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ABSTRACT. We extend to finitely connected planar domains a result of Kehe
Zhu which characterizes the Schatten class composition operators on the
Hardy space of the disc. In the process, we characterize the positive compact
and Schatten class Toeplitz operators on a weighted Bergman space.

KEYWORDS: Compact composition operator, planar domains, Hardy space.
MSC (2000): Primary 47B38; Secondary 30HO5.

1. INTRODUCTION

Let © be a domain in the plane. The Hardy space H? = H?(Q) is defined to be
those analytic functions f on € for which the subharmonic function |f(z)|? has a
harmonic majorant. Once we specify a base point tg € €2, we define the norm of
f to be square root of the value at tg of the (unique) least harmonic majorant of
|f|?. The norm depends on tq but, by an application of Harnack’s inequality, the
resulting topology does not. For more on the Hardy spaces, see [9)].

An analytic function ¢ that maps € into itself determines a composition
operator Cy, on H? given by

Cof = fog.

That C, is bounded follows from Harnack’s inequality.

Since C, depends intimately on ¢, it is natural to ask how the function-
theoretic properties of ¢ relate to the operator-theoretic properties of Cy,. As an
easy illustration, suppose ¢(tg) = to. Now if uy is the least harmonic majorant of
|f|?, then uf o ¢ is a harmonic majorant of |f o ¢|?; hence

ICL (NP < uple(to)) = us(to) = /1

so that C, is a contraction.
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In this paper the operator-theoretic properties that concern us are defined
as follows. Let H be a Hilbert space and T': H — H a bounded linear operator.
For n > 0, let F,, denote the set of bounded linear operators on H with rank less

than or equal to n. Define
(1.1) Sppr =inf {||T — F||: F € F, }.

We call T compact if {s,} € ¢o. Let 1 < p < co. We call T Schatten p-class if
{sn} € I?. The number s, is the nth singular value of T

When Q is the open unit disc, whether C, is compact or Schatten p-class
depends on the value distribution of ¢ near the boundary of Q. More precisely,
from [10] and [12]:

DEFINITION 1.1. Let A be the open unit disc and suppose ¢ : A — A is

analytic. Define

N, is the Nevanlinna counting function for ¢.

THEOREM 1.2. Suppose ¢ : A — A is analytic with ¢(0) = 0.
(a) C, is compact on H*(A) if and only if

N,
lim Sp(lf) =
w—OA lOg —

[w]

(b) Cy, is Schatten p-class on H*(A), 2 < p < oo, if and only if
N¢(w)] f dA(w)
<
/ [bg,; (= w2 =%
A

where dA is Lebesgue area measure.

In [4], Definition 1.1 and Theorem 1.2 (a) were extended to finitely connected
planar domains. The main result of this paper is the extension of Theorem 1.2 (b)
to such domains. Our arguments closely follow those in [12]; in particular, we
prove our extension by connecting the composition operator on the Hardy space
to a Toeplitz operator on a weighted Bergman space. As an added bonus, our
methods allow us to present a different proof of the extension of (a) from that
in [4].
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2. BACKGROUND

2.1. DEFINITIONS AND CONVENTIONS. In this paper we are concerned with a
planar domain 2 whose complement consists of a finite number of disjoint non-
trivial continua. Such a domain is conformally equivalent to a domain whose
boundary components are circles. Since the conformal mapping gives an isometry
of the corresponding Hardy spaces, we may assume, and shall do so, that the
components Iy, ..., T';, of 9Q are circles, with I'y the boundary of the unbounded
component of the complement of 2.

We let ; be the region outside I';, j = 1,...,m, including the point at oo,
and € be the region inside I'y. A glance at Theorem 1.2 shows that behavior
at the boundary is what concerns us here. Accordingly, we let A; be a very thin
annulus in §2; where I'; = 0€); is one component of JA; and we set Agg = G Aj.

i=0

Each of the regions 2; is conformally equivalent to the open unit disc JA via a
linear fractional transformation ¢;; we will assume that ¢;(to) = 0. By explicitly
writing down the linear fractional transformation ¢;, it is easy to see that qbg- is
non-vanishing in a full neighborhood of A;. We will use this fact repeatedly in the
sequel.

We let ga(z,to) denote the Green’s function for © with pole at ¢5. The
weighted Bergman space A7 ((€2) is defined to be those analytic functions f on €2
for which f has single-valued integral and for which

2
11z = | 2 [ 17D Pan(e.to) 44(2)
Q

is finite. Again, the norm depends on ty but, by the Littlewood-Paley iden-

tity (4.5), the resulting topology does not. Standard techniques ([3]) reveal that
A? () is a reproducing kernel Hilbert space; further, if K¢ is the reproducing

kernel for the point a € © and {e,}°, is an orthonormal basis, then K(z) =
o0

3" en(2)en(a). We denote the normalized reproducing kernel by k! = K¢ /\/K$(a).
n=1

When we write H?(€;) or AF(;) = AF ,(Q;) for the Hardy space or weighted
Bergman space for this region, we will always assume that the norm is taken with
respect to the base point tg.

Let IT : A — Q be an analytic covering map. The (unique maximal) ultra-

hyperbolic metric for Q is defined at w = I1(z) € Q by

1

() = T EmmE)

It is standard ([6]) that the value of Aq(w) is independent of the covering map IT
and the particular choice of z € A with II(z) = w.
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2.2. DISTANCE TO THE BOUNDARY. Let dist(z,0€2) denote the distance from z
to the boundary of 2. The next result is standard ([7]).

ProrosiTION 2.1. Let U be a bounded, simply connected domain in the
plane. If ¢ maps U conformally onto A then for all z € U,

1 — |o(2)]? 1 ist(z —|6(2)]?) ———
10— 19 sy < dis(2,00) < (L= 19 s

Basically, this means that 1 — |¢(z)|? and dist(z,0U) are comparable when ¢ has
non-vanishing derivative in a full neighborhood of I' C 9U; in particular, when ¢
may be conformally extended across I'.

1

THEOREM 2.2. For all z € Agq:
(a) galz,to) ~ dist(z,00);

(b) Aa(z) ~ 1/dist(z,09);

() K2(2) ~ 1/[dist(z,00)]°.

Proof. The general idea is to bound go(z,ty), Ao(z), and K% (2) above and
below by their counterparts on simply connected domains, and then to estimate
using these more tractable quantities.

Fix a € 0. Put B,(e) = {z : |z — a|] < €} where ¢ is small. Define
U = QN Bgy(e) and note that U C Q C Q; where a € I'; = 09Q;. Let ¢ be a
conformal map of U onto A.

To prove (c¢): Standard techniques ([3]) reveal that

(2.1) K (2) < K2(2) < K (2).

So if we can show that K3” (2) and KY(z) are both comparable to 1/[dist(z, 9)]?
for z € U N B,(¢/2) then we are done, for 9 is compact and by a standard
compactness argument, (¢) will be proven.

A straightforward calculation shows that

(1+[6(2)[)¢' (=)
I=lo()P)?

Now consider the portion of QU defined by 92 N B,(g). Since this portion is an
arc of a circle, ¢ may be conformally extended across 92 N B,(g); therefore ¢’ is
non-vanishing in a full neighborhood of 99 N B,(¢/2). Applying Proposition 2.1
to (2.2) we have, for z € U N B,(¢/2),
1 1 1
K () ~ 3% T 37 T 3
[1—[o(2)]?] [dist(z, 0U)] [dist(z, 69)]

(2.2) K (2) = Kji) (6(2)1¢'(2)* =

By a similar argument (or by explicitly writing down a linear fractional trans-
formation ¢; which maps Q; onto A with ¢;(to) = 0), it follows that K?j(z) S
1/[dist(z,8(2)]3 for z € UN B,(g/2). Thus (c) is proven.

Examining the argument above, we clearly only need to establish that go(z, to)

and Aq(z) have properties akin to (2.1) and (2.2) to prove (a) and (b). For ultra-
hyperbolic metrics, it is standard ([6]) that:

(d) Mg, (2) < Aal(2) < Au(z);
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(e) Au(z) = Aa(¢(2))]¢'(2)] = 1111\):#((2))”2'

For the Green’s function, first modify U so that ty € U (for instance, let U
be a thin tube in Q containing QN B, (¢) and ty); next, choose ¢ so that ¢(ty) = 0.
With these modifications, it is standard ([8]) that:

(f) gu(z,t0) < galz:to) < go,(2:t0);
(8) gu(z,to) = ga(d(2), ¢(to)) = log 1/[¢(2)].
Now note that log 1/|¢(2)| = 1 — |¢(z)| near OU. &

2.3. ULTRAHYPERBOLIC DISCS. The ultrahyperbolic length of a smooth curve « in
Q is defined to be [ Aq(z)dz. For a,b € Q, the ultrahyperbolic distance from a to

2l
b, denoted by Aq(a,b), may then be defined as the infimum over all ultrahyperbolic
lengths of smooth curves from a to b. For a € Q and r > 0, define

(a) Ug(a,r) = {2z : Aala,2) <},
(b) [Ua(a,r)| =7 [ dA(2).
Uq(a,r)
We call Uq(a,r) the ultrahyperbolic disc centered at a with radius 7.
When € is the open unit disc A, Ua(a,r) is just the familiar hyperbolic
disc with center a, radius r; in this case, it is standard ([12]) that Ua(a,r) is a
FEuclidean disc with area
(1—laf?)?s?
(= Jaf2sD)7"

LEMMA 2.3. If ¢; is the conformal map of Q; onto A, then:
(a) ¢j(Uq,(z,7)) = Ua(9;(2),7);
(b) |Uq, (z,7)| = |Ua(¢;(2),7)], z€ Aj, 0 <7 < 1.

Proof. For (a): It is easy to verify that Ao, (a,b) = Aa(¢;(a), ¢;(b)); that is,
ultrahyperbolic distance is conformally invariant.
For (b): By the change of variable w = ¢;(z),

1 1

s ww-1 [ gePrae).

™ m
Ua(¢;(a),r) Uq; (a,r)

(2.3) |Ua(a,7)| = s =tanhr.

Since ¢; is non-vanishing in a full neighborhood of A;, the integral above on the
right is comparable to |Uq, (a,7)[. I

The next result may be proved using Theorem 2.2, Lemma 2.3, and standard
estimates ([12]) for hyperbolic discs. For details, see [5] or [11].

LEMMA 2.4. (a) For any Ry > 0,
[Uq, (2,71)| = |Ug, (w,12)]
if ri,re <1, 1/Ry <71/r2 < Ry, 2 € Aj, w € Q, and A, (z,w) < 1.
(b) There exists a constant S > 1 such that

Ugq, (w, %) C Ua(w,r) C Ug, (w,7)
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for all0 <r <1, z€ Aj, and w € Q with Aq,(z,w) <r.

PROPOSITION 2.5. Let 0 <r < 1.
(a) For all z € Apq and w € Q with Aq(z,w) <,

[Ua(z,1)| = [Ua(w,7)|.
(b) There exists a constant C,. > 0 such that for all z € Apq,

1
1 _ el
Cr gQ(thO)

(c) There exists a constant C, > 0 such that for all z € Aj,

1
———— <O, _inf [k (w)].
|Uq(z,7)|2 weUq(2,7)

Proof. For (a): Using the standard inequality Ao, < Aq and Lemma 2.4,
(2.4) [Ua(z,7)| = |Uq,(2,7)| = |Uq, (w, r)| = [Ua(w,7)|.
For (b): Using (2.4), Lemma 2.3 (b), and (2.3) we obtain
Ua(z,7)| = |Ug, (2,7)| = [Ua(¢j(2),7)| = (1 = [;(2)[*)?s?,
where s = tanhr. And by Proposition 2.1 and Theorem 2.2,
(2.5) 1 — |p;(2)]? ~ dist(z,09;) = dist(z,090) ~ ga(z,to).
For (c): We will need the following standard estimate ([12]),
L[z 1% _ (L= sle)?
1—zw?| — (1-[z2)%
Using Lemma 2.3 (a), a straightforward calculation reveals that

inf |k‘§zj(w)|2 | $;(2) ((bj( ))|2‘¢3(w)|2

UIGUQJ-(Z,T) @i (w )EUA(¢J() )

s = tanhr.

(2.6) inf
weUA (z,7)

(2.7)

3
™ 4y (w) €U (65(2)r) 11— ¢,(z )¢>J( NEA
since ¢ is non-vanishing in a neighborhood of A;. Applying (2.6), the quantity
in (2.7) is comparable to 1/[1 — |¢j(z)|2)]3. So by (2.5) and (b),

1
———<C,  inf K (w)?
Taler)E S " wetay )

To complete the proof note, by Lemma 2.4 (b), Uqa(z,7) C Ugq,(z,7); so the
definition of infimum shows that

inf |k (w)?<  inf K (w)]?
wEUQj (z,7) weUq(z,r)
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3. COMPACT AND SCHATTEN CLASS TOEPLITZ OPERATORS

3.1. DEFINITIONS AND CONVENTIONS. In the sequel, dA will denote Lebesgue
area measure normalized by a factor of 2/7.

Let P : L*(Q, ga(z,t0)dA(z)) — A7 () denote the orthogonal projection
and let ¢ € L>(Q,dA). The Toeplitz operator Ty on A7 () is defined as

Tyf=Pf).

Ty is clearly bounded. Further, (P(1f), K¢) = (¢ f, PK?) = (¢ f, K$) so that
T, has the integral representation

T, f(z / () f () K2(2)ga(w, to) dA(w).

The goal of this section is to characterize those compact and Schatten class
Toeplitz operators Ty, whose non-negative symbol v possesses a certain averaging
property.

DEFINITION 3.1. Let ¢ be a non-negative function in L>®(£,dA). Fix 0 <
r < 1 and define, for z € €,

Pr(z) = 73 P(w)ga(w,to) dA(w).

|Ua(z,7)|2
Ua(z,r)

We say 1 has the generalized sub—meim—value property near 0f) if there exists a
constant C,. > 0 such that ¥(2) < Cp,.(2) for all z € Ayq.

The extra factor |Uqg(z,7)|"/? may seem odd, but compensates for the extra
weight gq(w,to): by Proposition 2.5 we know \UQ(Z r)| =~ |Uq(w,r)| when w €

Ua(z,r) and |Uq(w,r)|*/? ~ gg(w to). Thus

127(2’) |UQ Z T / ’L/) gQ w tO) dA(’LU)

\UQ z 7“)|1/2
(3.1) : U“(”)
P — A(w).
(bt [ vtw)daaw)
Uq(z,r)

So, at least near 91, 1]}}(2) is just the average value of 1(z) calculated with respect
to an ultrahyperbolic, as opposed to Euclidean, disc.
With this definition, we may now state the main result of this section.

THEOREM 3.2. Let 1 be a non-negative function in L>®(Q,dA) with the
generalized sub-mean-value property near 0S).
(a) Ty is compact on A3 () if and only if

(b) Ty is Schatten p-class on AiS(Q), 1< p<oo, if and only if
/ [0(2)]" [Aa(2)]? dA(z) < o

Q
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In the next two subsections, we derive necessary and sufficient conditions for
a Toeplitz operator to be compact or Schatten class. Then we use these conditions,
coupled with the restriction on the symbol ¢, to prove Theorem 3.2.

3.2. NECESSARY CONDITIONS. The standard argument for the open unit disc

involves estimating the Berezin transform (The Berezin transform of T, is defined
for z € Q by Ty(z) = (Typk, k%)) of Ty, near the boundary. Our argument for

finitely connected domains is essentially the same, except we use “pseudo-Berezin”
transforms to estimate one boundary component at a time.

DEFINITION 3.3. Let Ty be a positive Toeplitz operator on A7 (Q) and
let I : A3(Q;) — A ,(Q) be the inclusion map and I* the adjoint of I. Define
T; - A3(Qy) — AF(Qy) by

T; = I"T, 1.
Note that for f € A3(€;),
(3.2) (Tif f) = (I"TypI £, f) = Tyl f, 1f) = (Ty £, f)-
Hence Tj is also positive. Specializing to f = k2 in (3.2) we obtain
(33) (T k2, K2) = (T,h k).

PROPOSITION 3.4. Let 1 < p < oo. If Ty is a positive Toeplitz operator that
is Schatten p-class on A3 (), then:
(a) T is Schatten p-class on A%(§););

(b) / (Tyk% K25V Mg, ()] dA(2) < oo.

z Y7z
Q;
Proof. For (a): If {s,,} denotes the singular values of T; and {t¢,,} denotes the
singular values of Ty, a straightforward argument using the definition of singular
values gives s,, < t,.

For (b): From [1] and [2], the formulas
() (TE2, k2P < (TPED, k2);

(d) trace(T) = [ (T2, K2VK2(2)ga(z, to) dA(2),
Q

are valid for any positive operator T on A7 [(Q). So using (c), Theorem 2.2, and
then (d), we obtain

/ (T2, K2 [Aa(2)]2 dA(2) < / (TP2,K2) [Aa(2)]* dA(2)
Q Q
<C [ KK ()gn(z 1) 4A()
Q
= C'trace(T7).

By a standard result ([12]) of operator theory, if T is Schatten p-class, then T? is
Schatten 1-class; that is, trace(T?) is finite.

To complete the proof of (b), apply the above chain of inequalities with
0=Q;, T ="T;, and use (3.3). &
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3.3. SUFFICIENT CONDITIONS. Since the arguments for the open unit disc adapt
readily to finitely connected domains, we will only sketch the proofs of the next
two results.

PROPOSITION 3.5. Let ¢ be a non-negative function in L (Q,dA). If ¢ €
Co(9), then Ty is compact on A3 ().

Proof. Let {f,} be a sequence of functions in A () with ||f,|| < 1 and
frn — 0 uniformly on compact subsets of 2. We wish to show that (T, f,., fn) — 0.
Using hypothesis, we may choose a compact set K C €2 such that

(T s f) = / D) fa(2) gz to) dA(2)
Q

< /w(z)€gn(zato)df4(2)+/€\fn(z)|2gsz(zvto)df4(z)

Q\K K

< ellloo / g(z o) dA(2) + ¢ / Fa(2) Pgalz, to) dA(2).
Q Q

Since the singularity of gq(z,t0) at to is integrable, and since || f,|| < 1
(Ty frs fr) < elV]loo - Ca +e.
By a standard result ([12]) of operator theory, T, is compact.

PROPOSITION 3.6. Let 1) be a non-negative function in L (2, dA) and sup-
pose 1 < p < oo. If 1 € LP(Q, [Aa]?dA), then Ty is Schatten p-class on A7 (€2).

Proof. Let {e,} be any orthonormal set in A} ,(€2). We wish to show that
> ({Typen, en)? is finite.

n
A standard calculation reveals that

> (Tyen,en)? /Zlen NP ga(z,to) dA(2)

- / K2 (2)[(=2)ga(z o) dA(z).

Q

But K2(2)ga(z, to) < C [Aa(z)]* near Q by Theorem 2.2. Therefore,

Z<T¢en,en C/ PAa(z dA(z) < 00

n

By a standard result ([12]) of operator theory, T}, is Schatten p-class. 1

3.4. PROOF OF THEOREM 3.2. We begin by connecting the averaging function
for ¢ with our “pseudo-Berezin” transform for 7.
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LEMMA 3.7. Let 0 < r < 1. There exists a constant C,. > 0 such that
Ur(2) < Co(Tpk k), 2 € A;.
Proof. By Proposition 2.5 (c),

Pr(2) = 73 / Y(w)ga(w,to) dA(w)

|Ua(z,7)|2
Uq(z,r)

<Cr inf [k (w)]? / Y(w)ga(w, to) dA(w)
weUq(z,r)
UQ(Z,T‘)

=C, / w(w)[ inf |k?j(w)|2}gs2(w,to)dA(w).

weUq(z,r)

Therefore,

Un(2) < Cr/¢(w)lk§2"(w)\299(wvto)dA(w) = Co{Tyk k).

We are now ready to prove the main theorem of this section.

Proof. (Proof of Theorem 3.2 (a)) Suppose Ty, is compact. Then (T}, ke k?}
— 0 as z — 09 since k?j — 0 weakly as z — 0Q;. Now by Lemma 3.7,

&7(2) < CT'<T¢k§jak?j>v z € Aj'

Hence 1.(z) — 0 as z — 0. But by hypothesis 1(z) < Cytr(2), forcing
P(z) — 0 as z — 0Q;.

For the converse, write Ty, = T\ 4, + Typ|as,- Then Ty will be compact
if we can show that Ty o\ 4,, and Ty|4,, are compact.

Now by assumption ¢(z) — 0 as z — 94, so (3.1) implies zzr(z) —0asz—
0. Thus, by Proposition 3.5, Tw is compact. But by hypothesis, ¥(z) < C,.(2)
for z near 02 so that Ty 4,, < T,> = C’le Therefore Ty 4,,, is compact.

1/1
It remains to show Ty 0\ 4, 18 compact; but this follows from the standard

argument outlined in Proposition 3.5. 1

Proof. (Proof of Theorem 3.2 (b)) Suppose T, is Schatten p-class. Then by
Lemma 3.7 and Proposition 3.4,

/ [0r(2)]" [Ae,] " dA < CT/<T¢k§7,k§ ) [Aq,] dA < oo,
Q Q;
Now by Theorem 2.2 A\, and Aq are comparable near 9€); C 052 since each

is comparable to the reciprocal of the distance to the boundary. Thus {/;T is in
LP(9, [Aq]2dA). But by hypothesis, 1(z) < Crth,(2) for z near 9 so that ¢ is in
LP(Q, [A\a]?dA).

The converse follows immediately from Proposition 3.6. 1
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REMARK 3.8. Similar to the situation for the open unit disc, a little more
work shows that, with no extra sub-mean-value assumption on v, the conditions
@T(z) —0as z— 00 and ¥, € LP(Q, [A\a]?dA) actually characterize the compact
and Schatten class Toeplitz operators T, on A%’S(Q) with non-negative symbol .
For details, see [11].

4. COMPACT AND SCHATTEN CLASS COMPOSITION OPERATORS

With the results of Section 3 in place, we need just a few more results before we
can state and prove the main theorem of this paper.

4.1. THE SUB-MEAN-VALUE PROPERTY. The following definition and theorem are
from [4].

DEFINITION 4.1. Let ¢ : Q2 — € be an analytic function. Define, for w €
D\{e(to)},
Ny (w) = Z ga(z,to).

e(z)=w
N, is the Nevalinna counting function for ¢.

THEOREM 4.2. Suppose ¢ : Q — Q is analytic with p(tg) = to.
(a) For all w e Q\{to}, No(w) < go(w,to).
(b) Suppose f is an analytic function on an open disc D with center at w.

If f(D) C Q and ty ¢ f(D), then

) < ﬁ / No(f(2)) dA(2).
D

If f(w) = w is the identity map, then (b) asserts that N, has a subharmonic mean
value property on Euclidean discs in £ which do not contain ¢g. The following
corollary shows that, near 02, N, retains a similar property for ultrahyperbolic
discs as well.

COROLLARY 4.3. Let 0 < r < 1. There exists a constant C > 0 such that
for all w € Asgq,

(4.1) Ny(w) < / N,(z) dA(2).
\Uﬂ
Un(w T)

Proof. Let a € A; and Uq, (a,7) a hyperbolic disc contained in A;. For
simplicity, put b = ¢;(a). If 7(2) =
(42) Tb(UA(O, 7’)) = UA(b,r) = ¢j(UQj (a,r)).
Applying Theorem 4.2 (b) with f = gb._l o1, and D = UA(0, 1),

/ Ny (o7 ' om(2)) dA(2).

UA(O ™)

Ny(a) = Ny(¢5 ' 0 1(0)) < |UA
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Since 7, (7p(w)) = w, by (4. 2) the change of variable z = Tb( ) gives
/ Ny (5" o mp(2) / Ny (65 (w)| 7 (w)]* dA(w).
Ua(0,r) Ua(b,r)
Letting s = tanhr and using (2.3) along with standard estimates ([12]),
5 [ Nelo i) A
UA(b 7")
1 o [
< = N, “w = dA(w
2 [ e w) Lew,ﬂ | |40
Ua(b,r)
(1+ slp))* / -1
82(1 _ |b‘2)2 <P(¢] (w)) (w)
Ua (b, T)
(1+ s[bp* /
= Ny( ))dA
(1 —|b|2s2)2 [Ua( b r) (w).
Ua (b,r)

The factor (1 + s|b|)2/(1 — |b|*s?)? is bounded by a constant independent of b =
¢j(a) and s = tanhr since |¢j( a)| <1 and r < 1. Thus

el |UAbT /N )) dA(w)
Ua(b,r)
C -
a WU (/ )Nw(z)|qu(z)| dA(z)

where, by (4.2), we have made the change of variable w = ¢;(z). Since Uq,(a,r) C
Aj and ¢} is non-vanishing in a neighborhood of A;,

A
|UA¢] /N ) dA).

UQ (a,r)

Now fix an S > 1. Since (4 3) holds for 0 < r < 1, it holds for r/S. So replacing
r with /S in (4.3) and using Lemma 2.3 (b) and Lemma 2.4 (a),

4.4 N, < N,(z) dA(
(14) o) < S / (2)
UQ (J.T/S)

(4.3) Ny(a) <

If S is the constant from Lemma 2.4, then there exists a C' > 0 such that
|Ua(a,r)| < C|Uq,(a,r/S)| and Ug,(a,r/S) C Ua(a,r); so by (4.4),
C
N, << ———— N, dA(z).
o) < e [ Nel@)adG).

Uq(a,r)

4.2. THE MAIN THEOREM. The next lemma provides the crucial link between
composition operators on the Hardy space H?(Q2) and Toeplitz operators on the
weighted Bergman space A7 ().
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LEMMA 4.4. Suppose ¢ : Q@ — Q is analytic with ¢(to) = to. Let HZ ()

denote the subspace of H?(Q) functions vanishing at the base point to and define
U:Hi(Q) — AT (Q) and Dy, : A] (Q) — A7 ,(Q)

by Uf(z) = f'(2) and Dy, f(2) = f(p(2))¢'(2). Then:
(a) UC,U* = D, that is, C, is unitarily equivalent to D.,.
(b) Let P(w) = Ny(w)/ga(w,to). Then DDy =Ty

Proof. For (a): Let wy, denote the harmonic measure on 952 for the base point
to. It is standard ([9]) that each H? function f on 2 has boundary values almost
everywhere on 0f), and that the correspondence of f to its boundary values is an
isometry of H? onto a closed subspace of L?(99,w;,). From the Littlewood-Paley
identity ([4]),

(45) e = / 12 dar, = [£(to)? + / 1F/(2) P g0z o) dA(2).
o0 Q

Hence H? () is unitarily isomorphic to A? () via the map U f = f’ and (a) now
follows from the chain rule.
For (b): From [4], the change of variable formula

[ P0G gtz ta)dae) = [ PN (w)daw)
Q Q

is valid for any non-negative measurable function F' on €.
Let f € A7 (Q). Then (DD, f, f) = (Dyf, Dy f) so that

(DLD,f.f) = / P18 () g0 ) dAG).
Applying the change of variable formula with F' = |f|?, we obtain
(DyD.1.1) = [ 17PN, (w) dA(w).
Q
On the other hand, ¥(w) = N, (w)/ga(w,to) so that

(Tof, ) /w )1 () ga(w, to) dA(w /|f 2N, (1) dA(w).

Hence (Ty f, f) = (D3 D, f, f) for all f € A7 ().
We are now ready to state and prove the main result of this paper.

THEOREM 4.5. Suppose ¢ : Q — § is analytic with p(ty) = to.
(a) Cy is compact on H*(Q) if and only if
Ny (w) _
w—0Q gO (w, to)
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(b) Cy, is Schatten p-class on H*(Q), 2 < p < oo, if and only if

/ [N(“’)} o) dA(w) < oo
Q

ga(w, to)

where dA is Lebesgue area measure.

Proof. Since HZ (2) is a subspace of codimension 1 in H?(£2), the question
of whether C,, is compact or Schatten class on H?() is the same as whether C,
is compact or Schatten class on HZ (). Hence, it suffices to consider C,, acting
on H? ().
Let
o(w) = el
ga(w,to)
From Lemma 4.4, Cy, is unitarily equivalent to D, and D7D, = Ty. Therefore,
Cy, is compact if and only if T}, is compact and, for 2 < p < oo, C, is Schatten
p-class if and only if Ty is Schatten Z-class. So by Theorem 3.2, it simply remains
to check that ¢ has the generalized sub-mean-value property near 0f).
Multiplying both sides of (4.1) by 1/ga(w,to),

Ny (w) C
‘gQ(w’tO) S gQ(w7t0)|UQ(U},'I")|U (/ ) N¢(Z) dA(Z)

(4.6)

Now from Proposition 2.5 (b), |Uq(w,)|*/? < Crga(w,t). So by (4.6),

N (w) C, . .
ga(w,to) s |UQ(’LU,T)|%U (lr) No(2) dA(z)
Cr Nw(z)

- |Ug(w,r)|3 ga(z,to)
Uq(w,r)

ga(z,to) dA(2),

for all w € Agq. Therefore, 1) has the generalized sub-mean-value property near
09 and the proof is complete. 1

The material in this paper formed part of the author’s dissertation prepared at
Northwestern University under the direction of Stephen D. Fisher.
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