. The L'-spaces in question are the preduals of von
Neumann algebras with finite faithful normal traces. To consider an easy example
we look at the commutative case: Let (2, %, 1) be a finite measure space, let (f,)
be a bounded sequence in L(§2, %, u). If (appropriately chosen representatives of)
the f,, have pairwise disjoint supports then clearly (f,,) converges to 0 in measure.
From the functional analytic point of view such a sequence, up to normalization, is
the canonical basis of an isometric copy of I!. If one perturbes (f,,) by a norm null
sequence (g, ) then (f,, +gy,) still u-converges to 0 and spans I* almost isometrically
(in a sense to be made precise below in Section 2). It has been known ([11],
Theorem 2; see also [20], Theorem 3, Remark 6bis) for quite a time that these are
essentially the only examples of py-null sequences.

Theorem 1.1 contains the analogous statement for the predual of a von Neu-
mann algebra with finite faithful normal trace. (For notation and definitions see
Section 2.)
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THEOREM 1.1. Let (x,) be a bounded sequence in L*(N,7) = N, where
(N, 7) is a von Neumann algebra with a finite normal faithful trace 7. Then the
following assertions are equivalent:

(i) z, — 0.

(ii) For each subsequence (xy, ) of (x,) there are a subsequence (x,,,) and a
sequence (y;) of pairwise orthogonal elements of L*(N',T) such that |25, —yi[l1—0.

(iii) For each subsequence (xy,) of (x,) there is a subsequence (zn,,) which
tends to 0 in || - |1 or spans ' almost isometrically.

(iv) For each subsequence (zn,) of (zn) there is a subsequence (n,, ) which
tends to 0 in || - |1 or spans I' asymptotically.

The implications (i) < (ii) = (iii) < (iv) hold also for unbounded sequences
(), the implications (iii) = (ii), (i) do not.

Implication (i) = (ii) has already appeared as a special case of a result of
Sukochev ([21], Proposition 2.2). The other nontrivial implication (iii) = (ii)
follows immediately from Theorem 1.2 which holds for the predual of any von
Neumann algebra and is of independent interest:

THEOREM 1.2. Let N be an arbitrary von Neumann algebra and (¢.,) a
bounded sequence in its predual N. If (¢m) spans I* almost isometrically then

there are a subsequence (Ym,) of (om) and a sequence (p;) of pairwise orthogonal
functionals in Ny such that ||om, — ¢1]l — 0 as | — oo.

This amounts to saying that there are pairwise orthogonal projections s; and

pairwise orthogonal projections t; in N such that ||om, — tiom, si]| — 0 as | — oo.

It is natural to ask what can be improved in Theorem 1.2 if one replaces the
predual of the von Neumann algebra by the dual of a C*-algebra. At the time of
this writing this is not clear. What we have is

PROPOSITION 1.3. Let (¢,,) be a bounded sequence that spans I almost iso-
metrically in the dual of an arbitrary C*-algebra A. Then, given € > 0, there are a
subsequence (m,, ), pairwise orthogonal positive normalized elements a,, and pair-
wise orthogonal positive normalized elements by, in A such that ||om,, —bn@m, an|l <
€ for all n € N.

For a more detailed discussion see Section 6.

As to the organization of the paper, after recalling some notation and defini-
tions in the next section we gather some auxiliary results in Section 3 in order to
prove Theorem 1.2 in Section 4. In Section 5 we prove Theorem 1.1 for the sake

of completeness although, as already mentioned, it follows essentially from [21],
Proposition 2.2 and Theorem 1.2. In Section 6 perturbations of I'-copies in the

dual of C*-algebras are considered and Proposition 1.3 is proved.
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2. NOTATION; DEFINITIONS

Let (z,,) be a sequence of nonzero elements in a Banach space X.
We say that (z,,) spans ! r-isomorphically or just isomorphically if there

o0 o0 e}
exists r > 0 (trivially » < 1) such that T( > |an|> < H > a”ﬁ” < Y |ag| for
n=1 n=1 " n=1

all scalars a,, (the second inequality being trivial).
We say that (x,,) spans I* almost isometrically if there is a sequence (d,,,) in

[0,1] tending to 0 such that (1 —8,) > |an| < H S anWH <Y Jan] for all
n=m n=m n=m

m € N.

Trivially the property of spanning I' almost isometrically passes to subse-
quences. Recall that James’ distortion theorem (see [10] or [4]) for ! says that
every isomorphic copy of I contains an almost isometric copy of I'. To be more
precise, let 7 > 0, [0,1[> &, — 0, and let (z,,) be a normalized basis spanning /!
r-isomorphically. Then it follows from the proof of [10] that there is a sequence
(X\;) of scalars and a sequence (F),) of pairwise disjoint finite subsets of N such

o0 o0 o0
that (1 —6m) Yo lan] < || X anyn|| < D |ay] for all scalars o, and all m € N

where y, = > A\;z; and where > |\;| < & for all n € N.
i€F, i€F,
Finally (z,,) is said to span I* asymptotically isometrically or just to span I!
asymptotically if there is a sequence (d,) in [0, 1] tending to 0 such that

o0 o0 T o0
>0l < [ anprn ]| < 3 el
n=1 n n=1

n=1

for all scalars «,,. We say that a Banach space is isomorphic (respectively almost
isometric, respectively asymptotically isometric) to I* if it has a basis with the
corresponding property. Clearly a sequence spanning I' asymptotically spans !
almost isometrically. The main result of [6] states that the converse does not hold
because there are almost isometric copies of I' which do not contain I asymptot-
ically. However, it follows from [19] that this cannot happen in the predual of a
von Neumann algebra because each sequence spanning ! almost isometrically in
a von Neumann predual contains a subsequence spanning ! asymptotically (cf.
(iii) = (iv) in the proof of Theorem 1.1). Note that the present definitions of
almost and asymptotically isometric differ slightly from those in [6] and [19] by
the term z,,/||x,, || but that, of course, for normalized sequences the definitions are
the same. Note also the technical detail that because of this term one might have
|z,|| — O for a sequence spanning /' isomorphically (or almost or asymptotically
isometrically) whereas sequences that are equivalent to the canonical [!-basis ([4],
p. 43) are uniformly bounded away from 0.

The dual of a Banach space X is denoted by X’. We work with complex
scalars. Two elements a, b of a C'*-algebra are called orthogonal — a_Lb in symbols
— if ab* = 0 = a*0.

Let AV be a von Neumann algebra, a € N, ¢ € N,. Then ayp denotes
the normal functional N' 3 = — ¢(za) and ¢a denotes the normal functional
N 3z — ¢(az). Two elements ¢, € N, of the predual of N are called orthogonal



148 HERMANN PFITZNER

— @1 in symbols — if they have orthogonal right and orthogonal left support
projections.

We recall the polar decomposition of a functional ¢ € N, cf. [22], I11.4.2:
There exist a partial isometry u in ' and a positive functional |¢| in N, such
that ¢ = u|pl|, uu* is the left support projection of ¢ which equals the support
projection of |¢*|, and u*u is the right support projection of ¢ which equals the
support projection of [¢f; finally o(u”) = [l¢| and [lg|| = [[|¢]]. If arbitrary
v € N, and x € N are such that z*(p) = ||| then ¢ = z|¢| and |p| = z*p (see
the proof of [22], III.4.2, or compare with (3.4), (3.5) of Lemma 3.3 below). It
is known that for positive ¢, the condition || — ¢|| = ||¢| + ||¢]] is equivalent
to Ly ([22], 111.4.2). Tt seems to be well known that an analogous equivalence
holds without the positivity assumption. For lack of suitable reference we provide
a proof:

LEMMA 2.1. Let N be a von Neumann algebra and let o, € N, be two
normalized functionals. Then the following assertions are equivalent:
(i) The linear span of ¢ and v is isometrically isomorphic to the two-
dimensional 13, more specifically ||ap + 8| = |a| + |8| for all a, 8 € C.
(i) [l =] = llell + ¥l = [l + 2|

(iii) || lel = ol = llell + NIl = | o] — [4*] .
(iv) || L[] and |@*|L]y].
(iv') L.

Proof. (iv) & (iv') is immediate from the definition of orthogonality and
from the above mentioned facts of the polar decomposition.

(iii) = (iv) By the first (the second) equality of (iii) and by what has been
said before the statement of the lemma, the right (the left) support projections of
¢ and v are orthogonal.

(iv) = (i) is elementary: If ¢ = ulpl|, ¥ = v|1| are the polar decompositions
of ¢ and ¢ then wu*Lvv* and vw*ulv*v by hypothesis. Hence ulv, and u and
v span the two-dimensional I5° because ||au + Bv||? = | |a|>u*u + |B]2v*v] =
max(|a|?,|3]%). Since u,v act like biorthogonal functionals on ¢, we get (i) by
duality.

(i) = (ii) is trivial.

(ii) = (iii) Let w,y € N be the partial isometries of the polar decomposition
of ¢ + 1 and ¢ — 1 that is

e+ =wlp+9|, ©—¢=ylp—1|

Then
(2.1) (p+¥)(w") = |l +¥| = el + v,
(2.2) (e =)W = lle =2l = llell + 141,

by hypothesis. Since |p(w*)| < [l¢ll, [ (w*)] < ||| it follows from (2.1) that
p(w”) = |l and ¥ (w*) = [[¢[| hence
(2.3) p=wlg| and ¢ =wl|.

Thus
[l = 1l = (el = [y w) = (w]e] — wl¥])(y")

2 -0 Z el + vl

whence the first equality of (iii). Since the involution is isometric, the second
equality of (iii) is obtained analogously. 1
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We recall some basic facts on the definition of noncommutative L? spaces
associated to (semi-)finite von Neumann algebras. Let 7 be a semifinite faithful
normal trace on a von Neumann algebra N. The set I = {z € N : 7(|z|) < oo}
is an ideal in N, can be normed by z — 7(|z|) =: ||z||; and its Banach space
completion is denoted by L' = LY(N,7). Then L' is isometrically isomorphic
to the predual N, via the map L' 3 z — ¢, € N, where ¢,(y) = 7(xy) for
y € N and where 7 is understood as the (well-defined) extension of 7 from I to
L' ([22], V.2.18). In particular, the multiplication on N x I can be extended to
N x L', the map z — ¢, respects orthogonality and one has |7(zy)| < ||2]/1 ]|y s
forx € L', y € L>® = L*(N,7) :== N. More generally one can define LP(N, 7)-
spaces, 1 < p < o0, as the sets of those x € LY for which ||z|, := 7(|z[?)}/? < oo
where L% = L°(N,7) is the space of T-measurable densely defined (in general
unbounded) operators affiliated with A and where 7 is understood as the extension
of 7 from N to L°. On L° one defines the measure topology as the translation
invariant topology in which the sets {z € L% : 3p € Npwoj : 2p € N, ||2p]|oc <
e, T(pt) < 6}, €,8 > 0, form a base of the zero neighborhoods. (Npyoj denotes the
set of projections of A.) In this topology, L° becomes a (well-defined) metrizable

*

complete Hausdorff topological vector *-algebra and all LP embed injectively in
L°. In particular, sum and product are well-defined in L°. All this can be found

for example in [15], [23], Chapter 1 or [24].

In the sequel we will suppose 7 to be faithful, normal, and finite not only
semifinite. (Of course, in this case we have I = A/ in the last paragraph.)

If a sequence (x,,) in L% converges to # € L° with respect to the measure
topology this is denoted by x, — . In this context Chebyshev’s inequality reads
T(Xje,oo[([2])) < 7(L|2|) = L||z[|1 for © € L' — which means in particular that the
norm topology is finer than the measure topology induced by 7 — and from [9],
A48, we know that in accordance with the commutative case, ,, — 0 if and only
if 7(Xje,00[(|Tn])) — 0 as n — oo for all ¢ > 0.

Basic properties and definitions which are not explained here can be found

in [4], or in [13] and [14] for Banach spaces, and in [17] or [22] for C*-algebras.
3. SOME AUXILIARY RESULTS

Let us first state an easy lemma which says that almost isometric and asymp-
totically isometric ['-copies are stable with respect to perturbations by norm null

sequences.

LEMMA 3.1. Let (xy,), (yn) be two sequences in a Banach space X such that
inf [[zn]] >0, [[yn|l — 0 and @, + yn # 0.

If (z,,) spans ' almost isometrically then so does (T, + Yn)-

If (z,,) spans I' asymptotically then so does (x,, + yn).
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Proof. Suppose that (x,) spans [! almost isometrically. For all scalar se-
quences (a;,) one has:

|5
‘ HZO‘"< br.] )Han

e
> (1~ 6n) Z ) = (s - e

-2
Z| ")

Hxn + Ynll
”xn” Hxn +yn|| ||xn+ynH

- (su gl Z |an) =(1-a,) Z ||,
n>=>m ||‘rn + ynH n—mm
llznl lyal

! —
where §, = 6, + sgp |1 Tn+ynl
nzm

|+ sup % — 0as m — oo. Hence (25 +yy)
n>m

spans [! almost isometrically. The asymptotic case is proved similarly. 1

Lemmas 3.2-3.4 seem to be known and are proved mainly for lack of suitable
reference. (In part they overlap with [18], Lemmas 3-5].)

LEMMA 3.2. Let A be a C*-algebra, w a positive functional on A and a,b
elements of the unit ball of A. Then:

(3.1) llaw — wll < 2[wl)™? [l = w ()2,
(3.2) lwa = wil < 2lwlD™? [l —w(@)'/?,
(3-3) lowa — wll < 2lwl)'? (| lwll = w(@)]*? + [ ]l —w(®)[2).
Proof. Let x € A and ||z|| < 1. Set v = |w|| — w(a), thus w(a*) = ||w|| —
}\zfeiiccl;sut loss of generality we assume ||w|| = 1. The inequality of Cauchy-Schwarz

|w(z) — aw($)|2 = [w(z(1 - a))]* S w(zz") w((1 - a)*(1 - a))
w(l—a)*(1—-a)) =w(l —a) —w(a* —a"a)
=7—(1-7) +w(a"a) <2Revy < 2|1 — w(a)|

whence (3.1); (3.2) follows analogously; (3.3) follows from (3.1), (3.2) and from
lw = bwal| < flw = bl + [|b(w = wa)[| < [lw = bl + [l = wal|. 8

LEMMA 3.3. Let A be a C*-algebra, ¢ a functional on A and a,b in the unit
ball of A. Then:

(3.4) le = alel I < @lel)™? | lell = ¢*(a)] /2,
(3.5) Hel = apll < 2lel)? [ llell = (a)/2,
(3.6) lbpa — Il < 2llel)? (el = lel(@)] + el = le*1(B)]'?).
Proof. Let ¢ = ulp| be the polar decomposition of ¢. Then the polar decom-

position of ¢* is ¢* = u*|p*| (cf. the proof of 111.4.2 in [22]), we have ¢ = |p*|u,
lp| = u*¢ = |@|* = p*u. Without loss of generality we assume ||¢|| = 1.
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Inequality (3.5) follows from

(3.1)
lag — [l || = llaule] — el || < [2(1 = |el(au))['/* = |2(1 = @(a))[/>.

Replacing ¢ by ¢* we have [lap* — |¢*|| < |2(1 — ¢*(a))|'/? whence (3.4) by
lalel = ¢ll = l[(ae™ = l@*ull < flaw™ = || (3.6) follows from

[ — bpall < [lp — bel| + [[by — beal|
= |[["|u — blo™|ull + [|bule| — bulp|al
< ™| = ble*[ | + el — |elall
3-2) 1/2 * 1/2 1/2
< CllelDE (el = 1" [+ lell = lel(a)] /).

LEMMA 3.4. Let N be a von Neumann algebra with predual N. If a func-
tional o in the unit ball of N, projections r,l € N and a number 3 €]0,1[ are
such that r(|o|) = 1— 8 and I(|o*]) = 1 - then ||o — 7| < 6+/F where T = 12~

llior(

/

(3.1

—

Proof. ||lor — o < 2v/28 by (3.6) and Huig—:” — larH = Lol yop| =

lltor||
1—|lior|| < B+|lo|| = [llor| (because [lof| = 1—=3) --- < B+|o—lor|| < f+2v25
thus o — 7] < 6/3. 1

We recall some more definitions and notation. Let A be a C*-algebra. By
Ay (respectively Ag,) we denote the positive (respectively selfadjoint) part of
A. A projection p € A” is called open if it is the limit of an increasing net of
positive elements of A ([17], 3.11, [22]). If p € A” is open then B” = pA'p
where B = pA”pN A is a hereditary subalgebra. A projection g € A” is called
closed if there is an open projection p € A” such that ¢ = p¢ where p® denotes the
complement 1 —p of p. (This makes sense also if A is not unital because one always
has 1 € A”.) By definition the closure p of a projection p € A” is the infimum
of all closed projections majorizing p. xas denotes the characteristic function
of a set M. By functional calculus, xj. (%) (respectively xcqj(x)) is an open
(respectively closed) projection in A” if 1 > ¢ > 0,2z € A, 0 < x < 1, because . 1]
(respectively x[,17) is the pointwise limit of an increasing (respectively decreasing)
sequence of continuous functions on [0,1] (cf. [1], IL.3, if A is unital). [As to
Xje,1)(2) this is easy but as to X[ 1j(z) a bit more attention must be paid to
the case where A is not unital; in this case one works with the unitisation A
of A and with a result of Akemann and Pederson ([2], [17], 3.11.9). We sketch
this for the sake of completeness (and for lack of due reference): Showing the
closedness of x|.,1j(x) amounts to showing that xo((x) is open. Since x[o. is
the pointwise limit of an increasing sequence of continuous functions on [0, 1] we
have that xo((z) € (Aga)™ where (Ag,)™ denotes the set of those elements in
the enveloping von Neumann algebra of A (identified with A”) which are limits of
increasing nets of elements of Ag,. Now, Xo,e[(2) is open because x[g c[(z) € (A )m
by [17], 3.11.9.

The following Lemma 3.5 is a natural generalisation of Lemma 3.5 from [18].
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LEMMA 3.5. For each ¢ > 0 and each n € N there is 6 = d(n,e) > 0 with
the following property.

Let A be a C*-algebra. If there are functionals o1, . .., @y in the unit ball of
A’ and open projections s,t € A” such that

(3.7) (1- 6)i|ak\ < Hiaktgoksu < i lak| V(ap) CC

then there are open projections p1,...,pn € sA"s with pairwise orthogonal closures
in sA”s and open projections qi,...,q, € tA"t with pairwise orthogonal closures
i tA"t such that

(3.8) pr(lekl) > 1 -,

(3.9) allpi) > 1 -2,

fork=1,... n.

In particular the @y are close to normalized orthogonal elements 1y on sAt
in the sense that ||pr — Vil < 64/ where ¥, = quorpr/||qeerpr]| are normalized
and pairwise orthogonal with left (right) supports majorized by t (by s).

Proof. Recall that A" always contains the unit as an open projection. There-
fore the assumption s = ¢t = 1 below in part (a) makes sense also when A is not
unital. Note also that the last assertion of the lemma (concerning the ) is
immediate from Lemma 3.4 and from (3.8), (3.9).

(a) First we suppose s =t = 1 and deal only with the special case:

(al) of positive functionals ¢y.

Let ¢ > 0. For n = 1 choose an > 0 in the unit ball of A such that
p1(z) > 1 —€ and set p1 = q1 = xj0,1(2), d(1,¢) = €.

Suppose now that the assertion holds true (for positive functionals, for s =
t =1 and) for some n € N. By hypothesis on n we choose §,, = §(n,e). We choose
On+1 > 0 such that

Opt+1 + (32n§n+1)1/2 <6, and 4nd,1 <e.

Consider positive functionals g, & = 1,...,n + 1, in the unit ball of A such
n+1 1

n—+ n
> akcpkH > (1= 6p41) D |ag|- Set o = %ngk and 7 = @p+1. Then
1 1

1
(1 = bny1)(lal + 10]) < |lao + B7]| < |a| + || for all scalars «, 5. In particular
lc = 7| =2 2(1 —dp41). There is a selfadjoint normalized element x € A such that
(0 —7)(z) > 2(1 — 26,41). Decompose = ™ + 2~ in its negative and positive
parts. Then (o — 7)(z) = (o(z™) + 7(z7)) — (o(z™) + 7(zT)) > 2(1 — 26,,41)
whence, since 7(z7) < 1,

(3.10) o(x™) >2(1 = 20p41) —T(x7) = 1 — 45,44

that

and similarly

(3.11) Ont1(x™) > 1 —40p41.

Together with oy (x1) < 1 we obtain that

(3.12) op(xt)>1—4nd,y forallk=1,....n
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because otherwise one would have no(z7) < 1 —4nd,y1 +(n—1) = n(l —46,41)
in contrast to (3.10). If 0 < a < 1, a € A, then by functional calculus xj, 1j(a) —
Xjo,11(a) in the w*-topology of A” as 0 < n — 0. Furthermore, xjo,1)(a) > a.
Thus there is 7 > 0 such that by (3.12) and (3.11) the projections p = xj,.1)(z™),

Pnt1 = Xp1)(z7) satisfy

(3.13) plor) >1—4nd,y fork=1,...,n
and
(314) pn+1(<pn+1) >1- 45n+1 >1-—c.

By functional calculus the projections p and p, 41 are open and orthogonal. Since
n > 0 they have orthogonal closures because their closures are majorized by the
orthogonal closed projections X, 1j(z™) and xp, 1 (7).

B =pA”"pNA C Ais ahereditary subalgebra of A. This explains the equality
sign in the following formula:

n n n n
HZ ak‘Pk|BHB = HZ ak(psakp)H > HZ awkH - HZ ar ¢k —pwkp)H
1 1 1 1

(3.3)(3.13) n n
> (1= 0n41) > low| = /3200011 Y Jau|
1 1

n

> (1=06,) ) loul.

1

By induction hypothesis applied to B and to ¢k one gets n open projections
P1,...,Pn € B” with pairwise orthogonal closures in B” — whence in A" — such
that (3.8) holds for k = 1,...,n. For k = n+1, (3.8) holds by (3.14). We have that
PrLlpnir for k = 1,...,n because pr < pLlpyt1. Furthermore, (3.9) holds with
qr = pr because we have supposed @i > 0. This proves the case where s =¢ =1
for positive functionals p.

(a2) For the case of arbitrary functionals (but still with s = ¢ = 1) suppose
that the lemma is false. Then there are € > 0, n € N, a sequence (A;) of C*-alge-
bras, and ¢y ; in the unit ball of A; for K =1,...,n such that for each i € N,

1 n n
3.15 (1 — f,) H .
( ) 3 I;|Oék| < kz:lak%,

but for each 7 € N the ¢}, ; are far from orthogonal functionals, more precisely

<D el V(aw) CC,
k=1

(3.16) min pgi(|or,il) <1 —¢e or minge(|ey,l) <1-¢
k<n k<n ’

for all sequences (pg,;)}_; and (qgx;)}_, of open projections with orthogonal clo-
sures in AY.

We recall some basic facts on ultraproducts (see e.g. [8]). If U is an ul-
trafilter on an index set I the ultraproduct X = (X;)/U of a family (X;);es of
Banach spaces is defined as the quotient {*°(X;)/co(X;) where I*°(X;) = {(z;)ier :
[l = sup fzil < oo} and co(Xi) = {(zi)ier € 17(X;) + limflai] = O}

With the quotient norm X becomes a Banach space. By [z;]y we denote the
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equivalence class represented by (z;)ier € 1°°(X;). One has ||[z;]u] = liLr{n IEA]

independently of the representative of [z;]y. The ultraproduct (X/)/U of the
duals can be identified isometrically with a closed subspace of the dual X’ via
[ ]u([@:]u) = hbrlnx;(xl) An ultraproduct A = (4;)/U of a family of C*-alge-
bras A; is canonically a C*-algebra with pointwise multiplication and involution
because in this case the null space c¢o(X;) is an ideal in I*°(A4;).

Let now I = N and set A = (A;)/U. For each element ¥ € A’ of the form
U = [¢;]u we have || = [|¢;|]u and |¥*| = [|¥F]]. [To see this choose a = [a;y
in the unit ball of A such that ||a;|| = 1 and ¥(a) = libr{nz/Ji(ai) = liLr{n [l:]]. Then

V| = a¥ = [aghily and [ |¢i| - MH (2 flall | [|453]] = wbi(ai)]) /2 0 by (3.5)

of Lemma 3.3. Hence |¥| = [|¢;|]y. For | *I = [|¥#|Ju the proof is analogous.]

By (3.15) the n functionals ® = [k ;] span I} isometrically. Therefore,
by Lemma 2.1 the n functionals |®x| = [|¢k |Ju span I} isometrically, too, and so
do the n functionals [®}| = [|¢} ;[l- This means that there is a sequence (d;) of
positive numbers tending to 0 (along &) such that

(1=6) > Janl < ||l
k=1 k=1

(1 — 51-) D ekl < Hzaklwz’é,il
k=1 k=1

By part (al) we choose dg = d(n,e/2). There is an infinite subset J C N such
that 0; < dp for all i € J. Thus, by part (al), we obtain, for each ¢ € J, two
finite sequences (pg:)i_y1, (qx,:)t_, of open projections with pairwise orthogonal
closures in A7 such that

Z|a;€\ V() CC,ieN;

Z|ak\ V(ag) CC,ieN.

prallonad) > 1= 5, auilleiid) > 1- 3
for all k = 1,...,n and all ¢ € J. This contradicts (3.16) and thus proves the
lemma for the case where s =¢ = 1.
(b) Now we turn to the general case of arbitrary open projections s,t € A”.
By part (a) we choose ' = §(n,e/2). Further we choose §” > 0 and §"” > 0
such that

2+ <, < S, T <

Finally, we choose § = §(n, (§""/6)?) by part (a) assuming in addition that § < 6.
Suppose now that (3.7) holds for this just defined §.

Since (3.7) remains valid if tygs is replaced by ¢ we can apply what has
been proved in part (a) in order to get normalized pairwise orthogonal ¢ € A’
such that

(3.17) ok — @rll < 63/(07]6)2 = 6" < % for k=1,...,n

The |py| are normalized and, by Lemma 2.1, orthogonal and so are the |} |. Thus

(3.18) HZ ok | P | H => lax| and H = Jau
1 1 1 1
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for all scalars oy, € C. Let @ = ug|@r| be the polar decomposition. Then

1_25/// < 1_(5+5///)

(3.17)

< 1 =0~ (ltors|| — l[tors])
(3.7)

< ltewsll — (ltpws|| — [Itgrs|) = ltors]]

= [[tur|orlsl = [ |(tur|@rls)] | = s(|(tur|orls)]) < s(I@n));

where the last inequality follows from [22], II1.4.9. Analogously ¢(|g5]) > 1 —2§".
Hence by (3.6) of Lemma 3.3,

ltPrs — Pkl <4V < 6" and |spit — Pkl < 4V < 8",

Recall that the absolute value is norm continuous on preduals of von Neumann

algebras and that, more precisely, || |o| —|7||| < 2v/|lc — 7]| + || — 7|| for any pair
of elements o, 7 in the predual of a von Neumann algebra (see the proof of [22],
I11.4.10 or see [12] for an improvement). Thus

IE@rs| — @l | < 2v0" +6" <0, || |s@it] — |8k] | < 0"
In view of (3.18) we get the first inequalities of (3.19) and (3.20) (the second ones
being trivial):

n

<D lawl V(@) cC,

1

(319)  (1-8)> Jaxl < HZak 1G]
1 1

(3200 (1-0)Y laxl < HZak |s@it] H <Y il V() CC.
1 1 1

Note that the support projection of |t@ys| (respectively of [s@jt|) is majorized by
s (respectively by t) and that sA”s N A and tA”t N A are hereditary subalgebras
of A. Therefore

n n
HZ a [tPks| H = HZ o | (tPkS)|sarsnal
1 1

sAsNA

in (3.19) and likewise

n
I3 anltzis
1

in (3.20). Now we apply part (a) to sA”sN A and to tA”t N A. The choice of
0’ yields the desired open projections pi € (sA”s N A)’ = sA”s and ¢ € tA"t
satisfying the analogues of (3.8) and (3.9); more precisely they satisfy

n
= [ anlt@is)anal
1

tA"tNA

- 5 s €
pr(|ox]) > 1 - 5 a(|pr]) > 1— 5

for k =1,...,n. Together with (3.17) this gives (3.8) and (3.9). 1
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COROLLARY 3.6. For each € > 0 and each n € N there is 6 = §(n,e) > 0
with the following property.

Let N be a von Neumann algebra. If there are functionals @1, ..., @, in the
unit ball of Ny and (arbitrary) projections s,t € N such that

(3.21) (1-6) ] < HZaktgoksH <Y Jaul V() CC,
1 1 1

then there are pairwise orthogonal projections pi,...,pn € sN's and pairwise or-
thogonal projections qi,...,qn € tNt such that

ok — Ykl <e fork=1,...,n
where Y. = qrorpr/aeerprll (or Yr = rpr/llepprll or Yi = arer/llaxerll)-

Proof. For s =t = 1 the assertion is immediate from Lemma 3.5 and Lem-
ma 3.4. For arbitrary projections s,¢ € ' we proceed as in part (b) of the proof
of Lemma 3.5 in order to show that (3.21) can be replaced by (3.19) and (3.20)
and to apply this to the subalgebras sNs and tNt. 1

4. PROOF OF THEOREM 1.2

Without loss of generality we assume that |y, || =1 for all m € N. Let (n,) be a
sequence of positive numbers such that > 7, converges.

By induction on n = 1,2, ... we construct an increasing sequence (m,,) in N,
functionals 1/}5,?,3 €N, for k=1,...,n, such that for all n € N:
(4.1) i) | L), k=1,....n k#I,
(4.2) i) = 1, k=1,...,n
(4.3) &) = oG <y k=1, ,n—1,
(4.4) 95 = mall < -

For n = 1 one may simply set 1/17(72 = ¢1; ((4.1), n =1) and ((4.3), n = 1) are
void, ((4.2), n =1) and ((4.4), n = 1) are trivial.

Induction step n — n + 1.

Suppose that mj and 1/},(77,3 have been constructed for £ = 1,...,n according
to (4.1)-(4.4).

Choose 81 = §(n,Mn+1/2) > 0 according to Corollary 3.6 such that further-
more §; < 7,41/2. Let j € N be such that (2/§)'/? < §,. Now, again according
to Corollary 3.6, choose dg = d(nj, Nn+1)-

Since (¢,,,) spans [ almost isometrically there is an index mg > m,, such that
(Ym)m>m, spans I' (1 — dg)-isomorphically. By Corollary 3.6 (with s =t = 1,
d = Jp) we find a finite set N C N of cardinality nj (for example N = {mg +

1,...,mp +nj}), a finite sequence of orthogonal projections (py,)men in N such
that
(4.5) Hcpme ‘ <Mpy1 YmEN.

[ pm |
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Set ¢ = Z |w7(,?,3|,  is positive. We have ( > pm)( ) < |l¢ll € n. Thus there
meN

is an 1ndex Mp41 € N such that 0 < pp,, ., (p) < 1/j and 0 < pmn+l(\¢(")|) <1/j
for k=1,...,n. Weset s =1—p,,, ., and define w(nH z/Jmk,s fork=1,...,n
and

1p(n_H) _ Qomn+1pmn+1

i ||S0m‘n,+1pm'n+1|| .

Then ((4.2), n+ 1) holds for k =n+1 and ((4.4), n+ 1) holds by (4.5). We have

s(i]) = 15l = P ($5i]) > 1= 1/ by (4.2). From this and (3.6) one
gets that
(4.6) [R5 — vl < @/)Y2 <o < L k=1,

Thus, up to §; the 1;,(,?;1) are near to an isometric copy of I} because

ol 2 [ el = [ endi|
> Hzakwf#z

4o Hzam
G2 (1 (9/5)1/2) kZ e

>(1=61) Y Jol.
k=1

It remains to apply Corollary 3.6 another time (with ¢ = 1, § = 4;) in order to

get small normalized orthogonal perturbations wﬁ,’fj Y Whence ((4.2), n+1)

|

- HZ (WD — o)
k=1

— (/D)2 Jeu
k=1

for k < n — of the w(n+ whose right supports are majorized by s and thus
orthogonal to the right support of i) such that ||1/1,(ﬁ:1) - Jﬁ:l)ﬂ < Mpt1/2
for k =1,...,n. Together with (4.6) this gives ((4.3), n + 1). Finally one verifies
((4.1), n+ 1) by observing that the support projections of the |tm, (n+1) | are the
right supports of the ql)(nﬂ) This ends the induction.

By constructlon (wmk)nEN is a Cauchy sequence for each k because ||z/1§,?,3 -

P < Z m — 0asn > i — oco. Let )y, = hmz/Jmk be its limit. Then
l=i+1
k=@, |l < llpm, =¥t 1+l ~limnid]| < et 35 m — 0 ask — oo The
n I=k+1

1, have pairwise orthogonal right supports because by continuity of the absolute
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value ([22], 111.4.10), if k # [ one has
el =l = tim_ | 2] — 101 |
4.1 . n n
=" T (S ) = el + llvall

So far we have proved that if (,,) spans [* almost isometrically then there is a
subsequence (¢, ) and there are pairwise orthogonal projections s € N (namely
the right support projections of the v ) such that ||©m, — ©m. Skl < [lme — Yl +
sk — @my skl < 2[m, — rll — 0. Since (¢}, ) spans I' almost isometrically,
too, there are pairwise orthogonal projections ¢; € A such that ||<p;‘inkl — P, bl I —
0 for an appropriate sequence (my,) in N. Set ¢; = tPmy, Sk - Then H‘Pmkl -l <
||§0me —Pmy, Sk ||+H(<pmkl _tl§0ka )Skl H < ngmkl —Pmy, Sk ||+||(p:nkl _(p:nkl 12 ” — 0.

The second statement of the theorem is trivial by the definiton of the ¢;.
This ends the proof. 1

From Remark 5.1 (2) after the proof of Theorem 1.1 at the end of the next
section it follows that Theorem 1.2 does not hold for unbounded sequences (¢p,).

5. PROOF OF THEOREM 1.1

(i) = (ii). Let (x,,) be a subsequence of (x,). If (z,,) contains a sequence
(xnkl) such that x,, = 0 for all I € N then we simply choose y; = 0 for [ € N.
Otherwise we may (pass to another subsequence and) suppose that ||y, |1 # 0 for
all k € N. By norm density of L' N L> in L' and the fact that the norm topology
is finer than the measure topology we may suppose without loss of generality that
0 # ||#n, [|loo < 00 for all k € N. We set ¢ = 27! /7(1) for I € N.

By induction over [ € N we construct a strictly increasing subsequence (ng, )
of (ng), projections p; € N and positive numbers §; such that for all I € N

(5.1) 7(p1) < 0 where pp = Xje; oo ([T, |)
and where
2—[
(5.2) & = , ifl =2
max Hxnkm [loo
1<m<i-1

For [ = 1 we choose ny, = n; and any 61 > 7(p1). For the induction step I — 1+ 1
We Suppose N, , Pm, and d,, to be constructed for m =1,...,1, we define §;4; by
(5.2) and choose ny,,, such that

T(X]El+1’00[(|xnkl+1 D < 0141

which is possible because x,, — 0. We define p;;; by (5.1). This settles ((5.1),
[+ 1) and ends the induction.
By (5.2) we have
—(+1+4r ]
2~ (14 g-(r+1)__2

s < s
”IL%%ET ||x"lkm ||<><> Hxnkl Hoo

5l+1+r -
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for r € NU {0} which gives

-1
(53) Z 5m = ZlerlJrr < 27

m>=l+1 >0 ”xnkz ”OO

Putgg =1— \ pmandy = Ty, (pl A q). By construction the g; have
m2=l+1

pairwise orthogonal right support projections and their left support projections

are majorized by the ones of the z,, . We show that ||z, — w1 — 0. In order

to save indices we use the abbreviations © = zn, , p = p1, ¢ = @, y = y; until the
end of formula (5.4):

e =yl <l —=zplly + lzp =yl = llz(1 =)L + lz(p — (A @) |In
<z = p)lloe 7(1) + [[2]loo 7(p = (P A @)

D 2] w0, (2D loo 7(1) + 200 (0 V @) — q)

(5.4)
<ar) + ol T =) <27V + alloe (Y2 7o)
m>2l+1
(5 125.3) o-(1-1)

For (*) we used that p — (p A q) and (p V q) — g are equivalent projections for any
two projections p,q ([22], V.1.6) hence 7(p — (p A q)) =7((pV q) — ¢).
So far we have proved that given a 7-null subsequence (z,,) there are x,

and there are 3; whose right supports are orthogonal and whose left supports
are majorized by the left supports of the z,, such that |z, —wli — 0. In

particular, §; — 0 whence o —5 0. Thus we can apply the same reasoning
(up to passing to appropriate subsequences) in order to find perturbations y; of
the 3/ which have both orthogonal right and orthogonal left supports such that
e —willv = 197 — v/'[lx — 0 hence |[x,, —wi[l1 — 0. This ends the proof of (i) =
(ii).

(ii) = (i) Since 7 is finite and the y; are pairwise orthogonal we have that
y — 0. And ||xnkl — || — 0 entails Tny, — Yl —5 0 hence Ty, -5 0. Thus
each subsequence of (z,,) contains a subsequence which converges to 0 in measure
whence z,, — 0.

(ii) = (iii) follows from Lemma 3.1: Suppose (ii) holds and inf ||z, |1 > 0
for a subsequence (., ) of (z,). Then by (ii), there are orthogonal y; and there is
(Tny, ) such that ||z, —wll1 — 0. One may suppose that inf [|[[1 > 0 hence (y)
spans [! isometrically. Thus by Lemma 3.1, the sequence (&, ) = (y1+ (Zn,, — 1))
spans [! almost isometrically.

(iii) = (iv): Von Neumann preduals are L-embedded spaces ([7], IV.1.1),
thus by [19] each sequence spanning I! almost isometrically admits a subsequence
spanning [} asymptotically.

(iv) = (iii) is trivial.

(iii) = (ii) follows from Theorem 1.2.

See the following Remark 5.1 (2) for an example which shows that in general
(iii) does not imply (i), (ii) for unbounded sequences (z,). 1
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REMARKS 5.1. (1) As an illustration of how to get an orthogonal subse-
quence consider the sequence x, = nlp, 1/, in L'(]0,1]). One may take, for
example, y; = T, 11 /n,, 1] = Mlj1/n 0, 1/n,) Where n, = 22",

(2) In general (iii) does not imply (i), neither (ii), if the sequence (z,) is
unbounded. Take the bounded sequence @, = n?1(1/n41,1/n + + in L*([0,1]). Tt
converges to zero in measure and does not contain a norm null sequence. Hence by
()= (iii) an appropriate subsequence (z,, ) spans [! almost isometrically. Thus the
unbounded sequence (nix,, ) satisfies (iii) but not (i). It cannot satisfy (ii) either
because (ii) < (i) holds also for unbounded sequences. This means in particular

that Theorem 1.2 does not hold for unbounded sequences ().
(3) A few straightforward modifications show that (i) < (ii) holds accordingly
also for LP(N,7), 1 < p < oo. (Cf. [21].)

6. [1-COPIES IN THE DUAL OF C*-ALGEBRAS; PROOF OF PROPOSITION 1.3

The proof of the main result of [18] gives the following: Let (y,,) C A’ be a

bounded sequence of selfadjoint functionals on a C*-algebra A, let € > 0. If (¢m)
spans [! r-isomorphically (0 < 7 < 1) then there is a subsequence (,,, ) and there

is a sequence (z,) of pairwise orthogonal normalized selfadjoint elements of A
such that ¢, (r,) > (1 —€)r||@m, ||. This amounts to saying that |, |(|zn]) >
(1 = &)r|lem,|l- (To see this it is enough to decompose both ¢, and z, in
their positive and negative parts.) This is Lemma 6.3 for selfadjoint ¢, with
an = by, = |z,,| and with the better factor r instead of r? in (6.2) and (6.3).

With Lemma 3.5 at one’s disposal, the proof of Lemma 6.3 — and thus of
Proposition 1.3 — is a straightforward modification of [18] and gives a kind of
quantitative version of [18] which holds for arbitrary functionals, not only selfad-
joint ones. (We give the entire proof of Proposition 1.3 not only for the sake of
completeness but also because it is quite lengthy; therefore the usual argument

“The details are left to the reader” would be somewhat misleading.) Yet, it does
not complete the subject “perturbations of I'-copies in C*-algebras” as at least

two questions remain open.

QUESTION 6.1. Is it necessary in Theorem 1.2 or in Proposition 1.3 to pass
to subsequences?

In the commutative case a result of Dor ([5]) shows that, if NV, = L'([0,1])
contains a (1 —§)-isomorphic copy of I! then the whole canonical basis of this copy
can be perturbed in norm so to span I' isometrically with the perturbation smaller
than ¢’ and ¢’ — 0 as 6 — 0. Furthermore Arazy ([3]) proved that if the predual
of an arbitrary von Neumann algebra N contains a (1 — §)-copy of I* then the
whole copy is complemented by a projection whose norm is majorized by 1+ §" —

a result which has recently been generalized by N. Ozawa ([16]) to the category of
operator spaces.
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QUESTION 6.2. Can the (m,), (a,) and (b,) in Proposition 1.3 be arranged
such that ||@m, — bnom, an| — 0 as n — oo?

[Let us sketch in passing why this would generalize Lemma 6.3. If (¢,,) C
A’ is normalized and spans ' r-isomorphically then by James’ distortion theo-
rem there are blocks ¥, = > \;¢; spanning [! almost isometrically such that

1€ Fy,

> Al < 1/r. Now, if there are appropriate an,b, € A such that |4, —
i€F,
bptnan| — 0 (after passing, if necessary, to an appropriate subsequence of (v,)),
one deduces that |1y, |(a,) — lim |1, || = 1 that is there are €,, such that 0 < ¢, —
0 and |¢y|(an) > v/1—¢€,. Thus Lemma 6.3 holds because for each n there is
in € F, such that |¢; |(a,) > (1 — ,)r? because otherwise by [22], I11.4.7 one

would have the contradiction
1/2 1/2
VI=2n < lnl(an) = | 3 Xegifan) < (3o illleall) (3 1l (1il(a2)))
F,

i€F, F,

1 S\ /2 1 1/2
<~ (maxleil(@) < < (maxleil(an) < VI=en.

Similarly one obtains |¢} [(bn) > (1 —&,)r? ]

Proposition 1.3 follows immediately from Lemma 6.3 (and (3.6) of Lem-
ma 3.3) with s = 1 = ¢. The technical part concerning s,t¢ is added because it
might be usefull for answering the second question just mentioned above.

LEMMA 6.3. Let A be a C*-algebra (unital or not), r > 0, let (o) be a
normalized sequence in A’ spanning 1! r-isomorphically that is such that

(6.1) > ol < [ X amen|| < laml Viaw) cC.

Then, given € > 0, there are a sequence (my,) in N and a sequence (ay,) of pairwise
orthogonal positive normalized elements in A and another sequence (by,) of pairwise
orthogonal positive normalized elements in A such that

(6.2) |omal(an) > (1= e)r?,
(6.3) |0, | (br) > (1 = €)r?,

for each n € N.

Moreover, if s and t are open projections in A" such that s (respectively t)
majorizes the right (respectively left) supports of all @, (that is toms = o, for
all m € N) then one can obtain in addition that a,, € sA”s and b, € tA"t.

Moreover, if the v, are selfadjoint such that s@.,s = p,, for an open pro-
jection s € A" then one can obtain in addition |¢m, |(an) = |5, |(an) > (1 —¢e)r
instead of (6.2) and (6.3) with a, € sA”s.

Proof. The last statement concerning selfadjoint functionals follows from the
discussion in the beginning of this section.

For the other statements it is enough to construct a sequence (p,,) of orthog-
onal open projections in sA”s such that

(6.4) “Pmn |(pn) > (1 — 5)T2
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for an appropriate subsequence (¢, ) because then, by the definition of open
projections, for all n € N positive elements a,, < p, can be choosen so to be
pairwise orthogonal (since the p, are) and so to satisfy (6.2); finally, since (6.1)
remains valid if ¢} is substituted for ¢, the same reasoning that leads to (6.2)
shows the existence of a sequence (b,,) in tA”t as desired in (6.3).

Let 0 < € < 1 and choose a sequence (g,) of positive numbers such that
>en=cand e, <3/4 for all n € N.

By induction over n = 1,2, ... we construct a sequence (p,) of open projec-
tions in sA”s, a sequence of indices (m,,), a decreasing sequence (N,,) of infinite
subsets of N, i.e. --- C Np,y1 C N, C --- C N1 C Ny = N, such that we have for
all n € N:

(6.5) D, € sA” s,
(6.6) Pibn =0 Vi< n,
1
(6.7) Pallom|) < 57“254 Ym e N,,
(6.5) pullom, ) > 17 (1= <),
1
(69) My € Nn—l-

We start the induction with n = 1.
Choose j; € N with 1/j; < r?¢1/72. For j; and £1/4 Lemma 3.5 yields a
number §; = 01(j1,€1/2) > 0. By James’ distortion theorem applied to (6.1) there

are pairwise disjoint finite sets F,Sl) C Ny = N, a finite sequence ()‘gl))ieF“) cC
k
and functionals T( ) = > )\El)goi for k € N, such that

ZEF)il)
1
610) > pM<=
FO
6.11)  1=5)3 Jal < HZ | < Z k| ¥ (ak)ken, C C.
k>1

By Lemma 3.5 and the choice of d; there are pairwise orthogonal open projections
(1) € sA”s, k < j1, such that

13
(6.12) PN >1- 5 VE<j,

and since the projections can be chosen to have orthogonal closures in sA”s we
have

(Zp(l)) lom]) <1 Vm € Ny.

Therefore there exist a k; < j; and an infinite set Ny C Ny such that

1 rlet
613 (1) m gi 1
(6.13) P (o) < - < =

Vm € Ni.
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Set p; = pgl), = T,il), = Féll) Then (6.5) holds for n = 1. Now we infer that

(6- 2)
pi(|m1]) 1—*>v

which in turn yields the existence of an index my € F; C Ny as desired in (6.8)
and (6.9) for n = 1, because otherwise we would have

pi(lml) pl(‘z /\( Vi )
2(ZPal) (S n @)
Py Fy
< (20N (maxm (e A1)
" Py

(6.10) |

< S(P-e)? = Vi-an

Here inequality (%) can be proved like II1.4.7 in [22]. For ((6.6), n = 1) nothing
needs to be proved. Inequality ((6.7), n = 1) corresponds to (6.13). The first
induction step is done.

Induction step n — n + 1:

Suppose pg, Nk, my to be constructed for k& < n according to (6.6)—(6.9).

Since the pg are orthogonal in sA”s, > Py is closed by [1], Theorem IL7.
1

n
Therefore s, = s — Y. P € sA”s is open. Set @, = sy for m € N,.
1

CrAIM 6.4. The normalized functionals <\|£m|\> form an [!'-basis with
$mll/ meN,,

’”(1_252) 2 |am‘\H Z O‘muga ||H
(614) 1 meN,
< Z |am‘ v(am)mGNn cC.
meN,
n
Set n = ;—Z e}. Then
1
L (6.7)
(6.15) (s = sn)(lpml) = (3_78) (eml) < 1 Ym € Na,
1
thus since s(|om|) = |leml| =1
[msn — somH |2(||<Pm||—Sn(|<PmD)|1/2
(6.16) n

= (2 nlend) " VE ym e N
1
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further we note that for all m € N,

(6.17) [Pmll < lom|l =1,
_ B _(6.18)
(6.18) 0<1—[&mll = llemll = 1@mll < llom —Pmll < V21
(6.18)
(6.19) [omll = 1—+/2n,
hence
@ _ (6.17) 1 1
B _@mH 7_1_( H‘pmH)
(6.20) [l ] ]
’ (6.1826.19) V21
h 1—2n
and
@ P, - -
=" = oml < 7= = @mll + 18m — @mll
621) Gl ~ [l

(6.20)(6.16)

< V() <3V

because € < 1, r < 1, thus /2y < 1/2. Then (6 14) follows from

|5 ang2zl> [ amen] - [Sangey - Samen|

(6.1)

Pm
e ) DT
No - 1@mll " Z "
(6.21) n 1/2
> r(1-3y2 Z|am|—r<1—7< e) )l
Nn

n

T(l_ (Zn: )1/2)1/22‘am| >T(1_21:€§)1/2Z ot |

1 meN,

| @l | @l

and the Claim 6.4 is established.

Choose a number j,11 € N such that 1/j,41 < r?e2_ /4. Further choose
a number 6,41 = On11(jnt1,62,11/2) > 0 according to Lemma 3.5. Now we
apply James’ distortion theorem. By (6.14) there are pairwise disjoint finite sets

F,gnﬂ) C N, a finite sequence (AE"H))‘ (D) C C and functionals TIE”H) =

)\(-nH) for each k € N such that

leF(n+1) g H 1”
. 1
(6.22) SO - VE€EN,
e e
(6.23) (1=60s) 3 ] < HZ s, < 3 Jaul.

k>1 k>1 k>1
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By Lemma 3.5, applied to the open projections s, and 1, to the functionals
(nH) € A’, and to (6.23), there exist open projections p( nH) ¢ S$nA" sy k< Jnat,
w1th pairwise orthogonal closures in s, A”s,, such that

2

n n gn
(6.24) () > 1

for k < jnp41. Since the projections have orthogonal closures we have

In+1

(X p ) Uemh <1 ¥meN,.

1

Therefore there exist an index k,y1 < jpy1 and an infinite subset N,y1 C N,
such that

2.4
(n+1) < L _TEn
Pipia (lem]) < ot 79

Vm € Nn+1.

Set pui1 = p T, Tusr = 0T, Fayr = TV Then (6.5), (6.6) and (6.7)
hold for n + 1. Now we infer that

(6.24) g2
(6.25) Prt1(|Tnga]) > 1-— T+1 > /1= Entis

hence there is an index my, 11 € F,,+1 C N, as desired in (6.8) and (6.9) such that

~ n
(6.26) DPn+1 (Simnﬂ) >r?(1 - 5%+1)(1 - Zef),

(Bl 1

because otherwise the following estimates would contradict (6.25):

)

n+1) i
pn+1(|Tn+1 pn+1(’ Z )\ * |80||

()

n Pi / /
< (F;l’Ag o Al D”(Zp"“( II%H »12
(WZH Al (n+1) )1/2 (zEFﬁlan(’ 2 ) Z |\ §"+1)|)l/2
(63) (7"2(1 —epi1) (1 - Xnkf)) - l—elir
1

v
r(1=3> )
1

Here inequality () can be proved like II1.4.7 in [22]. Note that for a functional ¢
with polar decomposition ¢ = ulp| one has |ps| = |u|yp|s| < || by II1.4.9 in [22]
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which explains inequality (#x) below; now ((6.8), n + 1) follows from
(+%)
pn+1(|@mn+1|) > pn+1(|90mn+13n|)
(6.26) n
S e sallr?(1 = e2,0) (1= Y 22)

(6.19)

1
n

E (- VB (- 322)
1

n+1

>r2<1—25i)

1

where the last inequality follows from the following completely elementary esti-
mates:

r
= 1_253)_5{1_(1 €n+1)2‘€?_(1+ >5721+1:|Z€z

1 1

n+1 r n n+1 1n+1

2 2 2 2

> 1_251)_§Z€i><1_251)_§ £;

1 1 1 1

n+1 n+1 n+1

:<1—¥€i>+;f3i<1_5i_53i) 21—21:&

since we assumed ¢; < 3/4 for all ¢ € N. Thus ((6.8), n + 1) is proved. This ends
the induction and the proof. &
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