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ABSTRACT. It is well known that for every von Neumann Algebra (, every
ultrapower of its predual (. is isometric to the predual of a von Neumann
Algebra A. We study the modular automorphism groups associated with
states of A in terms of those for . As an application we show that the
ultrapower of the Haagerup L,((l) spaces are isometrically identifiable with
the corresponding L, (A) spaces (for every 0 < p < 00).

KEYWORDS: Ultrapowers, von Neumann algebras, Haagerup L, spaces.
MSC (2000): Primary 46L52; Secondary 46110, 46MO7.

INTRODUCTION

Since their introduction in Banach Space Theory by [2], ultrapowers (and ultra-
products) proved to be a somewhat useful tool, especially in the study of the
qualitative aspects of local theory, due to their close connection to finite repre-
sentability (see also [9] for an equivalent theory). However, although the definition
of the ultrapowers of an abstract Banach space X is quite simple, it is generally
not a simple task to describe the ultrapowers of concrete spaces (i.e. classical Ba-
nach spaces), and the class of those spaces for which such a description is known
is quite small. Roughly speaking, this class contains essentially Banach lattices,
in fact Lebesgue spaces and the spaces obtained from them by simple operations
like latticial tensorization (i.e. the operation (L, X) — L(X), where L is a Banach
lattice and X a Banach space) or latticial interpolation. Outside of this frame
are essentially the C*-algebras and the preduals of von Neumann algebras (or W*
algebras), which are the non commutative analogues of, respectively, C(K) spaces
and L, spaces. While the case of C*-algebras is simple and its treatment goes
back to [2], that of preduals of von Neumann algebras’s is a little more involved
and is a by-product of [5].

The aim of the present paper is to give a description of the ultrapowers of
non-commutative L, spaces. Since their introduction by Haagerup ([7]), these
spaces have been given several other equivalent constructions (see [16], [25], [12]),
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but we shall follow Haagerup’s construction as developed in the first chapters of

[24]. An appeal to these generalized L, spaces is unavoidable even when dealing
with the ultrapowers of Schatten classes S,(H) (in other words, the class of L,
spaces associated with a normal semifinite trace is not closed under ultrapowers).

The question of the representation of ultrapowers (or, equivalently, of nonstandard
hulls) of S,(H) was asked as Problem 16 in [10].

Before to do this, we revisit (in Section 1 below) the case p = 1, giving
another proof of the representation theorem of [5], starting with an appropriate
representation of the given von Neumann algebra (VNA) @ as subalgebra of B(H).
In this description, the ultrapower of the predual (. coincides with the predual of
the VNA A generated by the ultrapower of (I, when this last ultrapower is realized
as a sub-C*-algebra of B(ﬁ), where H is the ultrapower of H. The commutant
of A is then generated as VNA by the ultrapower of the commutant of (. These
facts (which of course also takes place for ultraproducts) permit us to elucidate (in
Section 2) the local modular structure of A in terms of that of . More precisely,
if (¢;) is a family of normal states of @ and ¢ is the corresponding normal state of
A, the modular automorphism Uf (of the reduced Ag obtained by reduction to the

support of @) is the “ultrapower map” of the family o7 of modular automorphisms
of the reduced VNA’s (,,. An analogous result takes place for relative modular
theory (relative to two normal states 1, @2 of A).

In Section 3 we pass to the study of ultrapowers of L,(Q) space. Using
Haagerup’s formalism, we introduce the Mazur maps L,(Q) — L1(Q): these non-

linear locally uniform homeomorphisms are the analogues of the classical Mazur
maps f — f|f|P~! in the commutative case. Then, like in commutative case, the

vector space L, appears as L; equipped with new vector space operations and the
philosophy of the Section 3 is that these operations “pass to ultrapower”. Finally,

we recover the ultrapowers of L,(Q) as L,(.A) spaces, isometrically and as bimod-
ules (relative to the action of the ultrapower of @); by the construction itself,

the Mazur map for L,(A) is the ultrapower of the corresponding Mazur map of
L,(Q@). These results are valid in the case 0 < p < 1 too, but this requiers a

special argument developed in Section 4. Finally, in Section 5 we show that the
identifications of the ultrapowers of L,(Q) with spaces L,(.A) for various values of
p are compatible with the multiplication maps L,(Q) x L,(Q) — L,(Q) given by
the noncommutative Holder theorem. We remark also that these identifications
preserve the natural operator space structures in the sense of Effros-Ruan.

It should be emphasized that all the results of this paper are valid for ul-
traproducts of a family of L, spaces (for a fixed p) as well. The proofs are the
same as for ultrapowers, and it is only for convenience of writing that the results
are stated and the proofs are given only for ultrapowers. (In facts, the results of
Section 2 rely on the ultraproduct version of certain results of Section 1.)

The results concerning the cases p = 1 and p = 2 were announced in the
seminar notes [20].
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DEFINITIONS AND NOTATION

If X is a Banach space and U an ultrafilter over some set of indices I, let £ (I; X)

be the space of bounded X-valued families indexed by I, equipped with the sup
norm; the ultrapower X! /U (also frequently denoted by Xp; in the literature),

is the quotient space {(I; X)/N, where N is the (closed) subspace of {o(I; X)
consisting of those families (x;) € ¢ (I; X) such that ljgl |z;|| = 0. The element
of X' /U represented by (z;) will be denoted by (z;)*. Recall that the quotient

norm is simply given by ||(z;)®] = LiIg{l ||z:]|. If we consider a family of Banach
i,

spaces (X;);cr and the space (@XZ) (of bounded families (x;) € [] X;) in
i€l oo icl
place of {o(I; X), we obtain the ultraproduct [] X;/U. We refer to [8], [22] for
icl
basic facts about ultrapowers and ultraproducts of Banach spaces. In this paper
the set I and the ultrafilter U are fixed once for all (except for the end of Section
1: see Lemmas 1.13 and 1.16) and we shall generally denote by X the ultrapower
XT/U. A bounded linear map 7T from the Banach space X into the Banach space Y’
induces naturally a bounded linear map 7" : X — Y defined for 7 = (z;)$; € X as
T(x) = (T'z;){<; (note that changing of representing family for Z does not change
T(Ei)), we shall speak of T as the ultrapower map of T. More generally, we can
consider a bounded family (7;) in the space B(X,Y") of bounded linear operators

from X to Y and define the ultraproduct map T : (x;)3c; — (Tix;)5c; this provides
a natural (linear, isometric) embedding from B(X,Y)!/U into B(X,Y). The

linearity of T is in fact not required by this construction, and, more generally, we
can define the ultrapower map F' of a map F': X — Y which is locally uniformly

continuous (i.e. uniformly continuous on every ball of X).

In the following, H will be a Hilbert space and B(H) the space of bounded
linear operators on H. We shall denote by I a von Neumann algebra (shortly,
VNA) over H and Q. its predual (the space of normal bounded linear forms over
Q). We refer to [3] and [21] for the basic facts on VNA and to [15] and [23] for

the facts on modular theory. The basic facts about L,(Q) spaces will be recalled
in due time (Section 3).

We denote by A} the set of positive elements of (,; if € € H, we denote as

usual by we the positive normal linear form defined by:

Ve aa (.Ug(ﬂ?) = (xfag)H
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1. ULTRAPOWERS OF PREDUALS OF VON NEUMANN ALGEBRAS REVISITED

Since by Sakai’s theorem ([21], Corollary 1.13.3) the predual @, of the VNA
depends only on the isometry class of (I, we have the choice of an appropriate
representation for identifying the ultrapowers EL:

We shall consider a representation of (I over the Hilbert space H verifying
the condition:

(R) For every ¢ € A, there exists a vector ¢ in H such that ¢ = wg.

For a general representation (for example if @ = B(H)), we only have that
there exists a sequence (§,,) in H such that ¢ = Y we, ([3], I, Section 4, Theorem

1). But given a representation G (over H) there is an amplification of Q verifying
property (R) (this is simply the algebra @ ® CI acting on the Hilbert tensor
product H ® £2). Another important case is when there exists a separating vector
in H for Q (see [15], Theorem 7.2.3).

From now on, we consider a VNA @ satisfying property (R).

The inclusion @ C B(H) induces a natural inclusion @ C BTF}) (ie. G is a
sub-C*-algebra of the C*-algebra Bf(\ﬁ)) On the other hand, we have an isometric
embedding j : B’(\ET) < B(H) defined by:

VT = (T,)* € B(H), V& = ()" € H, j(T)(&) = (Ti(2:))ler-
The map j is a unital injective *-homomorphism. Hence, we may consider Bf(\f/f)
(and so @) as a sub-C*-algebra of B(H).
Let A be the VNA generated by @ in B(H) (A is simply the weak operator
closure of @; it coincides also with the bicommutant Q" of Q).

THEOREM 1.1. The ultrapower (a:) identifies with the predual A, of the
VNA A.

Before proving Theorem 1.1, we recall a well known fact of the theory of
ultrapowers ([22], Section 11):

FacT 1.2. For every Banach space X there is a natural isometric inclusion
ix : (X*) — (X)* defined by:

(i (@])"), (2)*) = lim (a7, ).

i

Moreover, the image of ix is w*-dense in (X)*, and even the image of the unit
ball of X* is w*-dense in the unit ball of (X)*.

Let us denote by £ the ultrapower (@, ). By applying Fact 1.2 with X = Q,,
we obtain an isometric embedding i : @ — L*.
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LEMMA 1.3. The embedding i : a — L is weak-operator to w*-continuous.

Proof. For every ¢ € L we have to prove that the map = — (i(Z),®) is
weak-operator continuous on (. We have » = (¥;)®, and we can suppose that
every ¢; belongs to A (every element of the predual is a linear combination with
coefficients +1, +i of four positive elements with smaller or equal norms). By (R),
for every i we have ¢; = we, for some &; € H, and since [|&]|* = we,(I) = [|oi,

the family (&;) is bounded in H, and represents an element £ of H. We have then:
The right member is clearly weak-operator continuous as a function of z. I

Proof of Theorem 1.1. Since by Kaplansky’s Theorem the unit ball Bz of G
is weak-operator dense in B4 and i(Bz) C B« is relatively w*-compact, we see
that the map 7 has a unique extension to a weak-operator to w*-continuous map
B4 — Bg+, and then by homogeneity to 7 : A — L* (for every x € By, ©(x) is
the unique w*-clusterpoint of the set i(Z) when T € B; weak-operator converges
to ). It is clear that 7 is linear with norm less than 1.

We prove first that the map 7 is isometric. For, if z € A and € > 0, we can
find { and 77 in H with ||, [|7]] < 1 and [|z]| < (1 +¢)(z€,7) = wg z(z). Let (&),

(n;) be representing families for E, respectively 77, and let ¢; = we, ,, (an element
of A). We have |lo;|| < |I&] - |7, hence sup [|p;]| < oo, and the family (¢;)

K2
represents an element ¢ of £ (with ||@|| = 1_iIZ/I{1 1€:] [|m:]] < 1). We have then:
1y

Va=(a)* €, (i), ) = lim{ai,o0) = lmlaige,n) = (3,7).
Letting @ weak-operator converge to z, we deduce (by weak-operator to w*-
continuity of 7) that (i(z), 3) = (z€,7), hence [F(z)]| > | (), )| > (1+ )~z
Then let ¢ — 0.
Now we prove that the map 7 is surjective. For, 7(B4) is w*-closed (since B4

is weak-operator compact) and contains the set i(Bg) which is w*-dense in B~
thus 2(B4) contains Be«. 1

REMARK 1.4. Let A; be another realization of £* as VNA. By Fact 1.2 the
C*-algebra @ is isometrically embedded in A; as a w*-dense subspace. We have

a linear isometry p of A onto A; (preserving the subalgebra C~l) This isometry p
is a priori a Jordan isomorphism ([14]), but if the product in A; restricts to that

of @, the isometry p (which is w*-continuous) must preserve the products and is
thus an isomorphism of VNA.

THE IDENTIFICATION MAP BETWEEN (I, AND A,. From now on we write ¢ in
place of 7. Since this map is weak-operator to w*-continuous, and a fortiori w*
to w*-continuous (when A is considered as the dual of A.), we have i*(L) C A,
(where i* : L** — A* is the conjugate map). Since 7 is injective, i*(£) is dense in
A., and since i is an onto isometry, so is ¢*; in particular, *(L£) is closed and thus
1*(L) = A.. Let i, be the restriction of ¢ to £; this is the desired identification of
L with A,.
We list now some “good” properties of the map i,.
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PROPOSITION 1.5. The identification map i, preserves the natural Q bimod-
ule structures of o, and Ay, as well as the natural conjugation maps.

Proof. (a) i, preserves the actions of (.

The natural right and left actions of A on ., i.e. the maps A x A, — A,
(z,0) — 2@ =¢(-z) and (x,p) — ¢ -z = p(x-) induce right and left actions of
Qonl =0, (the ultrapower maps); on the other hand, the right and left actions
of Aon A, =i, (L) restrict to actions of G on A,.

The map i, is compatible with these actions of Q:

VEELNTEQ, i (i -@)=7 i.(P)and i, (F T)=1i.()- 7.
For, if y is an arbitrary element of &, we have for example:
(Y, is(T- @) = (i(y),z- @) = lllIZ}{1<yl7xl i) = 1}}5}@1‘ Ty, Pi)
= (i(y - 2), ) = (- T,i(P)) = (4, T - i+(D))-

By w*-density of @ in A we deduce the first equality (T Q) =T 14(P).
(b) i, preserves the conjugation map.
On Q. the conjugation map is defined as usual by

Voe Q. ,Vre, ¢ (x)=qp().

Then ¢ — * is an antilinear isometric involution of Q... By passing to the ultra-
power, we deduce an antilinear isometric involution of £: @ = (;)® — (¢f)® =:
(@)*. On the other hand, A, is equipped with the conjugation map induced by
that of A. It is straightforward to verify the compatibility of i, with these two

conjugation maps:
VoeL, i.(¢7)=1i(p)"

(again the two members coincide on @, hence are equal). 1

The space L is ordered by the mean of the cone ultrapower of the positive
cone QU :
Lr={(pi)*€L:p; >20,Viel}
Note that an element of £ is characterized by the existence of a positive repre-
senting family (not every representing family is positive).

PROPOSITION 1.6. We have i.(L1) = A, i.e. the maps i, and (i.)~* are
positivity preserving.

Proof. If § € £ it is clear that (%,i,(®)) > 0 for every Z € (I since such
an element 7 has a representing family (x;) with z; > 0 for every 7 € I (note that
Z = y*y for some § = (y;)* € A, then set x; =y - y;). But A is w*-dense in A
(this follows easily from the strong-operator density of @ in A and the fact that
Ay ={y*y:y € A}). Hence (y,i.(p)) = 0 for every y € A, i.e. i,(®) € AF. So
i, is positivity preserving.

Conversely, if i,.(¢) > 0 then in particular i,(@) is hermitian:

oo (@) (@) (o4
B A G
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hence p = ¢+2¢* , i.e. ¢ has an hermitian representing family (y;) (¢; = ¢ for each
1€1). Let gol apz —; be the decomposition of ¢; in positive and negative part,
we have ¢, @7 > 0 and ||| = H(pl | + ||<,02 H ([21], Theorem 1.14.3). Let ¢ =

(¢)* and &~ = (¢;)*. Then ¢ =" =5, 5+, &~ > 0and |3 = |57 + &I
We have i.(p) = z*(<p+) — i,(@ ) and since z*(gp ) > 0 because i, preserves
positivity, we see that 0 < i, (@) < 44 (@), which implies ||i,(@)]| < ||i«(@T)]]. But
liw (@) = lix (@D + [Jix(® )H since i, is an isometry, hence ||i.(¢7)| = 0, and

~ = 0. This means that (¢; F) is a representing family for , which belongs thus
to the cone L. 1

PROPOSITION 1.7. The absolute value map V : A, — AF, o — |o| is

locally uniformly continuous and induces an ultrapower map VL — L, which
is transformed by i, in the absolute value map of A :

VEeL, i.(VE) =li.(®)

Proof. If p € Q., its absolute value |¢| is characterized by the conditions:

(1) [l = 0;
(2) there exists a partial isometry v € @ such that ¢ = U|<p| and |p| = v*e.
(Note that the polar decomposition ¢ = ulp| is then given by u = vpj,)|,

where p,| is the support of |, i.e. the least projection p in @ such that |¢| =
p-lel)
These conditions pass to ultrapowers by Proposition 1.5 and 1.6, hence:
peLl, ¢=(%:)" = lis(p)] = iul(lei])*].
By a standard reasoning, this implies that the map V is locally uniformly contin-
uous (in fact, it is well known that V is 1-Hélder; see [18]). 1

THE COMMUTANT OF A. Let Q' be the commutant of @ in B(H). Like for
A, the ultrapower 0/ identifies with a unital C*-algebra over H. Let B be the
VNA generated by a’ in B(H). We have the following general result (where no

assumption is made on the VNA (; so A is simply the VNA generated by Q in
B(H), which is perhaps not identifiable with the dual of @.).

THEOREM 1.8. The VNA B coincides with the commutant A of A in B(H).
We shall use the following lemma:

LEMMA 1.9. Let £, € H and v € A such that wy < we + Y. Then there
ezist ¥’ € Q' and ¢ € H with ||2'|| <1 and |[C]| < ||[¢||Y/? such that n = 2'€ + C.

Proof. We can find a sequence (,), in H such that ¢ = Z we, . We interpret
the equation wy, < we +Z we,, in the predual of the amphﬁcatlon ARC-I of  over

H®ly = l5(H). Letn— (n,0,...,0,...) andf— (& &1, 6n,...). Wehave w;; <
wg; hence ([3], I, Section 4, Lemma 1) there exists 2’ € (A ® C- 1) = A'®B((3)

buch that ||z’]] < 1 and 7€ = 7. Writing 7’ as an infinite matrix (! )mn With

mn)
mn
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entries in @’ we obtain n = (& + Yz}, &, with ||zl < 1 and || Y xf, 24, < 1
n

Set 2’ = 29, ¢ = 3 2ppén, we have ||C]| < (1) = [0l o

Proof of Theorem 1.8. 1t is clear that @' C (@) = A’, hence B C A’
Conversely, let T € A'. -

We show that for every finite family §~1, e ,§~ ~ € H there exists 7’ € @' such
that %’5 = Tgl, foreach [ =1,..., N. We start with the case N = 1.

Let 77 = T¢, we have for every z € A,

wy(e) = &' *TE)* = | T2"*E)* < ITIP (|2 = | T|Pwg(x),

ie ws < ||T\|2w5~. Let (&); and (1;); be representing families for €, respectively 7.
For every i € I, the form v; = wy, — ||T'||*w¢, is hermitian; it can be decomposed as
Vi = —;, where ¢}, 1, € @ have disjoint supports p;f, p; . Let pt = (p;)?.

We have 0 < [|9]"|| = (¢, p;) and 1jrbrll<z/)¢,p;r> = (wj — [|IT|]Pwg, p*) < 0, hence
lim [|¢;7|| = 0. Since
iU

Viel, wy < wiT|e; + 1/)Z+,

there exists by Lemma 1.9 an element a} € Q' and a (; € H such that |a}|| <

IGill < [l [1*/? and

7

ni = ||T|la& + G-

Let 2/ = ||T||(a})?; we have 2’ € Q', and ) = Z'€.

For the general case N > 1, we consider the spatial tensor product
a ® My(C), acting on the Hllbert tensor product HWN) = H® ). We have
@My =a' eC- Iy, HN) = HW™) | and Cl(N) (@)™, whose commutant
in B(FNI(N)) is A ® C-Iy. Applying the preceding result to the element E =
(§~1, o ,§N) of H™) and the element T® Iy of A'®@C- Iy gives an element 7’ ® Iy
of @ ®C - Iy (the ultrapower of (@™ such that (T ® IN)(g) =T ® IN)(g),
ie. Tfl_xfl,l—l ,N. 1

(N) —

REMARK 1.10. Exchanging the roles of @ and Qa’, we see that for every
r € A and every finite family 51, .. 5 N in H there is an element ¥ € @ such
that [|Z]| < ||z| and & =26, 1=1,...,N. Let s(¢y,...,Ex) be the A- support of
the family &, ... ,£N (the least pl"OJeCthH in A preserving the vectors 51, . ,&V,
which is also the projection on the closure of A'&; + -+ + A'€y), then z and 7
coincide on the range of 8(517 e ,EN).

COROLLARY 1.11. Let A = Q.. For each ¢ € Al and x € A there is an
T € Q such that ||Z]| < ||z|| and xps = Tpg, where ps is the support of the normal
functional ©.

) verifies the condition (R),
); moreover, the realization

Proof. Suppose that the realization of @ in B(

H
so A coincides with the VNA generated by @ in B(H
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of A in B(H) verifies the condition (R) too. Hence @ = wg for some €€ H, so

P = 5(€). Then Remark 1.10 implies the result. 1

ON THE TYPE OF A. The ultrapower and ultraproduct procedures for VNA-
preduals do not preserve semifiniteness for the dual VNA’s. We show this for
the case of B(H) (ultrapowers) and of finite matrix spaces M,, (ultraproducts).
The first lemma is probably a matter of folklore; we give a proof for the reader’s
convenience.

LEMMA 1.12. B(H)** is not semifinite.

Proof. Let M be a type III hyperfinite factor. Then M is injective, hence if
M C B(H) is a realization of M there exists a contractive projection P : B(H) —
M. Passing to the biconjugate we obtain a normal contractive projection P**
from B(H)** onto its sub VNA M**. Then P** is a conditional expectation by
Tomiyama’s theorem. By a result of Sakai, if B(H)** is semifinite, so is M™** (see
the proof of Lemma 2.6.5 of [21]). But there is a central projection z of M** such
that M ~ zM** (x-isomorphically). If M** is semifinite, so is zM** (and M), a
contradiction. 11

LEMMA 1.13. Let Qb be a VNA. There exist a set I, a ultrafilter U on I
and a w*-continuous isometric x-embedding p : Q" — A = [(Q.)y]* whose
range p(QA™") is the range of a w*-continuous contractive projection preserving the
identity.

Proof. Let j : Q" — (Q.)y be an embedding given by the local reflexivity
theorem (for appropriate I and U, see e.g. [8]) and ¢ : @& — Ay be the natural
isometric embedding. In particular, we have (p,z)q-xaq = (i(¢),i(*))a;,xa,, for
every ¢ € A" and x € A. Define a linear contraction P : (A )y — A~ by:

(P7.2) = lim(pa,2) = (7.i(2))

for every ¢ = (vq)® € (QAx)y and x € Q. In particular, (Pj(p),x) = (j(p),i(z)) =
(p,x), so Pj =idg=.

Consider the conjugate maps p = P* : Q" — (Q.);; = A and Q = j* :
A — Q™"; then p,Q are w*-continuous contractions and Qp = idg=+, so p is an
isometry and pQ is a projection from A onto p(Q**).

If v € @ and @ = (va)® € (A )y, we have:

(p(z), P)axa, = (z, Pp) = <i(x)7&>au><(a*)uv

hence the restriction p|q identifies with the map i : @ — @y (when this last C*-
algebra is considered as embedded in A). In particular, p|q preserves the product
of . Since p is w*-w*-continuous and the product is separately w*-continuous,
we obtain that p(zy) = p(z)p(y) for every x,y € Q**. Since P is positive, so is p,
which is thus a *-embedding. 1

Let S1(H) be the trace class over H.
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PROPOSITION 1.14. For a suitable ultrafilter U, [S1(H)u|* is not semifinite.

Proof. By the Lemma 1.13 with @ = B(H), the VNA B(H )** is *-isomorphic
to a sub-VNA of A = (S1(H )y)* which is complemented in A by a normal contrac-
tive projection (hence a normal conditional expectation by Tomiyama’s theorem).
Since B(H)** is not semifinite, A cannot be semifinite. 1

For every natural number n, let ST = S1(€3) be the trace class over the
n-dimensional Hilbert space ¢5. Similarly, let S; := S1(f2).

LEMMA 1.15. For every ultrafilter U, the VNA (Sy)], is x-isomorphic to
a contractively w*-complemented sub-VNA of some ultraproduct (HSIL(k)/W)
k

(for suitable ultrafilter W and map k — n(k), N — N).

Proof. Let us identify ST with the subspace p,Sip, of Si, where p,, is the
natural orthogonal projection ¢ — ¢5. Let V be any free ultrafilter over N; we
have a natural isometric embedding j : S1 — [[ST/V defined by = — (prap,)®.

n

Let P:J[S?/V — S1 be defined by

P((zp)®) = w*limx,
n,U
(the w*-topology is relative to the duality of S1(¢2) with K(¢2)). Then P is a
contraction and Pj = idg,, so j(S1) is 1-complemented in [] ST /V.

n
Passing to the ultrapowers along any ultrafilter &/ we obtain an isomet-

ric embedding ji; : (S1)u — (HS{I/V)U and a surjective contraction Py :
(rIsr /V)u . (81)y such that Pyjy is the identity of (Sy)y.
n

Note that (HS{L/V)U = J[ S7/VvxU = HS?(k)/W where V x U is the
n (n,l) k
product ultrafilter and W is its image by some bijection from N x N onto N.
By dualizing, we deduce a w*-continuous isometric embedding p = Fj; of

A = (S1)y into B = (HS?(k)/W) , and a w*-continuous contractive surjection
k

Q = j;; from B onto A such that QP = id 4.
Let us show that p is multiplicative. We make this map explicit over the sub-
C*-algebra K(H)y of A. If 7 = (a)® € K(H)y and @ = (pn1)® € [[ST/V x U,
n,l
we have:

(p(z),9) = (T, Pup) = 1;’15117%1(361,%,0 = lifélggjl(pndilpm%,ﬁ = (i(7), )

where i : (z;)* — (pnxipn)® is the natural isometric embedding B(H)y —

(H B(13)/ V)M (which is a subalgebra of B). This last embedding preserve prod-

ucts on K (H)y (but of course not on the whole of B(H);;). Using the w*-density
of K(H) in B(H) and that of B(H )y in A, one easily sees that K (H )y, is w*-dense
in A; so by w*-continuity of p and separate w*-continuity of the product, we see
that p preserves the product. Since p is positive, it is a *-embedding. Its image is
complemented by the contractive w*-continuous projection pQ@. I
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LEMMA 1.16. (HSf(k)/W> is isomorphic to a contractively w*-comple-
k

mented sub-VNA of some (H S{"/V)* (with same identity).

Proof. One can find a strictly increasing function m — m(k), N — N such

that n(k) divides m(k) for every k (note that k — n(k) has no reason to be

increasing). We have then Sin(k) ~ S;L(k) ® Sf(k) (linearly) for some p(k) € N.
S?(k) N S{n(k)

We have isometric embeddings i : and contractive surjections

Qi : 57" — ) defined by:

1
Zk((ﬂ) = —I® Ip(k)a Ve S?(k)

p(k)
Qr = idsIL(k) & Trp(k)

where I,y is the identity operator on lg(k) and Tr,) is the normalized trace
Sf(k)

— C. Passing to ultraproducts, we obtain an isometric embedding i = (ix)*
from HSf(k)/W into HST(]C)/W and a contractive surjection @ = (Q)® from
k k

HSTUC)/W onto HS’{LUC)/W with Qi = id. Dualizing, we obtain an isometric

k k

embedding p = Q* of (H S?(k)/W) into (H S’ln(k)/W> and a contractive sur-
k k

jection P = i* from (HSI”(k)/W> onto (HSf(k)/W) , both w*-continuous,
k k

with Pp =id. Again p coincides with the trivial *-embeding (z3)® — (2 ® Ly;))®

on the w*-dense subalgebra [] B(K;l(k))/)/\/7 so it is a *-embedding of VNA’s. Fi-

k

nally, it is immediate that [] S} (k) /W is equal to [] S7/V for a suitable ultrafilter
k k

containing the sequence {n(k) : k € N}. 1

PROPOSITION 1.17. For a suitable ultrafilter V over N, the VNA ([ S7/V)*

is not semifinite.

Proof. By Lemmas 1.15 and 1.16 this VNA contains (S);, as weak*-1-
complemented sub-VNA, for some ultrafilter ¢/ for which this last VNA is not

semifinite. N
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2. ELEMENTS OF MODULAR THEORY FOR A

2.A. LOCAL MODULAR AUTOMORPHISM GROUPS. If ¢ is a normal positive linear
form on @, let p, be the support of ¢. The local modular automorphism group
(07 )ter will simply be the usual automorphism group of the VNA @, := p,Ap,
with respect to the restriction of ¢. We denote by A, the modular operator
associated with ¢: it is a positive selfadjoint unbounded operator on the Hilbert
space H, = La(p), completion of @, for the scalar product (-, -), associated with
¢ (defined as usual by (z,y), = ¢(y*x)).

Let ® = (¢;)icr be a bounded family in CL;" and @ be the element represented
by ® in the ultrapower El:, which we identify with the predual of a VNA A in
which @ embeds as C*-subalgebra. Let ps = (p,,)® and Ag := psAps. Since
o(p3) = l}gl(@,pi;) = 0, we have py < pa, hence A; = psAsps. Note that
(As )« = paA.pse identifies with [] (Q,)/U; following Section 1 (which is valid in

icl
the case of ultraproducts as well as in the case of ultrapowers) we may identify Ags

with the VNA generated by the C*-algebra (g in B(Hg), where He = [] H, /U.
(Note that since each space H,, has a vector which is cyclic and sep;izliting for
Q,,, it verifies condition (R).) We may consider:

— the local modular automorphism group (Uf)teR acting on the VNA A; =
p¢Ap¢;

~ the group of *-automorphisms (57 )icr acting on the C*-algebra Qo =
]3¢6L;5q>7 where G is the ultrapower map associated with the family (of);. This
group of automorphisms extends naturally to a group of *-automorphisms of Ag
since it is implemented by a group of unitary operators (U;):er on ﬁ¢: U; is
simply the ultrapower map associated with the family (Aiﬁj )jer- We still denote
by (5) these extensions to Ag.

THEOREM 2.1. For every element ¢ € AJ and every representing family
® = (p;)ier C A of @, the reduced VNA Az = psAps is preserved by the auto-
morphims 6 of Ae := paApas and the restrictions to Az of these automorphisms
coincide with the local modular automorphisms o] associated with @.

Proof. For every ¢ € I, there is a natural separatlng cyclic vector §,, € H,,
for ,,; we have ¢; = we,. Let §q> be the vector of ’H¢, represented by (5%)161,
then $ = wg. Let A, denote the commutant of Ay, in B(H,,). Then a's

[1 @, /U generates the commutant Ay of Ag in B(Hg) (see Theorem 1.8). As a
i€l

consequence, pg - Hg is the closure of ay E

(1) We show first that Ag is preserved by each . If 7’ = (z})* € EC; we
have:

Ui = (AL 2/6,)8 = (172 (2))&,)] € Wl - €
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’

where (Tf 7)¢ is the modular automorphism group of a{pj relative to the normal
semifinite (n.s.f.) linear form ¢’ = we;. Hence Ui'ée € p¢ﬁ¢, and so Uy (p@ﬁ@) -
p¢7-l¢. Since U; ' = U_; we have in fact Ut(p¢7‘~(¢,) = pﬂ'?g;, hence &7 (pz) =
Utp¢Ut* = Dg-

(ii) We show now that the group (67) (of *-automorphisms of Ag) veri-
fies the KMS modular condition relative to ¢ ([15], Definition 9.2.10). This will

imply that (&%) coincides with the modular automorphism group (o) ([15], The-
orems 9.2.13 and 9.2.16).

Let x,y € p¢6~lp¢ (= ppApg, see Corollary 1.11), i.e. & = psZps, Y = PeYPe,

with Z = (z;)®, ¥y = (v:)!, and z;,y; € Q,,. We have:
PG} (x)y) = 26} (psapg)sips) = P(ps07 (B)psipe)
= 3G} (@)pel) = (Pe9,57 (#) ),
and similarly
Plyo} (¢) = BGpeay (2) = (@ (@)E,peT g, -
Since the - unit ball of &q;. is *-strongly dense in that of A4, there exists a sequence
(Zn)n in Qg such that:
IZnllae < PeUPell Ax, Enng¢37p¢E: 53 5257?@5*17@5: Py E.
Then:
(67 (x)y) = lim (Z.€,57(2)°8) = liglnljig{l(zn,jﬁj’afj (%7)"&5)
= limlim (o7 (x5)2n,5)

and similarly:

P(y57 (2)) = limlim (o ()85 20, 55) = limliz ; (zn 01" (25))

For every j € I, the KMS condition for the group (o;”); relatively to ¢; yields a
bounded continuous C-valued function F), ; defined on the closed strip S = {z €

[e]
C: 0 < Imz < 1}, analytic on the open strip S, such that:

Foj(t+1i) = ¢j(znjoi (x5))

Since
max{|Fy j ()], [Fn 5 (t + )} < ol llof? (@)l zns1l = Nlesll 2] 120,51,

the functions Fj, ; are actually uniformly bounded on S by the maximum principle
(Phragmen-Lindel6f). We shall prove that the limits

limlim F, (t) = §(af (2)7)

n ju ’

lim lim £, 5t + 1) = §(557 ()
n g,
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are locally uniform with respect to ¢ (i.e. uniformly for ¢ € [—M,+M], for every
M > 0). Since, by the maximum principle and the usual device of multiplication
by the analytic fonctions G.(z) = e_EZQ, the locally uniform Cauchy condition on
the boundary of S for the Fj, ; implies a locally uniform Cauchy condition on the
whole of S, we shall obtain that the F}, ; converge uniformly on compact sets of
S to a bounded continuous function F', which will be of course analytic on the
interior of S, and such that:

F(t) = 37 (x)y)
Vi eR, {F(t+i) = 2(yat (z)).

We treat only the convergence of the F;, ; on R; the case of the convergence on
R +i can be done similarly. We have:

Vit € R, anj(t) = (vajé‘j, Ag]fﬂ;gj)
Consider the following spectral projectors of the selfadjoint operator A, :

1 2 !
e§' ) = H[O,l](Asoj) and e§- = ]1]1,00)(A%‘) =1- e;- );

then we obtain a decomposition F, ;(t) = gt )+ g2 (t) where for I =1, 2:

n.j n.j

l l i *
g (t) = (zn 65 € )Aéjxjfj)'
(2)

g M E N, j € I are equicontinuous on R, while

We show now that the functions g

the functions gfllz are asymptotically equicontinuous in the sense that for every

€ > 0 there exist ny € N and for every n > ng a set U,, € U and an equicontinuous

) —hy jlloo < €. Then the functions

family of functions h,, j such that  sup  ||g,, ;

n2ng, jeU,
F, ; (restricted to R) are also asymptotically equicontinuous, which implies by a
variant of Ascoli’s theorem that their convergence is uniform on compact sets.
For every t,s € R and A > 0 we have the elementary inequality

(2.1) [N N < ||| log A| < 2|s| max (A2, A71/2)
from which we infer that:

i i 2 * *
(AL — Al YePare || < 2fs| |AY2aie; || = 20| ;6] < 20|

J
with C' = sup ||z;¢;]|, which clearly shows that the family (gT(LQ,;‘)nEN,jEI is equicon-

J
tinuous, in fact equi-Lipschitz.
1)

For the functions g, ;, we note that since lim Eng = p¢§£~ belongs to the
’ n

closure of QY - E, there exist for every € > 0 an integer ng and an element z'¢ =

(25 )5er of Eg such that

Vn>mng, U, €U suchthat VjecU,, [|z.;8 — 27l <e.

Set
1 i * 1 —i *
gi(t) = (€, VAL wre) = (VA E; ake));
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from inequality (2.1) we have:
—i s —1i 1 — *
I(AGE) — AZeM 2l < 25| | ALY 22561 = 2|s] | 2F°¢1| < 2CL)s]

where C = sup [|z7]| - [|§;]l; so for each & > 0 the family (g5); is equi-Lipschitz.
J

Moreover:
. 1
¥n =m0, Vi€ Un, lgl) — g5lloo < Be

where B = sup [|z}&;[|. B
J

2.B. RELATIVE MODULAR THEORY. Given a VNA @ and two normal positive
linear forms ¢ and 2 with same support p, we consider (following the classical
construction of A. Connes, see Section 1.2 of [1]) the (spatial) tensor product
a'? = @ ® My (C) of @ with the algebra of 2x2 complex matrices and the normal
positive form 1 on a'® defined by (3 xr @ exr) = @1(x11) + w2(x22) (the e,
k,l = 1,2 are the elementary matrices of Ms). Identifying the predual aff) with
the (algebraic) tensor product . ® My, we have ¥ = 1 ® e11 + p2 ® eazz. The
support of 1 is p® = p® e + p ® eza. Then the modular automorphisms
sz of p<2>a(2>p<2> = (pQp)@ relative to 1) preserve the subspaces pdp @ e, of
p@a@p®@; in particular, for every € pQp, 0¥ (z ® e12) = 0 ¥2(2) @ e15. We
have:
o192 (x) = of* (2)(Dip1 D), = (Dipy : Dzt (x)

where the family of elements (Dy; : Dys)y = of'¥*(p) € pQp is the Radon-
Nikodym cocycle of @1 with respect to s.
Using the KMS condition for the modular automorphism group (Jf’ )teR,

we obtain for each couple (z,y) € pQp a (unique) bounded continuous function
[e]

F,,: S — C, analytic on S, verifying the boundary conditions:

P1(af 7 (2)y) = Fyy (1)
ek {<P2(1/0f”2 () = Fpy(t +1).

Set (@17 8 () = F, »(i0). Then 01 7% 4f is clearly a bounded linear form on
pQp, in general not hermitian; it is in fact w*-continuous, as can easily be seen

using the Poisson integral representation formula for F, ,(z), z € S); hence it is
an element of (pAp). which extends naturally to an element of pQ.p. It is easy
to see (using the three lines theorem) that |1 =? - @§| < [l1]|* =2l

We study now the behaviour of these constructions under ultraproducts. If
Q is represented as a VNA over the Hilbert space H, then a® is represented as
a VNA over the Hilbert space H @ H = H ® (3. Identifying Q with a sub C*-

algebra C of B(H), we can identify @® with the C*-algebra C® of B(H & H) =

B(H) ® Ms. Let A be the dual of Q... We have:
(A @ My) = A @ My = A, @ My = (A® M),
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where the identifications are algebraic ones (i.e. the norms of the first and last
member are a priori only equivalent). But the duals of these spaces admit respec-

tively 1-norming subspaces a® and (&)(2) which isometrically identifies, so the
identification (b, ® My) = (A® Ms), is isometric. Moreover, the C*-algebra @

is a sub-C*-algebra of A®?), so A®?) identifies (as VNA) with the dual VNA of @%
(see Remark 1.4).

PROPOSITION 2.2. Let o1, pa be two positive elements of A, with the same
support p. We can choose representing families (p1,:)icr and (@2,:)ier in a;t such
that for every i € I, the normal forms have the same support p;. Then:

R) (i) p((Dg1,i : Dp2i)e); = ((Dpr,i : Dp2i)e); p = (Dor : D2y (for every
teR);

. —0 . ~(1—-6) ~
i) (70808 =37 - & (for every 0 € [0,1]).

Proof. Let (¢1,:)icr and (v2,)icr be two arbitrary representing families for
©1, pa. If the ultrafilter U is countably incomplete we can find a family of positive
real numbers (g;);e; converging to zero along Y. Put

{ @1 = 1+ Eipa
30(2)71- =E&ip1,i T ¥2,-
Then ¢ ;,¢9 ; have the same support and (¢ ;)icr, (¥9,)ier represent also the
elements @1, respectively @o. The case where U is not countably incomplete is

essentially the trivial one (in this case the supports p; ; and ps ; of 1 ;, respectively
2,4, coincide for every i belonging to some element U of the ultrafilter, since

lim (16, p3:) = (21, (p24)*) < (Pr,pt) = 0 implies the equality (p1,p3,) =
0, i.e. p1,; < pa,i, for every ¢ in some U; € U; and similarly for the converse
inequality).

Proof of (i). Set ©¥; = 1, ® e11 + @2, @ ego and apply Theorem 2.1 to

Y = @1 ®e1n + P2 ® ean = (1;)?; considering the action of aéﬁ on p ® ey gz, we
obtain:
p((Dpr,i: Dp2i)e); p = (Dp1 : Do)y

Let p; be the common support of ¢;; and @2 ;; then pgz) =p; e+ p; Qe

is the support of 1;. Let p = (p;)?, and p® = p@ e +p® eap = (p§2));. Let
¥ be the extension to (p.Ap)® of the ultrapower map of the family (o7%)?; by
Theorem 2.1 we have & (p@) = p(?). Since clearly p ® e commutes with p(?,

so does Y (p ® e12) which means exactly that
P (D1 : Dp2i)e)] = (D : Dpai)e)] p-
To prove the point (ii), note that if T € ﬁ&ﬁ, we have by the preceding:

21((D@1 : D@2)ipxp)) = (@1, p(Dp1,i = Depai)e); (w4)5)
= limpy; ((Dp1,i = D2 i)z;)
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and similarly
P2(pTp(Do1 = Dp2)e) = limpa; (2i(Depr - Dpz,i)e)-

The proof of Theorem 2.1 shows that these limits are uniform with respect
to t varying in compact sets of R. Consequently,

Fp,pip(z) = lllgl Fpi i (2)

for every z € S. In particular, for z = i# we obtain

~(1—6 o~ ~ . 1-6 1-6 o ~
(pg : -wg(pxp) - ller/Ill ‘ng ) ‘sz(mz) = <(‘sz ) 'Sog,z‘)z‘»@

which shows that (cpfi_e).

with 3" . 30,

8031); has right and left supports equal to p and coincides

3. ULTRAPOWERS OF L, SPACES

The main result of this section is the following

THEOREM 3.1. Let QO be a von Neumann algebra, 0 < p < oo and U an
ultrafilter on the set I. The ultrapower L,(Q)! /U is isometric to the L,(A) space
associated with the VNA A = (L1 (Q)! /U)*.

Before proving this theorem we recall a few elements of the construction of
Haagerup’s L, (@) spaces associated with a von Neumann algebra @ (see [6], [24]).

There is a semifinite VNA M containing @ (the crossed product @ x R of
Q by its modular automorphism group) and a strongly continuous one-parameter
group (0s)scr of automorphisms of M, such that @ is the space of fixed points of
this automorphism group:

a={heM:0,(h)=h,VsecR}

where M is equipped with a n.s.f. trace 7 such that 700, = e~ *7 for every s € R.
Let Lo(M, 7) be the involutive algebra of 7-measurable (unbounded) operators
affiliated with M: h € Lo(M) iff h is affiliated with M and for each £ > 0 there
exists a projection p € M such that hp is bounded and 7(pt) < e. A basis of
neighborhoods of zero in Ly(M, T) consists of the sets

N.s = {h € Lo(M,T) : Ip € M projection such that ||hp| < § and 7(p*) < £}

and provides Lo(M,7) with a structure of linear topological x-algebra.

There is a linear homeomorphism ¢ — h, from Q. onto the closed linear
subspace Li(@) of Lo(M) whose elements are those operators h € Lo(M) for
which

VseR, 6s(h)=e""h.

This homeomorphism preserves the natural structures of -bimodule of @, and
Li(Q), as well as the conjugation map and the absolute value map.
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For every p € (0, 0], the space L,(Q) is defined as the closed subspace of
Lo(M) consisting of the operators h for which

VseR, 6,(h)=e*Ph,

Then L,(@) is an (-bimodule, closed under conjugation and absolute value. If
p = 00, it turns out that L. (@) = @ while if p < oo, L,(Q) is characterized by

for h € Lo(M), heL,(Q) <= |h]P e Li(Q).

The norm on L,(@) is defined by |||, = | |h[?||*/? (which equals also [h*[|,)-
This is indeed a norm when p > 1, and a p-norm when 0 < p < 1 (see [17]). We
shall denote by L, (@) the cone Lo(M)* N L,(Q).

If ]% + % = %, there is a natural bilinear map

Ly(@) x Ly(@) — L(Q), (h,k)— h-k

which satisfies Holder inequality ||k - k||, < ||h]p]lk|lq (see [24] for » > 1 and [17]
for the general case). Conversely, we have:

1Pllp = sup{[lh- Kl - k € Le(@), ||kllg < 1}

The case p = 2 is special, since the norm on Ly (@) derives from a hermitian
scalar product (h,k) := Tr(k* - h) where Tr is the distinguished positive linear
form on L;(Q) identified with the element I € A (when L;(Q) is identified with
Q). There is a natural left action m of @ on Ly(Q): w(x)-h = x - h for every
x € A and h € Ly(@) and a natural antilinear isometric involution J of La(Q),
namely Jz = 2*. Then 7 is an injective normal *-representation of . on Lo(Q),
and (m(Q), La(Q), J, Ly(Q) ) a standard form for @ in the sense of [7].

THE MAZUR MAPS. Let 0 < p < co. We define a Mazur map Sp: Lo(M) —
Ly(M) in the following way: if h € Lo(M) has polar decomposition h = ulh| we
set Sp(h) = ulh|P. This formula gives also the polar decomposition of S,(h), since
the range projection of |h|P coincides with that of |h| so |S,(h)| = |h|P. Note that
if h € L,(@) then u € Lo (@) and |h|P € L1(A), hence S,(h) € L1(Q); we have
then [|Sp,(R)[[x = [ [h[P[lx = (A1}

LEMMA 3.2. The map S, is a locally uniform homeomorphism between the
spaces L,(Q) and L1 (Q).

Proof. 1t is clear that the map S, is bijective, with inverse map Sp’1 = S1/p-

So it suffices to prove that .S, is locally uniformly continuous for the uniform
structure of Lo(M). Note first that the square map h — |h|> = h* - h is locally
uniformly continuous in Ly(M) since the conjugation map h — h* and the bilinear
map (h,k) — h -k are. The next step is to prove that for every a > 0 the map
h — h* is locally uniformly continuous from Lo(M)4 into Lo(M),. This map is
indeed locally uniformly continuous from M into M (approximate the function
t — t* by polynomials, uniformly on compact sets of Ry ); let w4 be its modulus of
continuity on the ball of radius A in M. Let B be a bounded set of Lo(M). Let §
be a positive real number. For every h, k € B we can find spectral projections p, ¢
(of h, respectively k) with 7(pt) < 6, 7(¢*) < d and ||hp|| < C(3), ||kq|| < Cp(d);
then ||h%p — k%q|| = ||(hp)® — (kq)*|| < wey(s)(|[|hp — kql|). If moreover there is
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a projection r € M such that 7(r+) < § and [|[(h — k)7|| < &, then s =pAgAT
verifies 7(s1) < 36 and [[(h® — k%)s| < w5 (e) < 6 for sufficiently small e.

Now for every p > 1 we may write S,h = h|h[P~!. From the preceding, the
map h +— |h|P~! is locally uniformly continuous in Lq(M); so is the product map,
hence S, is. When p < 1 consider the maps S, . defined by S, . (h) = h(e+]h[)P~L.
The same reasoning proves that for each € > 0 the map 5, is locally uniformly
continuous in Lo(M). But for every h € Ly(M) we have S, .(h) — Sp(h) € M
and ||Spe(h) — Sp(h)||m < eP (for positive autoadjoint h this comes from the
spectral calculus and the elementary inequality |t(e + [t])P~! — tP| < P valid for
every positive real ¢). This uniform approximation shows that S, is also locally
uniformly continuous. 1

REMARK 3.3. It is not hard to see that the modulus of continuity of .S, over
a ball of radius R depends only on R and p (not on @); this would be important
when dealing with ultraproducts in place of ultrapowers.

REMARK 3.4. Several results close to Lemma 3.2 do exist in the literature.
Theorem 4.2 of [17] states that the restriction of S, to the positive cone is an home-
omorphism when p > 1. In fact, using a generalized Power-Stgrmer inequality due
to Kosaki too (see the Appendix of [17]) one can easily show that this homeo-
morphism is locally uniform, and obtain an Holder estimate for the modulus of
continuity, namely:

lla = blIf < fla” = 67|l < M*¥[la—bl[5=" + kMP~|a — b,

for every a,b € L,(Q)4 with max (||al|p, ||bll,) < M; here k is the greatest integer
strictly less than p. Analogous estimates can be given for the case p < 1. Writing
Sp(a) = alalP~! one can deduce that S, is locally uniformly continuous for p > 1,
but to deduce the local uniform continuity of the inverse S 1 does not seem so
immediate.

REMARK 3.5. The map S, preserves conjugation: S,(h*) = S,(h)* for every
h e L,(Q).

Proof. If h = u|h| is the polar decomposition of h then h* = uw*|h*| is that
of h*. Then S,(h) = ulh|P and S,(h*) = u*|h*|P. Moreover |h*| = u|h|u* implies
easily that |h*|P = u|h[Pu*, hence S,(h*) = u*ulh|Pu* = |h[Pu* = S,(h)*. 1

Now we can give a more precise version of Theorem 3.1:

THEOREM 3.6. Let . be a VNA and identify Q. with A, like in Section 1.
Identifying preduals of VNA'’s with the corresponding Haagerup Ly spaces we get
an identification map Ay : Li(Q)y — L1(A). Let Sy : Ly(Q) — Li(Q) and
S;)“ : Ly(A) — Li(A) be the Mazur maps. Let Ep s Ly(Q)y — Li(Q)y be the
ultrapower map of S,. Then A, 1= (ij)’loAloSp is a linear bijective isometry
between L,(Q)y and L,(A). Moreover, this map preserves conjugation, positivity
and the natural Qb bimodule stuctures of L,()y and Ly(A).

The non trivial point in this statement is the fact that A, is linear and a

bi-module homomorphism. The cases p > 1 is treated in this section, the proof
of Theorem 3.6 in the case 0 < p < 1 is postponed to Section 4 (the method for
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treating the first case does not extends to the second one). In the following we
omit generally the map A; (considered as the identity).

THE p > 1 CASE. Let g be the conjugate exponent to p. We shall prove that
(3.1) Vhe Ly(Q)uy, VEk € Ly(@y, Ap(h)-Ag(k) =h-k

where in the left member the product is the natural bilinear map L, (A) x L, (A) —
L1 (A), while in the right member the product means the ultrapower of the bilinear
map L,(Q) x L,(Q) — L1(Q).

If (3.1) is true, then for every hy,hy € L,(Q)y and k € Ly(Q)y :

Ay(hy +ho) - Ag(k) = (hy + ha) -k =hy -k + hy - k = (Ap(h1) + Ap(h2)) - Ag(k).

But if the elements f1, fo of L,(A) verify the equalities fi-d = fo-a for every
a € Ly(A), then fi = fo (by the converse of Hélder inequality); so we conclude
that Ap(hl + hg) = Ap(hl) + Ap(hg) - -

Similarly, we have for every € A, h € L,(Q), k € L,(Q):

Ap(@-h)-Ag(k) = (z-h) k=% (h-k) =2 (Ap(h) - Ag(k)) = (T - Ap(h)) - Mg (k)
were we implicitely used the fact that the left actions of Q are preserved by the
identification of Lq(Q@)y with Li(A). By the same argument we conclude that
Ay(Z - h) =% - Ay(h) and the conclusion of Theorem 3.6 holds.

To prove the relations (3.1), we consider the map Gg : L1(A) x L1(A) —
L,(Q), defined by Gg(h, k) = Si/ph - Si/qk. This map is locally uniformly con-
tinuous, so we can define its ultrapower map Gg. Then (3.1) is equivalent to the
relation -

_ A
Gg - Gp
so we have reduced the proof of the theorem to that of:

PROPOSITION 3.7. For every p > 1, GIC,L = G;f.

We shall use the following lemma, which is essentially classical (see [16],
Section 8).

LEMMA 3.8. If 1,02 € A have the same support then Gg(hg,whw) =

h o 50 where § =1 —1/p.

Che
Proof. Note first that if ¢ € (A.)+ and p, is the support of ¢, the closures
in Ly(M) of the subspaces Gl * and hiY* @, coincide with p,, - Ly(Q) - p,,: for,
if k € p, - La(Q) - p, is orthogonal to @, - h}p/z then Tr(mh}/zk*) = ’Ilr(k*xhi,ﬂ) =
<p¥,a:h3a/2, k) = 0 for every x € @, hence h}o/Qk* =0 as an element of L, (@), so k*
has range included in ker h:/Q = pj;; since k* = p k™ this means that k* = 0, i.e.
k=0.
For every z,y € (, the equation F, ,(z) = Tr(hlt*zh*y) defines a con-
tinuous function over the strip S and analytic in the interior. The analyticity is
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due to the fact that the Lg(M)-valued map ¢ — hfo is analytic over the open
half-plane {Re( > 0}, see [24]; for the continuity of F, , at the boundary R of
S, note that approximating yh}p/ % by h}/ %y in Lo(Q@) one gets an approximation
of F,,, by functions G,y of the form Gy, (2) = Tr(h > 22k *y/) which is
uniform on a neighborhood of R in S; the treatment of the continuity of F; , at
the boundary R + i is analogous (approximating now xh}a/ 2 by some hi,/ 2 ).

For every © € (b, set: oy (x) = hilwh™; then (oy) is a one parameter group of
*-isomorphisms of (., which by the preceding verifies the KMS condition relative
to ¢; so (ay) coincides with the modular automorphism group (o7); of ¢.

Similarly, if @1, @2 are elements of ((.); with same support p, and @ =

P1 ® e11 + Y2 ® egg is the associated normal form on a® =a Ms, consider in
Lo(M) ® My = Lo(M ® Ms) the operator hs? = hy, ®e11 + hy, ® ez2. The same

reasoning proves that of (%) = hgi?h;it for every 7 € (pQp)?), from which one
deduces easily that of'¥*(z) = hi! -x-h} for every x € pQp.
Let F'(z) = Tr(h;‘fiz-h;;za:) for z € S: this function is bounded continuous on

S, analytic on S, and F(t) = ¢1((Dp1 : Dps)s x), F(t4+i) = wa(x(Dp1 : D)), so
we obtain (¢}~ ©f, x) = F(i0) = Tr(hL;%h0, -x). Hence h =hL%hl, =

(1% 98) ©1
G (hyy hy,). 1

Proof of Proposition 3.7. By the preceding Lemma 3.8 and Proposition 2.2,
if ¢1,p2 € Al have the same supports and have representing families (1)
and (¢2,;); such that for each i € I, p1,; and pa; have the same supports, then
(G211, 024)); = Gy (@1, P2), which means G3(21,$2) = GH(1,$2). One can
easily get rid of the support conditions by approximating @1, @2 by @§ = ©1+€p2,
05 = ep1 + P2, € > 0, and letting e — 0 using the locally uniform continuity of
G5 and G;,4 (note that 5, ¢5 have the same support pg, V pg,).

If now the elements @1 = (¢1,)®, P2 = (¢2,,)® are no more supposed to be
positive, consider the polar decompositions o1 ; = u1ilp1l, ¥5,; = ve.iles ;| and
set U1 = (u1,)7, V2 = (ve,i)f; we know that [p1| = (l¢1,:])7, |95 = (|p3,])] and
that, setting uy = w1pp,|, v2 = Egp‘@‘, then @1 = u1|@1|, @5 = v2|@s| are the
polar decompositions of ¢y, respectively ¢3. Then

Gy (#1,@2) = wi G|l |33])vs = @Gy (121, 185103

since it is clear from the definition that p;g,|Gy'(|Z1], (Ve Gg(|g51|, |25])-
So by the preceding:

GAP1,32) = (u1,,G (|1

3,005,008 = (G (P 920))f = GHB1, Ga).

STANDARD FORMS. If P is a cone in H, we denote by P the ultrapower cone,
ie.:

P={(w) €H:z;eP,Viell).

The following corollary was announced in [20]; it has now a straightforward proof,
but it could also be easily deduced directly from Theorem 1.8:
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COROLLARY 3.9. If (Q, H,J,P) is a standard form for Q then (A, H,J, ’ﬁ)
is a standard form for A.

Proof. Since all standard forms are spatially equivalent, we can assume that
(Q,H,J,P)=(Q,La(Q), J, L2(Q)4 ), where J is the conjugation map on Lo(Q).
The map Ay permits to identify (La(Q)y,J, La(Q)yy) with (Ly(A), J, Ly(A)L)
and the action of @ on L;(ZL) with the restriction of the action of A on Ly(A).
Finally, (A, H 7j,73) is spatially equivalent to the standard form (A, La(A), J,
Ly(A);). 1

4. THE CASE 0< p < 1

In this section we prove the case 0 < p < 1 of Theorem 3.6. This is done by
induction, by proving that if Theorem 3.6 is true for p and every VNA @, it is
true for p/2 and every VNA. We shall make repeatedly use of the following remark.

Consider the VNA’s @ = @ @ M, and A® = A® M,. Then (@?), =
Q. ® (M), and (A(g))* = A, ® (Ms), identifies with (a(g)*)u = (A)y @ (Ma)+
(see Section 1). On the other hand, Lp(a@)) identifies linearly with (L,(Q@)) ) =
My (L,(Q)) (see [24]). This proceeds from an identification of the crossed product
a® x R with My(@® x R) = M® when the weight over @® is correctly
choosen; then Lo(M®)) identifies with My(Lo(M)) and the dual automorphism
group over M® takes simply the form (6, ® Idys,). In these identifications the
bilinear multiplication map L, (@'®)x L,(A*) — L,(@?) (where %4’% = 1) cor-
responds to the matricial multiplication Ma(L,(Q)) x Ma(Le(Q)) — M2 (L, (Q)).

LEMMA 4.1. Let 0 < p < 00 and h € Ly(Q)y. Then:

(1) Ap(AR) = AA,(h) for every A € C;
(ii) Ap(vh) = vA,(Rh) for every unitary v € Qy;

(i) Apya(h* - B) = (Aph)* - (Ayh).

Proof. The point (i) is trivial. For the point (ii), note simply that if h = ul|h|
is the polar decomposition of h € L,(Q)) and v is an unitary of @ then vh = (vu)|h|
is the polar decomposition of vh; hence S,(v - h) = v- Sph. For the point (iii) we
have: o ~ L o

Apja(h* <) = Apsa([h?) = S2/pA18p/2(10I%) = S2/M19(|hl)
= SaAp(|h]) = Ap(|R])*.

By the definition of A, and the properties of S,, we have Ap(m\) = |Ap(%)|7 and
the lemma follows.

LEMMA 4.2. For every 0 < p < oo and every self-adjoint element h of
L,(Q)y, we have

Ap(hy) = (Aph)g,  Ap(ho) = (Aph)-

where E+, respectively —h_ denotes the positive (respectively negative) part of the
self-adjoint element h.
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Proof. We have S,(hy) = (Sph)+ and similarly S,(h—) = (Sph)_for every
self-adjoint element h of L,(Q) or L,(A). For, if h = (e} — e_)|h| is the polar
decomposition of h, then S,h = (e — e_)Sp|h| is that of Sph, so

(Sph)+ = €4 Splh| = e4 |hP = (e+h)” = Sphy

and similarly for the negative parts. I

LEMMA 4.3. If the map A, is linear for a® then Ay 2 is positively additive,
i.e.:

Vh k€ Lyya(Q)h,  Apja(h+k) = Ayja(h) + Ayja(k).

Proof. Note that for every 0 < p < oo and & € L,(Q)) ve have Sp(z® e;;) =
(Sp(z) ®eij;), for every i, € {1,2}, since z ® e;; = (u® e;5)(|x| ® e;;) is the polar
decomposition of z ® e;; if © = u|z| is that of . So we obtain

Ap(T @ e5) = Ap(T) @ ey
for every 0 < p < 00, T € L,(Q)y and i,j € {1,2}. If moreover A, is linear on
Ly (@@, we obtain Ay ([Ti;]) = [Ap(z4;)] for every X = [ij] € Ma(Ly(Q))y-
Now we apply Lemma 4.1 to L,,(a<2>). Let h,k € L,(Q)y and X =

[i@ 0} € My(L,(@)y). Then X+ X — [h kR 0] 50 Apya(X* - X) =

E 0 0 0
Apjo(R*-h+k*-k) 0
0 0]
. > Ay(h) 0 . S T
If A, is linear, we have A, (X) = A 0] so the equality A, /(X" - X) =
P

Ap(X)* - Ap(X) reads Ay o(h*h + k*k) = Ay(h)* - Ap(R) + Ay (k)* - Ap(k), which
equals Ap/z(ﬁ*ﬁ) +Ap2 (k*k) by Lemma 4.1 again. 1

LEMMA 4.4. If A, is linear for a?, then A, /2 is additive (hence real linear)
on the selfadjoint part of L,(Q)y.

Proof. Assume that h, k € L,(Q);. From

h4+(h—k)_=k+(h—k),
we deduce using Lemma 4.3 that
Apjah+ Appal(h = k)] = Ay ok + Ay a[(h — K) 4.
Hence, using Lemma 4.2:
Apjah — Aok = (Aysa(h — k) — (Apja(h — k) = Ayja(h — k).

So A,z preserves differences as well as sums of positive elements. Since every
selfadjoint element of L,(Q )y is a difference of two positive elements, we are
done. 1
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LEMMA 4.5. If A, is linear in the case of a™, then for every h, k € L,(Q)y
we have

Ayja(h* - &) = (Aph)* - (Apk).
Proof. (a) From the equality
1

Wk R b=+ k) (k) = (=) ()]

we easily deduce using Lemma 4.4, Lemma 4.1 and the linearity of A, that
20, /2(h* -k +k* - h)
= Appal(h+F)" - (h+ k)] = Appal(h — k)" - (= k)]
= (Ap(h+ )" Ap(h + k) — (Ap(h — )" - Ap(h — k)
= (Aph+ Apk))* - (Aph+ Apk)) — (Aph — Apk))* - (Aph — Ak))
= 2[(Aph)" - (Apk) + (Apk)* - (Ah)].

(b) We shall use the following observation: for every 0 < r < oo, and h, k €

L.(Q)
g h 0 | Sk 0
"\|0 &k 1 0 Sk
from which we infer that
A (|7 o]y = [ah o
0 k 0 Ak

for every 0 < r < oo, and Ej@: € L.(Q)y. We apply now the point (a) above to
the following elements of L,,(a@))u;

0 0 E 0
We have L
A . Baop*. A—1_0_ h* -k
ST B )
. 0 k|l (o Il [k 0 .10 . )
Since [k:*-h 0 }_{I O}[ 0 k*-h} and the matrix [I 0] is uni-

tary, we have

v ([ )= [ e ([F0F 205)
[0 1] | Appa(hr k) 0
(4.1) ! 0} 1
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On the other hand,

~ AL 0O ~ 0 Ak
A A = 14 A,B = ~ p
A=Y 5] ma nE=|

hence

(4.2) AJA A B+ A B A A= [ 0 Aph 'Azﬂ |

Apk* - Aph 0
By the point (a) above and the comparison of formulas (4.1) and (4.2) we are

done. 1

LEMMA 4.6. If A, is linear and a bimodule homomorphism (“modular” in
brief) in the case of a®, sois A, )2 (in the case of Q).

Proof. (a) We show first the Qy-modularity.
Let h € Ly/2(Q)y and T € Ay. We decompose h = gl/gﬁ . §1/2|E|, where

§1/2 = (S1/2)u : Lpj2(Q)yy — Lp(QA)y. Using Lemma 4.5, the left modularity of
A, and Lemma 4.5 again, we have:

Apja(@-h) = Ay(@ - S1)2h) - Ap(Syjalhl) = T - Ap(Si/2h) - Ap(Sjalh]) = T - Ayja(h)

and similarly for the right modularity.

(b) We deduce the linearity.

If hyk € Ly/o(Q)y, with b = (hy)*, k = (k;)*, set l; = (h¥ - hy + k7 - ;)2
For p < 4, we have ||l;|,/2 < (||hz|\5g + ||ki|\§g)2/p7 so the family (I;) represents
an element (I;)® of Ly o(Q)y. Since hj - h; < I -1; and kj - k; <1 - I;, there exist
u;, v; in the unit ball of M such that

hi = ’U,le and kz = ’Uili;

u; and v; are uniquely determined if we ask that their right support is included
in the support of /;. Since the support of I; is 8,-invariant, it is easy to see that
Os(u;) = i, O5(v;) = v; for every s € R, so in fact u;,v; € Q.
Set @ = (u;)* and ¥ = (v;)®, we have h = % -1 and k = ¥ - |, whence by the
point (a):
Apja(h+k) = Apja((@+70) 1) = (@+7) - Apya(l)

= Apja(h) + Apja(k).
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5. FINAL REMARKS

5.A. THE PRODUCT MAP L, X L; — L, AND ITS ULTRAPOWERS. We prove
now (following [13]) that the identification of L,(Q)y with L,(A) for various p is
compatible with the natural product from L, x L, into L.

THEOREM 5.1. Let 0 < p,q,r < oo with % —|—% = % Then for every he

Ly(Q)y, k € Ly(Q)y we have:
Ap(h) - Ag(k) = Ar(h - k)
(where in the left-hand side the dot denotes the natural product L,(A) x Ly(A) —
L, (A) while in the right-hand side it refers to the ultrapower map of the operation
Ly(@) x Ly(Q) — L (@) ).
Proof. Let h = (h;)*, k = (k;)*. For every i € I set
ai = S1/2(S2p e hil + Saqr|ki]) € Lr(Q)+
(in other terms a; = (|hs|?"/™ + |k} |>%/7)1/2). Since £ > 1 we have
hil?P/" < a2 = |hif? < ;7P = hy = wa]Pwith w; € @, J|ug]| < 1
and similarly k; = az/qvi with v; € A, ||v;|| < 1. Setting now @ = (a;)®, u = (u;)*®,
v = (v;)®, we have
h-k = [u-(Sp/pa)l - [(Sr/qa) - 0] = - [(Sr/pa) - (Sryqa)] -V =1u-a-v.
Hence, since A, preserves right and left actions of (y:
Ah-k)y=MA(T-a-0)=0-Aa-v;
on the other hand
Aph = Ap(u - (Sy)pa)) = - Ap(S,/pa) = u- S, /p(Ara)
and similarly N
Ak =S, q(Ava) -0
so finally:
Ap(h) - Ag(k) =T+ S, p(AvA) - Sy y(AvG) T =1 - A0 =Ar(h-K). 1

5.B. THE OPERATOR SPACE STRUCTURE OF L,(()y. If E is an operator space,
its ultrapower Ey, is equipped with a natural structure of operator space given by
the equality:

M (Ey) = (Mn(E))u
(this definition verifies Ruan’s axioms, see Section 3 of [19]).

The spaces L, (Q) are equipped with a natural operator space structure given
by interpolation between the operator spaces structure of @ and that of @, (the
dual operator space structure) (see [19]).

In fact, the norms on the spaces M, (L,(Q)) can be given an intrinsic defi-
nition, see Theorem 9 of [4]:

||$\|Mn(Lp(a)) = sup
a,beS;”p

{ laxbl, (v, (@) H2<p<oo,
la*2bllL, @y H1<p<2

lallp<1, Iblp<t
where S5, denotes the Schatten class of exponent 2p over the space I3 while by =
[zj;] is the transposed matrix of x = [z4;].



ON ULTRAPOWERS OF NON COMMUTATIVE L, SPACES 67

PROPOSITION 5.2. For every 1 < p < oo the identification map Ay, : L,(Q)y
— L,(A) constructed in Section 3 is a complete isometry.

Proof. As for n = 2, we have for any n:
Mo (Q)yy = My (A)..

It results (as in the case n = 2, see the proof of Lemma 4.3) that Aj(gn) =1Id, ® A,
is the identification map L,(M,(Q))u — Lp(My,(A)). Since clearly Al(,n) (azxb) =

aAS (Z)b for every T in L,(M,(A))y and a,b € Sy, and A commutes with
transposition, we obtain easily that:

1Zl a2, = AT @ aga 2, a0)-
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