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ABSTRACT. It is well known that linear system theory, Lax-Phillips scat-
tering theory, and operator model theory for a contraction operator are all
intimately related. A common thread in all three theories is a contractive,
analytic, operator-valued function on the unit disk W(z) having a represen-
tation of the form W (z) = D + 2C(I — zA) "' B, known, depending on the
context, as the transfer function, the scattering function, or the characteris-
tic function. We present the time-varing analogue of this framework. Also
included is a time-varying analogue of the Abstract Interpolation Problem of
Katsnelson-Kheifets- Yuditskii.
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1. INTRODUCTION

A time-invariant, causal, bounded linear system (with state initialized to be
0 at time 0)

(1.1) y(n) = Cxz(n) + Du(n),

can be viewed in two possible ways: in the time domain, as a lower triangular
bounded Toeplitz operator S = [s;_;]; j>o (With s, = 0 for n < 0) acting on an ¢?
space (the input-output operator of the system) and, in the frequency domain as
a multiplication operator Mg acting on the Hardy space Hs, the function S being
the transfer function of the system given by

oF { z(n+ 1) = Az(n) + Bu(n), x(0) =0,

(1.2) S(z) =D+ 2C(I —2A)"'B = isnz”.
n=0
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Thus the Taylor coefficients {s,, }nez (also called Markov moments) of S(z) can be
read off from the input-output matrix S = [s;_;], and, as is seen from the equality

in (1.2), are determined from the system matrix [é IB)] by

(1.3) so=D, s,=CA"'B forn>0.
A similar formula holds in the time-domain for the input-output operator S:
(1.4) S=D+C(I—-ZA)'ZB

where A, B, C and D are diagonal operators acting on block ¢? with the appropriate
block sizes with constant diagonal entries equal to A, B,C, D respectively, and
where Z is the forward shift operator on 2. (This formula requires some careful
interpretation if the lower weighted shift operator ZA has spectral radius equal
to 1 rather than strictly less than 1; this can be made precise via an appropriate
limiting process.)

Of particular interest is the case where the system is dissipative (i.e., the

matrix {é g] is contractive); then the transfer function S is analytic and con-

tractive on the open unit disk ID. Such a function S also arises as the scattering
function of a discrete-time Lax-Phillips scattering system (see [28]), as well as
the characteristic function of a completely nonunitary contraction operator 7' on
a Hilbert space H (see [29]). Indeed, there is a natural correspondence between
a unitary system, a Lax-Phillips scattering system and a completely nonunitary
contraction operator so that the same function S arises as the transfer function
of the system, the scattering function of the scattering system and the character-
istic operator function of the operator. Conversely, given a contractive, analytic
function S(z) of the unit disk, it is well understood (from various points of view)
how to construct a dissipative, or more restrictedly, a conservative (also called

unitary) linear system (X as in (1.1) with system matrix {é g} unitary), a

model scattering system and a model completely nonunitary contraction opera-
tor, all corresponding to one another in the sense alluded to above, so that S is
realized as the common transfer function, scattering function and characteristic
operator function. One way to construct such models for a given contractive an-
alytic function S(z) is through the use of reproducing kernel Hilbert spaces. For

example, if S is a contractive, analytic function on the unit disk D, then the ker-
nel Kg(z,w) = W is positive (in the sense of reproducing kernels) on D
and the associated reproducing kernel Hilbert space H(S) provides a coisometric
realization of S. Indeed, one has

S(Z) =D + ZC(IH(S) — ZA)_lB

where
A B H(S H(S
0 ERIR kAN
is the backward shift realization defined by
(ane) = LIO gy - S50 op— ), D= s00).

z z
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The pair (C, A) satisfies ﬂ ker CA™ = {0} (i.e. is closely outer-connected) and the

operator matrix (1.5) is cmsometrlc these two conditions determine the realization
uniquely up to a similarity operator, which moreover is unitary. See [12], [16], [10],
[3], [1] for more on these coisometric realizations (and also the related isometric
and unitary realizations) which were first introduced and studied by L. de Branges
and J. Rovnyak.

In the setting of time-varying systems, the system (1.1) is replaced by a
time-varying system

fan+1) = Aya(n) + Bou(n),
Etv'{yucnx()wu()

the Toeplitz operator S = [s;_;] is replaced by an upper triangular bounded
operator S = [s;;] which is moreover contractive when the system is dissipative

(i.e. the system matrix [é" ZB;"} is contractive for each n € Z). One has
n n

Sii = Di, Sij = CiAi—l s Aj+1Bj if 7> j
as the analogue of (1.3) and S = D + C(I — ZA)~'ZB where now
A =diag{A,}, B=diag{B,}, C=diag{C,}, D =diag{D,}

are nonconstant diagonal block matrices and Z is the bilateral forward shift oper-
ator on the appropriate block £2 space.

The time-varying analogue of the transfer function in the frequency domain
(1.2) is more problematical, but some progress has been made recently. An older
approach is via the Zadeh transform (see [23] and [34]); we review this idea in
Section 2.2. There is now a whole theory of nonstationary point evaluation and
nonstationary matrix Nevanlinna-Pick interpolation (see e.g. [20], [19], [15]); more-
over, this nonstationary interpolation theory has applications to time-varying sys-
tems which parallel the recently discovered applications of the time-invariant the-
ory to robust control (see e.g. [14]), and to computational modeling (see [15] and
[33]). In a somewhat different direction, the first and third authors ([4]) used the
observation that multiplication by an upper triangular matrix on the left is a con-
traction operator from the Hilbert space Uyg of upper triangular Hilbert-Schmidt
operators into itself to define a nonstationary analogue of the de Branges-Rovnyak
space H(S) and of the backward shift realization: see [2], [4]. In this way they
recovered much of the reproducing kernel Hilbert space structure of the time-
invariant setup in this formalism.

The main contribution of this paper is the systematic development of the
full unified formalism of unitary systems, Lax-Phillips scattering systems and op-
erator model theory for the time-varying case. A model of this synthesis of the
three theories for the time-invariant case can be found in the work of Nikolskii and
Vasyunin (see [30] and [31] for a recent update). We expect that this formalism
eventually will become a powerful tool for further applications. Here we present
two modest applications. First, we show how the scattering operator serves as a
complete unitary invariant for a minimal, time-varying, scattering system, just as
in the time-invariant case. A similar result holds for a contraction-operator family
and a time-varying unitary system (see Section 6.4). As a second application,



248 DANIEL ALPAY, JOSEPH A. BALL, AND YO0SSI PERETZ

we present a time-varying version of the Abstract Interpolation Problem recently
introduced by Katsnelson, Kheifets and Yuditskii (see [27], [25]), in both the orig-
inal de Branges-Rovnyak model formulation, and the coordinate-free, scattering-
theoretic form pointed out in [11] for the time-invariant case, and thereby further
complete ideas already presented in [17] (see Section 7). The expert may find
some new insight in the present paper even for the time-invariant case; when spe-
cialized to the time-invariant case, this paper can be considered an update of [21]
and [10] giving the connections between systems, scattering and operator model
theory which incorporates the ideas of Nikolskii and Vasyunin ([30]) on scattering
and model transcriptions.

As we have explained above, the main theme of this paper is the identifica-
tion of a time-varying analogue of the triptych of unitary systems, Lax-Phillips
scattering and operator model theory. It is also possible to go the other way:
one can view the time-varying setup as embedded in a time-invariant unitary sys-
tem/scattering system/contraction operator having some extra structure. For the
case of unitary systems and applications to interpolation, the “sparse embedding”
of a time-varying, linear system into a time-invariant linear system is one of the
main themes of the monograph of Foiag, Frazho, Gohberg and Kaashoek ([19]).
We allude to this connection between time-varying and time-invariant systems
briefly in Section 6.4 in our discussion of transfer functions of unitary systems,
but leave the details of this theme for the scattering and operator-model settings
to be developed elsewhere.

The paper consists of six sections besides this Introduction. In Section 2
we introduce the main ideas concerning time-varying, unitary, linear systems, and
associated objects (input-output operators, analogues of the transfer function and
the frequency domain); the same basic formalism for the input-output operator and
its elementary properties can also found in Section 4 of [6]. Section 3 introduces
the notion of a Lax-Phillips scattering system for the discrete-time, time-varying
case; the main invariant here is the scattering operator, a lower triangular oper-
ator acting on an appropriate £ space. Section 4 presents the ideas from [30]
concerning a coordinate-free models adapted to the time-varying setting; now we
are modeling a family of contraction operators T, : H,+1 — H,, rather than a sin-
gle operator T" on a Hilbert space H. Section 5 lays out the equivalence between
the scattering and model theory formalisms on the one side and unitary systems on
the other, and establishes the identification between the scattering operator for the
system, the characteristic operator for the contraction family 7 = {7}, and the
transfer function for the embedded unitary system. Section 6 discusses the time-
varying versions of the Pavlov, Sz.-Nagy—Foiag and de Branges-Rovnyak models
from the unified perspective found in [30] for the time-invariant case. In particular,
we show that any scattering system (respectively, family of contractions or uni-
tary system) is unitarily equivalent to the model scattering system (respectively,
family of contractions or unitary system) constructed from its scattering operator
(respectively, characteristic operator or input-output operator), under appropriate
nondegeneracy conditions. Finally Section 7 deals with the time-varying version
of the Abstract Interpolation Problem from [27] in both the de Branges-Rovnyak
model and coordinate-free forms and its application to the time-varying version of
the right tangential Nevanlinna-Pick interpolation problem ([20], [19], [15]).
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2. TIME-VARYING LINEAR SYSTEMS

2.1. TIME-DOMAIN ANALYSIS. By a time-varying linear system we mean a system
of equations of the form

5. {x(n +1) = A,z(n) + Bru(n),

(2.1) y(n) = Cpx(n) + Dyu(n),

where, for each integer n € Z, x(n) is the state vector at time n taking values in
the time-n state space H,, u(n) is the input vector at time n taking values in the
time-n input space &, and y(n) is the output vector at time n taking values in the
time-n output space &.,. Here H,, &, and &,, are all considered to be Hilbert
spaces, and A,, B,, C, and D,, are bounded, linear operators. The family of
operators {Up, }nez with U, given by

P An Bn . Hn Hn+1
(22) Un._[cn Dn].[&l}ﬁ{gw }
is called the time-varying colligation associated with the time-varying system %
(2.1). We will consider only the case where the colligation {U,} is contractive, i.e.

(2.3) lz(n + D)1 + [ly(n)I* < am@)|* + [[u(n)]|?
for all n € Z. In this case, (2.3) can be rewritten as
lz(n + 1) = [l2(m)]* < u(@)]* = [y(n)]?

which, upon iteration, leads to

TL:NQ

(2.4) lz(Nz + DI* = (N2 < D (la(@)l? = lly()]?)

TL:N1

for all system trajectories {z(-),u(-),y(-)}.

To discuss the input-output map for such a system, it will be convenient
to introduce various Hilbert spaces associated with this setup as is done in [33],
pp- 30-32 and [15], p. 23. We denote by £ the whole aggregate {E&, }nez of input

Hilbert spaces, and similarly, H = {Hy, }nez and E. = {E.n}nez. For X equal to
&, H or &, we define Hilbert spaces (*(Z, X), (*(Zx,,, X) and (*(Z<y, X) by

(2, X) = {{x(k)}z‘;_oo tx(k) € X and Y [|lz(k)]? < OO}

kEeZ

25) €202 = {z®,  alk) € X and Y Jl2(k)? < oo}

k=n
E(Ban, ) = {0}z 2 € K and S (I < o).

k=—o0
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On occasion we shall also have need for the £°° version of these spaces:
(2, Xx) = {{x( Ve oo 2(k) € X and 2161;Z)||$(k)|| < oo}
£ @ ) = {{oW)}F0 + 2(K) € . and sup ()| < o0}

0 (L, X) = {{x(k‘) nml a(k) € A and sup ||lz(k)|| < oo};
k<n

k=—o0

and the shifted versions

2(2,X0) = {{2()}2 s : 2(k) € Xy and S ok )12 < oo},

k=—o0

(2, xY) = {{x( Ve oo z(k) € Xy—1 and sup |lz(k)|| < oo}.
kEZ

We shall also have occasion to need the following notation for any families of
Hilbert spaces F = {F,tnez and G = {Gp, bnez:

X(F,G) = the space of bounded operators from ¢*(Z, F) into ¢*(Z,G)
L(F,G) = lower triangular elements of X' (F,G)
U(f, G) = upper triangular elements of X (F,G)

U_(F,G) = strictly upper triangular elements of X (F,G)

L_(F,G) = strictly lower triangular elements of X (F,G)
D(F,G) = diagonal elements of X (F,G)

D (F,G) = {[Fy;] € X(F,G): Fy; =0 for j #i+n};
and the Hilbert-Schmidt version of all these spaces:

Xus(F,G) = Hilbert-Schmidt elements of X (F,G)
Lus(F,G) = Hilbert-Schmidt elements of L(F,G), etc.

Finally, it will be convenient to use C to denote the family of Hilbert spaces
{C,, : n € Z} with C,, equal to the complex numbers C for all n. (No confusion
should result as the meaning will be clear from the context.)

If we initialize the system (2.1) at time n by x(n) = 0 and feed in an input
string @ = {u(k)}32,, € (*(Z>,, E), the system equations (2.1) uniquely determine
an output string ¢ = {y(k)}32,,; from the dissipation inequality (2.4), we see that
¥ € 3(Zx,, &) and ||§]|* < [|@]|*>. Thus we have a well-defined contractive linear
input-output map T¢ acting from (*(Zs,,€) into (*(Zx,,&,) such that Ty =
gy (Zs 1 E) for m > n. Thus we actually have a well-defined, linear contraction
operator T% acting from |J (*(Z3,,€) into |J (*(Z>,,&). As U (Z,,E)

nez nez nez
is dense in ¢2(Z,&), this map extends uniquely by continuity to a contraction
operator
Ty : 03(Z,) — (*(Z,E,).



TIME-VARYING SCATTERING 251

We call this operator T%; the input-output operator for the system X. If we represent
elements of (*(Z, &) and (?(Z,E,) as biinfinite block column vectors

U—1 Y-1

= |[m)|. 7= |[w]|-

U1 'A%

then any bounded, linear operator from ¢2(7Z, &) to £*(Z,E.) can be expressed as
a biinfinite matrix T = [T};]; jez. When this is done for T' = T%, we see that Tx
is lower triangular, i.e. [Tx];; = 0 for ¢ < j.

It follows from the dissipation inequality (2.4) that the input-to-state-at-
time-k map @ — Ry x@ = (k) (defined as the value z(k) at time k if an input
string @ € (*(Zxp,E) is fed into the system X (2.1) with initialization z(n) = 0)
satisfies the estimate

k—1
(26) [ Bs il = =@ < 3 lu)]?
j=—o00
foralli € |J ¢2 (Zzp, ). By continuity, Ryx j has a uniquely determined extension
nez
to all of £2(Z, £) such that the estimate (2.4) continues to hold for all u € ¢3(Z, €).
A consequence of (2.4) then is that i lim ||Rys x| = 0 for all u € £2(Z, ). For this

reason, we refer to the state trajectory & = Ry@ := { Ry U }rez arising in this way
as the state trajectory generated by the system X with input signal @ € (*(Z,€)
and with state initialization x(—oc0) = 0. Note as another consequence of (2.4)
that || Rxi]|2, < |/4]|3, and hence the system trajectory (i, Z, %) is in the space of
signals

(2.7) S =3(Z,E) x 1°(Z, H) x *(Z,E.,).
Below we shall derive a sufficient condition for ¥ = Ry to be in ¢?(Z, H) for each
i€ (*(Z,8).

Explicitly, the operator Ry : ¢*(Z<p,E) — Hy is given as the infinite
row matrix [ .- [Rz,k}k_Q [Rz,k}k—l] with [REJCb = Ap_1Ap_o--- Aj+1Bj for

j <k. (For j =k — 1, we interpret the formula as [Rx i]x—1 = Bx—1.) When the
time-k reachability (also called controllability) space

(2.8) Rk =1im Ry i

is dense in Hj for each k, we say that the system ¥ is controllable (the term
closely inner-connected is also used, see [3]). The dual notion is the same idea for
the adjoint system: we say that % is observable (the term closely outer-connected
is also used) if the time-k observability space

(2.9) Os  =span{im Ay A} ---A;_C; - £ >k}

is dense in Hy, for each k. In case the span Ry + Ox i is dense in ‘Hj, for each k,
we say that the system X is closely connected.
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The input-output operator Ty can also be represented in a more explicit
operator-theoretic form as follows. For x = {xn }nez any system of Hilbert spaces,
define the forward bilateral shift operator Z : £>°(Z, H) — (>(Z,H)(~V) by

2 | @)~ |

Define operators

A: (2, H) — (2, H) Y, B t?(2,8) — 2(Z,H) Y,
C:1%(Z,H) — 1*(Z,E), D:*(Z,E) — &

by

.A = diag(Ak)kez, B= diag(Bk)keZ,

2.1 . .
(2.10) C = diag(Ck)rez, D = diag(Dx ) kez.-

By assumption each system matrix U, (2.2) is contractive, and hence each of
A,B,C and D are contractive as operators between the relevant ¢?-spaces. If it
happens that the state trajectory & = {z(k)}xez is in £2(Z, H), then the aggregate
of the system equations (2.1) for all n = ..., —1,0,1,... can be viewed as the
system of equations

[ 7%= A7+ Bi,
(2.11) Foge { j=C7 1 Da.

As noted above, in general we are only guaranteed that & = Ru € ¢>°(Z,H) for
u € (?(Z,€), so the first of the aggregate system equations must be interpreted
on (>(Z,H) rather than on ¢?(Z,H). A sufficient condition for ¥ = R to be
in ¢%(Z,H) is given by the following lemma (see also [22], Theorem 2.1 and [32],
Lemma 4.2).

LEMMA 2.1. Let ¥ be a contractive system as in (2.2). Then & = Ryu €
2(Z,H) for all u € (*(Z,E) if the block diagonal operator ZA on ¢*(Z,H) has
spectral radius less that 1. Moreover, if this is the case and X is isometric, then
the input-output operator T, : (?(Z,E) — (%(Z,E,) is isometric.

Proof. We first collect some needed preliminaries. Note that the operator
ZA is a weighted shift operator with all nonzero block matrix entries on the
first subdiagonal below the main diagonal. The n'" power (ZA)" of ZA is a
weighted shift operator with all nonzero block matrix entries on the n'" diag-
onal below the main diagonal. The norm of (ZA)" is equal to the supremum
sup [|[(ZA)™k4n.k|| of the norms of these nonzero n'"-subdiagonal block entries.
kEZ

By explicit computation one finds that [(ZA)"]k4nk = Agtn—1--- Ar+14k, and
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hence |[(ZA)"|| = sup || Ak+n—1 - Ar+1Ak]. It follows that the spectral radius of
kEZ

Z A is given by

] 1/n

n—oo

re(ZA) = lim | sup [[Agin—1 - Apia]
keZ

Now let us suppose that 7,(Z.A) < 1 and an input signal @ € ¢*(Z, £) is fed
into the system X (2.1) such that u(k) = 0 for all k£ with Ny < k& < Ny for some
finite Ny < No. If & = {x(k)}3 _ . is the resulting system trajectory, we have that
x(k) =0 for k < Ny and that (k) = Ag_1A4k—2-- - AN,z (N3) for k > Ns. From

o0
the condition that r,(Z.A) < 1, from the root test we see that > |lz(k)||* < oo,
=Ny
and hence that ¥ € ¢*(Z,’H). However since r,(ZA) < 1, we see that the first
aggregate system equation in (2.11) has a unique solution in ¢2(Z, H), namely

(2.12) i=(I-ZA)'ZBi,

and hence must be equal to the & in the system trajectory generated by «. By
entrywise continuity and uniqueness, this same formula (2.12) must continue to
hold for the system trajectory ¥ generated by any input signal @ in ¢*(Z,&).
We conclude that 7 is in ¢?(Z,H) for any input signal @ € (*(Z,€) whenever
r(ZA) < 1.

If we now assume in addition that ¥ is isometric, then the dissipation in-
equality (2.4) holds with equality. From the fact that ||z(k)|| — 0 for @ € (*(Z,€)
with finite support and the fact that the dissipation inequality (2.4) holds with
equality, we see that Tk is isometric on a dense subspace of ¢?(Z, £), and hence on
all of £2(Z, &) by an easy approximation argument. &

If ZA has spectral radius less than 1, then we have seen that the input-to-
state map @ — T is given by (2.12). We can then substitute this into the second
of equations (2.11) to arrive at i = Tx@ = [D+ C(I — ZA)"*ZBJi. If r,(ZA) is
not less than 1, this formula must be interpreted via a limiting process

(2.13) Ts = 11%1(1) +C(I-rZA)"'ZB).

We view the operator-theoretic formula (2.13) for the input-output operator Tx
of the system X as the time-domain version of the transfer function of the time-
varying system 3.

Rather than considering inputs @ supported on the whole time line Z, it
is often useful to consider the system with initialization of the state vector at
some time ng and then driven by input signals u(n) with n > ng to determine
an output signal y(n) for n > ng. In the time-invariant case, one usually takes
the initialization time ng to be ng = 0 since any other choice will lead to the
same results after a translation due to the time-invariance of the system. In
the nonstationary case, different choices of initialization point ng lead to different
results in general. This makes it natural to consider the time-varying system really
as a collection of different systems, one placed at each point in time ng, depending
on the point in time which one considers as the present (i.e., the point ny at which
one imposes the initialization of the state). Alternatively, one can think of this
point ng as the point relative to which one measures past, present and future.
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The nf system »(m0) is that system obtained from ¥ by measuring past, present
and future relative to time ng; in the time-invariant case (") = £ = ¥ but
this will fail for the general time-varying case. With this motivation we are led
naturally to consideration of the system X (2.1) where the input vector u(n) is
assumed to be a biinfinite matrix supported on the nt* diagonal below the main
diagonal, i.e. u(n) has the form

[u(n)];; =0 unless i =n+j.

Here we think of the j*" column of u(n) as registering the input, say u’/(n), to the
4t system at n time units past the present time as measured in the j*" system,
i.e., at absolute time j + n; hence the j*® column of u(n) has the entry u/(n) in
row j +n with all other entries equal to 0. In this scheme, with the block diagonal
operators A, B, C and D defined as in (2.10), the system update equations take

the form

2.14
(2.14) y(n+1) = Cx(n) + Du(n).

Here we may consider this evolution of diagonal operators to be initialized at some
particular finite time ny with x,, = 0. Note that this is a time-invariant system
with system operator

o [AsE 0] [ 0]

equal to left multiplication by the matrix U"8 (U?"8 = Lyaus) where

za 28] [oEn] e

but with location of the input signal at time n severely restricted. We note that the
full time-invariant linear system X#"¢ associated with the system operator U?"8
(with input space equal to Xus(C, &) and output space equal to Xus(C,E,)) can
be viewed simply as the direct sum of infinitely many copies of the system X218’
associated with the system matrix U8 (with state space equal to £2(C, H), input
space equal to ¢£2(C, £) and output space equal to £2(C, £,)). This latter system is
the time-invariant system associated with a time-varying system X by the method
of “sparse embedding” described in [19] and mentioned in the Introduction, and
is used in [19] as a tool to reduce the study of problems concerning time-varying
systems to known results in the theory of time-invariant systems.

Let us assume that each u(n) is a Hilbert-Schmidt diagonal operator such
that

g {x(n +1) = ZAx(n) + ZBu(n),

Uaue — |:

o0

Y lum))? < ce.

n—=——oo

Then we may define the aggregate input signal u € Xus(C, £) as the sum

u= Z u(n)

n=—oo

with convergence in Hilbert-Schmidt norm. By an analysis similar to what we
did for the conventional case, we can define x € X(C,H) as the entry-wise limit
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o0 o0
x= Y, x(n)andy € Xus(C,&,) asthesum > y(n) with series convergence
n=—oo n=—oo

in Hilbert-Schmidt norm. Then we have that

[ylls < fuflas

with equality in the stable case described above for the conventional setting.
Also, by resorting to a limiting argument as we did above for the conventional
case, we may extend the ideas to consider input strings u = {u(n)},ez with
u(n) # 0 for infinitely many negative values of n. We are thus able to arrive at
an arbitrary element of Xyg(C, &) as being equal to an admissible input string

o0
[ul;; = > [u(n)];; for our augmented system.
n=—oo
It is interesting to consider the aggregate of the system equations as written
down in (2.11) for the setting of the augmented system (2.14). However, rather
than introducing a large amount of sparsity by considering the aggregate input
signal u as an element of ¢2(Z, D"(C,£)), we define the aggregate input signal u

o0
as the infinite sum u = Y. wu(n) inside Xus(C,E), and similarly for the state
n=—oo
and output trajectories. When this is done, we get simply the same linear system
as in (2.11)

Z7'x = Ax + Bu
aug . )
(2.15) Pags {y = Cx + Du,

where now x € X(C, H), u € Xus(C,€) and y € Xus(C, E,). The resulting input-
output operator Tk, then maps Aug(C,&) contractively into Xus(C,&,) and is
given simply as multiplication on the left by Ty, where Ty, is the input-output
operator for the original (conventional) system X, as given by (2.13), i.e.

(2.16) Te. = Lp

aug p

where T, is given by (2.13).

Note in particular that, since Ty is lower triangular, it follows that Ty, takes
Lus(C,E) into Lis(C, ).

2.2. FREQUENCY-DOMAIN ANALYSIS. A standard and productive technique
for the analysis of time-invariant (discrete-time) systems is to use the so-called
Z-transform (or discrete-time Fourier transform in mathematical terminology)
o0
{x(n)} — Z(A) == > x(n)\". Tt is well accepted that this technique is not
n=—o00
so effective for the time-varying case. Nevertheless, a partial substitute which
has been studied in the literature is the Zadeh transform (see [23], [34]), which
amounts to applying the Z-transform to what we have called the augmented sys-
tem 3, (2.14) rather than to the original system X (2.1) itself. Thus, in general,
if f = {f(n)}nez is a string of Hilbert-Schmidt operators with f(n) € Dji(F,G),
we define the Zadeh transform of f to be the operator-valued function of the com-
plex variable A given by

A2 (\) = i f(n)\" € X(F,G)

n=—oo
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whenever the sum converges. The associated Zadeh transfer function of the system
3 is given by

(2.17) SEZN) =D+ XC(I - \ZA)~'ZB.
Note that (as a consequence of (2.13)) 11%111 SE(r) = Tk, as pointed out in [17]. The

main result concerning the Zadeh transfer function (and the justification for the
terminology) is the following. This result holds without any assumptions on X
being unitary or contractive, but for simplicity we do not go into these side issues.
We omit the proof as we will prove a different but formally similar result shortly.

THEOREM 2.2. Let ¥ be a time-varying linear system as in (2.1) with as-
sociated input-output operator Tx and input-output operator Tx, ,, = Lty for the
augmented system (2.14). Let u = {u(n)}nez be any admissible input string for
Yaug With corresponding output stringy = Tx, u. Then

aug

y 2 (A) = SENu ()
for all X in the unit disk D.

More recently a somewhat different version of the Zadeh transfer function
has been introduced by Alpay-Dewilde-Dym (see e.g. [20] and [19]). Specifically,
suppose that f € Lyg(F,G) and that W = diag{W, }pez € D(F,FD) (and thus
Wyt Fn — Fno1) and Z71W € DYF,F). We assume also that the spectral
radius r,(Z71W) of Z71W is less than 1. In this case, we think of W as a “time-
varying” analogue of a point in the unit disk and define the right transform of f
evaluated at the point W by

(2.18) A E(W) = i f(n)(Z7'W)"  iff = i f(n) with £(n) € D™(G, F).
n=0 n=0

As is explained in [19], this can be viewed as point evaluation for the Zadeh

o0
transform £°Z(\) = Y f(n)A" (a function of a scalar complex variable), but with
n=0
operator argument Z ~1W.
Now let us suppose that we are given a time-varying linear system as in (2.1),
and suppose that W € D(C,C) is such that r,(Z7*W) < 1. The right transfer

function introduced by the first and third authors in [4] is given by
(2.19) SQR(W) :LD-Q-Lc(I—RZ—lWLZA)ilRZ—lWLZB : Dus(C, €) — Dus(C,Ey)

where Ly and Ry are the operators defined on a space of block operator matrices
of left multiplication and right multiplication:

Lx(M)=X-M, Ry(M)=M'Y

(under the assumption that X, M,Y are block operator matrices of compatible
sizes). Note that the Alpay-Peretz right transfer function collapses to the Zadeh
transfer function if we formally set Z~'W to be of the form Z='W = M. (Note
that the Zadeh transform does not correspond to a special case of the right trans-
form since Z ~'W is necessarily strictly upper triangular while AI is diagonal.) The
main result concerning the right transfer function is the following generalization
of Theorem 2.2 obtained in [4]. For completeness we include a derivation here.
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THEOREM 2.3. Let ¥ be a time-varying linear system as in (2.1) with as-
sociated input-output operator T and input-output operator Tx, , = Lty for the
augmented system (2.14). Let u = {u(n)}nez be any admissible input string for
Yaug With corresponding output stringy = Tx, u. Then

aug
y M W) = SgF(W)u (W)
for all W in D(C,C) with ro(Z7'W) < 1.
Proof. Let u = {u(n)}nez,, be an admissible input string for Yaue with

associated output string y = {y(n)}nez., and state trajectory x = {x(n)}nez -
Then we have the system equations

x(n+1) = ZAx(n) + ZBu(n)
y(n) = Cx(n) + Du(n).

If we apply the right transform at value W to both sides of the first of equations
(2.20), we get

(2.20)

i x(n+ 1)(Z7'W)" = ZAX"E(W) + ZBu " (W).
n=0

Let x' € DY(C,H) denote the infinite sum on the left hand side of this equation.
From the definition of x"¥(W) and the fact that x(0) = 0, it is easy to see that

(2.21) x' - (Z7'W) = 2ME(W).

Hence we may rewrite the first of equations (2.20) as x' = Rz-iyyLzax +
Lzpu(W). We may then solve for x’ to get X’ = (I—-Rz-1yyLz4) ' LzguE(W).
Substituting this expression back into the second of equations (2.20) and remem-
bering (2.21) gives

y W) =[C(I = Rz-1wLza) *Ry-1wLzp + Du"E(W)
and the theorem follows. &

REMARK 2.4. The first and third author in [4] obtained a converse result
on the realization of the type (2.19) starting with any contractive element S of
L(E,E.). Here we shall arrive at a time-domain realization of the type (2.13) for
a given contractive S € L(€,&,), from which will follow a realization of the type
(2.19) by the analysis above.

REMARK 2.5. Theorem 2.3 provides a time-varying analogue of the fact for
the time-invariant case that the Laplace transform of the output signal is equal
to the transfer function times the Laplace transform of the input signal (assuming
zero initial condition). In the time-invariant case, there is a second interpretation
of the transfer function, namely its role as the “frequency response function”,
whereby the steady-state output of the system resulting from a periodic input
signal is a periodic signal of the same frequency but with amplitude equal to the
modulus of the transfer function at the given frequency times the amplitude of the
input signal and with phase shift equal to the phase of the value of the transfer
function at the given frequency. A time-varying analogue of this property has been
derived in [9].
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2.3. PRELIMINARIES FOR CONNECTIONS WITH SCATTERING. To conclude this
section, we derive a proposition concerning a parametrizing system trajectories
which will be needed in Section 3. In the derivation of the input-output operator
given above (for the (unaugmented) system ¥ (2.1)), we indicated how an arbitrary
element u € (%(Z, &) generates a whole system trajectory

(ﬂ" fa g) = (67 Cﬁ, TEﬁ)
for the system (2.1), essentially by running the system forward with the state
initialized to be 0 at time n = —oco. We now present another method for generating

trajectories also lying in the signal space S. For this discussion we assume that

each system matrix Uy = [é}’: gﬂ is unitary rather than merely contractive,

i.e., that
-1
Ar Br| ... . . A By _ A5 Cr| . | Het+ Hy,
|:Ok Dk:| is invertible with |:Ck Dk:| = [BZ e — g |

Fix a time n € Z; as free parameters for our trajectory, we consider an arbitrary
element (¢, z(n), @) in the scattering data space at time n, IC,,, given by

(2.22) Kn=0Zcn,E) ®Hn ® (L3, E).

From z(n) € H, and @ = {u(j)};>n, we determine z(j) for j > n and y(j) for
j = n from the recursion

(2.23) w(j +1) = Aj2(f) + Bju(), y(i) = Cjz(j) + Djulj).

Similarly, from z(n) and § = {y(j)};<n we determine z(j) and u(j) for j < n from
the recursion

(2.24) z(j) = Ajx(5 + 1) + C5y(j),  w(j) = Bjz(j +1) + Djy(j).
In this way we generate biinfinite extended sequences

(Ue; Tes Ye) = ({uli) ez A= () ez, {y (i) jez)-
From the assumed unitary property of each
_ |4 Bj| . |H; Hj
it is easy to see that the resulting triple (@, Z,%) is in the signal space S given
by (2.7). Conversely, for each choice of time n € Z, it is clear that any system
trajectory of the system X (given by (2.1)) lying in S arises in this way from

an element of the associated scattering space IC,, at time n. We summarize this
discussion in the following.

PROPOSITION 2.6. Let X be the time-varying system given by (2.1) with
associated signal space S and scattering space at time n equal to ICp, as given by
(2.1) and (2.22). Define the map II,, (the window map at time n) from S to KC,, by

Hn : (ﬁ, fz Zj) - (g|{j:j<n}7x(n)aﬁ|{j:j>n})'

Then the restriction of II,, to system trajectories in S is bijective from system
trajectories in S onto IKC,, with inverse given by the two recursions (2.23) and (2.24).
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3. TIME-VARYING SCATTERING SYSTEMS

We introduce here a time-varying version of a discrete-time Lax-Phillips scattering
system. By a time-varying scattering system (TVSS) we shall mean a collection
of objects

(3.1) 6 = {K={Kn}, G ={Gn}, G« ={Gun}, U = {Un}}
such that, for each n € Z:

(1) Each K, (called the ambient space for & at time n) is a Hilbert space
and U,, is a unitary operator from K, 1 onto .

(2) Each outgoing subspace G, is a closed subspace for K, such that U, :
Gnt+1 — Gn and

o0

uvLun+1 e 'un+kgn+k+1 = {0} in ICp,.
k=0

3) Each incoming subspace G, is a closed subspace for K,, such that U* :
G . 1 g n
wn 7 Yxn41 all

ﬂ Z/{,;: ;71 o 'U»:;_kg*nfk - {0} in ’Cn+1.
k=0

(4) Gy, is orthogonal to G, in K, for each n.

We shall occasionally have need of the subspace

called the scattering space and sometimes also the model space for the TVSS &.
A convenient compact notation will be to define, for ¢ and j any integers,
the operator U[; ;1 : K; — K; by

I: =7,
Uy j) = Uilhipr---Uj—1 2 1< ],

U U g U 0>
Note that U has the two-parameter semigroup property U yUj;r = Uk and
the unitary representation property (U[; ;)* = U[; ;. Axioms (2) and (3) may be
expressed more succinctly as

N UnG =10} N Unj 9 = {0}
Jujzn jis<n

for each n € Z. We shall say that the TVSS & is minimal if it happens that
Gun + Gy, is dense in K,, for each n, where we have set

QN*n = closure |J U, ;19+j,

jzn

Gn = closure |J U, ;1G;-
i<n
As an example we now introduce the free TVSS &f. Let {&}rez be any
family of Hilbert spaces indexed by the integers k € Z. Denote by £ the whole
aggregate of spaces & = {&;}rez with associated (2 spaces (*(Z,E), (*(Z>y,E)
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and (?(Z<p,E) as in Section 2. By the free TVSS &7 (associated with the family
{&}), we mean the TVSS {{K{},{G/},{G{}, {U]}} where

K! = ¢%(2,&) (independent of n),

Gl = (2. ),

Gl =02y, E), and

Z/{,{ 1 Knt1 — K, is equal to the identity operator.

(3.2)

Here of course we are identifying (?(Z>,,, £) and £?(Z,, £) as subspaces of (*(Z, £)
in the canonical way. As Kf is in fact independent of n, it makes sense to use the
simpler notation K7/ for this space. Thus we see that indeed U =1 : QT{_H — Gl
since g£+1 C G/ and that US* =1 : Gl, — g,{n+1 since G, C gan under our
canonical identifications. The rest of the axioms (1)—(4) for an TVSS are easily
checked and it is also clear that &/ is minimal.

The next goal is to understand how to view a general TVSS as a “scatter-
ing” between two free TVSSs. Let therefore {KC,}, {Gn}, {Gin}, {Un} be a general
TVSS. For n € Z, define subspaces &, and &,, by

5n = gn @ungn-‘rl C ’Cna g*n = g*n-‘rl @Z/[:{g*n C ’Cn-i-l-

By using axioms (1)—(4) one can deduce that G,, and G, have the internal orthog-
onal direct sum decompositions

(3.3) G, = @u[n,j]gjv Gin = EDU[mJ’Jrl]E*j'

Further application of the axioms (1)—(4) leads to the biinfinite internal orthogonal
direct sum decompositions for G,, and G.,:
Gn = DU 1Ejs Gon = P U 11605
JEZ jez
Let us define Fourier representations
D, : K, — K =0%Z,8), ®up: K, — KT :=10%Z,E,)
by @5, (kn) = {[®rnkn];}532 o and Pup(kn) = {[Punknl;}52 o (for ky € Ky) by

where we have set
Tyt ICn — Sny Tam * Icn+1 — g*n

equal to the orthogonal projection operators. Then ®,, is a partial isometry from
K, onto K/ = ¢?(Z, ) with initial space equal to G, such that

(I)n(gn) = 97{ = €2(Z>n,5)

while ®.,,, is a partial isometry from K, onto K*f = (2(7Z,&,) with initial space
equal to G,, such that

Do (Gun) = G = 1P (Zn, E.).
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We next define the scattering operator at time n Sg ,, for the TVSS & as the

operator
(3.5) Sen = Pun®; : KIS — K.

As Se,p, is an operator between the ¢2 spaces (?(Z,E) and (*(Z,E,) one can
view Sg ., as multiplication by a biinfinite block matrix [S}';]; jez. Our next task
is to compute these matrix entries.

LEMMA 3.1. Let the scattering operator at time n, Sgp, be defined as in
(3.5), and let

Szjlgjﬂg*i, i,] €Z

be the matriz entries for Se n when considered as an operator from ¢*(Z,E) —
*(Z,E,). Then

n _ JO: 1< ]
i,j = w*,u[m,j]w; 1=,

In particular, Sg := S, is independent of n and has a block lower triangular

matrix representation.

Proof. From the explicit form of the matrix entries ®,, and ®,, for ® and
., in (3.4), we can compute explicitly that

81 = [@unli[®nl] = meillii1,0) Uy ) 7] = Tilliiy1,mUin, 177 = Tildiiy1,575

and hence in particular S; ; := S7'; is independent of n and we have the formula
for S; ; for i > j. It remains only to verify that this formula produces S; ; = 0 for
i <j.

For i =j—1 wehave S;_; ; = mj—1m;. This quantity being equal to 0 is the
same as the subspaces &,;_1 and &; being orthogonal in ;. But, by definition,
Eij—1 C Gyj and & C G where G,; and G; are orthogonal in IC; by axiom (4) in

the definition of TVSS. Hence S;_;; = 0 as asserted. For ¢ < j — 1, we have

Sij = mailljip1,5)7; = Tildipailivo -+ Uj17;

where
Uit Uiz Ui 1E CUlio - - Uj—1G5 C Gia
by an iteration of the first part of Axiom (2). Since &.; C Giit1 and Guiqq is

orthogonal to G;41, it again follows that S; ; must be 0 as before. The lemma

follows. 1
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4. OPERATOR MODEL THEORY: COORDINATE-FREE VERSION

We now discuss a time-varying version of the coordinate-free model theory as
developed in the work of Nikolskii and Vasyunin (see e.g. [30] and [31]). In place
of a single contraction operator T on a Hilbert space H, we are given a collection
of Hilbert spaces {H,, : n € Z} and a collection of contraction operators (or
contractive family T, : Hn11 — Hyp.) In place of a unitary dilation U of the single
contraction operator T on a Hilbert space K D H, we consider a collection of
Hilbert spaces K, D H,, (n € Z) and a collection of unitary operators (or unitary
family) Uy, : Kny1 — K, such that

TnP,’j:Ll =PY"U, forallneZ

where in general P{g is the orthogonal projection from K onto H whenever ‘H and
K are Hilbert spaces with H C K. One way to construct such a unitary-family
dilation {U,, : n € Z} of the contractive family {T,, : n € Z} is to construct a
Halmos unitary dilation of T;, for each n, namely, a unitary operator V,, of the

form
T, 0B Hpt1 H
Ve=1|_" 5"|: ntll n
=] e
for appropriate defect spaces &, and &,, where (3, is injective and 7y, is surjective.
The Halmos dilation is unique up to unitary equivalence; a particular representa-

tion is obtained by taking &, = Dz, and &y, = Dr: to be the defect spaces given
for a general contraction operator T by

Dy =clos im Dy where Dy = (I — T*T)?
and then set
Bn = D1y : Dry — Ha,
(4.1) Yo = Dr, : Hyy1 — Dr,,
8y = =T : Drs — Dr,,.
One then defines IC,, by

’Cn = Hn

EQ(Zva 5)

where we have set £ equal to the aggregate {£, : n € Z} and &, equal to {&,,, : n €
Z} and are using the notation (2.5) introduced in Section 2. Define the projection
operators (as in Section 3)

Tan : 2 (Lcns1,E) = Esny T 82(227”5) — &,

42(Z<n75*)]

by
€n

. . le
Tan : — €xn, Tp: |tl| —e,

€xn—1

€xn
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with adjoints equal to the inclusion maps
€n
* . ° *
Tint1 i €n— | g |+ Tni€n— 0
€xn

We then consider H,, as a subspace of IC,, in the canonical way and define U, :
’Cn—i-l - Kn by

un = ﬂ’”*n-&-l Tn 0

o mhy Sy

S.mw 0 0]

where we have set
S—,n : ( .- 7yn—27yn—1>yn) - ( s yn—Zayn—l)
S’n : (un—i-l) Un+2, Un+3; - - ) - (07 Un+15 Un+25 Un+3; - - )

In more coordinate-free form, we simply assume that we have such a unitary-family
dilation {U,,}. For each n € Z set

Kin =closU{Upy, yH;:j=n}, K_p=closU{Up jH;:j<n}
and then define subspaces G,, and G, of K, by
Gn =Kin ©Hn, Gin =K_pp ©Hp.
We may then define wandering subspaces
En =Gn QUnGny1,  Esn = Giny1 OULGun

and observe that we have the internal, orthogonal direct sum decompositions

e’} n—1
On = DUins€s Gon = D Upnjentes-
j=n Jj=—00

In short, it follows that {U,,,Gn,Gsn} is a TVSS as defined in Section 3. If the
contractive family {7}, } is completely nonunitary in the sense that

HP = {hn € Ho s = [Tacrhnll = [hall = 1Tkl = [T Tihall = - -} = {0}

and if the unitary-family dilation {{,} is minimal (as is the case if one uses the
above construction with a Halmos dilation V,, of T,, for each n), then it can be
shown that the associated TVSS is minimal, i.e.

Icn = ClOS[g*n + é/n}
for each n € Z.
We then have Fourier representations ®,, : K, — (?(Z,&) and @, : K, —
(?(Z,&,) and a scattering operator
Se = 0., 0 : (X(Z,8) — 1*(Z,E,)

as in Section 3. In this context, the scattering operator is called the characteristic
operator for the contractive family 7 := {7}, : n € Z} and denoted by O7:

Or = ,,0* = Se.
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A functional model associated with a given lower triangular, contractive element
O of L(&,&,) is a method for constructing a particular contractive family 7 (©)
in such a way that we recover a given contractive family 7 from the model built
from its characteristic operator ©7 up to unitary equivalence:

T~T(07).

Generally, there will also be a model for the associated TVSS incorporated in any
such construction. We shall return to this topic of models in Section 6.

We have seen that operator model theory and scattering are closely con-
nected, and that by definition the characteristic operator ©1 for a contractive
family 7 is equal to the scattering operator Sg for the associated scattering system
S. In the next section we make explicit the connections between scattering/model
theory and the time-varying unitary linear systems discussed in Section 2.

5. EQUIVALENCE OF SCATTERING AND MODEL THEORY
WITH UNITARY LINEAR SYSTEMS

Given a unitary time-varying system (2.1) (where now we assume that each Uy =
Ay
Ck
6= 6(2) = {]C = {ICTL}HEZv g= {gn}nEZ7 G« = {g*n}nEZa U= {Z/{n}nEZ}

as follows. Define

g’;} is unitary), we associate a time-varying scattering system (TVSS)

Kn=0CZcpn,&) D Hp ® P (Zsn, E),
Gn = (Lan,E.), G = (L0, E)
with U, : K41 — K, defined by

(5.2) U : Ty (3,7, ) — 1L,(, &, 7)

(5.1)

where II,, : § — I, is the “window operator” at time n for the system > defined
in Proposition 2.4, and where (@, Z,%) is an arbitrary system trajectory for the
system X in the signal space S (see (2.7)). To see that the expression (5.2) gives
rise to a well-defined unitary operator, it suffices to offer a more explicit alternative
representation for U,,. Indeed, note that

W1 (4, 7, 9) = Glgji<ny @ x(n +1) @ dlg5n),
L, (@, Z,5) = j.j<n) © 2(n) © U520
where, in addition,
z(n) = Anx(n+1) + Cry(n), u(n) = Brz(n+1) + Dyy(n).

Hence, a more explicit representation for U,,, viewed as a 3 x 3 block operator

matrix
C(Zgn, Ex) C(Zap, Es)
un : Hn—i—l - Hn

62( >n75) 62(227”5)
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is

S_n 0
(5.3) U,=| Cimen A 0
i Dimen B Sy

where the operators
S_n: [2(Z<n,5*) — 0¥ (Zcp, &)
Tan : (L, Ex) = Eun
i Ey — 52(227“5)
Sy 0L, E) — 52(227“5)
are given explicitly by
S (o Un—2Un—1,Yn) = (s Yn—2,Yn—1)
Tan t (s Yn—2yYn—1,Yn) = Yn
T Up — (U, 0,0,0,...)

Sn : (Un+17 Un+4-2, Un4-3, - - ) - (0, Un41, Un42, Un43, - - )

From this representation and the unitary property of [gz g&} , it is easily
n n

checked directly that U, is well-defined and unitary from K, 1 onto IC,,. One can
also check that the T'VSS axioms (1)—(4) hold for the system & = &(X) as defined
by (5.1) for a given unitary system ¥ (2.1).

Conversely, given a scattering system & as in (3.1) (for which axioms (1)—(4)
are satisfied), we associate a unitary system

_ _ _ An Bn . Hn Hn+1
seser-{u= [t ][] ]
by the following procedure. Define Hilbert spaces &,, &, and H,, (equal to sub-
spaces of IC,) by

gn = gn eungn+1a E*n = g*n—i—l o u:;g*ny Hn = ’Cn © [gn D g*n],

A, B,
o Dn} by

(5.4) UTL = PHn,+1 @g*nu;”?"n@gn'

where Py, p¢,, is the orthogonal projection of K41 onto Hyy1 @ Evpn. A con-
sequence of the scattering axioms is that in fact US(H, @ En) = Ewn D Huta
from which it follows that U, is unitary since U is unitary. We may view the
time-varying unitary linear system associated with {U,}

and the operator U,, = [

_ . x(n + 1) = Anx(n) + Bnu(n),
X =2(8): {y(n) = Chrz(n) + Dyu(n),

as being associated with our original TVSS &. Moreover, it is clear that

S6(E) =%, 6(5(6)=6
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for any unitary time-varying system ¥ and TVSS &. We have thus established
a one-to-one correspondence ¥ — &(X) and & — X(&) between unitary time-
varying systems > and TVSSs G.

Recall that we have associated an input-output operator Ty with any con-
tractive (in particular, unitary) time-varying system X and a scattering operator
Se with any TVSS &. The next result establishes that these objects are identical
if ¥ = 3(&), or equivalently, if & = &(X).

THEOREM 5.1. Let ¥ be a time-varying linear system as in (2.1) for which
U, = {én gn] is unitary for each n, let & be an TVSS as in (3.1), and suppose

n n
that ¥ and & correspond to each other in the correspondence described above:
Y¥=3(6), 6=6().
Let Tx;, be the input-output operator associated with the system ¥ and let Sg be the
scattering operator associated with the TVSS &. Then
Ts = Ss : *(Z,E) — (*(Z,E.).
Moreover, the scattering system & is minimal if and only if the unitary input-
state-output system X is closely connected, i.e., if and only if the span of the
time-n reachability space Ry, given by (2.8) and the time-n observability space
Os.n given by (2.9) is dense in H,, for eachn=...,—1,0,1,....

Proof. 1t suffices to show that Ty, = Ss on 52(Z>n,5) for each n € Z.
Therefore we fix an n € Z, choose a @ = {u(j)};>n € (*(Z>y,E) and set Yicar =
{¥Yscat (1) }izn = Seti and § = {y(j)};j>n = Txu. The goal is to show that yscat (i) =
y(i) for each i =n,n + 1,.... First we note that

yscat(i) - Z Si,ku(k) - Z W*iu[i—&-l,k]ﬂ—zu(k)

=Y malhiU; - Upmiu(k).
k=n

On the other hand, y(i) for ¢ > n is determined by the recursion
z(i+1) = Axz(i) + Biu(i), x(n)=0
y(i) = Ciz (i) + Dyu(i).
In particular, by using (5.3) or (5.4), we see that
y(n) = Dyu(n) = Tonlhi(n) = [SunJu() = Yucar (n)
so the assertion holds for ¢ = n. More generally a simple induction argument using
(5.3) and (5.4) gives that the solution of the recursion (5.6) satisfies

(5.6)

|:x(;(—;—)1):| = PH1+1€B5*iui*M:—l o U;ﬁ
for i =n,n+1,.... In particular it follows that y(i) = Pe, U U | ---Urd (where
Pe,, is just another notation for ;). Comparison now with (5.5) shows that
Y(7) = Yscat (1) as claimed.
To prove the last statement, one notes that in general (QNn—l—_C’;*n)J- is contained
in the time-n scattering space H,,, and is identical to the orthogonal complement
of Ry n + Oxp, inside Hy,. 1
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As a corollary we obtain the following.

COROLLARY 5.2. Let T = {T,, : Hyy1 — Hn : n € Z} be a contractive

family. Let
T* Bn Hn Hn+1
R AN
be a Halmos unitary dilation of T and let U, : Kny1 — K, be the unitary-
family dilation of T associated with U, via the construction above. Then the

characteristic operator ©1 for T coincides with the input-output operator Tx, for
the time-varying, unitary, linear system

z(n+1)=Trz(n) + Byu(n), y(n)=Chrx(n)+ Dyu(n).

6. MODEL TRANSCRIPTIONS

Let us consider an TVSS & as in (3.1). We have seen that there are then two
Fourier representations ®,, and ®,,, which are partial isometries mapping C,, onto
%(Z,&) and (*(Z,E.) respectively.  Furthermore, the initial space for @, is Gn
while the initial space for ®,,, is g*n, and, if we assume that our TVSS is minimal,
we have that Qn + g*n is dense in K,. Hence under this minimality assumption,
if we define a map ®,, : Gun + Gn — (2(Z,E,) & (2(Z, E) by

—~ ®* « ~ ~
Dyt Gun + Gn — { q,”g "] for g.n € Gur, and g, € Gy,
’ﬂg’ﬂ

then C/Isn is a (not necessarily well-defined) linear mapping from a dense subset
of K,, onto ¢*(Z,E.) ® (*(Z,E). In the terminology of [30] (adapted to our time-
varying setting), various model transcriptions then amount to a particular choice
of linear mapping (involving only the scattering operator S)

o - w28

| - &is)
where KM (S) is a pre-model space for the model M. One then defines an inner
product on ICf‘g/I so as to make the composite identification map

Igfn = ﬁyo:ﬁn : Gan + G — KM (S)

an isometry (where é*n + §n is considered with the inner product inherited from
KC,); furthermore, in all the examples this inner product turns out to be indepen-
dent of n. Then the scattering model space ICg/I is obtained as the completion
(if necessary) of /Eg in this inner product (after identification of elements of zero
norm with the zero element, if necessary). Then Igfn extends uniquely to a uni-
tary operator (also denoted by Z§ ) from K, onto KM (S). One then defines the
spaces
HM(S) ZIngan, gi\'r{( ) Sng*m g%( ) Sngn
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and the operators
us', =Ion KM(S), TS, = Proe(s)lu (s)

to get a TVSS &g = {U" }, {G(S)}, {GA(S))}} with associated model con-
tractive family 7¢" = {T¢ : n € Z}.

We now illustrate instances of this construction with three popular examples
(see [30]), namely: (1) the Paviov model, (2) the Sz.-Nagy-Foias model and (3)
the de Branges-Rovnyak model. We first note the following general inner product
identity concerning TVSSs.

LEMMA 6.1. Let & = {Uy, Gn,Gun} be a TVSS with associated Fourier op-
erators @.,,, P and with scattering operator S. Then, for any pair of elements
Gns Gh, in Gy, and pair of elements gun, Gay, N Gun, we have

I S| | Py« D9,
<g*n+gnag§m+g;>/€n = <|: * :| |: " n:| , |: nIxn .
S 1 (bngn (bngn 02(2,£,)D02(Z,E)

Proof. Recall that g., and g, are in the initial space of ®,,,, that g, and g/,
are in the initial space of ®,,, and that S = ., P (independently of n). Hence,
(gen + ns Gin + Gn)ic, = (Gens Gon) + (Gins Gn) + (Ins Gon) + (s Gn)
= (PunGun, PunGin) + (Php PunGin, 7, Prgy,)
+ (2720, @1 Punbin) + (Prgn, Prgy)
= <<I)*ng*n7 ‘I)*ngin> + <S*(I)*n9*na (I)ng;L>
+ (SCngn, Pungin) + (Pngn, Pugh)

= % ; / ’
S* T D05 Pngn, 2(Z,E,)DO2(Z,E)

6.1. THE PAavLov MODEL. The Pavlov model (see [30]) is the most convenient
model for studying scattering systems (as opposed to the study of models for
a contractive family 7). For this case we simply take KF(S) to be equal to
2(Z,E) @ *(Z,€E) with IIE equal to the idgntity operator. As a consequence
of Lemma 6.1, we take the inner product on KF(S) to be given by

o (L [ED =l T R )

with kP (S) equal to the completion of K (S) in this inner product, where elements
of zero norm are identified to 0. Then the associated incoming and outgoing spaces
are given by

(6.3) GP(S) = [ Ez(ng 5)} . Go(9) = [KQ(Z?)”,E*)}
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with model space family HY (S) given formally by
-1
P | s (L, Ex)
SO P
with model contraction family equal to

P
Tsn=Puz lnz -

We will not compute Tg ,, more explicitly here.
By using the Pavlov model it is straightforward to see that there always exists
a TVSS with given scattering function S € £L(&, ;). The result is as follows.

THEOREM 6.2. Let S be a given contractive element of L(E,E) (for given
families & = {E,}nez and Ex = {Entnez). Let KE(S) be the completion of
equivalence classes of (*(Z,E.) ® (*(Z,E) in the inner product (6.2) (independent
of n) with GX(S) and GE,(S) given by (6.3), and with USP)n equal to the identity
operator on KY(S) for all n.

(i) Then
&5 == {{Us,,}, {9 (9)},{G1.(5)}}

is a TVSS with scattering operator coinciding with S. More precisely, there are
unitary identification maps

in:En— EF :=GE(S) o GE1(9)
so that
Z:SGZ/L == S,
where i, : 02(Z,E.) — ((Z,EF) and i : (*(Z,E) — (*(Z,EY) are obtained as
ix = diag{in tnez, = diag{in}tnez.
(ii) Then S can be realized as the input-output operator (or transfer function
in the time domain)
S = 1@%1(9 +C(I —-rZA)"ZB)
(with A, B,C,D diagonal operators as in (2.10)) of the time-varying unitary system
s { it 1)~ At e Bt
57 y(n) = C(n)z(n) + D(n)u(n),

where US,, = {égn; (")] is given by

A(n) BMn)| _[I O KV (S) I 0
[C’(n) Dn)| = |0 s (PHE+1<S>@5& |HE<S>®€5) 0 iy |"

Proof. We first verify that XE is a TVSS, i.e. that X satisfies Axioms (1)-
(4) for a TVSS as set forth in Section 3. The first axiom is trivial. Axiom (2)
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follows easily from the fact the GL{(S) C G} (S) for all n € Z and the fact that
£? spaces have the property

N C(Zz, €) = {0}.

nez

The second axiom follows similarly from the fact that GI, (S) € GE ., (S) for all
n and the reverse property for £2 spaces that

N 2z t) = 0},

nez

Finally Axiom (4) follows easily from the definition (6.2) of the inner product and
the assumption that S is a lower triangular element (S € £(£,&,)) of X(&,Ex).
It remains to compute the scattering operator for the TVSS XE. Tt is easy

to see that the spaces GF(S) and GF, (S) can be identified explicitly as
- 2 -
ng?(S) = [6 (Zd g*)] ; gfn(s) = [EQ(%E)} independent of n.

Moreover it is easily seen that

gﬁﬁ@%ﬁada[g},gzﬂwmuagua[%ﬁ.

It is therefore natural to define identification maps i, and i,, by

. Cxn . 0
(3 e — In + € — .
*n *n |: 0 :| b n n |:€n

Next one can check that the full incoming and outgoing spaces for the Pavlov
model G (S) and G (S) work out to be

Gr (8) = [MZO’ 5*)} ., GP(8) = { 42(2, 5)} (independent of ).

It is now easy to check that the Fourier operators ®F and ®F for the Pavlov
model satisfy

ii@fn : [%*} — g, for g, € ﬁz(Z,E*)
i*ob [2} —g for g € (*(Z,€).

We are now ready to compute, for g and g, as above,

e . . e P 0] [g.
(itSerig, g.) = (it®L, 1" ig, g.) = (B *ig, L ivg.) e (s) = |
’ 917 L0 ers)

L) <
— N , = Sgag*>€22,5
<[S I'|lg 0 2(2,E.)DE(L,E) o

and the first assertion follows. The second assertion is then a direct consequence
of Theorem 5.1. 1
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6.2. THE Sz.-NAcY—Fo1As MODEL. For a full treatment of the time-invariant
version of the Sz.-Nagy—Foiag model, we refer to [29]. To obtain our time-varying
adaptation of the Sz.-Nagy—Foiag model, following [30] we set

- (2, €,
KH(s) = [DSéQ(Z,;)]

(where Dg is the defect operator (I — $*S)2 on (2(Z,£)) with

ANF_ I S
o[l 5]

By again applying Lemma 6.1, we see that, for g.n, gL, € G.n and Gns G € Qvn,

I S| | Pwngs« D9
<g*n+gn7g;n+gé>:<|: * ] [ " n:|7|: e
S 1 ®,9n (bng;l 02(2,6,)®02(Z,E)

/1 oo]r 0 I S| Qungen | | Panin
T\ |S* TI]|{0 [—-S5*S||0 [ D90 |7 Pngn
= <Ig,1:z(g*n + gn)7151\‘1,1;: (gin + g;L»Z?(Z,E*)@@? (2,€)

and hence we define the scattering Sz.-Nagy—Foias model space to be

KNF () = V%f*)}

(where Dg is the closure of the image of Dg) with inner product equal to that

inherited from (%(Z, £,) ®*(Z,E). The Sz.-Nagy-Foiag model outgoing, incoming,
and model spaces are then given by

G (5) = | | Enet)

Gon (8) = éQ(Z“’E")}

2
with model contractive family given by

TS = Proxe()lree (s)-

Conversely, one can derive an analogue of Theorem 6.2 for the Sz.-Nagy—Foiag
model. Specifically, given a contractive element S of L(&, &), it is straightforward
to check directly that

65" = {{Usn ) 4G, (9} {65 (9)}
is a scattering system with scattering operator coinciding with S:

(6.4) i1Sexri =S
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where this time

i = diag{i,} with iy, :e, — [?} en
(6.5)
iy = diag{isn}  With iy, ¢ € — [66"} .

A consequence of Theorem 5.1 then is that S can be realized as the input-output
operator

(6.6) S = Tyyr
of the time-varying unitary system

SNF {x(n +1) = A,z(n) + Bhu(n),
S 1 y(n) = Cpx(n) + Dyu(n),

where now USNE = [ C” gn} is given by

n+1 n

n

NF

Usin = {é zon] Phixrgexe

REMARK 6.3. This model for time-varying scattering (also known as “uni-
tary coupling”) and contractive families is discussed in some detail in [13], but from
the point of view of Kolmogorov decompositions of positive-semidefinite block ma-
trices and Schur parameters rather than directly from the point of view of dilation
theory as is done here. The time-variant version of the Sz.-Nagy—Foiag model
from the viewpoint of dilation theory also appears as Theorem 1.8.1 in [32], and
as Theorem 4.3 in [6].

6.3. DE BRANGES-ROVNYAK MODEL. The original treatment of the de Branges-
Rovnyak model can be found in [12]. For our time-varying version, as suggested
by the transcription methodology from [30], we take

gens) = | 45| |6 E)]

with transcription operator
SdBR I s
5™ = [S* I] :

Thus for gun, g%, € Gen and gn, gl € Gy, we define the inner product on KIBR(S)
so that

I S][®engen| [T S][Pund ]> C o
* 5 * i = xn T Gn,s *n + n/Kn
< |:S I:| |: (I)ngn :| |:S I:| |: (Dng;’b KABR(S) <g Gn: 9 g >K

_ <[ I S] [é*ng*n} [émginb
- * 9 /
S T] L ®ngn g |/ p@eyor@e
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where again we used Lemma 6.1. Upon analyzing the completion process, one sees
that one should take the de Branges-Rovnyak model scattering space to be

(6.7) KCIBR(S) — Ran [ 47 } ’

with so-called lifted norm (or inner product) given by

I S [ha] [T S12([0,  Tha] R
oo ([& 5] (] I 51 [l) =Gl [ T)

where @ is the orthogonal projection from ¢?(Z, £,) ® ¢?(Z, £) onto the orthogonal
ST o

S* I

for the de Branges-Rovnyak model then work out to be

complement of the kernel of . The outgoing, incoming and model spaces

6(s) = | 7] eesnne)
69) G22(5) = | 4. | Pz
1 S1?[ezeE) (T, &)
HHE) = | 5 1} [éz(z,é‘) } N { (o €) } '

An analogue of Theorem 6.2 for the de Branges-Rovnyak model with similar
proof holds; namely, given a contractive element S of L(€, &, ), one can define

&SP = {{Us," ), {G. PR (9)}, {G " (9)})

and check directly that Eg]zljat satisfies the axioms of a scattering system with
scattering operator coinciding with S:

(6.10) i:SGgBRi =5

where this time

. N o S

1 = diag{i,} with i, :e, — 7len
(6.11)

ix = diag{ivn} With 44y @ €4n — {5{*] Cin-

A consequence of Theorem 5.1 again then is that S can be realized as the input-
output operator

(6.12) S = TZgBR

of the time-varying unitary system

Jz(n+1) = A,z(n) + Byu(n),
gt {y(n) = Cpz(n) + Dyu(n),
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where now USE’LR = {é” g“} is given by
n n

dBR dBR
(613) UgElR = |:é 19 :| Pr}’_i;l:;@gd]gr{ |:é ZO :| : |:HN5 (S):| N |: n+1 (S):| .
n n *n, n . o

Our next goal is the derivation of explicit formulas for the de Branges-
Rovnyak model unitary colligation UgELR (6.13). A first step in this direction
is the following more convenient form of the unitary identification map Igip‘ =

ﬁgBR o @, between the scattering space K, and the de Branges-Rovnyak model

scattering space KIBR(S).

PROPOSITION 6.4. Let G be a TVSS with scattering operator S = ®,, P} €
L(E,E) and let IgELR be the unitary identification map between KC,, and KIBR(S9)
as above. Then

Ig’]iR _ |:((}£s<n:| :K:n N ICdBR(S)
for all n.

Proof. We check , for g.n € Gun,

I S [®ungun I D
o[£ 3]0 oo 1]

Similarly, for g, € G,,, we have

aBr_ _ | I S 0 | _ |®:0n® _ | Pun
IS,n gn_|:5* I:| |:(I)ngn:|_|: I :|(I)ngn—|:q)n:|gn-

The assertion now follows by linearity and continuity. 1

From Proposition 6.3 we are next able to get the following explicit formulas
for the restriction I',, = IgELRU-ln of the de Branges-Rovnyak identification map

to the state space H,, at time n.

PROPOSITION 6.5. Let us suppose that

is a TVSS with scattering operator equal to S € L(E,E,) and with associated time-
varying unitary colligation
_ A B _ pKat1 * . H H +1
Un = |:C’Z DZ:| - P’Hn+1€B&nun|Hn@5n : g: - EZn

and with Fourier transforms ®,, : KC,, — (*(Z,€) and @, : K,, — (*(Z,E.). Then,
for hy, € Hy, ®phy = {{®nhn};}tjez and .hy = {{Pinhn};}icz are given by

o forj <mn,
BXA% ,--- A% _h, forj<n
- 3455+ n—17n ’
{®Prhn}; {O ! forj =n.
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Proof. Since H,, L Gy, it follows that P~ ‘“H,, L Gun. Since ®upy @ Gup —

03 (Zen, &), we see that @, : H,, C (*(Z,E, ), or {®unhn}; =0 for j < n. Sim-
ilarly we see from H,, L G, and @, : G, — (*(Zgen, E) that @, H,, C (?(Zcp,E),
or {®,h,}; =0 for j > n. To compute {®., h,}; for j > n, we use the formula

{q)*nhn}j = PEI,'C*J]Y-JAU; o u:;hn
together with the relation

Kot u*l _ A, B,
Hit1DEn | Hn@En = C, D,|-

In particular we see that Péc* " Uy, = Cpn and hence
{®anhn}n = P Uiy = Cyhy.
For the general case, note the semiinvariance properties

’Ck+2 Krit2 Krt1g %
*k+1uk+1uk |H1c =P, *k+1uk+1PHk+1uk |"H;c

Ko _ pKryo Krt1q /%
PH*k+2uk+1Mk ‘Hk - PH*k+2uk+1PHk+1uk |Hk

Thus for £ > 0 we have

_ pKatrtig n+k * Knt1g g%
{@*nhn}n—&-k = PE ntk un+kPH n+k—1""" PHn+1unh"

*
- n+kAn+k 1° An n

as asserted. A similar argument arrives at the formula for {®,h,}; for j > n, by
using the dual relations

* *
A Cp = pkr _y |
BZ DZ HyeBEL Nk I He 1 ®E ke

K _ pKi k1
Pe Uy v11, ., = P, UkPHk+1Uk+1|Hk+1

K:k Kk Kk+
PHk Ukuk+1|Hk+2 = P ukPHk+1uk+1|Hk+2- 1

We are now ready to compute the de Branges-Rovnyak unitary colligation

UgELR explicitly.

THEOREM 6.6. The de Branges-Rovnyak colligation

-4 3] [420] <

n *n

(see (6.13)) is given explicitly by

o (5] A5t

BR . (S — §%(0))m;
BS hE €n — |:(I - S*SAR(O))W*:| €n

n

(6.14)
e[ I] — (s

dBR /\R
Dn = Snn = 7T*nS ( )7T' = F*TLST(
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with adjoint given by

aBRy« . | fot1 | | S+ — ST {gn}n
(An ) ' |:gn11:| [ g+n+1 - {gn}n :|
1S,

dBR\* . _
(Cn ) P €yn |:(S* _ SAR(O)*)WIn

(6.15)

gn+1
(D) = Shy = maSMEH(0) T, = oS T,
where &, is the Kronecker delta ({0,}; =1 for j # n and 0 otherwise), and where
7% is the canonical injection of &, into *(Z,E) and 7}, is the canonical injection

n

of Ewn into 2(Z,E,).

Proof. Tt is convenient to assume that we are given a TVSS & = {{U,,}, {Gn}, {Gsn}}
with scattering operator equal to S and with associated time-varying unitary col-
A'ﬂ Bn
OTL DTL
notation fn for the restriction of the de Branges-Rovnyak identification map Ig%R
to the scattering space H,,. Thus, by Proposition 6.3 we may write

-~ F*n q)*n
oo o [E] [

By definition, the de Branges-Rovnyak colligation UgELR is determined by the
intertwining condition

(6.17) [an O} [An Bn] _ {A%BR BgBR] |:i;n O}

By || - ),

ligation U,, = [ ] as in the hypotheses of Proposition 6.4. Let us use the

0 1||C. D,|T|cder pisr I
where, by Proposition 6.4 we have, for h,, € H,,
CiAj_1---Aphy
0

for j > n,
(6.18) {Thhn}; = 0

* * * f j < .
[BjA'+1"'An1hn] orj<mn

J

| R,
Iy
is a generic element of H,. As elements of the spaces HIER(S) and HIBR(S) are
block columns with two components, it will be useful to have a notation for the
finer decompositions of the de Branges-Rovnyak colligation operators:

Let us write a generic element of HIBR(S) as [g"} = { h,, where h,,

dBR AiBlFli A?LBll% dBR BgBlR dBR
A _ s , B — , C _ [ CdBR CdBR ]
n AdBQI% Ade}% ’ n BdBQR ’ n n,1 n,2 .
n, mn, mn,

From (6.18) we see that
o CjAjfl'-~An+1Anhn forj>2n+1, .
{F*n-i-lAnhn}] {O

otherwise
_ {{fn}j for j > n,
0 otherwise.



TIME-VARYING SCATTERING 277

This combined with (6.17) gives us ASSY : f, — f, — {fn}non, A =
Next we use (6.18) to see that

{ CiAi—l s An+1B7zen for Z n -+ 1
0

Dant1Ben = otherw1se

From this combined with (6.17) we see that ByiRe,, = (S—S5"(0))n}ep. Similarly,
from (6.17) and the formula (6.18) for T',,+; we have

6.19 BdBR n = Fn Bn ” = B*A;(_,'_l A;Bnen forj <n
(6.19) 2 © F15n€ {O otherwise.
On the other hand by Theorem 5.1 we see that
0 for ¢ > j,
(6.20) [I —SSMH0)]s; = 6i;1 — Sy D; =< I — D;D; for i = j,
—BJA} - A3, C7 Dy for i <.

From the fact that U, = {é” g } is unitary we get the relations I — D} D; =
B!B;, C;Dj = A;B;. Hence (6.20) becomes

0 for i > j,
[I — SSM0))i; = { B! B, for i = j,
BrA;---AjAjB; fori<j.

Comparison of this with (6.19) now gives
BiBRe, = (I — S*SM(0)men
as wanted.
From (6.18) and (6 17) we get CIBRT, h,, = Cnh, = Cp{fn}n and then
also CABR f, = {fu}n, CoBR = 0. From (6.17) we read off DGPR = D, = S, as

asserted.
Next we use (6.18) to see that

BXA% - AXAnh, for j<n
6.21 Tai1Auhn}y = { Ji et Audlnfn o ) S
( ) Ty b 0 otherwise.
We now use the remaining relations coming from the fact that {é," g“ is

isometric, namely: AXA, =1 — C:C,, BXA, = —D}C,. Hence (6.21) becomes
B! Aph, = =D} Cphy, for j = n,
{Thi1Anhn}; = B*A;“_H <AL hy - B TAT AL CHC by, for § <,
0 otherwise.

Recalling now that C,h,, = {fn}n, the definition of g,, = T, h,, and the intertwin-
ing condition (6.17), we arrive at

A?szliL fn— =S *{fn}nv AiBQg gn = gn

and all the formulas (6.14) hold as asserted.

The adjoint formulas can be proved by the computations done with the
roles of the inputs and outputs interchanged and working with the adjoint system
matrix, which by construction is also isometric. 1
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REMARK 6.7. This time-varying de Branges-Rovnyak model is also discussed
briefly in [13] from the point of view of Kolmogorov decompositions and Schur
parameters. It appears as well in [7] (see Theorem 8.1) and in [32] (see The-
orem 3.2.1), where, in addition, the authors show that the resulting system is
minimal and optimal in the sense of Arov.

REMARK 6.8. When the time-varying system is embedded in a time-invariant
system by working with the aggregate form of the system equations as in (2.15),
one arrives at the time-varying versions of the de Branges-Rovnyak model studied
in [4].

6.4. APPLICATION: THE SCATTERING OPERATOR AS A COMPLETE UNITARY IN-
VARIANT. As a corollary of any of the three model theories described above, it
is easy to see that the scattering operator is a complete unitary invariant for a
scattering system &. To make this precise requires a couple elementary defini-

tions. Let us say that two operators S € L({&,},{Ewn}) and S € L{E],{EL.})

coincide if there are unitary operators ¢, : &, — & and tyy : En — EL, SO

that S;; = L;‘SZ{]-Lj for all 7,5 € Z. Let us say that two scattering systems
6 = {{Kn}, {Gn}, {Gun} {UUn}} and & = {{K0}',{G}, {Gln }, {U), }} are unitarily

equivalent if there are unitary operators V,, : K,, — K/ such that V,,(G,) = G/,
Vi (Gan) = G.,, and VU, = U]V, 1. Then we have the following result.

THEOREM 6.9. Two minimal TVSSs & and & are unitarily equivalent if
and only if their associated scattering operators Ss and Sg: coincide.

Proof. 1t is easy to see directly that if two scattering systems are unitarily
equivalent, then their scattering operators coincide. Conversely, given two mini-
mal, scattering systems & and &’ with scattering operators S and S’ respectively,
since the operator Z§, given by (6.1) is unitary (in case & is minimal), we see
that the given scattering system & is unitarily equivalent to the associated model
scattering system 6%4 (where M can stand for any of P, NF or dBR corresponding
to the Pavlov, Sz.-Nagy-Foiag or de Branges-Rovnyak models). Similarly, &' is
unitarily equivalent to 6% . In case S and S’ coincide, it is easy to check that Gg/[
and G4 are unitarily equivalent scattering systems. As unitary equivalence of
scattering systems is an equivalence relation, it follows that & is unitarily equiva-
lent to &’ as asserted. &

In a similar way, one can show: (i) two completely nonunitary contractive-
operator families T = {T,, : Hpy1 — Hp} and T' = {T}, : H, ., — H,} are
unitarily equivalent if and only if their associated characteristic operators ©1 and
O7/ coincide, and (ii) two closely connected, time-varying, unitary systems ¥ and
Y are unitarily equivalent if and only if their input-output operators Ts, and Tsy
coincide. We leave the formulation of the relevant definitions of “unitary equiva-
lence” in the context of “contractive-operator family” and “time-varying unitary
system” to the reader.
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7. THE ABSTRACT INTERPOLATION PROBLEM

A high-level interpolation problem with slick solution procedure incorporating
much of classical and modern matrix-theoretic interpolation theory as special cases
has been formulated by Katsnelson, Kheifets and Yuditskii (see [27] and [25] for
a recent survey) and termed by them the Abstract Interpolation Problem (AIP).
Here we formulate the time-varying analogue of the AIP and show how the time-
varying version of matrix bitangential Nevanlinna-Pick interpolation problem re-
cently studied in the literature (see [20] and [19]) can be captured as a special case
of this time-varying Abstract Interpolation Problem (TVAIP). Preliminary results
in this direction have already appeared in [17].

The data for the TVAIP is as follows. We assume that we are given a family of
linear spaces { X2} and families of Hilbert spaces X = {X,,}, € = {E,}, E« = {Ean}
(n € Z) together with linear operators

Tim: X = Xy Top: X2 — Xy, My X0 — &y My : X0 — Ea.

These data are assumed to satisfy the time-varying version of the so-called Potapov
identity given by:

(7.1) ”Tlnxn”%(n + ||Mnxn||%n = ||T2nxn||gv

n+1

+ ”M*nxn”%m

for all z,, € X2. We now state the TVAIP in coordinate-free form: given a TVAIP
data set

WTVAIP
= {X0h X = {0}, E={&}. & = {&n} AT} ATo ), M}, { Mo }}
satisfying the hypothesis (7.1), find a minimal TVSS as in (3.1)
(7-3) 6= {{Z’ln}» {gn}v {g*n}}
with £, = G, ©UnGn+1 and Ewn = Guny1 S U Gun and contraction operators
Fo: X, — Hy: =Ky O[Gun D Gn]

(7.2)

so that the identity
(74) (FnTl,n + Mn)xn = Z/{n (FnJrlTZ,n + M*n)xn

holds for all x,, € X for all n € Z.

The de Branges-Rovnyak model version of the TVAIP is as follows: given
a TVAIP data set wryarp as above satisfying (7.1), find a contractive element S
of L(E,E,) and a family of contraction operators F, from the space X, into the
appropriate de Branges-Rovnyak model space

F,: X, — HPYS) forneZ
so that the identity

I S —7s M*n
(7.5) FnTynn = Fonpa1Tontn — {S* I] [ -y ] T,
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holds for all z,, € X. The mapping IgiR between a TVSS & and the de Branges-
Rovnyak model TVSS with scattering operator S implements the equivalence be-
tween these two formulations of the TVAIP, as was shown in [11] for the time-
invariant case.

The system of equations arising in the de Branges-Rovnyak-model version of
the TVAIP can be expressed more compactly as follows. Given a data set wryarp
as in (7.2), let D;(C,X°) be the space of diagonal matrices with ;' diagonal
entry z; an element of XY and all but finitely many of these z;’s equal to 0.

J
Define operators 17,15, M, and M, by

T, = diag{T1 », }nez : Ds(C, &%) — D(C, &)

Ty = diag{Th.,,_1}nez : Df(C, &%) — D(C, xY)
M = diag{M,, } ez : Ds(C, &°) — D(C, &)

M, = diag{ M. }nez : Df(C, X°) — D(C, E).

Then the TVAIP in augmented de Branges-Rovnyak-model form can be alterna-
tively formulated as: given a TVAIP data set wrvarp (7.2) with associated opera-
tors Ty, To, M and M, as in (7.6), find a contractive element S of Lus(E,Ex) and
a contraction operator

(7.6)

F = [ F, Fy, F ] :DHS((C,X) _)HgBR,aug
so that
1 M,
(7.7) FTiz = F(RyTy)z — [s* ﬂ { ¥ } .

for all x € Dy(C,x°%). Here we have set He "¢ equal to the space of all
biinfinite block row matrices [... h_; hy ---] where h; € H{PR(S) and

[e]

Syl < oc.
j=—o0

As is the case for the time-invariant case, the solution of the TVAIP is rather
straightforward. It would appear that the more difficult part for applications is to
determine the TVAIP data set wryarp which gives rise to a given concrete inter-
polation or extension problem in an applications setting. The main consequence
of the hypothesis (7.1) is that the family of partial operators V,, : Dy, — Ry,

with

Dy, =im {ﬂ"} - [)g’n] , Ry, =im {Aj}" ] C {Xg"'l]
given by
(7.8) V, [ﬂ”] Ty, — []\1;[2” } z, formz, €X,

consists of isometries:

[Vadnllx, 0. = ldnllx,0e,  for dn € Dy,

The main result concerning the solution of the TVAIP is that solutions of the
TVAIP correspond in a simple way to unitary-family extensions of the partial-
isometry family {V,,}.
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THEOREM 7.1. Let wryarp be a TVAIP data set as in (7.2) and let {V,,} be
the partial-isometry family of operators given as in (7.8). Then solutions of the
TVAIP with data set wryarp are in one-to-one correspondence with unitary-family
extensions of the partial-isometry family V,, : Dy — Ry . Indeed, let

_ An Bn . Hn H7z+1
(7.9) Un[cn DJ.{&JH{&“
(where X, C Hy and Xpi1 C Huq1) be any unitary-family extension of V,, (so Uy,
is unitary for each n and Uy|p,, =V, for alln). Then:
(i) Let & be the TVSS system associated (as in Section 5) with a time-
varying unitary colligation {Uy, }nez (7.9) which extends the partial isometric col-

ligation {V,,} (7.8), let &™ (with scattering model space H™® C H, ) be the
minimal part of & and define F,, : X, — H™® by

Horn
Fn = PHg\in

7.
Then (8™ {F,}) solves the coordinate-free version of the TVAIP, and every
solution of the coordinate-free TVAIP arises in this way.

(i) Let S € L(E, &) be the input-output operator of the time-varying unitary
system

5. {x(n +1) = A,z, + Bpu(n),
"\ y(n) = Cpzy + Dpu(n),

associated with the time-varying unitary colligation {U,} from (7.9) extending V,,
from (7.8), and define the map F, : X,, — HIBR(S) by

Iy

(where Ty, is as in (6.16) and is given explicitly in Proposition 6.4). Then (S, {F,})
is a solution of the de Branges-Rovnyak model TVAIP, and all solutions of the de
Branges-Rovnyak model TVAIP arise in this way.

F,:z, — Lpx, = {F*"} Tn

Proof. The proof is a straightforward consequence of the correspondence be-
tween a TVSS & with unitary scattering family {U,, } ez and time-varying unitary
colligations {U, }nez according to the formula

_ pKnt *
Un = PHn,+1@£*n,Un|Hn®gn'

The details for the time-invariant case can be found in [11]. &

There has recently been a lot of activity on extensions of tangential Nevan-
linna-Pick interpolation and of the Nehari theorem on approximation of an L*°
function by an H* function in the infinity norm to the time-varying setting; for
details we refer to the recent books [20], [19] and [15]. It is our contention that
all these problems can be put into the framework of the TVAIP. Rather than
attempting a formulation of the most general problem, for illustrative purposes
we shall restrict ourselves to an informative special case, namely the time-varying
right tangential Nevanlinna-Pick interpolation problem (TVRIP). The TVRIP is
as follows. We are given families of Hilbert spaces

&= {gn}nEZa & = {5*n}n€Z
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together with families of uniformly bounded, linear operators defined on C
(7.10) U,:C—=¢&,, V,:C—E&p, w,:C—C.

(Thus U,, amounts to a vector in &,, V;, corresponds to a choice of vector in &,,, and
wy, amounts to a complex number.) Associated with these families of operators
are the block diagonal operators

U = diag{Un }nez : *(Z,C) — (*(Z, )
(7.11) V = diag{Vy,}nez : £2(Z,C) — (*(Z,€)
W = diag{wn }nez : £*(Z,C) — (*(Z,C).

We assume that the operator Z7'W on ¢?(Z,C) has spectral radius r,(Z1A)
less than 1. The TVRIP then is: find (if possible) all contractive elements F of
L(E,E,) such that

(FUM (W) =V

where the right point evaluation f — f"?(A) is as in (2.18). The solution is:
Let A = diag{A, }nez € D(C,C) be the unique solution of the time-varying Stein
equation

(7.12) Z7INZ — A*AA =U*U - V*V.

Then solutions to the TVRIP ezist if and only if A > 0 (i.e. A, = 0 for each
n € 7). When solutions exist, there are procedures and formulas for constructing
one solution or for parametrizing the set of all solutions under various hypotheses
in various places in the literature (see e.g. [20], [15], [17] and [18]), but we shall
not get into the details of this aspect; our purpose is to make the connection with
the TVAIP.

To see how the TVAIP can be applied to the TVRIP, we must do two things:
(1) specify how to associate a TVAIP data set wryarp with an admissible TVRIP
data set

(7.13) wrvre ={U ={Un}, V ={Vo}, W = {wn}}

where Uy, V,, and w,, are as in (7.10), and (2) indicate how a solution (S,{F,})
of the TVAIP for wrvarp generates a solution of the TVRIP for wryrip, and vice
versa.

As for (1), we assume that we are given a TVRIP data set (7.13) such that
the associated numbers A,, are all nonnegative. We let X? = C, we let X,, equal
C with the inner product induced by the positive number A,,_1 if A,_1 > 0 and
Xp, ={0}if Ap—1 =0, and we take &, and &, for wryarp the same as in wrygrrp.
Then define operators

Tl,n = [wn] : Xn(? — X, TQ,n = [ﬂ : Xy? — An+1,
Mn:Un:XSH&l, M*n:Vn:XSHE*n.

(Here the brackets in the definition of T3 ,, indicate that one takes T3 ,, to be zero
in case X, degenerates to the zero space, and similarly for 75 ,,.) Note that these
definitions give us a data set wpyarp which satisfies the time-varying Potapov iden-
tity (7.1) since A = diag{A,, }nez satisfies the time-varying Stein equation (7.12).
In this way we have associated a TVAIP data set wryarp with any TVRIP data set
wryrip for which the solution A = diag{A,, }nez of (7.12) is positive semidefinite.
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As for (2), suppose next that (S, {F,}nez) solves the TVAIP for wrvarp,
where we use the augmented de Branges-Rovnyak model formulation. Thus we
write

F=[- F, Fy F-]:Xs(C,C)— Xys(C,& & &)

and (S, {F,}) being a solution of TVAIP problem for data set wryarp means that
condition (7.7) holds. For our situation this means that

F : Dyg(C,C) — HIBRaug(g)
and
St I||U

FRyz = FRyx — { I S} {_V

] x  for all x € Dyg(C,C).

Since by assumption r,(Z~1W) < 1, it follows that Z — A is invertible on ¢? and
we can solve uniquely for F' in terms of S:

(7.14) F= [; ﬂ {‘UV] Rzt

Thus S uniquely determines F' if (S, F') solves the augmented de Branges-Rovnyak
model TVAIP for this case, and furthermore, for any such S it is always the case
that the corresponding F satisfies

The only issue then is whether the image of Dys(C, C) under F is also con-
€]
tained in Lug(C, &) ®U-us(C,E). Let us write Fx = [?(2)} T C Xus(C, &) @
Xus(C,E). Then from (7.14) we see that
(7.15)  FWe=(SU-V)2(Z—-A)"', FPzr=(U-5V)x(Z-A)~".

The condition that (S, ') solve the TVAIP is simply that F(Vx € Lys(C,&,) and
that F®z € U_ ys(C, E) for each x € Dus(C,C). As U, V and x are diagonal, S*
is upper triangular and (Z —A)~! = (I - Z1A)~1Z~! is strictly upper triangular,
it is clear that F(®z is strictly upper triangular for any such S (no interpolation
conditions required). On the other hand, it is well known (see e.g. [2]) that the
value of the right point evaluation (SUz)"%(W) is characterized as that diagonal
operator D such that

[SUz — D)(Z — W)~ € Lus(C,&,).

We thus see from (7.15) that FMa € Lyg(C, &,) exactly when Va = (SUz) E(W).
Another easy property concerning right point evaluations is that

(SUz)"E(W) = (SUY'E(W)z  for x diagonal.

We conclude that (S, F) solves the TVAIP if and only if (SU) (W) =V, i.e., if
and only S solves the TVRIP, as expected.
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REMARK 7.2. In the time-invariant case, it is possible to see the Nehari
problem as an instance of the AIP (see [11] and the references there). Recent
work of Kheifets ([26]) formulates a more general abstract interpolation problem
whereby axiom (3) of a scattering system (the orthogonality between the outgoing
and incoming spaces) is removed; this gives a more natural framework into which
to fit the Nehari problem. It should be possible to pursue this idea also for the
time-varying setting.

REMARK 7.3. The time-invariant version of the Abstract Interpolation Prob-
lem has applications to many other types of interpolation problems, such as 2-block
and 4-block interpolation, boundary interpolation and the Hamburger moment
problem (where one must use a linear-fractional change of variable to convert the
original continuous-time setting to a discrete-time setting, see [24]). A possible
line of future research is to understand a time-varying analogue of boundary in-
terpolation by using the TVAIP formalism.
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