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ABSTRACT. We prove that if (a, b) is an R-diagonal pair in some non-commu-
tative probability space (A, ) then (a?, b?) is R-diagonal too and we compute
the determining series f(,»») in terms of the distribution of ab. We give
estimates of the upper and lower bounds of the support of free multiplicative
convolution of probability measures compactly supported on [0, oo, and use
the results to give norm estimates of powers of R-diagonal elements in finite
von Neumann algebras. Finally we compute norms, distributions and R-
transforms related to powers of the circular element.
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1. INTRODUCTION AND PRELIMINARIES

In the setup of Free Probability Theory we study certain random variables. By a
non-commutative probability space (A, p) we mean a unital algebra A (over the
complex numbers) equipped with a unital functional . If A is a von Neumann al-
gebra and ¢ is normal we call (A, ) a non-commutative W*-probability space. We
write (M, 7) for a non-commutative W*-probability space with a faithful normal
tracial state 7. Elements in A are called random variables, and the distribution u,
of a random variable in (4, ¢) is the linear functional y, : C[X] — C determined
by pe(P) = ¢(P(a)) for all P in C[X]. We refer to [16] for the basic facts of Free

Probability Theory and record here for easy reference what we need in this paper.
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If a is a self-adjoint element in a non-commutative W*-probability space
there exists a unique compactly supported probability measure (also denoted )
such that

p(a”) = /t”dua(t), pEN.
R
In this case supp uq C sp a. We often view these measures as distributions in the
sense of [16]. In the following we introduce the R- and S-transforms of distribu-
tions, and the definitions carry over to measures.

The S-transform S,, of a distribution with non-vanishing first moment is

defined as a formal power series in the following way (cf. [16]): define the moment

series 1), as
bulz) =Y p(X™)z"
n=1

and let x, denote the unique inverse formal power series (with respect to compo-

sition) of ¢,,. This series is of the form

o0
Xu(z) = Z anz"
n=1

where a3 = pu(X)™! # 0. Then we define

z+1 > e
Sulz) = — Xu(2) = (z41) Y apz""!
n=1

as a formal power series. (Note that S,,(0) = u(X)~!.) The S-transform converts
multiplicative free convolution into multiplication of formal power series in the
following way: S,x, = S, - S, whenever y and v are distributions with non-
vanishing first moments.

If p is a compactly supported probability measure on [0, oo[ we let m(u) =
minsupp p, 7 = () = maxsupp p and we can view p as the distribution of a

positive element in a suitably chosen non-commutative von Neumann probability

uue) = [ 12 duts)

1—2zs
R

space. We have then

hence v, is analytic on {z € C | 27! ¢ suppu}, and x,, S, are analytic in a
neighbourhood of ¢, ([0,1/7[), cf. [4]. We denote the moments of p by u(X?) =
J t? dp(t) for every natural number p.

R
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Pringsheim’s theorem shows that 1/r is a non-removable singularity for 1,
and the behaviour of 1, near 1/r can be classified into one of the following three

cases:

(i) ¥, is unbounded near 1/r: ¢, (t) — oo ast — 1/r—;
(ii) ¥y is bounded and ¢/, is unbounded near 1/7: 1), (t) — cc as t — 1/r—
and hlr/n 1 (t) exists and is finite;
t—1/r—

(iii) ¥, and 1}, are bounded near 1/r: t—1>111}1r— ¥, (t) and télilr}i_ ¥, (t) exist

and are finite.
This makes it possible to determine r in terms of the function yx,:

(i) if x, is analytic in a neighbourhood of [0, co[ and xj, > 0 on [0, oo[ then
1/r= lm x,.(y);

(i) if x,, is analytic in a neighbourhood of [0, yol, X}, > 0 on [0, yo[ and yo is
the largest number with these properties then 1/r = yllg;_ Xp(Y).

Since x, is increasing we can estimate r : 1/r > lim x,(y) whenever x,, is

analytic on a neighbourhood of [0, yo[ and xj, > 0 on ]0, yol.
By V(1) we denote the variance of the measure u: V(p) = u(X?) — u(X)?,
and if 4(X) > 0 we can bound r(u) from below:

H(x?) = / 22 du) < r(p)u(X)

hence V() /p(X) 4 n(X) < r(p).
For a measure p we let ! denote the image measure of ;v induced by
the reciprocal map = — 1/z, and let ug, denote the image measure induced by

the squaring function sq : z — 22. Note that if u is supported on ]0,o00[ then

r(ut) =m(p) ="
The R-transform R, of a distribution p was introduced by Voiculescu in [14]
(see also [16]) as a formal power series obtained in the following way: Define

Gulz) = 3 (X
n=0

as a formal Laurent series. (The symbol G, will be referred to as the Cauchy
transform of p.) Then G, is invertible with respect to composition and the inverse

G;l is of the form

1 oo
G;l(z) =—-+ Z anz"
n=0

z
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and R, is defined to be the power series part of G;l:

Ru(z) = i anz".
n=0

The R-transform converts additive free convolution of distributions into addition
of formal power series: R, @, = R, + R, for all distributions y and v.

In [7] the (1-dimensional) R-transform was generalized to multidimensional
distributions p : C(X; | i € I) — C and the R-transform of y is then denoted R,,.
In the 1-dimensional case we have the relation R, (z) = 2R, ().

The circular element ¢ (of norm 2) was introduced in [15] and the polar
decomposition ¢ = uh was determined: u and h are x-free, v is a Haar unitary
(every non-trivial moment of w is 0) and h is quarter circular (of radius 2):

1
dun = =V4 — 2% 19 g () dz.
T

A model for the circular element is the following: Let H be a Hilbert space with
orthonormal basis {&1,&2}, let T(H) = CQ @ @ H®" be the full Fock space

n=1
of H and let l;,ls be the creation operators of & and &; respectively. Then

¢ = (I1+1%)/+/2 is a circular element in the finite non-commutative 1 *-probability
space (W*(Ca C*)v < ’ Qv Q>)
The R-transforms of the *-distributions of ¢ and u have similar forms, cf. [10]:

(1.1) Ry .. (21,22) = 2122 + 2221,

(12) Rug, oy (21,22) = Y (=1)" 7 Cra(2122)" + Y (=1)" ' Cra(2221)"
n=1 n=1

The numbers C,, are the Catalan numbers (cf. [2] and [6]): cP = ( pnl) /n
n—

n—1
n,p € N. For convenience we let Cyp = 1. In [10] Nica and Speicher (see also [8]

2
is the n’th Fuss-Catalan number of parameter p and C,, = CT(IQ) = ( " ) /n,

for a more general definition) introduced the class of R-diagonal pairs in non-
commutative probability spaces as those pairs (a,b) whose R-transform is of the

form

oo oo
Ry (21,292) = Z an(z122)" + Z an(z221)"
n=1 n=1

o0
where a,, € C. The series f,,,, (2) = > a,2" is called the determining se-
n=1

ries of R An R-diagonal element is an element a (in a non-commutative

H(a,b) "
x-probability space) such that (a,a*) is an R-diagonal pair.
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The determining series f,, , can be obtained from the moment series ¢,
using the [-operation on formal power series, cf. [10]. In dimension 1 the oper-
ation B satisfies (and can be defined by) R,,, = R,, B R, for arbitrary free
random variables ¢ and b in some non-commutative probability space. Then
R, = v, @ Mo6b where Mob is the series

Méb(z) = 3 (=1)""'Cp12",
n=1

and fu,, = Ry, BMob. (If a and b are random variables in a tracial non-

o0
commutative probability space then R,,,, = R,,,,.) The series {(z) = > 2" is the
n=1

inverse to Mo6b with respect to [E: M6b®E ((z) = (W Mobb(z) = 2.
In the n-dimensional case we let M, denote the moment series of an n-
dimensional distribution u : C(Xy,..., X,) — C:

Mﬂ(zl,...,zn)zz Z ,LL(X“X“)ZHZ%

k=141,...,ip=1

Then R, = M, ®Mob,, M, = R, # (,, where Mob,, and ¢, are n-dimensional
analogues of Mob and ¢ respectively, and likewise for &, cf. [10].

We often simplify the notation and write R, ;) in place of R etc.

H(a,b

If a is a random variable in a non-commutative C*—probabil(ity) space the
R-transform of p, is analytic in a neighbourhood of 0, cf. [4].

The paper is organized as follows. In Section 2 we show that any power of
any R-diagonal element is R-diagonal. In Section 3 we derive some estimates on
the radius of the support of the free multiplicative convolution power of a measure
compactly supported in [0, oo[. In Section 4 we compute distributions and R-series

related to powers of the circular element.

2. POWERS OF R-DIAGONAL PAIRS

In the sequel we let M’(R) denote the set of symmetric compactly supported
probability measures on R, and let r;(x) denote the j’th coefficient in R,

Ry(z) = Y i ()2,

j=1

Proposition 5.2 in [11] shows that if 4 € M’(R) then r9;_1(p) = 0 for all j in N.
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LEMMA 2.1. The sets

{((X?), (X)) [ e M'(R)}, {(ra(u), -y r20(n) | p € M'(R)}

have interior points for all natural numbers n.

Proof. The measure p = %1[,1’1} () dz is symmetric and the even moments
are u(X?*) = (2k +1)~! (k € N). Fix a natural number n and put

i|0¢j|<1}-

Jj=1

B1: {(al,...,an)ER"

Let P»; denote the normalized Legendre polynomial of order 2j, and for (a1, ..., ay)
€ By we define

1
dﬂ(al,...,an) = i(Po(fE) + 041P2(ZE) +-- 4+ OénP2n(ZE)) : 1[—1,1] (33) dz.

Observe that P»; is an even polynomial, |Pa;(z)| < 1 for |z| < 1 hence
’ ZOAJ'PQJ‘(ZL')’ < 1
j=1

n [—1,1]. The orthogonality properties of the sequence (Ps;);en implies that

1 1
/inng(:E) dz =0, /acQngj (x)dz #0
X1 X1

whenever 1 = 0,...,j — 1, j € N. In particular it follows that 14, a,.) € M'(R)
(for (av1,...,an) € By). Then

1 +1 "
2k+1 2

1 n
) (XPF) = o /90%132]‘(30) de = p(X*) + ) brjay,

j=1 j=1

1
where by; = % [ 2?*Py;(x)da. Especially bi; # 0 (j = 1,...,n) and by; = 0 if
1= 2l J 3J J

k < j. Then

H(ar,..., an)(XQ) M(XQ) by - 0 a1 o

Hansean) (X)) A p(XP") by + bun /) \am an
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where B = (b;;)};—,. Since B is invertible Equation (2.1) shows that (u(X?),...,
wu(X?")) is an interior point in {(¥(X?2),...,v(X?")) |v € M'(R)}.

There exist (universal) continuous functions F, G : C™ — C" such that

r2(v) v(X?) v(X?) r2(v)
o l=rl 2| - =al | venm
Ton (V) v(X2m) v(X2m) Ton (V)

and F'o G =idgr = G o F. In particular F is open and {(ra(v),...,r2,(v)) | v €
M’(R)} has an interior point. 1

REMARK. Let (M, 1) = L(Z2) Me};‘,(R)(L"o(u),fdu). Then M is a finite
von Neumann algebra with a faithful normal trace 7. Let a be a generating
unitary in L(Zz). If T is an arbitrary element in some finite non-commutative W*-
probability space it follows from Corollary 3.2 in [5] that the element a -id L (fiyr|)
is an R-diagonal element in M and that it has the same *-distribution as T". Thus

M contains a representative of every R-diagonal element. Let
Sn = {(O&l, ey Oén> E'T S M . R(T,T*)(Zh ZQ) = Z Oéj(212’2>j —+ ZO&j(ZQZl)j}.
j=1 j=1

It follows from Proposition 5.2 in [11] that

Sn = A{(ra(n), - r2n () | p € M'(R)},

thus S;, has an interior point according to Lemma 2.1.

THEOREM 2.2. Let (a,b) be an R-diagonal pair in a non-commautative prob-
ability space (A, ), and let p € N. Then (aP,bP) is an R-diagonal pair with
determining series

farpry = Rbp MGob.

In particular Rappr = Rbp .

Proof. Let n € N, 41,...,i, € {1,2}. We first assume that (i1,...,4,) de-
notes an index off the diagonal, i.e., (i1,...,i,) # (1,2,...,1,2) and (i1,...,i,) #

(2,1,...,2,1). We note the existence of a universal polynomial P such that

[coef (i1, ..., in)|R(ar pry) = P([coef(1,2)]Riap) - - - [coef(1,2,...,1,2)]R(q))
D —

2pn
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whenever (a,b) is an R-diagonal pair in some non-commutative probability space.
Indeed, if R € C(z1, 22) is of the form

R(Zl, ZQ) = Z Qi (2’12’2>j + Z Qa; (ZQZl)j
Jj=1 Jj=1

we define M, M®) R®) ¢ C(zy, z3) by
M =RM@EC, M®P(z,2)=M(ZP25), RP =M®P @Mob,,

and it follows that there exists a polynomial P such that [coef(iy,...,i,)]|R® =
P(oq,...,qp,). If a and b are random variables in a non-commutative probability
space (A,¢) and (a,b) is an R-diagonal pair with determining series f,)(2) =

0 .
> ;27 then
i=1

[COGf(il, ceey in)]R(apybp) = P(al, ces ,apn).

If T is an R-diagonal element in (M, ) it follows from Proposition 3.10
in [5] that TP is R-diagonal. This implies that P(a1,...,apn) = 0 whenever
(a1,...,Qpn) € Spn. Since Sy, has an interior point this implies that P = 0 hence
[coef (i1, ... i) Rigr by = 0.

We next assume that (i1,...,4,) = (1,2,...,1,2). Then a symmetry argu-

N i

n
ment reveals that

[coef(1,2,...,1,2)|Rgr vy = [coef(2,1,...,2, 1) R(gp pr)-
—_——— ————

n n

Since n and i1, ..., 1, are arbitrary we conclude that (a?,b”) is R-diagonal.
Finally we compute the determining series f(,» ) for (a?, 7). Note that for

given n there exists a universal polynomial P such that
[coef(n)] f(av pr) — [coef(n)| REP BMbb = P(ai, ..., apn)

where a; = [coef(j)] f(a,p). If (T, T*) is an R-diagonal pair in (M, 7) then frs (1py+)
= Ryo(rs)- EMob = R 1, BMob = R g, BMb (cf. Proposition 3.10 in [5))

TT* TT*

whence P(Sy,) = {0}. We conclude that P = 0 and thus f,» p») = REPEMbb. &



POWERS OF R-DIAGONAL ELEMENTS 205

3. NORM-ESTIMATES OF POWERS AND PRODUCTS OF R-DIAGONAL ELEMENTS

THEOREM 3.1. Let p be a natural number, let p,p1,..., 1y be compactly
supported probability measures on [0,00[. Then:
(i) r(u¥?) < epr(pwm(X)P=1;
(ii) if r(p;) >0 forall j=1,...,p then

r(pr M- Bpp) < ep max rlys)

=L p1j(X) S (X)) - (X5

(iii) r(p™P) = p(X)P + pV () u(X)P~2;
(iv) if r(p;) >0 for all j =1,...,p then

r(p X Rpp) = ul(X)"'NP(X)(1+Z /Z((g(j)é)'

Proof. The idea of the proof of (i) is to find an interval |0, yo[ on which X8
is analytic and XLgp > 0. Then r(u®?)~! > yEgUt X80 (Y)-

The statement holds trivially for p = 1 and for p = §p so let p be a natural
number greater than 2 and assume that g # dg. Then

(3.1) xm(2) = (52) e

and it follows that x =, is analytic in a neighbourhood of |0, yo[ if x, is analytic
in a neighbourhood of 10, yo[. It follows from (3.1) that X;gp > 0 on |0,y if and
only if

X5 (y)

Xu(y)

for all y in ]0, yo[. Inserting y = v, (t) we infer that X’ng > 0 on |0, yol if and only if

p—1
— <y(l+y)

p—1 Q/Ju(t)(l‘i‘wu(t))
(3.2) » < w0 ()

for all ¢ in ]0,to[ where to = lim x,(y).
y—yo—

Choose to = (pr(n))~*. Using the integral formula for ¢, we estimate:

LOL+00) ()

= 1-
W0 ﬂ{[(l_t—;)zdu(S) >1—tr(p)
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hence (3.2) holds for all ¢ in ]0,¢o[. Then ¢, is analytic in a neighbourhood of
10,t0] hence x,, is analytic in a neighbourhood of [0, yo] and we can estimate:

wu(tO) :/ S d,u(s) < M(X)

to 1-— Sto = 1-— T(,Lt)to’
R

Xume (Yu(to)) = (Wu(to) + 1)p1(1%)(?))m)p1t0 > W(l —p P

whence

r(pBP) < pr(pw)(X)P~ (1 + ﬁ)pil < epr(pw)u(X)P,

which shows (i).
Put a = (p1(X) -+ p1p(X))/? and let v; (j = 1,...,p) be the image measure

(15) 2z /p; (x)- Then vy B Ry = py K- By, and v1(X) = -+ = 1p(X) = a.
Due to the foregoing analysis we have that
p—1 X, (Y)
3.3 — <yly+1)—
33 LW
for all y in |0, y(])[ where y(J) = ¢, ((pr(v;))™"). Put r = max r(v;) and
j=1,..., D

to = min (pr(v;))~' = (pr)~'. Then (3.3) holds on ]0,yo ;[ where yo,; =
J=1,..., y4

Yy, (to) hence the estimate (3.3) holds on ]0,yo[ where yo = _IIlliIl Yo,j- We
J=1,.p

.....

assume without loss of generality that yo = yo,1. Note that x,,; (y0) < X, (40,5) =
Xl/j (wuj (tO)) == t(). Then

Xo, (Y)

J

1
(p—1)——= <p min
y(y + 1) J=1,p Xu; (y)

for all y in ]0, yo[ and we conclude that

Xy, (y) 1
X, (y) - l)y(y+ Y

dilog)(m@ EROEDY

Jj=1

for all y in ]0,yo[. Thus X:q&---&vp > 0 on ]0,yo[, and since p > 2 each x,, is
analytic on a neighbourhood of ]0, yo], hence

_ Yo + 1\P~1
r B Ry) 7 > X @m0, (00) = (OT) Yo (00) -+ X (30)
p
Xv yO
Z X 1/11/1 t _t >
0) H OHwyxxV](yo))
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Therefore

1 —1
r( R Rp,) =r@pn X---Kuy,) gpr(l— —)p aP™!

p—1
<ep max Oz?‘(:uj)apfl = ep max 7(k5) (X)) - pp(X)
i=Leep 5 (X) =1 i (X)

and this proves (ii).
To prove (iv) we first note that if 4 is a measure with non-vanishing first

moment the power series of S, is

1 4]

as z — 0. This implies that
_ - 1 _ V() 5 52
S0 = 1 s (1 e+ 02)
_ 1 . & V() 5 52
el 2 )=o)
hence
V(R Rpy) 1 zp: V(1)
pr B Ry (X) i (X) - pp(X) = (X))
and thus

This shows (iv).
If 41 is a Dirac measure then 7(u®?) = u(X)?, V() = 0 and (iii) is fulfilled.
If 1 is not a Dirac measure then (iii) follows from (iv). &

COROLLARY 3.2. Letp e N, T,11,...,T, be R-diagonal elements in a non-
commutative probability space (M, 1) with a faithful normal tracial state. Then

177l < e IITIHIT )15~

for every natural number p, and if T, ..., T, are x-free and T, ..., T, # 0 then

Ty - .Tp” < 1/epjirllax ATz ||Tp”2.
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Proof. It follows from Propositions 3.6 and 3.10 in [5] that 77 and T - - - T,
are R-diagonal and that prs2 = u%]fw Ty, 2 = HyTyp2 X By 2. Then we

estimate:
(e B Bpyr,2) < ep max ) 2 (X) e gy 2 (X)
i Jj=L,...p ,LL‘T],F(X) P
1751
=ep max =t T3 T3

and the conclusion follows. 1§

If 41 is not a Dirac measure Theorem 3.1 (i) shows that 7(u®?) = O(pu(X)P)
and (iii) shows that this is the best asymptotic estimate. Thus || T?|| = O(\/p | T'||5)
is the best asymptotic estimate for the norm of an R-diagonal element (compare
to the estimate ||| < (14 p)||T| |T]|5~" obtained in Corollary 4.2 in [5]).

COROLLARY 3.3. If p is a natural number, and p, jt1, ..., pbp are compactly
supported probability measures on ]0,00[, then

- P min m)g (X)
m{p1 e P 2 —_ _,1, 1 )
(3.4) ( tv) ey (X)-epp (X)
Rpy < 1 m(j)
mu) > o e T

P
Proof. In the finite non-commutative W*-probability space ‘*1 (LOO(;L]-),
j=

J -duj) we can find a free family {a1,...,a,} of positive invertible elements such
that the distribution (as a measure) of a; is p; for all j. Then the distribution of

ai---apis py X---Xpu, and the distribution of (a1 ---a,) ! is

/’L(al---ap)*l = 'u’azjlmafl = Nagl X--- |Z|,Lta;1 — N;l X... |Zu;1

Then
m(pa 8- Rpp) ™ = (R Rpp) ™) = (e R Ry,
r(p;t) _
<e a I X)) (X
pj§117..>§,pu;1(X) py (X)) -op, (X))
hence

m(p 8- Rpy) > —

and the conclusion follows. 1§
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Let u be a compactly supported probability measure on ]0, oo[. For the free
multiplicative convolution power %7 of 1 we have the obvious estimate

(3.5) m(p?) > m(p)?.

If 1 is a Dirac measure then m(u®?) = m(u)P. In the following we assume that

is not a Dirac measure. Then

{00 = m) [ dut) < miu) [ mGn) due) =1
R

R

and the estimate

m(u)P _ 1
U epm( (X)) 0 asp - o0
PR T(X)

shows that the estimate (3.4) is sharper than (3.5) for large p.

4. POWERS OF THE CIRCULAR ELEMENT

In this section we compute the norm of every power of the circular element c. Fur-
thermore we determine the distribution of |c?|? and the R-transform of (cP, (cP)*)
for any p in N. It is recently shown in [12] that powers of the circular element are
R-diagonal elements, and the coefficients in the R-transforms were computed.

PROPOSITION 4.1. Let ¢ be the circular element and let p be a natural num-
ber. Then:
@) fle”ll* = (p + )P /pP;
(ii) the moments of |cP|* are pyerj2(X™) = Y for all natural numbers p
and n;
(iii) the determining function f(co (cvy+) for the R-diagonal element cP is

f(cp,(cp)*) (Z) B Z Cgpfl)zn.
n=1

for every natural number p greater than 2.

Proof. Let p = piye2. We first note that [[cP[|2 = r(pe2) = r(u¥P). It is
shown in [5] that S,(2) = 1/(2+1) hence x,(2) = z/(2+1)* and x =, (2) = 2/(2+
1)P*1 are analytic in a neighbourhood of [0,00[. It is straightforward to verify
that Xz, > 0 on 10,p71[ and X;Lgp(p’l) = 0 hence 1/r(u®?) = x,m,(p7"!) =
p?/(p+ 1)PT1 and (i) follows.
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For n, p natural numbers we find

pier2(X™) = the coefficient of 2" in Vi 2 (2)

()1 n 1 n
== Res(Xpu . (2)7"2=0) = - Res(x,m,(2)"",2=0)

1)n
- 1Res (M,z()) _ l <(p+1)n) :07(110+1).
n

" n n—1

At (%) we use Lagranges Inversion Theorem, cf. Section 3.8 in [1], [3]. This
shows (ii).

To prove (iii) we first note that R,(z) = (1 — z)~" hence R,(z) = > 2/ =
Jj=

—_

¢(2). Then
Rucp(cp)* = Rmcp)*cp = Rugp = Ru e Ru = <p
N—————
p terms
hence

f(cpy(cp)*) = Rﬂcp(cp)* 6 Mob = Cp (] Mob = C(p_l)-

If p=2then fiw (cr))(2) = C(2) = > 2" and if p > 2 then

n=1

fier(eryy = CBP™D = CB R mp-» = (BMBbB Y, m0-2 = ¥m0-2,

i.e., f(cp7(cp)*)(z) = Z Cflp_l)zn. [ |

n=1

In addition the computations show that
(4.1) Erz)=> cPzr
n=1

for every p > 2. Using the combinatorial Fourier Transform invented in [9] we
can also compute M6b®? for any natural number p: let F denote the Fourier
transform on formal power series without constant terms and with non-vanishing
first coeflicients defined as follows (cf. [9]):

2Ff(z) = f7(2)

(here f~! denotes the inverse with respect to composition.) Then F(f & g) = Ff-
Fg for all power series f and ¢ in the domain of F. Also F((z) = 1/(14+ z) hence
F(CBP)(2) = 1/(1 + 2)P and F(M6b®?)(z) = (1 + z)P. Thus M6b®?(z) = (2(1 +
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z)p)<*1>, and Lagranges Inversion Formula applies to compute the coefficients in

M6b®?: Let Mob®?(2) = 3 a,2", then
n=1

o= ((g) o) = () 2o )

_1(-m —. -p)
n\n-—1 "

and thus

(4.2) Meb®?(z) =Y " CiPem.
n=1

Following formulas (4.1) and (4.2), we have Mob = ¢B(-1) and Mob®? = ¢(B(-P)
for all natural numbers p.

The coefficients in the series ¢(®¥? was also computed in [13].
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