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ABSTRACT. A bounded linear operator T' on the Hilbert space H is called
strongly irreducible if 7" does not commute with any nontrivial idempotent
operator. One says that 7" has a finite (SI) decomposition if 7' can be written
as the direct sum of finitely many strongly irreducible operators. In this
paper, we use the Ko-group of the commutant of operators to characterize
operators with unique finite (SI) decomposition up to similarity. Also we
show that the Ko-group of H° () is isomorphic to the integers, where Q is
simply connected.
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0. INTRODUCTION

Let H be a complex separable Hilbert space and £(H) the collection of all bounded
linear operators on H. An operator T in L(H) is called strongly irreducible if T does
not commute with any nontrivial idempotent operator. If idempotent operator is
replaced by self-adjoint idempotent, then T is said to be irreducible (see [10], [15],
[12]). Strong irreducibility is preserved by similarity. This is quite different from
irreducible operators.

When H is finite dimensional, classical matrix theory gives two important
theorems.

SCHUR THEOREM. Fach n x n matriz can be uniquely written as an orthog-
onal direct sum of irreducible matrices up to unitary equivalence.

JORDAN STANDARD THEOREM. Fach n X n matriz can be uniquely written
as a direct sum of strongly irreducible matrices up to similarity.

Obviously, an n x n matrix A is strongly irreducible if and only if A is similar
to an n x n Jordan block. When H is an infinitely dimensional complex and



236 YANG CAO, JUNSHENG FANG AND CHUNLAN JIANG

separable Hilbert space, a natural question is raised: Can we establish analogues
of the Jordan Standard Theorem and Schur Theorem in £L(H)?
Behncke ([2]) proved the following:

THEOREM B. Let T € L(H) be pure essentially normal. Then T can be
uniquely expressed as a direct sum of countably many irreducible operators up to
unitary equivalence.

An operator T € L(H) is called pure essentially normal if T*T — TT* is
compact and has no nontrivial self-adjoint idempotent P commuting with 7" such
that A = T'|py is normal, i.e. A*A = AA*. By the Berger-Shaw Theorem, every
n-rationally multicyclic hyponormal operator is essentially normal. Thus, every n-
rationally multicyclic hyponormal operator can be uniquely written as a direct sum
of countably many irreducible operators up to unitary equivalence. An operator
T is called hyponormal if T*T — TT™* is a positive operator.

Let € be a bounded and connected open subset of the complex plane C and
n a positive integer. Let B,,(2) denote the set of operators B in L(H) satisfying:

(i) Q Co(B) = {w € C: B — w is not invertible},

(ii) ran (B — w) = H for every w in 2,
(iii) V{ker(B —w) :w € Q} =H,
)

(iv) dimker(B — w) = n for every w € .

We call an operator in B,(2) a Cowen-Douglas operator (see [6]). G.L. Yu
and C.Q. Yan independently proved the following.

THEOREM YY. ([20], [21]) Let B € B2(S2). Then B has a unique irreducible
decomposition up to the unitary equivalence.

L.J. Gray proved the following.

THEOREM G. ([11]) Let T € L(H) be nilpotent i.e. there exists a natural
number n such that T™ = 0. Then T can be uniquely written as a direct sum of

countably many Jordan blocks up to similarity if and only if ranT7 is closed for
all j =1,2,....

K. Davidson and D.A. Herrero obtained the following:

THEOREM DH. ([7]) Let T € L(H) be biquasitriangular and € > 0. Then
there exists a compact operator K with | K|| < € such that T + K is quasisimilar
to an orthogonal direct sum of countably many Jordan blocks.

An operator is called biquasitriangular if ind(T' — A) = 0 for A € ps_p(T),

where ps_r(T) = {A:T — X is semi-Fredholm}.

We say an operator A is quasisimilar to an operator B if there exist two
injective operators with dense range, X and Y, satisfying XA=BX and AY =Y B.

In the last ten years, a lot of work on strongly irreducible operators has been
done by the functional analysis seminar of Jilin University. D.A. Herrero, C.L.
Jiang, Z.Y. Wang and C.K. Fong confirmed Ze Jian Jiang’s Conjecture: A strongly
irreducible operator is a suitable analogue of Jordan blocks in £L(H) (see [13], [16],
[17], [18]). D.A. Herrero and C.L. Jiang obtained the following result.
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THEOREM HJ. Let T € L(H) and € > 0. Then there exists an operator A
which can be written as a topological direct sum of finitely many strongly irreducible
operators such that |A—T| < e.

Theorem HJ shows that the class of the operators which can be written as
a topological direct sum of finitely many strongly irreducible operators is dense
in L(H).

The next theorem, given by Ze Jian Jiang, shows that a lot of operators can-
not be expressed as a topological direct sum of countably many strongly irreducible
operators.

THEOREM J. ([17]) Let T € L(H) be normal and o,(T), the point spectrum
of T, be empty. Then T can not be written as a topological direct sum of countably
many strongly irreducible operators.

The main purpose of this paper is to discuss the following question: For an
operator T in L(H), when can T be uniquely expressed as a topological direct sum
of finitely many strongly irreducible operators up to similarity?

In what follows, T' € (SI) means that T is a strongly irreducible operator
and T € (IR) means that T is irreducible.

DEFINITION 0.1. Let T € L(H). P = {P;}1~, (n < c0), the set of idempo-
tent elements of L(H), is called a unit finite decomposition of T if the following
are satisfied:

(i) P, € A'(T), that is the commutant of T, i = 1,2,...,n;

(ii) PP = 0,4 # j;

(iii) > P; = I, where I denotes identity operator on H.

i=1

If, in addition, the following is satisfied:

(iV) T|pﬂ-¢ S (SI), 1=1,2,...,n,
then we call P a unit finite (SI) decomposition of T and call the cardinality of P
a (SI) cardinality of T'.

It is clear that if T has a unit finite (SI) decomposition, then T can be written
as a topological direct sum of finitely many (SI) operators.

DEFINITION 0.2. For T in L(H), one says T has finite (SI) decomposition if
for an arbitrary idempotent P in A’(T'), T'| py has a unit finite (SI) decomposition.

C.K. Fong and C.L. Jiang ([9]) proved that B;(€2) C (SI). A simple compu-
tation shows that every Cowen-Douglas operator has finite (SI) decomposition.

DEFINITION 0.3. Let T have finite (SI) decomposition. If, for any two unit
finite (SI) decompositions of T, say P; = {P;}_; and Py = {Q;}72,, the following
are satisfied:

(i) m =n;

(ii) there exists an X € GL(A(T)) = {4 : A is invertible in A'(T)} and a
permutation IT € S,, such that XP, X! = Quey fori=1,2,...,n.

Then we say that T has unique finite (SI) decomposition up to similarity.
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DEFINITION 0.1'. Let T € L(H). We call P = {P;}I",, n < o0, a set of
orthogonal projections of L(H), a unit finite orthogonal decomposition of T, if the
following are satisfied:

(i) P, € A'(T,T*), that is the commutant of T and T*, i =1,2,...,n,
(ii) PP =0, i # j;
(iii) S P, =TI
=1

If, in addition, the following is satisfied:
(iv) T'|p,3 is irreducible, i = 1,2, ..., n;
then we call P unit finite (IR) decomposition of T'.

DEFINITION 0.2'. For T in L£L(H), one says T has finite (IR) decomposition
if, for an arbitrary orthogonal projection P € A'(T,T*), T|py has a unit finite
(IR) decomposition.

DEFINITION 0.3’. Let T have finite (IR) decomposition. If, for any two unit
finite (IR) decompositions of T', say P1 = {P;}_, and P2 = {Q;},, the following
are satisfied:

(i) m=mn;

(ii) there exists a unitary U € A'(T,T*), and a permutation II € S,, such
that UP,U* = Q) for i =1,2,...,n.

Then we say T has unique finite (IR) decomposition up to unitary equivalence.

According to the above definitions, we can see that the (SI) decomposition
of operator T is completely determined by the commutant of 7.

K-theory has revolutionized the study of operator algebras in the last few
years. As the primary component of subject of “non-commutative topology”, K-
theory has opened vast new vistas within the structure theory of C*-algebras,
and has also led to profound and unexpected applications of operator algebras to
problems in geometry and topology. In this paper, we will use the Kq-group of the
commutant to characterize operators with unique finite (SI) decomposition up to
similarity and we will calculate the Kg-group of H*°(Q2) by using the uniqueness
of (SI) decomposition of operators up to similarity.

In the following definitions, A always denotes a unital Banach algebra.

DEFINITION 0.4. Let e and f be idempotents in .A. We write e ~ (a)f
if there exist x,y € A with zy = e, yx = f (algebraic equivalence). We write
e ~ (A)f if there exists a z € GL(A) with zez~! = f.

Obviously, ~ (a) and ~ (A) are equivalence relations.

DEFINITION 0.5. My (A) is the algebraic direct limit of M, (A) under the
embedding a — diag(a,0) = a ® 0, where

a1 - Qln
A4n04) D@y c A

Qpl  *°° Qnn

DEFINITION 0.6. Proj (A) is the set of algebraic equivalence classes of idem-
potents in A and \/(A) = Proj (M (A)).
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There is a binary operation (orthogonal addition) on \/(A4): if [e], [f] € V(A),
choose €’ € [¢], f € [f] with € f" = f’¢’ = 0 (this is always possible by “moving
down the diagonal”), and define [e] + [f] = [¢/ + f']. Obviously, this operation is
well defined and makes \/(A) into an abelian semigroup with identity.

Because of the classical results of K-theory, one obtains exactly the same
semigroup starting with ~ (A) instead of ~ (a), since the two notions coincide
on My (A).

Note that \/(.A) depends on A only up to stable isomorphism. If M. (A;)
is isomorphic (&) to Mo (As2), then V(A1) = \/(Asz). In particular, \/(M,(A)) =
VI(A).

DEFINITION 0.7. Ko(A) is the Grothendieck group of \/(A).

In Section 1, we will prove the following theorems.

THEOREM 1.1. LetT € L(H), and let H™ denote the direct sum of n copies
of H and A™) the operator P A acting on H) . Then the following are equivalent:

1

k
(i) T is similar to (~) @ AEni) with respect to the decomposition H =
i=1

k
EBHEW), where k,n; < 0o, A; € (SI), A; £ A, for i # j, and for each natu-
i=1

ral number n, T™ has unique finite (SI) decomposition up to similarity.

(i) V(A(T)) = N* and this isomorphism h sends [I] to (n1,na, ..., ng), i.e.,
h([I]) = niey +ngeg + -+ +npex, where 0 #n; €N, i =1,2,3,... .k, {e;}}_, are
the generators of N¥, and N = {0,1,2,3,...}.

COROLLARY 1.2. Let T1,To € (SI), T =Th & Ty. If V(A (T)) 2 N, then

Ty ~ Ty. Furthermore, if, for all natural number n, T\"™ has unique finite (SI)
decomposition up to similarity, then Ty ~ Ty if and only if

Ko(A(T)) = Z 2 {0,+1,£2,...}.

THEOREM 1.3. Let T € L(H) and let T have a unit finite (IR) decomposi-
tion. Then the following are equivalent:

k
(i) T ~ (unitary equivalent) P AE""), where k,n; < oo, A; € (IR), A; # A;,
i=1
(i #J)-
(ii) Ko(A(T,T)) = ZF.
COROLLARY 1.4. Let T, To € L(H) be irreducible. Then Ty ~ Ty if and
OTLl’y Zf Ko(A/(Tl (&) Tg, (Tl D Tg)*)) = 7.

COROLLARY 1.5. Let T € L(H) have a unit finite (IR) decomposition. Then
T has unique finite (IR) decomposition up to unitary equivalence.

Corollary 1.4 tells us the following fact: for two irreducible operators T7 and
Ty in L(H), their unitary equivalence is completely determined by Kg-group of
ATy @ Ty, (Ty & T3)").

In Section 2, we will give applications of Theorem 1.1.

Let © be a bounded and simply connected domain and H>°(Q2) the bounded
analytic functions on 2. We can obtain
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THEOREM 2.1. \/(H*()) 2 N and Ko(H>*(Q2)) = Z.

Let D be the unit disk. For ¢ in H*(D) and A in D, inn(¢ — ¢(A)) denotes
the inner function in the inner-outer factorization of (¢ — ¢(X)). Let T}, denote
the analytic Toeplitz operator with symbol ¢.

THEOREM 2.2. For ¢ in H*(Q), if there exists a A in D such that inn(p —
©(A)) is a finite Blaschke product, then T, has unique finite (SI) decomposition up
to similarity.

THEOREM 2.3. Let p1,p2,...,¢0n € H*®(D) be univalent analytic functions.
Then there exists a natural number k such that \/A’< b Tw) =~ NF. Further-

i=1

n
more, T = @ Ty, has unique finite (SI) decomposition up to similarity.
i=1

COROLLARY 2.4. Let 1, p2 € H®(D) be univalent analytic functions. Then
Ty, ~ Ty, if and only if Ko(A' (T, ® Ty,)) = Z.

In Section 3, we will give a new proof of the Jordan Standard Theorem by

using Theorem 1.1 and the Ky-group of the commutant. In this proof, we use only
elementary matrices instead of determinants. We will see that \/(A’(T)) = N*

k
and [I] = > n;e;, as in Theorem 1.1, is exactly the minimum polynomial of T'

i=1
when T is an n X n matrix. This shows that Theorem 1.1 is a generalization of

the Jordan Standard Theorem to infinite-dimensional Hilbert space.
For a unital Banach algebra A, Rad A denotes the Jacobson radical of A.

THEOREM 3.1. Let Ay,..., Ax € (SI) N L(H) satisfying
A/(Al)/RadA’(Al) %(C, 1= 1,2,....

Then the following hold:
(i) A; ~ A if and only if Ko(A'(A; @ A;j)) = Z.

(i) Set T = Ek: Agni) where A; & Aj for i # j. Then \J(A'(T)) 2 NF and
Ko(A'(T)) = Z*. ]Z*"Z;"thermore, T has unique (SI) decomposition up to similarity.
The above arguments suggest the following.
CONJECTURE 1. Let A;, Ay € (SI). Then A; ~ A, if and only if
Ko(A' (A1 @ A)) 2 Z.

CONJECTURE 2. Let T € L(H) have unique finite (SI) decomposition up to
similarity. Then T does for each natural number n.
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1. THE PROOF OF THEOREM 1.1 AND THEOREM 1.3

1.1. SEVERAL AUXILIARY LEMMAS.

LEMMA 1.6. Let A,B € L(H) and ¢ be an isomorphism from A'(A) to
A'(B). Then {P;}?_, is a unit (SI) decomposition of A if and only if {p(P;)}r,
is a unit (SI) decomposition of B. In particular, if A ~ B then A'(A) =2 A'(B).

Proof. Since ¢ is an isomorphism, 0 = ¢(P;P;) = ¢(P;)p(P;), (i # j) and
> »(P;) = I. We need only to prove that B|,(p,)» € (SI). Otherwise, there exist
i=1

two non-zero idempotents @1 and Q2 in A’(B) so that Q2Q1 = @1Q2 = 0 and
Q1 + Q2 = ¢(P;). Note that p=1(Q1), ¢~ 1(Q2) are two non-zero idempotents in
A'(A) and P; = ¢~ 1(Q1) + ¢~ 1(Q2). This contradicts A|p,» € (SI).

If A is similar to B, then there exists an invertible operator X satisfying
XAX~! = B. Define a mapping ¢ below: ¢(T) = XTX 1, VI € A'(A). Tt is
clear that ¢ is an isomorphism from A4’(A) to A'(B). 1

LEMMA 1.7. Let T € L(H) and P1, Py € A'(T) be idempotent operators. If
Pl ~ (A/(T))PQ then T|le ~ T|p2'H.

Proof. Since Py ~ (A'(T))Pa, there exists an X € GL(A'(T)) such that
XP, X! = P,. Therefore Xran P; = ran P>, Xran (I — P;) = ran (I — P,). Set
X1 = Xlranp,, X2 = X|ian(r—py)- Then X = X;+X,, where + denotes the
topological direct sum, and X; € GL(L(PyH, PyH)), X2 € GL(L((I — Pu)H, (I —
Py)H)). Note that

T[T1 0]( P {T{ o]( PyH

0 To| I-P)H — |0 T5| (I-P)H"’

where Ty = T|p, T2 = T|(1—p,yn, T1 = T|p,n, and Ty = T'|(7—p,)». A simple
computation shows that

7 ol[xs o] [xi o][Tn o
O T2/ 0 XQ - O Xg O T2 '
Thus T|p1H ~ T|p2H. 1

LEMMA 1.8. Let T € L(H) and let {P;}!_; and {Q;}"_, be two unit (SI)
decompositions of T. If there exist X1,..., X, € GL(L(P/H,Q;H)) satisfying

Xi(Tlpn) X' =Tlgin. i=1,...,n,
then X = X1+Xo+4---+X,, € GL(A'(T)).
Proof. Since H=ran P;+ran P+ - - - +ran P, =ran Q;+ran Qo+ - - - +ran Q,,,
T 07 AH [T! 07 OH
T= o= - :
0 .0 P Lo 1l oun

where T; = T\|pn, T) = T)on, © = 1,2,3,...,n. Clearly, XT = TX and X is
invertible. 1
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LEMMA 1.9. Suppose that {Pi,..., Pp, Pmi1,...,Pa} and {Q1,...,Qm,
Qm+1,---,Qn} are two sets of idempotent operators in A'(T), T € L(H). If
there exist X,Y € GL(A'(T)) and a permutation I1 € S,, satisfying

(i) XPX ' =Q;, 1<i<m;
then VQ,., m < v’ < n, there exists a P, m <r < n, and Z,, a finite product of
Y and X, such that Z,Q.Z ' = P... Moreover, {P,} is exactly a rearrangement
Of {PT}:‘L:m+1'

Proof. Given Q,, m < r < n, it follows from Property (ii) that there exists
a Py, 1 < ji < nsatisfying YQ, Y1 = Pj,. If m < j; <n, then set Z, =Y and
P, = P;,. If 1 < ji < m, then it follows from Property (i) that there exists a
Qj., j1 # 7, such that XY Q,Y'X~! = Q,,. By Property (ii), YQ;, Y = P},.
If m < jo < m, then set Z, = YXY, Pv = P;,. If 1 < jo < m, it is clear that
J1 # ja. Otherwise Q;, = Y™'P,Y =Y ~'P,Y = Q,, which is a contradiction.
Using Property (ii) again, we can find Pj,; so that YQ;,Y ™' = P;,. Similarly,
Js & {j1,72} I m < j3s < n, then set Z, = YXYXY, P = P;,. Otherwise,
we can continue the above choice procedure. Since n is a natural number, after s
steps, s < m+ 1, we will force P;, € {Pp41,..., Py} Set

P, =P, Z,=YXY.---XY (X appears s times),

then Z,Q,Z, ' = P;,. We assert that if rq # 7o, with r1,72 € {m+1,...,n}, then
Jsy 7 Jso- Otherwise, there exists Z,, = Y XY --- Y XY (X appears s; times) and
Zwy =YXY - YXY (X appears sz times) such that
20 Qu 2t = Z,,Q0, 2,

Without loss of generality, assume that js, > js,. If jo, > js,, then it follows
Z;QlZan Z;llZ,.2 = Qr, € {Qi}}_,,,1- Note that

Z'Z,, = XY - XY (X appears j,, — js, times).

Set

R=YXY. .- XY (X appears js, — Js, — 1 times).
By this choice process, we can deduce that RQ,, R~! € {P;},. Thus we have
XRQ, R'X 1 e{Q;}™,. But

XRQu R™'X ™' =21 7, Qr, 2 7y = Qry € {Qi}i11,

which is impossible. If js, = js,, it is not difficult to check that @, = @Q,,. This
contradicts our assumption that 1 # ro. 11

Similarly to the proof of Lemma 1.9, we immediately can prove

LEMMA 1.10. Let T € L(H) and let {P1,..., P,y s Prmp_1—15-+s Py,
P"mk+17 .. 7Pn} and {Qla o 7lev o 7@77%,1—17 e 7ka7ka+17 .. aQn} b€ two
sets of idempotent operators in A'(T). If there exist X1, Xa, ..., X, Y € GL(A(T))
and a permutation Il € S, satisfying

XinXi_lej> mi+1<jgmi—i—lai:(),]-a"',kamO:Oa

and
YﬁleY = Qn(i)v 1<i< n,
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then for each r, my < r < n, there exists a Z,, a finite product of {Y, X1,..., X},
so that {Z,Q,Z; '}, . is exactly a rearrangement of {P,}7_,, .

LEMMA 1.11. Suppose that {Pi,..., Pm, Pmi1,.-.,Pn} and {Q1,...Qm,
Qm+1,---,Qn} are two unit decompositions of T, T € L(H). If the following
properties are satisfied:

(i) for each P;, there exists an X; € GL(P/H, Q;H) satisfying X;T
Tlo, 1<i<m;

(i) there exists a Y € GL(A(T)) and a permutation II € S, satisfying
Y'PY = Queu;
then given Q,., v € {m + 1,...,n}, there exist ' € {m + 1,...,n} and Z, €
GL(Q.H, PH) satisfying Z,(T|o,1)Z; " = T|p,n. Furthermore, if r1 # ra,
then 1 # r4.

-1

Proof. Given r € {m + 1,...,n}, there exists P;, € {P;}I', satisfying
YQ,Y ™! = Pj, by Property (ii). If m < j; < n set Z, = Y|g,». Otherwise,
by T|(YQTY*1)’H = T|Pj1’H and Property (1), we have Xj1T|pj1 HXﬂl = TleH'
Using Property (ii) again, we can find jo € {1,...,n} satisfying YQ;, Y ! = P},.
ObViOllSly, j2 75 jl- If j2 S {m + 1, N ,n}, set Zr = Y‘QjHXj1Y|QT'H7 Pr’ = sz.
Then Z,(T|q,#)Z; - = T|p_n. Otherwise, similarly to the proof of Lemma 1.9,
after s steps we can find Pj, ¢ {Px}}_,,,; such that

Z,T\gnZ " =T|p,n
where P, = P;_ and
Zr =Yg, ) Xj.—1 (Ylg,,7) X5 (Yig.n)-
Again similarly to the proof of Lemma 1.9, we can deduce that 7} = 5 if 4 # ra. 1

LEMMA 1.12. Let T € L(H) and suppose T has unique finite (SI) decompo-
sition up to similarity. Then for an arbitrary idempotent P in A'(T), T|pn has
unique (SI) decomposition up to similarity.

Proof. Since T has unique finite (SI) decomposition up to similarity, T|px
has finite (SI) decomposition and all the (SI) cardinalities of Tpy must be the
same.

Let {P;}7*, and {Q;}}2, be two unit (SI) decompositions of T'|py and let
{P;}i—,, 41 be a unit (SI) decomposition of T'|(;_pyr. Then {{P;};2 ), { P}, 1}
and {{Q;};~1, {Pi}i,41} are two unit (SI) decomposition of 7. By uniqueness,
we can find a Y € GL(A'(T')) such that

{(YPY '} ={Q1,...,Qum:Prs1,-.., Pu}.

By Lemma 1.11, we can find Z; in GL(L(Q;H, P;H)) and a permutation I € S,,
satisfying
—1

Zl(T QiH)Zi

Set Zy = I|py for k > m+1 and set Z = Z;+---+Z,. By Lemma 1.8, Z €
GL(A/(T)) and Z|p7—{ € GL(A/(T)|pH) Note that (Z|pH)Qi(Z|pH)71 = PH(i)a
1<i<m. 1

:T|PH(7L)H7 1<Z<m
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LEMMA 1.13. Let T € L(H) and suppose T has unique finite (SI) decompo-
sition up to similarity. Then the following are equivalent:

(i) P~ (A'(T))Q;

(ii) T[pr ~ Tln;
where P and Q are idempotents of A'(T).

Proof. (i) = (ii) This is a straightforward consequence of Lemma 1.7.

(ii) = (i) By Lemma 1.12, T'|p3, T'|qn, T'|(1—pyn, and T'|(;—g)x have unique
finite (SI) decomposition up to similarity. Since T'|py ~ T'|g3, there exists X €
GL(L(PH,QH)) satisfying X (T|pn)X ' = T|gn. Thus, if {P,..., Py} is a
unit (SI) decomposition of T|py, then {XP X! ... . XP, X'} is a unit (SI)
decomposition of T'|gx.

Let {Pyi1,..., Pn} and {Qm+1,. .., Qn} be arbitrary (SI) decompositions of
Tli—pyn and T|_qyn, respectively.  Then {P;}7, and {{XPX '},
{Qi}i-,, 41} are two unit (SI) decompositions of 7. By uniqueness, there exists
Y € GL(A(T)) such that {Y"'PY}", are an exact rearrangement of
{XPX 1}, {Qi} i1} Applying Lemma 1.11 for each r € {m +1,...,n},
we can find P, v € {m + 1,...,n} and Z, € GL(L(Q,H,P-H)) so that
Zr(T\g,n) 27t =T|p,w and r{ =7y if 71 = ro. Set

ZT»:X_l‘kax—lH, kém
Then
Z =71+ +2Z, € GL(A(T)).

Noting that ZPZ~! = @ and using Lemma 1.8, we can deduce that P ~
(AT)Q.

LEMMA 1.14. Let T € L(H) and let P and @ be idempotents in A'(T). If
T|py is not similar to T|gy, then for each natural number n, P & Oy is not

similar to Q @ 0py(ny in A'(TFD),
Proof. If not, there exists n € N and X € GL(A'(T("+1)) satisfying

X(Pa OH(n))Xil =(Q® OH(n)).
According to Lemma 1.7,

T(n+1)|(PEBOH(n))H("+1) ~ T("+1)|(Q®O YH (D) -

H(n)
Note that T(n+1)‘(P€B0H(n))H("+1> ~ T|p7-{ and T(n+1)‘(Q@OH(,,L))H("+1) ~ T‘QH.

Thus T'|px ~ T'|gwn. This contradicts T'|py % Tlox. 1

LEMMA 1.15. Let T € L(H) and let T™ have unique finite (SI) decomposi-
tion up to similarity for each natural number n. Then P ~ (A'(T))Q if and only

if [P] = [Q] in V(A(T)).
Proof. The “if” part is clear.
Let P,Q be two idempotent elements of A'(T). If [P] = [Q] in \/(A'(T)),
then there exists a natural number k satisfying
P & OH(k) ~ (.A/(T(n-‘rl)))Q @ OH(k).
By Lemma 1.7,
Tlpr ~ Tlon-
Furthermore, P ~ (A'(T))Q follows from Lemma 1.13. &



K-GROUPS AND STRONGLY IRREDUCIBLE DECOMPOSITIONS 245

1.2. THE PROOF OF THEOREM 1.1. (i) = (ii) Let P; be the orthogonal projection
onto H;. Let E be an idempotent in M, (A'(T)) = A(T™). Since T™ has
unique finite (SI) decomposition, 7| s and T(")|(I,E)H(n> have finite (SI)
decompositions.

If {Q1,...,Q.} is an (SI) decomposition of T| s/ and {Qui1,...,Qp}
is an (SI) decomposition of T(”)|(1_E)H(n>, then {Q1,...,Qs} is an (SI) decompo-
sition of T(™. Since we also have an (SI) decomposition of T(™ using nn; copies
of each of the projections P; uniqueness implies that there is X € GL(A'(T™))
so that conjugation by X carries (); to a copy of one of the P;, with appropriate
multiplicity conditions.

In particular, XDX 1 = X(Qq + -+ + Q,)X ! equals a sum of copies of
the P;. That is, there are integers m;, 0 < m; < nn;, so that

XEX! ZP("“

Define a map h : \/(A'(T)) — N* by
h([E]) = (ml, ey mk).

k

To see that h is well-defined, we observe that if [E] = [F] then F ~ E ~ Pi(m”
i=1

by using Lemma 1.15. If F' can be similar at most to one projection of the form

Z Pz(ml), it follows that if h([F]) = h([E]), then F ~ E, so h is one-to-one. For

any k-tuple (my, ..., my) of nonnegative integers, we can find n so that m; < nn;
k
for all ¢ and then h sends Pi(mi) to (my,...,myg), showing that h is onto. Thus,
i=1

V(A'(T)) = N and by our construction, h([I]) = (n1,...,nk).

(ii) = (i) Suppose /(A (T)) = N* and h is the isomorphism. Then there
exists a natural number r and Q,...,Qy, k idempotents of A'(T(")), satisfying
h([Qi]) =€, 1 < i< k.

Since \/ (A (T™)) = \/(A'(T)), we need only prove that T has unique finite
(SI) decomposition up to similarity. At first, we will prove the following:

(a) For an arbitrary idempotent P in A'(T), if T'|py € (SI), then there exists
i, 1 <1 < k, satisfying h([P]) = e;.

k k k

Let h([P]) = > Aiei = > MA([Q:i]) , Mi € N, set w =r > A, then we can

find a natural numbei n > w lsatisfying =

k
PEBOH(” 1) A/ T(n ZQEA ) @ OH(n w) .
=1

By Lemma 1.7

T(")| ~ T )|
(P®0,, (n—1))H(™
H(n—1) (Z Q(A )@OH(n w))H(n)

i=1
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So
T|pw ~T™)]
ZQ“ D

i=1

Note that T'| p € (SI) but the righthand side of this similarity is in (SI) only
if one \; is 1 and the rest are zero. Thus, there exmts i, 1 <i<k, h([P]) =

)
(b) For arbitrary idempotents P and @Q in A'(T™), if h([P]) = h([Q]), then
T|py ~ T|gn. The proof is similar to the proof of (a), so we omit it.

k
Let (Py,...,Py) be a unit decomposition of T' let h([P;]) = > Aije;, where
j=1
k
so that Z Z)\” = Zni, som < Y

i=17j= i=1 i=1
decomposmon
Furthermore, let (P,..., P;) be a unit (SI) decomposition of T', then

h(é[m) — (1) = ;n

k
By (a), t = >_ n;, and for each i, 1 < ¢ < k, there exist P,,..., P;

?

m k k
=3 3 Aijej. Note that h([I]) = 3 nie;,
=1j=1 i=1

n

;- This shows that T has finite (SI)

in, €
=1

{Pr,..., P} satisfying h([P,]) = - = h([P,, ]) = es. By (b), Tlp, 2 ~ Tlp, s

V1 < 4,k < n;. Letting A; = Tlpl , it i clear that

T~ Z A
i=1

Suppose (Py,..., ) be another unit (SI ) decomposition of T, then in the
same way we know r = Z n;, and for each i, 1 < ¢ < k, there exist n; idempotents

in {Pl, ce P;} and h sends each of them to e;. By (b) again, if h([P;]) = h([P;]),

1< Z n;, then T'|p, ~ T|p/H By Lemma 1.8, T has unique finite (SI)
1=1
decompos1t10n up to similarity.

This completes the proof of Theorem 1.1. &

1.3. THE PROOF OF COROLLARY 1.2. The first part of Corollary 1.2 comes from
Theorem 1.1.

Note that 7™ has unique finite (SI) decomposition up to similarity. That
Ty ~ Ty if and only if \/(A'(Th & T»)) = N follows from Theorem 1.1. Thus,
if Tl ~ T2 then Ko(A/(Tl D TQ)) =7 by using \/(A/(Tl D Tg)) =~ N. AISO, if
Ko(A'(Ty ® Ty)) = Z, then \/(A'(Ty ® T»)) = N¥, k < 2, by using Theorem 1.1.
Since Ko(A/(Tl D Tg)) =7, \/(AI(Tl D Tg)) =~ N.

This shows that T} ~ T5, completing the proof of Corollary 1.2. &
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1.4. THE PROOF OF THEOREM 1.3.
LEMMA 1.16. Let T € L(H). Then the following are equivalent:
k k
i) T~ > Agni) with respect to the decomposition H = 3 Hgni) where
i=1 i=1
A £ A, i # J, and ng, k < 0o

(ii) V(A'(T,T*) = Nk,

Proof. (i) = (ii). If 4; € (IR), it is easy to see A'(A;, AY) = C. For arbitrary
Ai, Ay € (IR), i # j, then ker7a, 4, Nker7a, 4; = {0}, where the Rosenblum
operator 74, a; € L(L(Hj, H;)) is defined by 7a, 4,(X) = 4;X — X A; for every
X € L(Hj, H;) (see [8]). If 0 # A € ker 74,4, N7a, 4,, then AA*A; = AA;A* =
A;AA*. Since A; € (IR), AA* = AT and A = 0. Similarly, A*A = I and p # 0.
It is easy to see that A = . This shows A/)\l/2 is a unitary operator and A; ~ A;.

k
It is a contradiction. So A'(T,T*) = > M,,(C), \/(A(T,T*)) = NF.
i=1

(ii) = (i) is similar to the proof of Theorem 1.1. 1

k
Now we are in position to prove Theorem 1.3. If T~ AZ(»"i) and A; % A;

i=1
for i # j then Ko(A'(T,T*)) = Z* by Lemma 1.16. Also, if Ko(A'(T,T*)) = ZF,
then since T has one unit finite (IR) decomposition, \/(A'(T,T*)) = N¥' follows

k

from Lemma 1.16. Thus ¥ =k and T ~ > Ag"i), A; # A;j for i # j. The proof
i=1

of Theorem 1.3 is now complete. 1

Corollary 1.4 and Corollary 1.5 are straightforward consequences of Theo-
rem 1.3.

2. THE APPLICATION OF THEOREM 1.1 AND THE CALCULATION OF Ko-GROUP

2.1. SEVERAL AUXILIARY LEMMAS AND DEFINITIONS.

VoN NEUMANN-WOLD THEOREM. Let S € L(H) be an isometric operator
oo

!
and let Loo = (| S"H. Then S|c., is unitary and S|p1 ~ @T., where | =
1

n=1
dim ker S*.

(oo}
DEFINITION 2.5. Say S to be a pure isometry if (| S™H = 0.

n=1

It is easily seen that Tz(n) is a pure isometry for every natural number n. The

following result is well-known.

LEMMA 2.6. Let S € L(H) be a pure isometry. Then the following hold:
1
(i) If I = dimker S*, then S ~ P T.;
1

(ii) If I < oo, then S* € By(D);
(iii) S € (SI) if and only if S* € B1(D).
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COROLLARY 2.7. Let S € L(H) be a pure isometry and P an idempotent of
A'(S). Then S|py € (SI) if and only if S|pr =~ Ts.

Proof. 1t is a straightforward conclusion of Lemma 2.6. 1§

LEMMA 2.8. For each natural number n, Tz(n) has unique (SI) decomposition
up to similarity.

Proof. Since (T\™)* € B,(D), T{™ has finite (SI) decomposition. If P €
AT is idempotent and T,(L")|pH<n> € (SI), then TZ(")|pH<n> ~ T, follows from
Lemma 2.6. Since (T\™)* € B, (D), m = n. This implies that T{" has unique
(SI) decomposition up to similarity. 1

LEMMA 2.9. \/(H®(D)) 2 N, Ko(H>* (D)) = Z.

Proof. Note that A'(T,) = H*° (D) and use Lemma 2.8 and Theorem 1.1, we
can complete the proof of Lemma 2.9. 1

DEFINITION 2.10. Let T € L(H) and let K be a compact subset of C. If
o(T) C K and for every f in Rat(K) = {f : f is rational function with poles
(

outside K}, [|f(T)]] < || f]] = max Il f(2)]], then we call K a spectral set for T.
z€

DEFINITION 2.11. T € L(H) is called a von Neumann operator, if T has a
spectral set.

The following three lemmas come from [4].

LEMMA 2.12. Every subnormal operator T is a von Neumann operator and
o(T) and o(T*) are spectral sets for T and T*. Furthermore,

DI = 1f oy, Ng(TH = llgllo@),
where f € Rat (o(T)) and g € Rat (o(T%)).

An operator is called subnormal if it is (unitarily equivalent to) the restriction
of a normal operator to an invariant subspace.

LEMMA 2.13. Let T € L(H) be a von Neumann operator. Then the following
are equivalent:

@) LD = [Ifllocr) for each f in Rat (o(T));
(ii) o(f(T)) = f(a(T)) for each f in Rat (c(T)).
LEMMA 2.14. Let K be a spectral set for T and let f € Rat (T). Then f(K)

is a spectral set for A(= f(T)). Furthermore, if ||g(T)| = |lgllx holds for every g
in Rat (KC), then ||h(A)|| = ||h||lf(x) holds for every h € Rat (f(K)).

2.2. THE PROOF OF THEOREM 2.1. Since 2 is simply connected, the Riemann
Mapping Theorem says that there exists a univalent analytic function f on D
satisfying f(D) = Q and f(0D) = 092. Set T = f(T.) = T¢. By Lemma 2.13 and
Lemma 2.14, o(Ty) = f(D) = Q. Since f is univalent, A'(T}) = A (T,) = H*(D)
(see [5]). Clearly, T, and T are subnormal. It follows from Lemma 2.12 that Q
and Q" are spectral sets for Ty and T, respectively. As usual, 0 = {A:XeQ}.
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A simple computation shows that 77 € B1(D). By Theorem 1.12 of [6], A'(T}) =
H>(f1"). Note that A'(Ty) =2 A'(Ty). We have

H™(Q) = H>®(D).
Thus V(H*(2)) = N and Ko(H>(2) = Z follows from Lemma 2.9. 1

2.3. THE PROOF OF THEOREM 2.2. Let h = inn(p — ¢(a)) be a finite Blaschke

product for some « in D. Using Theorem 4 of [5], we can find a natural number k
and a finite Blaschke product ¢ with k zeroes satisfying A'(T,) = A'(Ty). Since

k
Ty is a pure isometry, Ty = @(T) follows from von Neumann-Wold Theorem.
1

By Lemma 1.6, we have

\/(A(T,)) = \/ (A’ (é T)) =\ /(My,(H>(D))) = N.

By Theorem 1.1, T, has unique finite (SI) decomposition up to similarity.

2.4. THE PROOF OF THEOREM 2.3.

LEMMA 2.15. ([13], Lemma 2) Let A, B € L(H). If
H=\/{kerA—B)¥: XeT,k>1}
Jor some fized subset I of o, (B) satisfying op(A) NI =0, then kert4 p = {0}.

LEMMA 2.16. Let 1 and s be two univalent analytic functions on D. Then
one of the following holds:

(i) Ty = T,

(ii) either kerrr, 1, = {0} orkerrr, 1, ={0}.

Proof. Set ¢; = > )\gzj, where i = 1,2. Since ¢; is univalent, A\ # 0, i =
j=1
1,2. If ker7p, 7, # {0} and ker7p,_ 7, # {0}. We can find X,Y € L(H?*(D))
satisfying

T, Y =YT,,, T, X=XT,,.
Set O = p1(D), Q3 = p2(D). Then Oy and s are simply connected and
T;l S Bl(QD, T;Q € Bl(Q;)

If @y # Qy, then by using Lemma 2.15, we can deduce that ker 71, 7, = {0}

or ker 7y, 7, = {0}. This contradicts our assumption. Thus we may assume that

w2 c
Q=0 =Qyand 0(Ty,,) = 0(T,,) = Q. Without loss of generality, we can assume
that 0 € Q and ¢1(0) = 0. Let 2o € D and ¢2(20) = 0. Then there exists a Mobius
transformation x : D — D satisfying x(0) = zp. Therefore ¢2(x(0)) = 0. This

shows that T,,.) is unitarily equivalent to T,,,(y()). Thus we may assume that
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©2(0) = 0. Note that T, and T, have the following matrix representations with
respect to the usual orthogonal basis, {1, z,22,...} of H3(DD).

0 Al AL 0 X2 A3 ...

0 0 Al AL L. 0 0 A2 A2
T;I = . ) T;Z = .

Note that T% Y* = Y*T"%, . Then
Y1 Y

.. )\2 n—1
yi=| 0 Yo Y ...l and v, = (ﬁ) Yii.
. . . . 1
We claim that [A?/\}| < 1, as otherwise since Y* is bounded, Y1; = 0 and Y,,,, = 0,
n = 1,2,.... Similarly, we can deduce that Y;; = 0, 4,5 > 1. This contradicts
Y* £ O.

Similarly, |A\} /)\2| 1. Therefore |Aj| = [A?| = A.

Set 0; = arg Y M and U; = diag(1,e!%,e?% . ), j = 1,2. Clearly, U; is
unitary and for each 7,
0 A
N 0 0 X *
Ry =U T, U7 =10 0 0 A

Since U;T;U; = e 9Ty R; € A(T}), there exists a g; in H>(D) satisfying
R; = Ty . Since Ty is unitarily equivalent to 7], g;(D) = ¢;(D) = €, and
Ty € Bi(€r"). Clearly, each g; is a univalent analytic function on I and

g9;(0) =0, g;(0)=X>0.
By the Riemann Mapping Theorem g; = go. This shows that T,,, ~T,,. 1

Using Lemma 2.16, we immediately obtain
LEMMA 2.17. Let T = @ T,, be given by Theorem 2.3. Then there exists a
unitary operator U such that the followings hold:
; * (np) : o
(i) UTU* = @1 Tg,?p and Ty, # Ty, for ip, # ip,;

(ii) ker Ty Tor,.

= {0} forip, <ip,.

Now we are in position to prove Theorem 2.3. We know that if ¢; is a
univalent analytic function on D, then A'(T,,) = H*>*(D). By Lemma 2.16, it is

k
easy to see that A'(T)/Rad A'(T) = > M,,(H*°(D)). By Lemma 2.9,

i=1

\(A(T)) = \/ (A(T)/Rad A'(T \/(ZMn (H*(D ) NF.

By Theorem 1.1, T has unique finite (SI) decomposition up to similarity. 1
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Similarly to the argument of Section 1, we can prove Corollary 2.4.

3. THE PROOF OF THEOREM 3.1

LEMMA 3.2. Let A;, A2 € (SI) N L(H) satisfying
A'(4;)/Rad A'(A;) 2 C, i=1,2.
Then at least one of the following hold:
(1) Al ~ AQ,’
(i) for X andY in L(H), if AX = XB, YA = BY then XY € Rad A'(A;)
and YX € Rad A'(As).

Proof. If Ay # Ay and there exist X and Y € L(H) such that 41X = X A
and YA; = AY, then A1 XY = XAY = XY A,;. Hence XY € .AI(Al) If
XY ¢ Rad A’(A1), then XY =X+ R, where 0 2 X € C and R € Rad A'(4;) by
A'(A1)/Rad A'(A1) =2 C. So XY is invertible. Since we have YX € A’(A4,) and
oc(YX)U{0} = o(XY)U{0}, YX is also invertible by A’'(As)/Rad A’(As) = C.
This shows that X is invertible and A; ~ As. This contradicts A; # As.

Similarly we have Y X € Rad A'(A2). 1

LEMmMA 3.3. V/(M,(C)) 2N, n>1 (see 5.1.3 in [3]).

k
Proof of Theorem 3.1. By Lemma 3.2, A'(T)/Rad A'(T) = >~ M,,(C). By
1

.
Il

Lemma 3.3
k
V) =V mraaamy =\ (3 m,©)

So T has unique decomposition up to similarity.

1%

N*.

ExXAMPLE 3.4. Suppose that
_0 w1
0 wa

Wp, ’

&)
where > |w,|? < 00, |wy| < |wy—1], and w,, — 0. A simple computation shows

that
A(T)/Rad A'(T) = C.

Example 3.4 shows that the collection of operators considered in Theorem 3.1
is not empty.

It is well known that a Jordan block is an (SI) operator on a finite-dimensio-
nal space, and if A is an (SI) operator on a finite-dimensional space, then A is
similar to some Jordan block and A'(A)/Rad A'(A) = C. So, in the same way,
we can prove the Jordan Standard Theorem, and in our proof we do not use
determinants.
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JORDAN STANDARD THEOREM. Every operator A in L(C™) is similar to J =

) Gé()\ilmi + Jm;), where Nilp, + Jm,; a summand of J, is uniquely determined
i=1 1

by A and ||m; —m;|| + [|Xi — Aj|| >0 fori#j.
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