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ABSTRACT. We construct operators which factorize the transfer function as-
sociated with a self-adjoint 2 x 2 operator matrix whose diagonal entries may
have overlapping spectra and whose off-diagonal entries are unbounded op-
erators. We prove completeness and basis properties of the eigenvectors of
the transfer function corresponding to the real point spectrum of the 2 x 2
operator matrix. We also discuss some properties of the root vectors of the
analytically continued transfer function.
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1. INTRODUCTION

This note is a continuation of the papers [22] and [23]. As in [22] and [23], we
consider the 2 x 2 operator matrices

Ao To
1.1 H, =
(1.1) 0 (Tlo Ay
acting in the orthogonal sum H = Ho @ H; of separable Hilbert spaces Ho and H;.

The entry Ag : Ho — Hp is assumed to be a (not necessarily bounded) selfadjoint
operator with the domain D(Ay). We assume that Aj is semibounded from below,

(12) AO 2 (&)

for some ay € R. We suppose that the entry A; is a bounded selfadjoint operator
in H;. In contrast to [22] and [23], in the present paper we consider unbounded
coupling operators Tj;, 7, = 0, 1, i#j. Regarding these couplings we assume that

(i) To1 is a densely defined closable operator from D(Tp1) C Hiy to Ho;
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(ii) Tho is the adjoint operator of Ty (that is Tho = T;) and
(1.3) D(Ti9) D D(|Ao|"?).

Since D(]Ao|'/?) D D(Ap), these assumptions mean that Hy is a densely defined,
symmetric and, hence, closable operator on the domain D(Hg) = D(A4g) ®D(Tp1)-

The assumptions (i) and (ii) are similar to those used in the works by
V.M. Adamyan, H. Langer, R. Mennicken and J. Saurer ([2]) and by R. Men-
nicken and A.A. Shkalikov ([24]). It follows from the results of [2] and [24] that
under such assumptions the closure H = Hy is a selfadjoint operator in H (see
Section 2). In applications arising from physical problems (see [9], [16], [17], [18],
[19] and references cited therein), one typically deals just with the case where Hg
is a selfadjoint operator in a Hilbert space or a symmetric operator admitting a
selfadjoint closure.

Many results regarding selfadjoint 2 x 2 operator matrices H = Hy (see [1],
[2], [18], [19], [24], [26] and references cited therein) are related to the problem of
the existence of invariant subspaces G;, ¢ = 0,1, for H admitting so-called graph

representations
— Ca — Uo
go—{ue’}-{.u_ (Qqu),uoeHo},

g1={u€H:u=(Qzllul),tue'}'h}a

with bounded Q;; : H; — H; such that Q;; = —Q7, and H = Go@G. The point is
that if such invariant subspaces exist, then the restrictions of H to G;, ¢ = 0, 1, are
similar to some operators H; which are explicitly written in terms of the operators
Qi; and act in the corresponding component Hilbert spaces H;. In particular, in
the case of bounded T;; the operators H; read

(1.5) H; = A; + T;;Qji-

A replacement of the initial inner products in the spaces H; by appropriate equiv-
alent new inner products turns the operators H; into selfadjoint ones (see [1], [2],
[24] and [26]). Thus, in case of the existence of invariant subspaces of the form
(1.4), the study of the operator matrix H is reduced to the study of the, in general,
more simple operators H;.

The existence of the above mentioned invariant subspaces for H with self-
adjoint entries Ay and A; and with bounded couplings Tp; = 717, having small
norm has been proved by V.A. Malyshev and R.A. Minlos ([18] and [19]), under
the condition that the spectra o(Ag) and o(A;) are separated

(1.6) dist{c(Ap), (A1)} > 0.

A similar result was obtained by A.K. Motovilov [26] (see also [25]) for the Hilbert-
Schmidt class entries T;; whose Hilbert-Schmidt norm satisfies the condition

(1.4)

(1.7) Tyl < 5 dist{o(4o), oA}

In [1], V.M. Adamyan and H. Langer proved the existence of invariant subspaces
admitting a graph representation for arbitrary bounded entries 7j;, however as-
suming, instead of the condition (1.6), the essentially different assumption that the
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spectrum of one of the entries A;, i = 0,1, is situated strictly below the spectrum
of the other one, say

(1.8) max (A1) < mino(Ap).

The result of [1] was extended by V.M. Adamyan, H. Langer, R. Mennicken and
J. Saurer (]2]) to the case where

(1.9) max o(A;) < mino(A4p)

and where the couplings T;; were allowed to be unbounded operators satisfying
the assumptions (i) and (ii). The condition (1.9) was somewhat weakened by
R. Mennicken and A.A. Shkalikov ([24]) in the case of a bounded entry A; and
unbounded entries T;; of the same type as in [2].

In the spectral theory of the operator matrices (1.1) an important role is
played by the transfer functions which, in the case of bounded Tj;, are defined as
(see, e.g., [23], [24]):

(110) MZ(Z) = Az —Z—TU(AJ —Z)_lTji, ’L,_j :O,Lj 7&2

For a definition of the transfer function Mj(z) in the case of unbounded entries
T;; satisfying the assumptions (i) and (ii) see Section 2 (see also [2], [24]). The
particular role of the functions M;(z) can be understood already from the fact that
the resolvent of the operator H can be expressed explicitly in terms of [Mo(z)} -t
or [Ml (z)}f1 (see, e.g., [23]). Therefore, in studying the spectral properties of
the transfer functions one studies at the same time the spectral properties of the
operator matrix H. In [1], [2], [18], [19], [22], [23], [24], [25], [26] and [27] these
functions were used as a main tool for a spectral analysis of operator matrices of
the form (1.1). Notice that for To; = T7, and selfadjoint Ay and A; the operator-
valued functions —M; defined on C; U C_ belong to the class of operator-valued
Herglotz functions (see, e.g., [4], [8], [14], [15], and [28]).

It was proved in [26] that under the condition (1.7) the operators (1.5) can
be constructed as operator roots of the corresponding transfer functions M;(z).
More precisely, each operator H;, i = 0,1, can be determined as a solution of the
nonlinear equation

(1.11) M;(H;) =0,

where M;(Y) := A, — Y + V;(Y). Here V;(Y) is an operator-valued function on
the space of bounded linear operators in H; which has been constructed in such a
way (see [26]) that

ViY)f = ~Ti(A; — 2) "' Tyif

and, thus, M;(Y)f = M;(z)f for any eigenvector f corresponding to an eigenvalue
z of the argument operator Y.

In [22] and [23] the approach of [26] in the construction of the operators (1.5)
was carried out in a case which is different from the spectral situations considered
in [1], [2], [18], [18], [19], [24], [25], [26] and [27]. Namely, the papers [22] and
[23] consider the case where the spectrum of one of the main-diagonal entries, say
Ay, is partly or totally embedded into the continuous spectrum of the other one,
Ap. This is done under the assumptions that the couplings 73; are bounded oper-
ators satisfying a certain smallness condition and such that the transfer function
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M;(z) admits analytic continuation, as an operator-valued function, through the
absolutely continuous spectrum o,c(Ag) of the entry Ag. In [22] and [23], the
nonreal discrete spectrum of the continued transfer function M; is interpreted as
resonances since points of this spectrum correspond to the poles of the analytic
continuation of the resolvent (H — z)~! located on the unphysical sheets. In the
present work we follow this interpretation. For more details concerning unphysical
sheets, resonances and the history of the subject see, e.g., [29].

It has been proved in [22] and [23] that, having found an operator root H; of
the analytically continued transfer function M;, one can factorize it in a certain
domain surrounding the spectrum of A; and partly lying on unphysical sheets in
such a way that

(1.12) My (2) = Wi (2)(H, — 2)

where Wi is a holomorphic function whose values represent bounded and bound-
edly invertible operators in H;. The factorization formula (1.12) implies that the
spectrum of M; coincides in this domain with the spectrum of the operator Hj.
Thus, in contrast to the case where o(Ag) No (A1) = @, the results of [22] and [23]
imply that for o(A4p) N o(A1) # 0 the operator roots of M; may have in general
a nonreal spectrum, in particular a discrete nonreal spectrum which corresponds
to resonances of H. In this case no similarity transform in H; can turn these
operator roots of M7 into selfadjoint operators.

Note that under the conditions on the entries T;; assumed in [22] and [23], the
factorization formula (1.12) holds true for the solutions of (1.11) also for the case
where o(Ag)No(Ay) = 0. The factorization formula of type (1.12) for the transfer
function was obtained in [24] by an application of the general factorization results
of A.S. Markus and V.I. Matsaev ([21]) and A.L. Virozub and V.I. Matsaev ([30]).

In the present paper, like in the papers [22], [23], we work under the assump-
tion that o(Ag) No(A1) # 0 and that the transfer function M; admits analytic
continuation through o,.(Ag) onto unphysical sheets. Section 2 includes a detailed
description of the conditions making such a continuation of M; possible in the case
of unbounded entries T;; satisfying the conditions (i) and (ii). In Section 3 we in-
troduce the basic nonlinear equation (3.5) giving a rigorous sense to the equation
M;(H;) = 0 in the considered spectral situation. We explicitly show that eigen-
values and accompanying eigenvectors of a solution Hy of (3.5) are automatically
eigenvalues and corresponding eigenvectors for the analytically continued transfer
function M;. We prove solvability of the basic equation (3.5) under the hypoth-
esis (3.10). In Section 4 we prove a factorization formula of the form (1.12) for
the analytically continued transfer function M; (see Theorem 4.1). Further, on
the basis of the factorization theorem, we describe in that section some relations
between different solutions of (3.5) and some relations between their spectra. Sec-
tion 5 pays special attention to the real point spectrum of the solutions of (3.5)
and, thereby, to this part of the spectrum of the transfer function as well. It
is found in this section that the real eigenvalues are the same for all considered
solutions of (3.5). Furthermore, we establish that the real isolated eigenvalues of
these solutions correspond to the same algebraic eigenspaces which consist only
of eigenvectors. We prove the basis property for these eigenvectors with respect
to their closed linear span. Section 6 is devoted to a short discussion of the non-
real spectra of the solutions H; under some additional assumptions. Finally, in
Section 7 we present a simple example.
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2. ANALYTIC CONTINUATION OF THE TRANSFER FUNCTION M;

We may assume without loss of generality that the lower bound «g for the entry
Ap in the assumption (1.2) is positive, ag > 0 (otherwise we could simply make
a shift of the origin of the spectral parameter axis). The condition (1.3) implies

that the product Big = T104, 1/2 represents a bounded linear operator between
‘Hi and Ho and T10|’D(Aé/2) = BloAé/Q. This means that

(2.1) Biy D AyYPT = ATy o Ay T

In view of the assumption (i) we conclude that A, 2T s a densely defined
operator. Therefore, it follows from (2.1) that A, 2Ty has a bounded extension
to the whole space H;. This extension coincides with By := B}, and T'g1 = T}, C
1/2
AO BOI-
It was already mentioned that under the assumptions (i) and (ii) the operator

matrix Hy is a densely defined symmetric operator in H and, hence, closable.
Lemma 1.4, Theorem 1.1 and Proposition 1.5 of [2] (cf. Section 2 of [24]) imply

that the closure H = Hj represents a selfadjoint operator in H. For z in the
resolvent set p(Ag) of Ag, the operator function

Ay — 2 —Tio(Ag — 2) ' To1

is defined on D(Tp;1) and has a bounded extension to the whole space H;. We
denote this extension by

(22) Ml(Z) = A1 —zZ— TlO(AO — Z)_1T01

and call it the transfer function associated to the operator H. For z € g(A4y), the
operator H has the representation

2 HZ”<G£O(z> 101) (AOOZ Mlo(a) (16) [G”}E}H*)

where I stands for the identity operator in H, I; for the identity operators in H;,
7=0,1,and

(24) Glo(z’) = TlO(AO — Z)_l = BloAal/z [IO + Z(AQ — Z)_l] .
The domain of H reads
(2.5) D(H) = {SL’ = (.’Eo,wl) tx9 € Ho,x1 € Hy, 20 + [GlO(E)]*xl S D(Ao)}

Note that zo + [G10(Z)]*x1 € D(Ap) implies z¢ € D(Aé/Q) C D(Tyo). From (2.3)
one finds that for (zg, 1) € D(H)

(2.6) H () _ (Ao(wo + [Gro(2)]"a1) - z[Gw@]*xl) |

z1 Tioxo + Ar21

The set (2.5) and the representation (2.6) (for fixed g, z1) do not depend on the
choice of z € p(Ap) in the description above. In particular, choosing z = 0 we find

D(H) = (z0,21) € H : w0 + Ay /*Borar € D(Ay),
2. _
( 7) H <-’L'0> — (AO (1'0 + AO 1/2B011'1) ) )

Z1 Tioxo + A121
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By definition
M (2)|D(To1) = Ay — z + Tho(z — Ag) ' Tos
= Ay — 2+ BigAo(z — Ag) 'Bor = Ay — 2 + Vi(2)
where
(2.8) Ay := A} — ByoBo1, Vi(2) := 2Bio(z — Ag) ' Bos.

A; is a bounded selfadjoint operator in Hi, V1(z) a bounded operator function on
0(Ap). Tt follows that

Ml(z) = Avl —z+ Vl(z)

The transfer function M, considered on g(Ap), represents a particular case of a
holomorphic operator-valued function. In the present work we use the standard
definition of holomorphy of an operator-valued function with respect to the op-
erator norm topology (see, e.g., [2]). One can extend the usual definitions of the
spectrum and its components to operator-valued functions. The function M; is
holomorphic at least in the resolvent set p(Ag) of the entry Ag. Since the inverse
transfer function [M(z)] ~! coincides with the right lower block component Rq1(z)
of the resolvent R(z) = (H — z)~!, it is holomorphic at least in the resolvent set
o(H).
Let Ey be the spectral measure for the entry Ao, 49 = [ AdEy()),
o(Ao)
o(Ap) C R. Then the function V;(z) can be written

z
Vl(Z) = BIO / EdEO(M)BOl
a(Ao)

Thus, it is convenient to introduce the quantities

(2.9) Varg(B) := sup Y (1+|pk])~°[ BioEo(6x) Bou
{0k, ur€dk}

where 6 is some real number and {dx} stands for a finite or countable complete
system of Borel subsets of o(A4p) such that 6, N § = 0, if & # [, and ) =
k

0(Ap). The points uj, are arbitrarily chosen points of d,. The number Varg(B) is
called weighted variation of the operators B;; with respect to the spectral measure
Ey. Along with the “total” weighted variation Varg(B), we use the “truncated”
variations

Varg(B)|A = sup > (14 |u]) " BioEo(d5 N A)Bol,
{0k un€dnA}

where A is a certain Borel subset of o(Ag); Varg(B)|A < Varg(B).

Note that in contrast to [22] and [23], where the variation (2.9) was considered
in case of 6 = 0, we now will mainly consider § = 1. Of course, the consideration
of the variation Varg(B) for 6§ # 0 only makes sense when the entry Ag is an
unbounded operator.
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We assume that the spectrum of the operator ﬁl may only intersect the

continuous spectrum of Ay and this intersection is realized on finitely many pair-

wise nonintersecting open intervals A9 = (u,(cl),u,(f)) C o0c(Ap), u,(cl) < u,(f),

k =1,2,...,m, m < oo. Therefore, we assume that AP N o(Ay) # 0 for all

k=1,2,...,m and (A1) No’(Ag) = 0 where o’'(Ag) = o(Ap) \ L"j AY. For the
k=1

case considered in this work, ugl) > 0 and ug) < +oo. We shall suppose that
the product Kp(u) := B1gE® (1) Bo1, where E°(u) stands for the spectral function
of Ao, E%(p) = Eo((—o0,p)), is differentiable in g € AY, k = 1,2,...,m, in the

operator norm topology. The derivative K (u) is non-negative,

(2.10) Kp() >0,

since Kp(p) is a non-decreasing function. Obviously,

Varg(B)|A} = /(1 + D)~ K G () du.
Ay

Further, we suppose that the function K';(u) is continuous within the in-
tervals AY and, moreover, that it admits analytic continuation from each of these
intervals to a simply connected domain situated, say, in C~. For the interval A,
let this domain be called D, . We assume that the boundary of each domain D,
includes the entire spectral interval AY and the domains D, and D; for different k
and j do not intersect each other. Since Kz (1) is a selfadjoint operator for p € AY
and A C R, the function K;(p) admits an analytic continuation from AY into the
domain D;{, symmetric to D, with respect to the real axis, D,j ={2:Ze D, }.
For the continuation into D} we will use the same notation K/ (u). The selfad-
jointness of K'y(u) for € AY implies [Kly(1)]* = Kl3(70), 1 € Dif. Also, we shall
always suppose that the K () satisfies the following condition at the (finite) end

points ug), H;f) of the spectral intervals A{:

IKL ()l < Clu—p], i=1,2, pe D,

with some C' > 0 and v € (—1,0].

Let I = (I1,l2,...,ln) be a multi-index having the components I, = +1 or
m
lp=-1,k=1,2,...,m. In what follows we consider the domains D; = |J DL".
k=1
Let FL’“ be a rectifiable Jordan curve in ch’“ resulting from continuous deformation
of the interval A? the (finite) end points of this interval being fixed (see Figure 1).



194 VOLKER HARDT, REINHARD MENNICKEN AND ALEXANDER K. MOTOVILOV

Dl
Tl
D(T;) N D
[ L
| | ) | |
ag
uil) 1 Mg)

Oro(B) (A1)

Figure 1: Domain DL’“, contour Féj‘ (both for I, = +1), domain D(I';)N
ch’“ and location of the domain O, (y(A1) in the neighbourhood of the

interval [ug) , Mf) ].

With the exception of the end points, the closure ﬂf of the contour FL" should
have no other common points with the set o.(Ag). By I'i, I = (l1,l2,...,lm), we

shall denote the union of the contours I't*, Iy = |J T%. Finally, by D(I';) we will
k=1

denote the subdomain of D; bounded by the set |J AY and contour I';.
k=1

As mentioned above, in the following we deal with the variation Vary(B).
We extend the definition of this variation to the set o/(Ag) JI'; by introducing

the modified variation

(2.11) Vary(B,T}) := Vari(B)|o’(Ao) + /(1 + 1) THIE B () dpel,

where |du| denotes the Lebesgue measure on I';. We suppose that the operators

B;; are such that there exists a contour (exist contours) I'; on which the value
Var; (B,T)) is finite, i.e., Var (B, T}) < oo, including also the case of an unbounded

set |J AQ.
k=1
The contours T'; satisfying the condition Var;(B,I) < oo are said to be
K p-bounded contours.
Note that, in the case of unbounded Ay, the condition of boundedness of
Var; (B, T) is much weaker than the condition of boundedness of Var (B, T';) used
in [22] and [23].
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LEMMA 2.1. The analytic continuation of the transfer function M (z), z €
C\ 0(Ag), through the spectral intervals AY into the subdomain D(I;) C Dy is
given by

(2.12) Mi(z, 1)) = Ay — z + Vi (2,T)
where
z
Vi(z, 1) := / KB(d'u)zfu
o’ (Ag)Ul
(2.13) o
z z
= B dEo (1) B K, d.
| B aB B+ [ Kpn)—— du
o’ (Ao) I,

For z € DL’“ N D(Ty) the function M1(z,T1) may be written as
(2.14) Mi(2,1)) = My(z) + 2mil 2 K5(2).

Proof. Obviously, the function (2.13) is well defined due to the K p-boun-
dedness of the contour I'; and since for all z € C\ [0'(Ap) UT] there exist a
number ¢(z) > 0 such that the estimate |(z —p) ™| < ¢(2)(1+ |,u|)_1 holds where

p runs through o’'(Ag) UT;. Thus, the proof of this lemma is reduced to the
observation that the function M (z,T}) is holomorphic for z € C\ [0/(A4g) U TY]

and coincides with M;(z) for z € C\ [0'(Ap) U D(I';)]. The equation (2.14) is
obtained from (2.13) using the Residue Theorem. 1

The formula (2.14) shows that in general the transfer function M; has a
Riemann surface with at least 2™ sheets. The sheet of the complex plane where
the transfer function M; together with the resolvent R is initially considered is said
to be the physical sheet. The remaining sheets of the Riemann surface of M;(z)
are said to be unphysical sheets. In the present work we deal with the unphysical
sheets neighboring the physical one, i.e., with the sheets connected through the
intervals A9 for some k € {1,2,...,m} directly to the physical sheet.

REMARK 2.2. For z € C\ (0/(Ap) UIY), the equation (2.13) defines values
of the function V;(-,T7) in the space of bounded operators in H;. As mentioned
above, the inverse transfer function [M;(z)] ~! coincides with the right lower block
component Rq1(z) of the resolvent R(z) = (H — 2)~! and, thus, it is holomorphic
in C\o(H) D C\R. Since M;(z,T) coincides with M;(z) for all z € C\

[0/(Ag) U D(T';)], one concludes that [Mi(z,I')]* exists as a bounded operator

and is holomorphic in z at least for z € C\ [o(H) U D(I';)].

REMARK 2.3. Note that in contrast to the papers of V. Adamyan and
H. Langer ([1]), V. Adamyan, H. Langer, R. Mennicken and J. Saurer ([2]) and
R. Mennicken and A.A. Shkalikov ([24]) we can also consider the case when the
spectra of Ay and Ay alternate and do not intersect or intersect as described above.
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3. THE BASIC EQUATION

In the following we use integrals of the form
[ X aewy @

where E is the spectral function of a selfadjoint operator and o a part of the
spectrum of this operator. For the definition and some properties of integrals of
this form we refer the reader to Appendix B in [23], cf. also [2].

If an operator-valued function F : ¢/(Ag) UT' — B(Hi,H1) is continuous on
a K p-bounded contour I' and satisfies the condition

sup (14 [p])[|[F(u)]] < oo
nEa’ (Ap)UTl

and a Lipschitz condition on ¢/(Ap), then the integral

(3.1) [ Ea@ore = [ axsre + [ Kp0re)
o’ (Ap)UT o’ (Aop) r
exists in the sense of the operator norm topology (see Lemma 7.2 in [2]) and
s | [ Ke@ore)| Ve s @4 )IFG.
peo’ (Apg)ul
o/ (Ap)UuTl

In particular, if F(z) =Y (Y — 2I;)~!, where Y stands for an arbitrary bounded
operator in H; such that the spectrum of Y is separated from the set o'(Ag) UT,
then one may define the operator
(3.3) MEn = [ Keldye - w

U/(AU)UF

This operator is bounded, V4 (Y,T) € B(H1,H1), and, because of (3.2), its norm
admits the estimate

(3-4) VAV, D)l < Vary (B DY) sup (L4 DY =)~
peo’ (Ag)ul

In what follows we consider the equation
(3.5) Y = A + Vi(Y,T).

This equation possesses the following special property: If an operator Hi is a
solution of (3.5) and wuy is an eigenvector of Hy, Hyu; = zuy, then

zup = Ajug + Vi(H1,T)ug = Ajug + / Kp(du)Hy (Hy — p) "ty

G'/(AU)UF

:Zlul + / KB(d,u) w1 :glul +V1(Z,F)U1.

G'/(AU)UF

Z—p
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This means that any eigenvalue z of such an operator H; is automatically an eigen-
value for the analytically continued transfer function M;(z,T") and u; is a corre-
sponding eigenvector. Thus, having found the solution(s) of the equation (3.5),
one obtains an effective way of studying the spectral properties of the transfer
function M;i(z,T). It is convenient to rewrite the equation (3.5) in the form

(3.6) X =Vi(4, + X, ),

where X ::Y—gl. B
Let T" be a Kp-bounded contour and the spectrum of the operator A; be
separated from the set o/(4y) UT, i.e.,

(3.7) do(T) := dist{o (A1), 0’ (Ag) UT} > 0.

Since A; is bounded, it is obvious that the following quantity

BioEy (0 N o' (Ag)) B
VarAI(B,I‘) = sup 1 B1o O(k U(~O)) 01|
(5.9 Gumento ) 57 dist{ja,o (A1)}
) o
Ny T
J dist{p,o(A1)}
is finite,

(3.9)  Var (B,I) < Var (B,I)  sup (14 |u|)[dist{n,0(A1)}] " < oo,
pea’ (Ag)ul
where {d;} is as in the definition (2.9) of Varg(B) and py are arbitrarily chosen
points of 6 N o’(Ap).
It is more convenient to make the subsequent estimations in terms of the
variation Var ; (B,I), rather then in terms of the variation Var;(B,T).

THEOREM 3.1. Let /~11 be a bounded operator, the contour I' be Kp-bounded
and

~ 1
(310)  Vary (B,T) <1, Varg (B,I)]A] < Zdo(r)[l — Var; (B,I)]*.

Let
Fmin(I) = %do(l“)[l — Varz, (B,T)]
(3.11) - -
RO Var g, (B — o)V, (BT A
and
(312)  ruaD) = do(T) =/ Varg, (BD)do(D)do(D) + A

Then the equation (3.6) is uniquely solvable in any closed ball
Si(r) == {X € B(H1, Hy) : || X < r}
where

(3.13) Tmin (D) <7 < Pmax(D).
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The solution X of the equation (3.6) is the same for any r satisfying (3.13) and
in fact it belongs to the smallest ball 81 (Tmin), || X < rmin(T).

Proof. Let ®(X) = Vi(A; + X, F) with X€S8;(r). First, we search for a
condition under which the function <I> is a contracting mapping of the ball &;(r)
into itself. Since in view of (3.13) and (3.12) the condition 0 < r < dg, do := do(T")

holds, the spectrum of the operator A; + X does not intersect the set o’(A4g) UT.
This means that for all 4 € 0/(Ag) UT the resolvent (A; + X — pu)~! exists as a
bounded operator in H;. Moreover,
H(AlJrX*H)AHZ"(11+(A1*M)71X) A=)
14
@19 1
dist{s, o (A1)} — [| X|]

Note also that

dist{p, o(A1)} _ _dy

3.15 — < .
(3:49) dist{j1, o(A)} — [X|| ~ do—7

Thus, we can write
@) < (Al + 11X

sup > 1IB1oEo (55 N o’ (Ao)) Bou || (A1 + X — px) ™|
{0k, #k€5kﬁ¢7'(140)} k

+/HK§9(M)II 1AL+ X — )] dp

< (1Al + 11x1)

- | BioEo (6x N0’ (A0))Bonll  dist{uy, o(A1)}
{011k €8N0’ (A0)} T, dist{jx, (A1)} dist {4, 0(A1)} — | X]]
+/ HK%(M)J dist{uaj(gﬂ}
Jo dist{p, o (A1)} dist{p, o(A)} — [ X]]
_ do
< Varg (B, T)([[Ax]| +7) 7
-
At the same time we conclude
[@(X) — @)
- / Kp(dp) [(Ay + X) (A + X =)™ = (A + V) (A1 +Y = )] \
o' (Ag)UT'
<| [ msand e x [ x -0t - Gy -0
o/ (Ap)UT

+

/ Kn(du)(X —Y)(Ay +Y — )
o’/ (Ap)uTl
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for X,Y € S1(r). Since
A+ X —p) = (A +Y =) = (A + X —p) (V= X)(A+Y — )
we obtain using the inequality (3.14) that

Varg, (BD)(| Ay +7)  Varg, (B,m) I

|<I><X>—<I><Y>|<do( T

Thus, Banach’s Fixed Point theorem can be applied to the ball S;(r) if the con-
ditions

r

~ d
(3.16) Var; (B,T)(||A1]| +7)—— < r
b do -Tr
and
AL +7 1
1 doVar ; (B,T 1
(3.17) oVars, (B, )<(d0—7“)2 ero—r <

are fulfilled. Under the conditions (3.10) the inequalities (3.16) and (3.17) con-
sidered together are equivalent to the condition (3.13). Thus, if this condition is
fulfilled, then the equation (3.6) has a solution in any ball S;(r) with r satisfy-
ing (3.13) and this solution is unique. This means that the solution is the same
for all the radii satisfying (3.13). Moreover, it belongs to the ball S (rmin) with
the radius rmy;, given by (3.11). 1

The following statement follows immediately from the conditions (3.10).

REMARK 3.2. The values of 7yin (I') and rpax(T') satisfy the estimates

Tmin (L) < %dO(F)[l — Var; (B,I')] < mmax(T).

THEOREM 3.3. Let the conditions of Theorem 3.1 be fulfilled for a Kp-
bounded contour I' C D; and let X be the solution of the equation (3.6). Then

X coincides with the analogous solution X for any other Kpg-bounded contour
I' C Dy satisfying the estimates

Var; (B,T) <1 and Vary (B,D)| A < %70[1 — Var g, (B,T))?
where 0 < dy = dist{o(A;), 0" (Ao) UT} < do(T). Moreover, this solution satisfies
the inequality || X || < ro(B) where
ro(B) 1= inf{rmin(I7) : Var; (B,I7) < 1 and w(B,T;) > 0}
with rmin(Ty) given by (3.11) and
w(B,T;) :=do(Iy)[1 — Varz (B, )] — 4| A, | Var 5 (B,T).
The value of ro(B) does not depend on 1.

Proof. The proof of this theorem is reduced to an appropriate continuous
deformation of the integration paths (see the proof of Theorem 3.3 in [23]). The
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essential point consists in checking the independence of the radius ro(B) of the

multi-index . To this end, we consider an arbitrary K p-bounded contour I'; C Dy,
m

n=uU Fij. Denote by I'i the contour resulting from I'; by replacing F;j by the
k=1

curves F,i_lk) ={u:me I‘gj}, symmetric to F;j with respect to the real axis. Ob-

viously, such replacements generate, additionally to I';, 2™ — 1 different contours

Iy where I = (11,15,...,1;,) with I} = £}, k =1,2,..., m. For any such contour

the value of Var ; (B,T) is the same, namely Var ; (B,I'y) = Var 5, (~B, I';), since

the replacement of I'; with T’y does not change [ || K (p)l|[dist{u, o(A1)}] "t dpl.

I

But this means that r9(B) does not depend on I. 1

_ So, for a given holomorphy domain Dy, the solutions X and Hy, Hy =

A1 + X, do not depend on the Kp-bounded contours I'j C D; satisfying the

conditions (3.10). But when the index [ changes, X and H; can also change. For

this reason we shall supply them in the following, when it is necessary, with the in-

dex [ writing X and Hl(l), Hl(l) = A+ X0, Therefore, Theorem 3.1 guarantees
the existence of 2™ solutions X () of the basic equation (3.6) and hence 2™ cor-

responding solutions H 1(l) of the basic equation (3.5). Surely, the equations (3.5)
and (3.6) are nonlinear equations and, outside the balls || X || < 7max(T;), they

may, in principle, have other solutions, different from the operators X or H 1(l).

)

In the following we only deal with the solutions X ) or H 1(l constructed above.

4. A FACTORIZATION THEOREM

As a next step, we prove a factorization theorem for the transfer function M (z,T7).
This statement will play an important role when we study the spectral properties

of the operators Hl(l).

THEOREM 4.1. Let I'; be a Kp-bounded contour satisfying the conditions
(3.10). Suppose X1 is the solution of the basic equation (3.6) for T =T, [ X©| <

ro(B), and Hl(l) = A+ XU, Then, for z € C\ (¢/(Ag)UT}), the transfer function
Mi(z,T) admits the factorization

(4.1) My (2,1)) = Wiz, T)(H{" — 2)
where W1(z,T) is a bounded operator in Hy,

Wi(z,Ty) =1 — / Kp(dp)(H" — )~

a’(Ao)UT,

_ l _
(4.2) +2 / (2 — @) " Kp(dp) (H — )~
a’(Ag)UTy

— I+ / L Kp(dp)(HP - )
a’(Ap)UTy
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If dist{z,0(A;)} < do(['1)[1 — Varz (B,T1)]/2, then the operator Wi(z,T'y) is
boundedly invertible and

- 4Var 5 (B, T)[do(Ir) + 144 ) B <

@3) ([T < (1 do(T1)[1 + Var (B, T))]”

Proof. First, we prove the formula (4.1). Note that, according to (3.3) and
(3.6),
(4.4) A, =HY — V(A4 + X0 1) =HY - / Kp(dp)HY HY — 1)1
a’(Ap)UTy

Thus, in view of the representations (2.12) and (2.13), the function M;(z,T) can
be written as

Ml(z,l"l):Zl—z—&-Vl(z,I‘l):gl—z—&— / KB(d'u)zfu
o’ (Ag)UTy
1 _ z
a0 oo [ Kt |00 -0 -
o/ (Ag)UT
l _ 1
—ul e [ Kelan - - 2)
o/ (Ag)UT
vr [ Kaw |- -
Z— i !
a’(Ag)UTy
= (H{" - 2) Ep(dp)(H{" )~ (7 — 2)
a’(Ap)UTy
(H =)
+z Kp(du) p— (Hy = 2)
a’(Ag)UTy

which proves the equation (4.1). The boundedness of the operator Wy (z,T;) for
z € C\ (¢/(Ao) UTY) is obvious.

Further, we prove that the factor W1 (z,T) is a boundedly invertible operator
if the condition dist{z, (A1)} < do(I)[1 — Var ; (B,17)]/2 holds. Indeed, due
to (3.14) and the definition of dy(T';), we have

do(T)

< Var g, (B,Fz)—do(rl) X0

(4.5) / Kp(dp)(HD - )

o/ (Ag)UT,

The inequality || X || < rmin(T;) and Remark 3.2 yield that

1
XN < 5do(Tu)[1 = Var 5, (B, I)].
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Thus, (4.5) implies
2Var; (B,T))
1+ Varg (B,Ty)

(46) H [ Eeaw?

o’ (Ap)UTy

Again, using inequality (3.14) and Remark 3.2, we find

l — _
o [ K - -
o’ (Ap)UT
. T l — —
< |efVarg, (B, s dist{p, o (A)HI(H — )7 ) 12— 7]
p€o’(Ao)UI
_ g 2Varg (BT o
< |z sup 2= .
1 + VarA~1 (B7 Fl) ,LLEG"(A[))UFZ

The inequality dist{z, (A1)} < do(T})[1 — Var ; (B,T)]/2 yields that
~ . ~ ~ 1
2] < [|Aq || + dist{z,0(A1)} < |41l + §d0(1"l)[1 — Vary (B,I')]
and one obtains for y € o’/(A4g) UT; that

|z — p| = dist{z,0'(Ao) UT;}
> dist{o (A1), 0’ (Ag) UL} — dist{z, o(A;)}

> do(T) — %dO(Fl)[l — Var ;. (B,T)].

Thus,

2
sup |z —p|7h < :
peo’ (Apg)UTy do (Fl)[l + VarAI (B, Fl)]

Hence for dist{z, o(A1)} < do(I)[1 - Var s (B,T})]/2

[Wi(z,T1) — L|
2Var, (BT AVar, (B, PO{ 1A + $do(T)[1 — Varg, (B,T)]}
= 1+VarA1(B,I‘l) dQ(Fl)[l—‘rVaI‘Al(B,Fl)]Q
and thus
4Var ; (B,T))[do(T}) + || Ax|]
(4.7) [Wi(z,T1) — Il < L

do(Fl)[l + VarAI (B, Fl)]2
Note that the inequality

~ 1
Var z (B, T1)[do(T'1) + || As]]] < Zdo(Fl)[l + Var (B, )2
is equivalent to

~ 1 2
VarAl(Bvrl)HAl” < Zdo(l—‘l) [1 —VarAI (B,Fl)]
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which holds by the second inequality in (3.10). We conclude from the estimate (4.7)
that W1 (z,I) is invertible and that

W1 (z,T) 7 < (1= Wiz, T))) "

< 4Var,al(Bvrz)[d0(Fz)+||g1|])1 o 1
= do(T1)[1 + Varz (B, T))]? '

It is easy to write some simple but useful relations between the operators

Hl(l). In particular, we derive such relations between Hl(l) and H§7l), (=) =
(=l1,~l2,...,=lm). According to our convention, I'_;y C D(_; is the contour

which is obtained from I'; by replacing all the components Ffj by the conjugate

contours F,(v_l’“).
The following theorems can be proved in the same way as Theorem 4.4 and
Theorem 4.7 in [23].

THEOREM 4.2. The spectrum O’(Hl(l)) of the operator Hl(l) = A + XD pe-
longs to the closed ro(B)-neighbourhood
(4.8) Oro(3y (A1) := {2 € C: dist{z,0(A;)} < ro(B)}
)

of the spectrum of /L (see Figure 1). The nonreal spectrum of Hl(l s contained in

DN OTU(B)(gl) while outside D; the spectrum of Hl(l) 1s pure real. Moreover, the

spectrum O'(Hl(l)) coincides with a subset of the spectrum of the transfer function
M;(z,T). More precisely, the spectrum of M (z,T) in the set

(4.9)  O(A;,I) = {z € C: dist{z,0(A1)} < do(I})[1 - Var g (B,I})]/2}
equals the spectrum of Hl(l), i.e.,

(4.10) o(Mi(-,Ty)) NO(A;,Ty) = o(H).

In fact, such a statement separately holds for the point and continuous spectra.

THEOREM 4.3. Suppose that two different domains Dy and Dy include the
same subdomain DZ" for some k=1,2,...,m, i.e, lj =1} =l,. Then the spectra

of the operators Hl(l/) and Hl(l//) m ch’“ coincide.

LEMMA 4.4. Let I'; C Dy be a Kp-bounded contour for which the conditions
of Theorem 3.1 are fulfilled. Then, for any z € C\ (¢/(Ag) UTY), the following
relation holds:

(4.11) Wiz, D) (HY — 2) = (HT" = )Wz D)™
Further, the spectrum of Hl(_l)* coincides with the spectrum of Hl(l).

Proof. Let z € C\ (0/(4¢) UT}). By definition, z € C\ (¢/(Ag) UT'(_;)) and
(4.12) My (z,T7)" = My(Z,T—p)-

Therefore, the relation (4.11) follows from the factorizations M;(z,T';) = Wi (z,T})
(HY = 2) and My (2,T(_p) = Wi(%,T(_p))(H ™" —2). By the relation (4.10), z
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belongs to the spectrum of the operator Hf_l)* if and only if Z € O(Zl,F(_l))
and 0 € o ([M1(z,T(—y)]*). From (4.12) we conclude that 0 € o ([M1(z,T'(_y)]*)
if and only if 0 € J(Ml(z, Fl)). Again by (4.10), the coincidence of the spectra of
HY and HV* follows.

Let
ol = [ ) K #  )
o/ (Ag)UTy
— H(fl)* _ -1 dK H(l) _ —1
(4.13) = p(Hy 1) B(w)(Hy" — )
a’(Ao)
7 ) KL () (HY - p)td
+ [ w(H; W) Kp(p)(Hy — )™ dp
IV}

where as above I'; denotes a K g-bounded contour satisfying the conditions (3.10).
The operator Q%) does not depend on the choice of such I';. It follows that
QD = QO* and

(4.14) 100 < 1.

Indeed, since M(Hfl) —w)t=-I + Hl(l)(Hl(l) —p)~!, one can rewrite Q) in the
form

—1)=* _
ol —— [ @ - Kl
O”(A())UFL
—1)* — l l —
v [ el O -
O”(A())UF[

By Lemma 4.4 we know that O’(Hl(_l)*) = O’(Hl(l)). Following the proof of the
estimate (4.6) we conclude that

(4.15) / O K| < DA BT
1 1 +VarA1 (Bal—‘l)
o' (A0)UT

The estimate (4.15) and the inequalities
! ~ ~ 1
1] < A+ IX O < AL + Sdo(T0)[L = Var g, (B, T)]

and

sup H(Hl(l) — ,u)le < sup [dist{u,o(gl)} - ||X(Z)H]_1
pE€o’ (Ao)UT p€a’(Ao)UI

S do(Ty)[L + Vars (B.T7)
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imply that

(H" = ) ' Kp(du)H (D — )~

o/ (Ao)UTy
. AVar 5 (B, T){ ]| Ai[| + $do(T)[1 — Varz (B,T)]}
h do(I') [1+ Var g, (B,T))]? '
Combining the estimates (4.15) and (4.16), one finds
AVar 3, (B,T0)[do (') + || Aull]
do(Ty)[1 + Varz (B,T)]?

Due to the assumptions (3.10), the inequality (4.14) holds (see formula (4.7)).
The estimate (4.14) assures that the sum I; + QY represents a boundedly
invertible operator in H;.

(4.16)

120 <

THEOREM 4.5. The operators Q) possess the following properties (cf. [20],
[21], [22], [23], [24], and [30]):

(4.17) 72%71 /[Ml(Z,Fl)]_l dz = (I JrQ(l))—l,

1 D)+ _
(4.18) —Q—/z[Ml(z,Fl)]_ldz:(Il+Q(l))_1H1( D — g1, + W)t

1
~

where v stands for an arbitrary rectifiable closed contour going around the spectrum

of Hl(l) inside the set O(ﬁl,Fl) in the positive direction. The integration along -y
s understood in the strong sense.

Proof. First, we recall that due to the factorization Theorem 4.1 and the
formula (4.11), the following factorization holds for z € O(A1,T}) \ U(Hfl)):

(4.19) [My (2, 1)) 1 = (HY—2) " Wi (2, D)) = [Wa (5, D)) (B —=2) 7

where [Wi(z,I)]7" and [W1(2,T'(_;))]* " are holomorphic functions with values
in B(H1,H1). By the resolvent equation

(1 = (D =27 = (D =)™ = (D =)= 2)
and due to (4.2)
WiETo) =h- [ @0 e

o’ (Ap)UTy

(4.20)
te / (HTY = )7 (= — ) K p(dp),
o/ (Ag)UT;

the product Q(l)(Hl(l) — z)~! can be written as
(4.21) QOHY — )71 = Fi(2) + Fa(2)
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where

(4.22) B = [ = el 0 ) -2
o/ (Ap)UT,

and

12 —1)* _ l —
Fy(2) < / (" ) 1KB(du)) (" -2~
w—z
(4.23) o' (Ag)UT,
=(MET)) - h) 0 -2)7
Further, the formula (4.19) yields that

(I + Q)M (2,10)]
= [Mi(2, 1)) + [Fi(2) + Fa(2)][Wa (2, T0)]
= [Mi(2, 1)) + Fu(2)[Wh (2, T)] ™ + (W (Z, D))" = 1) [Ma(z,T)] 7
= F(2)[Wi(z, ) + (H D" — )7L,

The function Fj(z) is holomorphic inside the contour v, v C O(gl, I';), since the
argument p of the integrand in the formula (4.22) belongs to o'(A4p) U I'; and

thereby
do(T)) + Val“Al (B,T)

|z —pul >

2
Thus, the term F(z)[Wi(z,T;)]~! does not contribute to the integral
1
—o [ i+ Q)M (2, 1)) 7 de
8!

while the resolvent (H 1(_”* — 2)7! gives the identity I; which proves the equa-
tion (4.17).
Concerning the equation (4.18) we obtain

1
-5 (I + QW) z[My (2, 1))t dz

1
~

1 _ 1 —1)* —
= [REWA T e - o [ -2
Yy

1
5

The first integral vanishes whereas the second integral equals H 1(4)*. The second
equation of (4.18) can be checked in the same way. 1

Note that the formulae (4.17) and (4.18) allow, in principle, to construct the

operators H 1(1) and thus to solve the equation (3.6) by a contour integration of the
inverse of the transfer function M;(z,T}).
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REMARK 4.6. The formula (4.18) implies that
HY* = (I + Q) HTV (L + D)L

) and,

THEOREM 4.7. Let A be an isolated eigenvalue of the operator Hl(l
consequently, of the operator Hf_l)* and of the transfer function My(z,T) taken
for a Kg-bounded contour Ty satisfying the conditions (3.10). By PE\Z) and Pg\_l)*
we denote the eigenprojections of the operators Hl(l) and Hl(_l)*, respectively, and

by P;l) the residue of My(z,T}) at z = A,

(4.24) P .= f%ﬁ /(Hf” —2) ' dz,
v

(4.25) P(;l)* = —% (Hl(fl)* —2)tdz

and '

(4.26) P = —% [M;(2,T))] " dz.
vy

Here v denotes an arbitrary rectifiable closed contour going around \ in the positive
direction in a sufficiently small neighbourhood of this point such that vy NT; = (
and no points of the spectrum of My(-,T), except the eigenvalue A, lie inside .
Then the following relations are valid:

(4.27) P = P (1 +00) 7! = (1 + QO) 7P

Proof. The proof is carried out in the same way as the proof of the rela-
tion (4.17), only the path of integration being changed. 1

5. PROPERTIES OF REAL EIGENVALUES

For arbitrary [ let I'; be a Kp-bounded contour satisfying the conditions (3.10),
and Hl(l) = A; + X® where X® is the solution of (3.6) mentioned in Theorem 3.1.

REMARK 5.1. ¢/(40)N O’(Hl(l)) =0 and in particular o' (Ao) ﬂop(Hl(l)) =0.

Proof. According to Theorem 4.2, the spectrum o(H 1(1)) belongs to the closed

ro(B)-neighbourhood OTO(B)(/L) of the spectrum of A; whence

(5.1) sup  {pmo(Ar)} < ro(B).
peo(H{")

The definitions of do(T';) and rmin (T';) (see (3.7) and (3.11)) yield that
1 1 ~
70(B) < rmin (1) < 5do(rl)u — Var (B,T})] < 3 dist{o’(Ao) UTy,0(A1)}

< %diSt{U/(AO)yg(Avl)}a

so that the statements of the remark follow from the inequality (5.1). 1
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If X is a real eigenvalue of H 1(l), then by Remark 5.1 A belongs either to the
resolvent set o(Ap) of the entry Ay or it is embedded in the continuous spectrum

of Ag in |J AY. The connection between the real eigenvalues of H El) and H is

k=1
described below in the Lemmas 5.2 and 5.5.

LEMMA 5.2. Let A € p(Ap) NR.

(i) Suppose that X is an eigenvalue of Hl(l) and Y € Hy is a corresponding
eigenvector, i.e. Hfl)w(l) = X\ with ™M #0. Let
@ = —Gro(\)* PV = —AF? (Io + AM(Ag— )"V Byrp™

(5.2)
= *A(I)/Q(Ao ~\) "' Boryp.

Then the vector ¥ := (w(o),z/}(l)) € H is an eigenvector of H to the eigenvalue \,
i.e. HU = \U.,

(ii) Conwersely, let \ be an eigenvalue of H and ¥ = (¢, 4(1)) € DH) a
corresponding eigenvector. Then (%) and ™) fulfill the relation (5.2). If X belongs

to the set O(Ay,T}) (see (4.9)), then X € O'p(Hl(l)) and 1) is a corresponding
etgenvector.

Proof. (i) From (5.2) it immediately follows that ¥ € D(H). By the Schur
factorization (2.3), only the relation

M\ =0

remains to be proved. By Theorem 4.2, A belongs to the set OTO(B)(/L). The
factorization formula (4.1) yields that

MO0 = W) (O — A o,

Since A is supposed to be real, M1 (A, T;) = M1(A).
(ii) The Schur factorization (2.3) yields the relations

(5.3) (Ao = N) (@ + Gro(N) V) =0,
(5.4) M (M) = 0.

Since A\ € p(Ap), (5.3) infers that (*) and () fulfill the relation (5.2). Since it
is supposed that A € O(A;,T), Wi (A, I}) is invertible and thus

(HY —2)p® =0
by the factorization (4.1).

If an eigenvalue A of Hl(l) belongs to A{ = (u,(cl), ;L,(f)) forsomek =1,2,...,m,

then (see Remark 3.2)
A= | = dist{”, o (A1)} — | XOD|| > dist{o’ (Ao) U Ty, 0(A1)} = [ XV

1
> do(Fl) — Tmin(rl) > Edo(l—‘l)[l +Var,§1 (B,Fl)] >0
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for i = 1,2. Therefore, in this case X is situated strictly inside the interval AJ.
Recall that, according to our assumption, the entry Ag has no point spectrum
inside Ag. Since Ag is a part of the continuous spectrum of Ap, the resolvent
(Ap—2z) ! exists for z = A+i0 being however an unbounded operator. Nevertheless
a statement analogous to Lemma 5.2 holds in this case.

First let u; be an arbitrary element of H;. By our assumptions, the function

(5.5) Gun (1) = (K p(pu, ur) = || E°(p) Boyw ||”

is continuously differentiable on A9 = (,ul(c ),Mf)). By (2.10), g, (1) = 0 for
s Ag and g, admits an analytic continuation to the domain DJr uD, U Ag.

PROPOSITION 5.3. Let A € A = (,u,(cl),,u,c ) for some k € {1,2,...,m}.
Suppose that X is an eigenvalue of Hl( and () € Hy a corresponding eigenvector,

i.e., Hl(l)i/)(l) = MW with () £ 0. Then the first derivative as well as the second
derivative of the function

gpo (1) = (Kp(p)p™,p1) = ||E(n Boﬂﬂ(l)H
vanish at g = X\, which means that the function gw(l) ()/ (1 — N)? is holomorphic
in D UD, UAY.

Proof. The equation (3.5) for Y = Hl(l), I' =T, and the definition (3.3) yield
that
(L = 290, p0)
(Ar = 2,9 0) + (v, T)p, 9 )

(A = 2D,y V) + / ﬁd<KB(u)¢<l>,w<l>>-

0

o’ (Ap)UTy

Since the denominator of the integrand is non-zero for u € o(4g) \ A?, we can

deform the part I'; \1"2’“ of the contour I'; back into the interval AY, i =1,2,...,m,
i # k. As a result, we conclude that

~ A
_ (1) ,,(1) N (1) ., (1)
(=DM - [ P e, o)
o(A0)\A?
(5.6) \
[ T Kb Gu o) d =0,
rik

Obviously, the first two terms are real, and an imaginary component may appear
in the left-hand side of the equation (5.6) only in the third term. To determine this
component, one simply transforms the path of integration into the two intervals

[u,(:),/\ —¢land A+ ¢ u( )] and the semicircle | — A| = ¢, Iy Im p > 0, between
them. Then, taking the limit € | 0, one obtains

0= / BV, 90) dis = B\ (K ()0, 50)
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whence g7, (A) = (KN (M) = 0. Since the function 9y 18 nonnegative
on AY and ) is an interior point of this interval, apart from g:p(l) also 922(1) vanishes
at = X\ which completes the proof of Proposition 5.3. 1

COROLLARY 5.4. Under the assumptions of Proposition 5.3, the following
alternative holds: FEither

(a) E(u)Bo1tb™ =0 for all u < u,(f) or

(b) E°(1)Bo1yp™ # 0 for all p € AY, the function ||E°(u)Borp™V|| is twice
differentiable in p on AY, and its first derivative as well as its second derivative
vanish at p = .

Proof. First consider the case that E°(\)Boi¢™") = 0. Since || E®(u) Bo1y ™|
is a non-decreasing function of the variable y1, we conclude that || E°(u)Boiyp( || =
0 for all 4 < A, whence the function g;}(l) vanishes for p < A. Since this function

is holomorphic in DZ‘ uD, U AY it vanishes in this domain, which implies that
condition (a) holds.

If E°(\)Bo1yp™) # 0, the function ||E°(1)Bo11™V)| is non-zero for any u €
AY. Since the function ||[E°(u)Bo11™M||? is twice differentiable in AY, it follows
that also its square root ||[E°(u)Boiy(M|| is twice differentiable in this interval.
The further statements then immediately follow from Proposition 5.3. 1

LEMMA 5.5. Let A € AY) = (uél),ugf)) for some k € {1,2,...,m}.
(i) Suppose that A is an eigenvalue of Hl(l) and Y € Hy is a corresponding
etgenvector, i.e., Hl(l)w(l) = MM with () #£0. Then the limits

Gro(A Fi0) M = AgY? (Io + A(Ag — A +10)~1) Borpp™V)
exist and coincide. Define
(5.7) (@ = —Gro(A Fi0)*p™).

Then W := (O (M) belongs to D(H), HY = A\, i.c., X is an eigenvalue of H
and W is a corresponding eigenvector.

(ii) Conwversely, let X be an eigenvalue of H and ¥ = (3 (1)) € D(H)
a corresponding eigenvector. Then the components 1) and vV fulfill the rela-
tion (5.7). If X belongs to the set O(Ay,T}), then A € O'p(Hl(l)) and ) is a

corresponding eigenvector.

Proof. 1t is sufficient to prove the existence and the coincidence of the limits
(Ag—A%i0) "1 By ¥, To this end, we consider an arbitrary sequence X\, = A+in,,
n=0,1,2,... such that , # 0 and 1, — 0 as n — oo. By the resolvent equation
we obtain

(Ao—An) " Borp™ — (Ag—Ap) "1 Borp™
(5.8) o dE° (@) Bor™ dE° (1) Bor ")
- ()‘n )‘m)/( _l(nn nm)R/(
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An easy estimate yields

H/ dE° () By ™ ||* / B (1) Bor™, By ™M)

J (=)= Am) || = Anl?[p = Am?
[ d(EY (1) B, By ™) Iy (1) q
B / = Anl? | = A [? +/ [N 2]l — N2+ 2]

R\A? A9

Suppose that m > n. First, consider the case that |n,| = |9m,|. Since, by Propo-
sition 5.3, g}, (1) / (1 — A)? is a continuous bounded function on a neighborhood
of = X in Ay, we conclude that

1(A0 = An) ' Borv™ — (Ao — Am) "' By

o0

1
< ) 01+02/mdu = |nnl(crlnnl + com),

— 00

where ¢; > 0 and ¢z > 0 are suitable constants. If |1,,| > |9,], then we obtain an
estimate by |1 |(c1|mm| + c2m). Thus, we have shown that

H(Ao =)' Borp™ — (Ag — )\m)713011/)(1)H = O(SH>P ml),

which implies the existence and coincidence of the limits (Ag — A & i0) ™' Bgy (V)
and Go(A Fi0)*M).
It also follows that the limits M (X 4 i0)y() are well-defined and M;(\ +
i0)yp™) = My (A, T;)y (M. For the sequence (\,)5%, considered above we define
B = =Gro(An) .

By (2.5), the vector ( 7(10),7,/1(1)) belongs to D(H) and by (2.3),

o o 0
(50 =2 () + G )

The closedness of the operator H yields that (¢(9),¢(1)) € D(H) and

(0) (0) 0
H <$<”) =2 <$<1>> + <M1(A,Fl)¢<1>) '

By the factorization Theorem 4.1, Ml()\,l"l)w(l) = 0 which implies that X is an

eigenvalue of H and (¢(9), (1) is a corresponding eigenvector.
Let us now prove the converse statement. Suppose that )\ is an eigenvalue

of Hand ¥ = (¢, ¢(1)) € D(H) is a corresponding eigenvector, i.e., H¥ = AU,
U = 0. The formula (2.7) yields

(5.9) (A% = 245 %) 9@ = — By pD;

note that ¢(© ¢ D(Aé/2). Let EO (1) be the spectral function corresponding to
the absolutely continuous spectrum of Ag, EQ, (1) = E§°((—oo,1)). Let § be any
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subinterval of AY. Recall that the differentiability of K p(p) yields that Ey(6)Bo1 =
E3°(8)Bo1. Applying the projection EZ°(d) to both sides of the equation (5.9) leads
to the relation

— A\ ~
L2 AL (03 =~ [ 4B Bav .
§ \/ﬁ 6

Thus, taking the norm squares, one finds

J U2 e 5. 50 = [ aten(ue, v

1 1

Since the function (E9,(u)9(©@,4() is absolutely continuous and hence almost
everywhere differentiable, we obtain

(k=X?2d

0 (13O FO

Ty (1) = (Kp()™, M) =
for almost all u € Ag. The derivative on the right-hand side of this equation is
an element of Ly (0ac(Ag)). Thus the function g:ﬁ(l) (u)/(pn— M\)? is integrable over
any subinterval § C AR which is only possible if g/, () = (K (\)p™, (1) = 0.
As in the proof of Proposition 5.3, it follows that 92/;(1) (1)/ (11— A)? is holomorphic
in DY UD; UA).

As in the proof of part (i), we conclude that the limits G1o(\ Fi0)*y™) and
My(A £1i0)p™) exist and define

(5.10) PO = —Gio(A Fi0)* D).

Choose a sequence \,, = A+ in,, 7, # 0, n, — 0 as n — oo, as above. Consider
the relation

(0)
()

_( Io 0)(A0>\n 0 )(Io GlO(Xn)*)<J(0))

- GlO()\n) I 0 Ml()\n) 0 I 1/)(1) ’
Since the left-hand side of this equation converges to 0 as n — oo, we obtain with
respect to the first component that (Ag — /\n)(i(o) + Gro(An)* M) — 0 as n —
0. The closedness of Ag yields that 1(©) —¢(©) = (®) +G1o(AFi0)*1 ™) belongs to
D(Ag) and (Ag— \)(¥(© — () = 0. The continuity of the spectrum of Ay within
the intervals AY implies that 1;(0) = (9. Further, it then follows from the second
component in (5.11) that M;(A£i0)y)() = 0. This implies that M; (X, T;)y™ =0
for any K p-bounded contour T'; C D; satisfying the conditions (3.10). Applying

Theorem 4.1 yields H{l)w(l) = MM, Obviously V) # 0 because otherwise
(0 = () would vanish by (5.10). &

(5.11)
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COROLLARY 5.6. The statements of Lemmas 5.2 and 5.5 imply that O'p(Hl(l))
NR C op(H). It also follows from these lemmas that any eigenvector P corre-
sponding to an eigenvalue \ € O'p(Hl(l)) N R of the operator Hl(l) = gl +XO for
a certain | = (l1,la,...,ly,) is such an eigenvector, Hl(l,)z/J(l) = X1, for the re-
maining 2™ — 1 operators Hl(l/) = A+ X forl! = (U, 1,...,1.)) with arbitrary
I, ==%1, k=1,2,...,m. Thus, the set O'p(Hl(l)) N R is the same for all the 2™

operators Hl(l).

LEMMA 5.7. If some A € R is an isolated eigenvalue of the operator Hl(l,) =

A+ X for somel = (11,15, ...,1.), then this A is also such an eigenvalue for the
remaining 2™ — 1 operators Hl(l) = A1+ XO forl=(ly,ls,...,Ly,) with arbitrary

ly ==x1, k=1,2,...,m. Moreover, the resolvents for all the 2™ operators Hl(l)

have a pole of the first order at z = A allowing the decomposition

pO
l — l
(5.12) (H 27 = 2=+ RY()

with I?Ey)(z) holomorphic in a neighbourhood of \. In the factorization formula
(4.27) the operator P;l) reads as

(5.13) P = lim (A~ 2)Rai(2)
z¢o(H)
and thus does not depend on .

Proof. As the factorization formula (4.1) is fulfilled for M;(z,T;), any isolated

real eigenvalue of Hl(l) is at the same time such an eigenvalue of M7 (-, T7).

If X\ is an isolated point of the spectrum of H, then the validity of the
statements of the lemma are immediately clear. Indeed, in this case there is
a pointed open neighbourhood of A where M;(z,T;) coincides with M;(z). But
M *(2) = Ry1(2) where Ry;(2) is the 11-block of the resolvent R(z) = (H—z)~1.
Since H is a selfadjoint operator, the resolvent R(z) and, consequently, the block
R11(2) can have a pole of at most first order of the isolated eigenvalue z = A.

Consider the case that A is not an isolated point of the spectrum of H.

Denote by O()\) an open circle centered at A such that O(X\) C (’)TO(B)(Zl) and
O’(Hl(l)) NO(X) = {A}. Due to the factorization (4.1), there are also no singularities
of M;'(-,T;) in O(\) \ {\}. The function M;'(-,T;) represents an analytic
continuation of the block component Ry1(2) of the resolvent R(z) to the domain

D(T;) and in particular to O(A) N D(T;). Recalling again that the operator H is
selfadjoint and applying the spectral theorem we get

(5.14) Ru(z):/ ! dEM (p).

w—2z
oc(H)

Here E'!(11) denotes the 11-component of the (right-continuous) spectral function
E(n) of H, EY (1) = Py, E(n)|H1 where Py, denotes the orthogonal projection
onto Hy in H.
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Consider the quadratic form (M (2)f1, fi) where f; is an arbitrary element
of H;. Since M; '(z) admits an analytic continuation from O(\)\ D(T';) to O(\)\
{\}, the same holds for the scalar function (M *(2)f1, f1). The function wy, (1) =
(E(u) f1, f1) is a non-decreasing non-negative function having bounded variation
on R and the form (M *(2)f1, f1) has the Stieltjes integral representation

(5.15) (MY ) o, f1) = / L o )

Theorem 1.2 from [12] implies that the function wy, is real-analytic in the open
intervals A; = O(A) N (—00,A) and A, = O(A) N (A, +00) and its derivative w}, (1)
admits analytic continuation both from A; and A, to the whole set O(X) \ {A}.
Moreover, the result of this continuation does not depend on whether one starts
from Aj or from A, since the function [M;(z,T})] s single-valued on O(A\)\ {A}.
Thus, the continued derivative, for which we keep the same notation w’fl (1), is a
single-valued function on O(X\) \ {A}, too.

The real-analyticity of the function wy, in the set AjUA, implies that it can
be represented in Aj U {A\} UA, as a sum of two terms:

(5.16) wi, (1) = Wi (1) + ), (1)

where the first term, w%’, is an absolutely continuous function while the second
term, wfl, is a jump function having in A;U{A}U A, the only discontinuity point
p = A Moreover, w} (A +0) —w}y (A = 0) = wp (A +0) —wp, (A = 0). (In fact
wp (A +0) = wy, () since we assume that the spectral function E(u) is right-

continuous.) Also we know that - Jf (u) = 0 for u # A. For the derivative

fﬂwﬁ we have wal (1) = wh (1) for any p € AjUA, and, hence, this derivative
admits analytic continuation as w% to O(A) \ {A}.

Let [a,b] be a real interval in O(\) such that A € (a,b). Surely, [a,\) C A
and (A, 0] C A,. With w§ and w}l we can rewrite the Stieltjes integral (5.15) in
the form

(M7 (2) f1, f1)

_ 1 1 d wp(A) —wp (A =0)
= [ e [ S 22T

o(H)\[a,b] a

where the second term is understood as the usual Lebesgue integral.
For arbitrary z € O(X) \ D(I';) we denote by F¥, (1, z) an antiderivative for
the L1 (a,b)-function (pu — 2)~! Swal( ). Then

b

1 d
/H*Zdﬂ 1( )dp = Fy, (b, 2) — Fy, (a, 2).

a
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Since for z € O(\)\ D(T;) the product (p—z)~'-4 wi; (1) is a holomorphic function

du
of the variable p in O(A) N D(I';), we can also write
1 d ac
Fpub2) = Fpi(e2) = [ o i) du

v(a,b)

where 7(a,b) is a rectifiable Jordan curve lying in O(A) N D(I';) and having end
points in ¢ and b. It is assumed that the contour 7(a,b) is obtained by contin-
uous deformation of the interval (a,b) and, therefore, inherits the corresponding
orientation “from the left to right”. Thus, finally we get

(M (2)f1, 1)

1
= —d
/ [—2 wy, (1) +
o(H)\[a,b] 7(a,b)

(5.17)

1 d ac wfl(A)fwfl(/\io)
— d .
/ pr— duwﬁ(u) pt S,

Obviously, there is an open neighborhood (5()\) of the point A lying in O())
such that O(A) Ny(a,b) = 0. Then the first two terms in the right hand side
of (5.17) are holomorphic functions while the third term generates a pole of the
first order of the function (M;*(2)f1, f1) at z = A\. Tt follows that the function
((z = NM; Y (2)f1, f1) admits an analytic continuation to O()\) for any f; € H;.
We conclude by the polar formulae that the same holds true for the function
((z = MM (2)f1, fo) for arbitrary fi, f» € Hy. By twice applying Banach-

Steinhaus Theorem we obtain that (z — \)M; *(z) has an analytic continuation to

O(A). Finally, it follows that (z — A)R11(2) has an analytic continuation to O(})
and, consequently, R11(2z) can have a pole of at most first order at z=\. &

Let O'pri(Hl(l)) be the set of all real isolated eigenvalues of the operator Hl(l).

According to Lemma 5.7 (cf. Corollary 5.6), the set apri(Hl(l)) is the same for
all I = (I1,l2,...,lm), I = £1, k = 1,2,...,m. Moreover, this set coincides
with the part opy (M1(~,Fl)) of the set of the real isolated eigenvalues of the

transfer function M;(z,T;) belonging to O(A;,T) for any K pg-bounded contour
I'; satisfying the conditions (3.10),

opri(H) = opei (Mi (-, 1)) N O(A;,Ty).

Since in the remainder of this section we will consider different eigenvalues
A€ apri(Hl(l)), we will use a more specific notation, wf\lj., j=1,2,...,my, for
the corresponding eigenvectors of the operator H 1(1). The notation my, m) < oo,
stands for the multiplicity of the eigenvalue X\. Recall that every wgg is an eigenvec-
tor simultaneously for all the operators Hl(l) and My (A+10,T), I = (11,12, ..., L)
with I, = +1, K = 1,2,...,m (see Lemmas 5.2 and 5.5). Since, according to
Lemma 5.7, the resolvent (Hl(l) —2)7! has a pole of the first order at z = \ €
opri(Hl(l)), the multiplicity m is, in the considered case, both the geometric and

algebraic multiplicity of A (which means that every element of the subspace Pg\l)Hl
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is an eigenvector of Hl(l) since (Hl(l) - )\)Pgl) = 0). The corresponding eigenvec-
tors of the total matrix H will be denoted by Wy, Wr; = (1), ¢{)). It will

be supposed that the wg; are chosen in such a way that the vectors ¥, ; are
orthonormal, <\I’)\1j7 \IIA/,j’> = 5)\A/5jj/'
Let ng“),ng“) C Hi, be the closed span of the eigenvectors 1/193 of Hl(l)

corresponding to the spectrum oy, (H 1(1)),

ri l .
ng ) :\/{wg\l,g")‘eapri(Hl())7j:1a27"'7m)\}'
Then the following statement holds.

THEOREM 5.8. The system
(5.18) o, A€ opm(E), j=1,2,...,ma,

forms a Riesz basis of the subspace ngri).

We first prove an auxiliary assertion.

LEMMA 5.9. For anyl = (l1,la,...,ln), l = £1, k=1,2,...,m, the oper-
ator QW defined by the equation (4.13) is non-negative on the subspace H;pri).

Proof. 1t is sufficient to prove the assertion for a dense subset of ngri), say,
for elements u; € ng“) of the form

up = Z C/\,j7/15\17;7 ey €C,
(A5)ET
where 7 runs through the finite subsets of the set of all possible pairs (A, j) with
e apri(H( )) j=1,2,...,my. Since 1/}&? and wg\}?j/ are eigenfunction for both
Hl(l) and Hl( l), we obtain that

(Q(l)ul u) Z Z Cr;Cx, ’Q/\)]/\’ ,

(NI)ET (N, 3)ET

with

Q(l) s = / + 1/} ) '/

XT3N g o (,LL*/\)(,LL*/\/) < ()/\] >
(5.19) 7' (4o) ,
Y
G B )
I

We will show that
(5.20) OV =@ w,),  independent of I

and, hence, (QWuy,uy) = |luol|? > 0 withug = 3 c/\ijf\og. Thus, the operator
(AJ)ET ’

QO is non-negative on a dense subset of ngri) and consequently non-negative on
the whole subspace ng“).
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To prove (5.20), let us first suppose that A and X belong to o(Ap). The
relation (5.2) yields that

1/] _ 1/2(140 )\) lB w}\j, 5\9?]/ = _A(l)/Q(AO _ )\I)_lBOIwE\%?j/
and hence
(W, 080 = (Biy (Ao — X) ™ Ag(Ag — N7 Bonwl), o))
M (1)
= — = d(ByyE B e
(A/) (//L*)\)(HfA/) < 10 0() Olwk_]’ A >
a 0

which shows the validity of (5.20) since one can deform all the subcontours FL’“ of
I'; back to the corresponding intervals A? on which Kp(p) = B1oEo(11)Boi-

Now consider the case that A € AY for some k € {1,2,...,m} and X' € p(Ap).
As in the proof of Lemma 5.5, we choose a sequence A, = A + in,, n € N, such
that 7, — 0 (n — o0) and 0, <0 if [, = +1 and n,, > 0 if I, = —1. Then

080 = = Jim Ag” (40 = X) 7 Borw))
and
(0, 6805 = lim (Bgy (Ao — N)™ Ao (Ao — ) Borwl), ).

Similar as before, we conclude that

<§(2" gg,)j'>:nh_{go( / m (K ()%]aw,\/ )

o’(Ao)
I N e |
+!0tkmwm< AOTREIETY
- / TER I B U8
a’(Ao)
R ) |
+F/(”/\)(H/\’)< Y5 U5 di
:Q(Al)jw]/

The remaining cases A € o(Ap), N € AY, for some k' € {1,2,...,m} and X € AY,
X €AY, for some k, k' € {1,2,...,m} can be treated analogously. 1

Thus, one can introduce a new inner product in ngri),
(5.21) [, iy o= (11 + OO)uy, o), ug,vr € HPY,

which is topologically equivalent to the initial inner product (-, - ), since, in view
of the estimate (4.14), the operator I; +Q() is boundedly invertible. (One can even
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check that the restriction of H 1(1) on ngri) does not depend on [ and is an operator
in H{P" which is selfadjoint with respect to the inner product [, Ty -)
1

Proof of Theorem 5.8. We show that the system (5.18) is an orthonormal
system with respect to the inner product [-, -] Indeed, according to the

H(Pri)-
equations (5.19) and (5.20) we have (Q(l)w)\ - )\1,) )= Q(Al)] S (1/)A], .,>.
Thus,
Wi, vl Ly = WS 00 + @000 = (U, U o) = Gandge.

By definition, the system (5.18) is complete in HP and the inner product
1
-, |, 18 topologically equivalent to the initial inner product (-, -). Accord-
H g
1

ing to a theorem of N.K. Bari (Theorem VI.2.1 of [11]), this means that the
system (5.18) is a Riesz basis. &

6. SOME PROPERTIES OF COMPLEX EIGENVALUES

For arbitrary [, let I'; C D; be a Kp-bounded contour satisfying the conditions
(3.10). Suppose X @ is the solution of the equation (3.6) (see Theorem 3.1) and

H(l) A + X®. From Theorem 4.2 we know that the spectrum of H( ) outside
Dl is pure real,

(6.1) a(H")\R C Dy N O,y (A1)
and
(6.2) o(Mi(-,T7)) N O(A1,Ty) = o(HD").

ProprosITION 6.1. Let I'j C D; be a Kp-bounded contour satisfying the
conditions (3.10). Suppose XU is the solution of the basic equation (3.6) and
Hl(l) = A; + XU Purther, we assume that the operators Kp(p) and K (p)
are compact for all u to be considered. Then the operator X1 is compact and
the nonreal (resonance) spectrum of the operator Hl(l) is discrete and may have

accumulation points only in the essential spectrum of A;.

Proof. By hypothesis, for any p € o/(Ag)UTL, the operator K (i) is compact

while due to conditions (3.10) the product Hl(l) (Hl(l) —p)~ ! is a bounded operator.
This implies that any finite sum in the definition of the integral which defines the
operator X, X(1) = J KB(du)Hl(l)(Hl(l) — )71, is a compact operator.
o’ (Ao)UT,

Under the Kp-boundedness condition for the contour I';, the sums converge to
X @ with respect to the operator norm topology (see [23], Appendix B). Thus,
X® is a compact operator.

It is well known that a compact perturbation does not change the essential
spectrum of a closed operator (see, e.g., [13], Theorem IV.5.35 or, for the case
where the main operator is selfadjoint, see [11], Chapter I, Theorem 5.2). Thus,



FACTORIZATION THEOREM FOR TRANSFER FUNCTION 219

the essential spectrum Uess(Hl(l)) of Hl(l) coincides with the essential spectrum

Ooss (Zl) of A;. Since Uess(gl) C R, the nonreal spectrum of Hl(l) is discrete. This
also yields that possible accumulation points of the nonreal (resonance) spectrum

of Hl(l) belong to oess (Zl) 1

In the remaining part of this section we work under the assumption that
the operators Kp(u) and K75(u) are compact for all p to be considered. Let
A€ O‘(Hl(l)) \ R. Then, by Proposition 6.1, A is a discrete eigenvalue of the

operator H 1(1) and, by Theorem 4.2, it is simultaneously a discrete eigenvalue of
the transfer function Mj(-,T).
Recall some definitions related to isolated eigenvalues (see, e.g., [13], Sec-

tion 1.5 and Section II1.5) bearing in mind the above discrete eigenvalue A of H 1l .

The subspace Mg\l) = P(Al)Hl, where Pg\l) stands for the Riesz projection (4.24), is
called the algebraic eigenspace for the eigenvalue A. Since this X is a discrete eigen-

value and, thus, of finite type, the algebraic multiplicity my = dim ME\Z) is finite,
my < 0o. Any nonzero vector of ./\/lg\l) is called root vector of Hl(l) corresponding

to the eigenvalue A\. By N /gl) we denote the eigennilpotent associated with A,
l l l l l
©3) N = (B - 0 = PO )

The kernel gg” = Ker(H {l) — ) is called the geometric eigenspace for the eigenvalue
A. Any nonzero u € gi“ is an eigenvector of Hl(l), H{l)u = Au. The dimension
g = dim gg” is called the geometric multiplicity of A. From gg” C /\/lg\l) it follows
that gx» < my. There is an open neighborhood 5(A) of X such that for any
z € O(A) \ {A} the following representation holds:

l ny—1 l
(6.4) (H1(l) _ Z)_l _ Py _ Z M +R§{)A(Z)7

=X = (z — Nkl

where Rgl)/\(z) is a holomorphic operator-valued function in O()). This function
satisfies the relations:

l l l l
(6.5) R{\(2)PY = PURI(2) = 0

for any z € (5()\) The number n)y represents the pole order of the resolvent

(Hl(l) — z)fl at z = A. Indication of [ in the notation n) is omitted since for
a given A the pole order does not depend on I, according to the formula (4.19)
and Theorem 4.3. (Similarly to the pole order ny, the algebraic and geometric
multiplicities my and gy do not depend on [, either.) Since A is a finite-type

. 1 . .
eigenvalue of Hl( ), the value of n) is finite and, moreover, ny < my.

Note that the eigenprojection P(Al) and eigennilpotent N )(\l) possess the fol-
lowing standard properties (see [13], Section III.1):

Op) @ @) A7) Op@) @
PY'PY =Py, PNy =N Py =Ny,

6.6
Y PP 2o (VO] =0
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From (6.5) and (6.6) we infer that
! 150
(6.7) (H —2)7 PP = -2

for any z € 6()\) From the uniqueness of the analytic continuation it follows that
the equality (6.7) holds in fact for any z € C\ O'(Hl(l)).

LEMMA 6.2. Let the assumptions of Proposition 6.1 be fulfilled and A €
O'(Hl(l)) \ R. Then the eigenprojection PE\Z) and the eigennilpotent Nil) of the
operator Hl(l) satisfy the equations

’Il)\*l

(6.8) My (A T)PY = N - 3
k=1

1 !
V) INT
p—1 1
Diny— Diny — k Dinx—
(6.9) MNP = N7 =3 TSV (T [N e
k=1

forp=1,...,nx—1, where Vl(k)(z7 T';) denotes the k-th derivative of the function
Vi(z, 1), defined by the equation (2.13), at z = A
A 1

(6.10) (A1) = k(=1)" / KB<du>[(M)k+1—(Au)k, k> 1.

a’(Ag)UTy
Proof. The equations (3.5) and (3.6) yield (see (4.4)) that
(6.11) Ay =HY v (HD ).

Multiplying both parts of (6.11) by Pg\l) from the right and taking into account
the equality

(6.12) HIPY = AP 4+ N
yields the relation
(6.13) APV =PV + N — vy (1Y )PP,
The definition (3.3) and the equalities (6.12), (6.6) and (6.7) imply that
naopl = [ Ken (O - )" HOPY
o/ (Ag)UTy
- / Kp(dp)(HY — )7 (PP + N )
o/ (Ag)UTy

- / Kp(dp) (H — )7 PP (PP + N0Y)

o’ (Ao)UTy
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= )\k+1
o/ (Ag)UT, k=1
A o0
6.14 = — Kp(dy)——P
( ) / B( M)M—)\ A
o’ (Ag)UT
nyx—1
A 1 D1k
— d N .
Z / K u){(uk)’““Jr(u/\)’“}[ v

(Ao)UFL

The equation (2.12) together with (6.11) and (6.14) yields

~ A
My (A T)PY = 4,0 — AP + / KB(dM)mPE\l)

U’(A())UF[
ny—1
—N“Hi Kp(du)| A1 ] e
- PG T G
k=1
o’ (Ap)UTy

But according to (6.10) this is the equation (6.8) which we wanted to prove.

By multiplying both parts of (6.8) from the right by [N/gl)]”*_p for p =
1,...,nx — 1 and using the properties of the eigenprojection and eigennilpo-
tent (6.6) we obtain the formula (6.9). 1

Let Ai,...,As € O’(Hl(l)) \ R be a finite set of pairwise different nonreal

eigenvalues of the operator Hl(l). By Pg\ll) ., we denote the Riesz projection

1) )

corresponding to this set, by P! ’ the eigenprojection and by N, ’ the eigennilpotent
Aj Aj

associated with the individual eigenvalue A, j = 1,...,s. Since by Proposition 6.1
the eigenvalues \; are eigenvalues of finite type, we infer that dim P(All)

It is obvious from the definition that

vvvvvv

(6.15) PV =PV .. 4P

Further, we denote by n,; the pole order of A\;, 7 = 1,...,s. Recall that the
eigenprojections and eigennilpotents associated with different eigenvalues fulfill
the following properties, in addition to the properties (6.6):

6.16) PUPY =0, NPY =PU N =0 and NUN{) =0, j#m.

Since the subspaces P(All) /\SHl and (I, — Pg\ll) As)Hl are invariant under the

..........

operator H 1(l), we conclude that the following representation for the resolvent of
the restriction Hl(l)|P§\l1) . H1 holds:

.....

. © ol e
(6 17) (H(l)lp(l) Hy — Z)_l — Z _ PAj _ Z %
. 1 par PRy < (z— AR [
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At the same time

S

@ p) _ (1) 0]
(6.18) H; |P,\ A HL= Z(/\J'PAJ + NAj )

15009 s
=1

The equations (6.15), (6.18) and
M(2,T) = A1 — 2+ Vi(2, 1) = HY — 2 —vi(HY 1) + Vi(2,T))
imply that

Mi(z TPV =" [Aijj+N§? — 2PV + Vi (=, TPV - (", )P |

Jj=1

Bearing in mind the equalities (6.10) and (6.14), we finally arrive at the following
statement:

REMARK 6.3. The transfer function My(-,T;) restricted to the space

.....

My (2, )PP M= Z{(Aj — )P + N + Vi (2, 1))

.....

j=1
Tl)\].fl 1
l l k l l
ARSI DA PR MY S
k=1

7. AN EXAMPLE

Let Ho = H1 = L2(R) and 4 = D? 4+ oIy where D = i% and g is some positive
number. It is assumed that the domain D(D) is the Sobolev space W3 (R) and
the domain D(Ap) is the Sobolev space W (R). The spectrum of Ay is absolutely
continuous and fills the semi-axis [Ag, +00). By the operator A; we understand

the multiplication by a bounded real-valued function a1, A1 f1 = a1 f1, f1 € H1.
The operator Tp; is defined by D(Tp1) = W4 (R) and

To1 = DQ

where @ is the multiplication by a bounded not necessarily real-valued function
q € WER), Qf = qf, f€L2(R). Hence Tp; is a densely defined closable operator.
We set Tyg = T¢;. Since for f € D(D) and g € D(T1)

(f, Torg) = / f (@) @) de = / 7@ [ (2)7@) dz = (Q*Df. g),
R

R

we conclude that D(T19) D D(D) = W4 (R) = D(A(IJ/Q) (The proof of the statement

W3 (R) = D(Aé/ 2) follows from the second representation theorem for quadratic
forms, see [13], Theorem V1.2.23, and is similar to the proof of Proposition 2.4 in



FACTORIZATION THEOREM FOR TRANSFER FUNCTION 223

[7].) and Thof = Q*Df, f € W}(R). Moreover, we assume that the function ¢ is
exponentially decreasing at infinity, so that the estimate

(7.1) l4(@)| < cexp(—ala]), @€ R,
holds with some ¢ > 0 and o > 0.
For this example the operator Bjg is given by

* — * H
Bio=Q*D(D*+ ) ?=Q /WdED(M),
i

)

where Ep denotes the spectral function of the selfadjoint operator D. Thus

) 7
BOI = BlO = / WdEU(M)Q
R

and ~
A1 = Ay — BioBn

Ao [ — __r GBS
=4,-Q / TEESHEE dED(M)/ TEESSEE dEp (1)@
R R

2
* H
1 Q]R/M2+)\0 p(W)Q

= A1 = Q" Q+XQ"(D? + X0) Q.
The operator A; — Q*(Q is the multiplication by the function
ai(z) = ai(x) — lg(2)]%,
while the term Q*(D? + \olp) 1@ is a compact (even Hilbert-Schmidt) operator
in Ly(R). Indeed, the inverse operator AO_1 = (D? + \o)~! is the integral operator
whose kernel reads

b

N exp(f\/)\iokr —a']).

Thus, the double integral [ [ [(Q*Ay'Q)(x,2')|? dz da’ is convergent. Obviously,
RR

Ayt (z,a') =

L 1
[ 1@ 45 Q) ) Pz ds’ < -l o
R R

Thus, the essential spectrum of /L coincides with the range of the function ai. In
the following, we assume that either all the spectrum o(A4;) is embedded into the
interval (Mg, 400) or there is a gap in o(A4;) and the number Ao belongs to this

gap, i.c., there is some & > 0 such that dist{\o,o(4;)} > &
It is easy to check that the spectral function E°(u) of the operator Ag =
D? + X\l is given by the integral operator whose kernel reads

0 it 1< Xo,
E(p;a,2') =

A cos(v—XAo) /2 (z—x' .
\/127Af s (uj,\)o)l/(z Ldv if p > Xo.
0
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Thus, the derivative Kj(u) is also an integral operator in La(R). Its kernel
K(p; x,x') is only nontrivial for g > A¢ and, moreover, for these p

— )2 S
% cos{(p — Xo)"/?(z — 2")]a(z)q(a").

Obviously, this kernel is degenerate for p > Ag,

_ 1/2 -
(12)  Kp(wao) = %[q_ D)0 2) + T ) (o)

Kp(psx,a') =

where g4 (p, z) = eii(“’A“)l/QIq(x). From the assumption (7.1) on ¢, we conclude

that in the domain +Im+/u — A\g < @, i.e., inside the parabola

1
2 2
(7.3) Repu >N — +E(Imu) ,
the functions gy (u, -) are elements of Ly(R). The function K;(p) admits an
analytic continuation into this domain (cut along the interval Ao — a? < u < Ao)
as a holomorphic function with values in B(H1,H1) and the equation (7.2) implies
that

1l < B2l e G 7 4 g e, )P
B S 9 27T|;L| — ) + )
Obviously, for 1 > Ao we have ||q+(i,-)|| = [lg]l. Since A; is bounded, one can

always choose a K g-bounded contour I' lying in the domain (7.3). Indeed, for the
K p-boundedness of the contour I' it is sufficient to have its infinite part presented
by an appropriate semi-infinite real interval. Thus, if the function ¢ is sufficiently
small in the sense that the conditions (3.10) hold, one can apply all the statements
of the Sections 3-6 to the corresponding transfer function My (z,I").
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