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ABSTRACT. An entropical invariant is defined for automorphisms of count-
able discrete amenable groups, and relations are shown between two en-
tropies for an automorphism on the C*-crossed product algebra and for its
restriction to the original algebra. As an application, given an automor-
phism  and an amenable group G, we have the equality for entropy that

ht(B - 3) = ht(B *id).
——
|G|
KEYWORDS: C*-algebra, entropy, crossed product, reduced free product.
MSC (2000): 46L55, 46140.

1. INTRODUCTION

A non-commutative version of the Kolmogorov-Sinai entropy was introduced by
Connes and Stgrmer in [6] for a trace preserving automorphism of a finite von
Neumann algebra, and by Connes, Narnhofer and Thirring in [5], the notion is
extended to the CNT-entropy hy(a) for an automorphism o« of a C*-algebra A
preserving a given state ¢ of A.

Topological entropies for automorphisms of C*-algebras were invented by
Hudetz ([11]), Thomsen ([16]) and Voiculescu ([18]). Voiculescu’s topological en-
tropy ht(«) for an automorphism « of a nuclear C*-algebra A was extended by
Brown ([2]) to automorphisms of exact C*-algebras. In general, hi(a) > he(a),
by Voiculescu ([18]) and Dykema ([9]).

In this paper, we show some results on relations between the topological en-
tropy and the free products of automorphisms. We have our results by considering
the free product of some automorphisms as automorphisms on the crossed product
satisfying some conditions.
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To compute topological entropy of such automorphisms, in Section 2, we
define an invariant h(a) for an automorphism « of a discrete countable amenable
group G, and we show that h(-) enjoys properties one would expect of entropy.

In Section 3, we consider an automorphism ~ of the crossed product A x, G
of an exact C*-algebra A by a discrete amenable group G (with respect to an action
«) such that both A and the unitary group G in A X, G are globally invariant under
~. Such automorphisms on A x,, G arise naturally when we consider free products
of automorphisms (cf. Lemma 4.2). We show some relations among ht(7), h(ya)
and ht(v4) for the restrictions vg and 4 of v to G and A respectively.

In Section 4, we apply our result in Section 3 to automorphisms on the
reduced free product C*-algebras. For every automorphism g of an exact C*-
algebra, the topological entropy for the free product ékaﬂg of {#4}4ecc equals to

g

that for the free product Sx*id of 5 and the identity on C;(G) (Theorem 4.3). Here
Bg = B for all g in an amenable group G. Furthermore, if 6 is an automorphism of
G with h(8) = 0, then ht(6  ,) = 0 (Corollary 4.4). Here @ is the automorphism
of the reduced group C*-algebra C(G) induced by 6, and o, is the automorphism
of the Cuntz algebra O, (respectively C¥(Fy) of the free group F,) which is a
permutation of generators.

2. AUTOMORPHISMS OF AMENABLE GROUPS

Let G be a discrete countable group. We denote by F(G) the set of all finite
subsets of G. Remark that a discrete countable group G is amenable ([13]) if and
only if G satisfies Fglner’s condition, that is, for a given K € F(G) and § > 0,
there exists a non-empty F € F(G) such that
FAF
M<6 for all g € K.
|F|
Here |S| means the cardinality of S € F(G).
We call such a set F' a Fglner’s set for (K, 9).

2.1. DEFINITION. Let G be a discrete countable amenable group and let
a € Aut(G) (the group of automorphisms of G). For a K € F(G), we put

|gF A F|

c(K,é)—inf{|F|:F7é®, 7

<5forallg€K},

n—1

ha, K,0) = hmsupllogc( U ai(K),(S),

n—oo N =0

and

h(a, K) = sup h(a, K, ).
6>0

Then we define h(a) for a by

ha) = sup h(a, K).
KeF(G)
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REMARK. If G is generated by an increasing sequence of finite subgroups of
G, then h(«) is given as the supremum of h(«, K) for all finite subgroups K of G

The following proposition shows that h(-) satisfies the basic properties of
“entropy”.

2.2. PROPOSITION. Let G be a discrete countable amenable group. Then
(i) h(a®) = |k|h(a), for all o € Aut(G) and all k € Z
(i) h(a) =

and

(8), for a, B € Aut(G) which are conjugate in Aut(G)
6 >0,

Proof. (i) It is clear that h(id) = 0 for the identity automorphism id of G

Assume that k is a positive integer. Since for any finite subset K of G and
1 n—1 (n—1)k

11msuplogc( U ozkj(K),(S) lim sup — logc(

msu ]L:JO o/ (K), 5)

(n—1)k
1
= klimsup klogc<

msu U o (K), 5)

7=0
nk—1 )
kllﬁsolipklogc< U oﬂ(K),é),
7=0
we have that h(a*) < kh(a).

Then

Conversely, let [#] be the Gauss symbol, that is, the integer m with m <
% < m+ 1. For a given finite subset K of G, we denote the set |J

kh(a, K, d) = limsup

) by K.
i=0
klogc(U 5)

lim sup — log c
j=0

hmsup logc( U ) = h(a®, K',05).
This implies that kh(a) < h(a ) so that kh(«)

a) = h(a¥) for all positive
integers k. It is obvious for finite subsets K and F' of G that |[FF A sF|/|F| < for
all s € K if and only if |aF A saF|/|aF| < § for all s € a(K). Hence

n—1
c

(]L_JO a™(K), 5) = c<a—”+1 (:L_J:aj(K)> : 5> = c<nU1 aj(K),6>
which implies that

=0
h(a) = h(a™?
Therefore (i) holds

).

(11) Assume that a = y3vy~! for some v € Aut(G). Then |FAsF|/|F| < 6 for
all s € U (7 (K) if and only if |y(F) A sy(
and h( ) h(B). 1

/A (F)| < bforall s € U ad (v(K)),

=0
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2.3. The restricted direct product [[ G; of discrete groups (G;);er is the
i€l
subgroup of the cartesian product [] G; formed by the elements (g;);cr such that
il
g; € G; is the unit e; of G; for all but a finite number of indices. It is well known
that if all G; are amenable, then ][] G; is amenable.
i€l
PROPOSITION. Let Gy be a finite group, and let G = [] G;. Here G; is
=
a copy of Go for all i € Z. If a is the automorphism of G induced by the map
i1 €Z —i+1, then

h(a) < log |G-
Proof. Given K € F(QG), there exists a k € N such that
K C{(g9i)i € G:gi=e;, ifi¢[-k K]}
For n € N, let

F(n)={(9:)i € G:gi =e;, if i & [k, k+nl}.

n—1
If g e J oK) and h € F(n), then gh € F(n) and g~*h € F(n). Hence
=0

7

n—1
gF(n)AF(n) =0 for all g € |J o(K) so that for any § > 0 we have
i=0

1=

n—1

C<LhﬂKxQSQanmm%ﬂwk
=0
This implies that h(a, K,d) < log|Gp| for all K € F(G) and § > 0 and we have
h(a) < log|Gol. 1

2.4. An automorphism « of a group G induces an automorphism @ of the
C*-algebra C7(G) generated by the left regular representation A:

a(\g) = Aa(g), 9 €G.

COROLLARY. Let G and « be the same as in Proposition 2.3. If G is abelian
(that is, Go is abelian), then ht(&) = h(a) = log |Go|.

Proof. We show in Corollary 3.6 that in general ht(&) < h(a). The C*-
algebra C}(G) is represented as @ C;(G;), and the shift automorphism & has
i€Z
ht(@) = log(rank (C}(Go))) ([19]). If Go is abelian, then rank (C)(Go)) = |Go-
Hence ht(a) =log|Go|. 1
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3. ENTROPY OF CROSSED PRODUCTS

To fix our notations, we first review the definitions of ht(-). For a C*-algebra A,
let 7 : A — B(H) be a faithful *-representation of A and let w C A be a finite
set. For a 6 > 0, rep(m,w,d) = inf{rank (B) : B is a finite dimensional C*-algebra
which has contractive completely positive maps ¢ : A — B¢ : B — B(H) such
that || - v(a) — 7(a)]| < d,(a € w)}. Here rank (B) means the dimension of a
maximal abelian subalgebra of B. Let o € Aut(A4). Then

n—1
1 )
ht(m, a,w, ) = limsup — log (rcp(ﬂ, l | az(w),(S))

n
e i=0

and the topological entropy is defined as ht(«) = sup sup ht (7, o, w, d), which does
w >0

not depend on representations m ([2]).

In this section, we study relations among entropies ht(7), ht(ya) and h(yg)
for an automorphism v on the reduced C*-crossed product A x, G.

Let A be a C*-algebra acting on a Hilbert space H, and let o be an action
of a discrete countable group G on A, that is, o is a homomorphism from G to the
group Aut(A) of *-automorphisms on A. The representation 7 of A on I?(G, H)
is given by (m(a)é)(g) = a,'(a)é(g) for alla € A, g € G, £ € I?(G, H) and the
unitary representation A of G on I?(G, H) is given by (A\,&)(h) = &(g~1h) for all
g,h € G, £ € 1*(G, H). The reduced crossed product A x, G is the C*-algebra on
I>(G, H) which is generated by 7(A) and the unitary group Ag = {)\; : g € G}
Assume that a v € Aut(A x4 G) satisfies the following condition:

(3.1) vAa) =Aa  and  A(n(A)) = ().
Then we have y¢ € Aut(G) and v4 € Aut(A) such that

Mot =7(h)  and  7(ya(a)) = y(r(a) ge G, ac A

3.2. EXAMPLE. An automorphism ~ of A x, G which satisfies condition
(3.1) is obtained from an automorphism of A and an automorphism of G. Let
0 € Aut(G) and let o be an action of the group G on a C*-algebra A such that
g = ag(g for all g € G. (Such a pair (a,0) is given for an example as follows:
Assume that a group G acts trivially on A and let o/ be an action of a group
G2 on A. Let G be the semidirect product G; x Ga. For g = g1g2, g; € G;, we
define the action a of G on A by ay(a) = aj,(a). Let ' € Aut(G1) be such that
0' (929195 1) = 920/ (g1)g5 * for g; € Gy, i = 1,2. Then we have § € Aut(G) defined
by 0(g192) = 0'(g91)g2 for g1,g2 € G, and oy = ay(g) for all g € G.)

If 0 € Aut(A) satisfies that ago0 = ooy for all ¢ € G, then there exists
v € Aut(A x4 G) such that y(n(a)) = m(o(a)) for all a € A and y(Ay) = Ag(g) for
all g € G.

In fact, we may assume that there exists a unitary v € B(H) with o(a) =
vav* for all a € A. Let U be the unitary defined by

(U&)(g) =v*(&(0(g)), §€l*(G,H), g€G.

Then we have
Urn(z)A\U = m(o(x))Ngg), w€A g€
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and the restriction vy of AdU* to A X, G satisfies the condition (3.1).

We give in Section 4 other kind of examples of v € A x, G with the prop-
erty (3.1).

3.3. Assume that an exact C*-algebra A is represented on a Hilbert space
H. Let G be a discrete amenable countable group, and let a be an action of G on
A. Remark that A x, G is exact by [12]. For a finite subset K of G and a finite
subset w of A, we put
wrg ={m(a)A\g: a €w, g€ K}.
Under these conditions, we have the following inequality.
PROPOSITION. Assume that an automorphism -~ of the crossed product

Ao G satisfies the condition (3.1). Let K be a finite subset of G and let w
be a finite subset of the unit ball of A. Then we have

n—1
1 ; 4]
h’t(ldA X, G VWK, 5) < h(’YG)+llm sup log rep (idAa U Qp—1 < U 734(“'0) ) 2) :
i=0

n
n— oo hel

n—1 n—1
Here F' is a Folner’s set for < U 7@;(K),5/2> with |F| = c( U 7&(K),5/2).
i=0 1=0

Proof. We may assume that K contains the unit e of G. Given § > 0 and
n € N, choose a non-empty F € F(G) such that

n—1 n—1
; 5 FAF| ¢ 4
|F|_C(U’YZG(K)»2>a g|F||<2 for all g € UV&(K)
i=0 i=0

We choose a triple (¢, ¢, B) of a finite dimensional C*-algebra B and completely
positive maps ¢ : A — B,v¢ : B — B(H) such that

5 n—1 .
oot ot < 3, e | o (U 2heo)

heF
and that
n—1 5
; -1 i
rank (B) = rcp(ldA, U a, ( U WA(w)),2>.
heF =0
Let f = |F|~'/2xr, where xr is the characteristic function of F. Then
Ty g
teG

We denote by Pr the orthogonal projection of I?(G) onto [?(F). As in [3] following
after [14], we define completely positive maps ® and ¥ with

n—1
g€ |J6x).
i=0

AxG-2PpB(12(G))Pr ® B—=B(%(G, H))

b
' ®(z) = (10¢)(Pr@ a(Pr@1), z€AXG
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and
U(y) =Tr(1©Y)(y), ye PrB(I*(G)Pr® B,

where

Ty(x) = vi(my @ Da(m} @ Dy;
teG

and v is the right regular representation of G, and m  is the multiplication operator

n—1

of f. By [3], Propositions 2.5 and 2.6, we have for all a € |J 7%(w) and g €
=0

n—1

U 7&(K) that

i=0

[0 - @(m(a)Ag) — m(a)Ag]| <

5 g - bla (@) - s (@)

teFNgF

> fWflgte) - 11 <4,

teFNgF

+

where {e; s : t,s € G} is the standard matrix units of B(I?(G)). Hence

n—1
rcp(idA X, G U 'yi(wK),(S) < |F| - rank (B).
i=0

This implies the inequality. 1

3.4. Let G be a discrete amenable group and let 6 € Aut(G).

CONDITION () FOR (G, 0): Given a finite set K C G and 6 > 0, there exists
a finite subgroup L such that for all n € N we can choose a Fglner’s set F(n) for

n—1 n—1

( U Gi(K),(S) which satisfies that |F(n)| = c( U Gi(K)ﬁ) and is a subset of
i=0 1=0

the product set LO(L)--- 0" 1(L).

COROLLARY. Let A,G,a and vy be the same as in Proposition 3.3.
(i) Assume that (G,~q) satisfies (t). If ya commutes with oy for all g € G,
then

(1) ht(y) < h(yg) + ht(ya).

(ii) In particular, if (G,vq) is the pair in Proposition 2.3 and if y4 commutes
with ay for all g € G, then we have (I).

(iii) Let (G,0) be the pair in Proposition 2.3, and let vy be the automorphism
given in 3.2. Then we have (I).

Proof. First we remark that v4 commutes with a4 for all g € G if and only
if ay = a,,(g) for all g € G. In fact, if y4 commutes with o, for all g € G,
then (g (g)va(a)) = )\WG(Q)/V(F(G))A:G(Q) = Y(Agm(a)Ay) = v(7m(ag(a))) =
m(va(ag(a))) = m(ag(va(a))) for all g € G and a € A which implies that ay =
Qg (g) for all g € G. The converse relation is obtained by a similar calculation.
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(i) Given K € F(G) and § > 0, we choose a finite subgroup L of G as in (}).
If h € F(n), then h = hyyg(ha) - - v& ' (hy) for some h; € L, i =1,2,...,hy,. Let
h = hiho---h,, then b’ € L and a,;l = a,:,l. Hence we have that

U o e o)

heF(n) heL
so that
n—1 5
hrnsup log TCp(ldA, U ap- 1( U vy (w > 2)
o hEF(n) i=0
hmsupflog rcp<1dA7 U 7A< U ap-1( ) > < hit(va).
nee heL

Since ht(idy x_ ¢,7wk,0) < h(yg) + ht( a) for all K and ¢ by Proposition 3.3,
we have that ().

(ii) Let (G, 0) be the pair in Proposition 2.3. For a finite set K C G, let L
be the smallest subgroup of G which contains K. Then L satisfies the condition
(1), and we have (f) by (i).

(iii) The automorphism ~ in 3.2 arises from 6 € Aut(G) and an action « of G
on A such that a; = ag(g) for all g € G. This condition implies that v4 commutes
with o for all g € G. Hence we have () by (ii).

3.5. COROLLARY. Let A,G,« be the same as in Proposition 3.3. If v €
Aut(A %, G) satisfies

Y(w(A) =m(A) and ~(Ng) =Xy, forallgeG,
then
ht(7y) = ht(7a).

Proof. By the monotonicity of ht ([2], Proposition 2.1), ht(y) > ht(ya). Let
K be a finite subset of G. If y(\;) = Aq for all g € G, then we can choose the

same Fglner’s set for ( U 74 (K), 5/2) as for (K,8/2). Let w be a finite subset

of A. If y(Ng) = Ag for all g € G, then y4 commutes with o for all g € G. Hence
by Proposition 3. 3 we have

)
ht(ldA Ay G VH WK, 6) < ht <idA,")/, U O‘}:l(w)v 2)
heF
so that ht(y) < ht(ya). 1

REMARK. Corollary 3.5 was shown independently by Dykema and Shlyakht-
enko ([11], Proposition 1.2) for the automorphism + on the crossed product A x, G
which arises from a ¢ € Aut(A) and the identity on G.

3.6. COROLLARY. Let a be an automorphism of a discrete amenable group
G and let @ be the automorphism of C(G) induced by « as in 2.4. Then
ht(@) < h(a).
Proof. In Proposition 3.3, let A be the trivial algebra C. Then A x, G is
nothing but C}(G). Applying Proposition 3.3 to v = @, we have ht(@) < h(a). 1
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4. ENTROPY OF FREE PRODUCTS

For a set I, let A;,i € I be a unital C*-algebra with a state ¢; whose GNS

representation is faithful. The reduced free product (A, ¢) ;I(Ai, ¢;) defined

by Voiculescu ([17]; see also [19]) is the pair of a unital C*-algebra A with unital
embeddings A; — A for all i € I and a state ¢ such that
(i) ¢|A; = ¢y, for all i € I,
(ii) the family (A;);er is free in (A, @),
(iii) A is generated by the family (A;)cr,
(iv) the GNS reprentation of ¢ is faithful on A.

Here, the statement (ii) means that ¢(aiasz---a,) = 0 whenever a; € A,,, ¢(a;) =
0 and ¢j # ¢j4q for j € {1,2,...,n —1}.
The state ¢ is denoted by LS ¢i. A reduced word a in (A;);er is an ele-
[4S]

i

ment in A given by an expression of the form a = ajas---a,, where n > 1,a; €
A, ¢.,(a;) =0 and t1 # ta,...,tn—1 # tn. The number n is called the length
of the reduced word. Following Dykema ([9]), we call the set {¢1,...,t,} C I the
alphabet for the word a. The linear span of all reduced words in (4;);cs is dense
in A. Let a; be a x-automorphism of A;, and let ¢; be an «;-invariant state
of A;. Then there exists a ¢-preserving automorphism « of the algebra A such
that a(aiaz - --a,) = a,, (a1)a,,(a2) - o, (a,) whenever a; € A,;, ¢(a;) =0 and
tj # tjy1 for j € {1,2,...,n — 1}. The automorphism « is denoted by i;kI Q;.

4.1. Let B be an exact C*-algebra, and let ¥ be a state of B with faithful
GNS-representation. Let G be an amenable discrete group, and let A be the left
regular representation of G. Let A be the algebra given by the reduced free product
construction:

('Av ¢) = (O:(G)7TG) * (Baw)7

where 7¢ is the trace of C}(G) such that 7¢(A\g) = 0 for all g € G except the unit.
We use the method in [4] that A is decomposed into the crossed product. We put

Ag=XgBA, and ¢, =¢|A, forallged.

Let A be the C*-subalgebra of A generated by {\;BA} : g € G}. Since {\;BA} :
g € G} is a free family with respect to ¢, we have that

(A, 04) = x_(Ag, dg)-

*
geG
We give the action a of G'on A by ay(a) = AgaA; for all g € G and a € A. As we
showed in [4], Claim 4, A is decomposed into the crossed product A x, G. In this
setting, it is obvious (so we omit the proof) that automorphisms of A x, G with
the property (3.1) arise naturally as in the following:
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4.2. LEMMA. Under the same notations as in 4.1, let § € Aut(B) with
Yol =1, and let o € Aut(G). Then v = o x 3 € Aut(A) is an automorphism
of Axy G which satisfies the condition (3.1). In particular, if o is the identity
automorphism of G, then the restriction va of v to A commutes with the action «.

THEOREM 4.3. Let B,y and G be the same as in 4.1. If B is an automor-
phism of B preserving ¥, then

ht(gékG ﬁg) — ht(ide * ).

Here, By is a copy of B for all g € G and idg is the identity automorphism of
CrH@).

Proof. We use the same notations as in 4.1. Remark that A is exact by
[8]. We denote by v the automorphism idg * 8 of A x, G. Then + satisfies all
conditions in Corollary 3.5. Hence we have that ht(y) = ht(y4).
On the other hand, the automorphism 4 is conjugate to gG(ag Jé] a;l).
g

We denote by v, the restriction of v to the embedded copy of A, into A. The
automorphism 3, on the embedded copy of B in A is given by 8, = a4 0y,. Then

71 . . 71
* (« « is conjugate to ( * ) * ( e ) Hence, we have that
geG( gﬂ g ) jug gec g geGﬂg gec , W vV

ht(y4) = ht(gga ﬁg) so that ht(gékG ﬁg) — ht(idg * ). 1

In Theorem 4.3, we do not know the relation among the values

{ht( * @)} , where each (; is a copy of an automorphism S. If we let

1<i<n neN

G = [] Gn, (Gn is a group with |G| = n) and if we let v = idg«(g) * 3 for an
neN

automorphism 3 of a unital C*-algebra B preserving the given state of B, then

ht(ides(z,) * ) = ht(y *y*--- %), foralln e N.
r N———
n times

In fact, by Theorem 4.3, ht(idc= (z,) *7) = ht(yxy*7y) = ht(y*7y) = ht(idcs z,)*7)
because C}(Gy) C CF(G) x B and the restriction of v to C;(G,,) is the identity.
So, ht(y x v %) = ht(y * ) = ht(idgs(z,) * 7). Similarly, for all n € N, we have
the equality. However, we don’t know the relation between ht(8 * id) and ht(5).

4.4. Next we show some examples of non-trivial automorphisms 3 € Aut(B)
that ht(idc:(q) * ) = ht(B). They are given as free permutations of the reduced
free products of C*-algebras, and have 0 entropy. In special cases, § is the free
permutation of the generators of Cuntz algebra Oy, in [7] or C}(Fy) of the free
group with infinite generators and ht(5) = 0 ([3], [9]).

Let I be a finite set, and for every ¢ € I let C, be a finite dimensional
C*-algebra with a state p, whose GNS representation is faithful. Let

(Cop) = Lgl(CuﬂL)'

Let J be a set, and for every ¢ € J let (B¢, 1¢) be a copy of (C, pn). Put
B,v) = B .
( ﬂﬁ) Cék]( Ca’l/)(:)
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Let o be a permutation of J. Then there exists the automorphism o, of B
sending the embedded copy of B¢ in B identically to the embedded copy of B¢
in B for every ¢ € J.

THEOREM. Under the same notations as in 4.1, assume that (B,v) is the
pair arising from the above reduced free product construction. If 6 € Aut(G) has
h(0) =0, then

ht(d % 0,) = 0.

Proof. We denote 0o, by 7. Asin 4.1, A is decomposed into A x, G and
7 is the automorphism of A x4 G such that y(Ag) = Agg) and v(A4y) = Ag(g)-
Let H, = L*(Ay, ¢4) on which A, acts via the GNS representation, and let &,
be the image of the identity of A, in Hy. Then we may consider A as the C*-
algebra which acts on the Hilbert space H arising from the reduced free product
(H,¢) = gékG(Hg,fg). Let W(A) be the set of reduced words in (Ag)gec. To

compute ht(id 4 X, G» Vs Wi, 0) for finite sets w C A and K C G, it is sufficient to
take a finite set w C W(A). We may assume that w is contained in the unit ball
of A and that each reduced word a € w has a form that

a:)\glbl)\zl "')‘gnbn)‘; g1 #92?"-391’7,—1 #gna

n?

where each b, is contained in the set of the reduced words in (BC)CG 7 so that by,
has a form that by = b(k,1)---b(k,n), where b(k,l) € By Nker(d¢,)) and
C(k, 1) #C(k, I+ 1) foralll, 1 <I<n,—1.

We denote by C¢, the embedded copy of C, into B¢ which is obtained by
the natural embedding in the reduced free product construction.

Again, we may assume that each b(k,1) is contained in the set of the reduced
words in (C¢ ,)ces.er so that b(k,1) = c(k,l;1)-- - --c(k,l;m(k, 1)), where c(k, [;t) €
Coeit) N ker (g, ki), and o(k, ;1) # o(k, 15t + 1) for all £, 1 <t < m(k,1) — 1.

Thus we may assume that w is a finite subset of the reduced words in
{NgCc Ny g€ G,uel,¢ € J} of finite dimensional C*-algebras.

Given a finite subset K of G and given 6 > 0, let F(n) be a Fglner’s set

n—1 n—1

for ( U Gi(K),5/2> such that |F'(n)| = c( U Gi(K)75/2>. Since ht(0) = 0, we
i=0 i=0

have by Proposition 3.3 and Lemma 4.2, that

n—1
. . 1 . _ i 0
ht(idy i, 7> WK9) Shrnsupnlogrcp(ldA7 U ahl(iL_Jory (w)>,2>-

nmoee hEF(n)

n—1
We denote the set | ah—l( U 'yi(w)) by w(n,~).
heF(n) i=0

Let g be the maximum of the lengths of the words belonging to w. Then ¢ is
also the maximum of the lengths of the words belonging to w(n,~). Let J be the
set of the alphabets for the elements of w. We denote by J(n,~) the alphabets for
w(n,y), and by d(J(n,~)) the maximum over (g,¢,¢) € J(n,7) of the dimension
of L?(AsC¢, A5, ¢) as a Banach space. Then d(J(n,7)) is the maximum d of

the dimensions of (C,),cr. Since A is represented as the C*-algebra acting on H
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given as the reduced free product Hilbert space of (Hy)g4ec, we have by Dykema’s
estimate in [9], Proof of Theorem 1:

rep (). 5) < (14 HI )

Here k is an integer which depends only on §/2 and q. We put Jz = {g €
G : (gvga[') € j(n77) forsome(: € JaL € 1}7 jJ = {C e J: (g7<al') €
J(n,7y) for some g € G,v € I}, and Jr ={t € 1:(g,(,t) € T(n,v) for some g €
G,( € J}. Then

T (n,v) € {h™'0(g9)a"(¢)e: h € F(n), g € Ja,C € Ty,e € Tr}-
This implies that |7 (n,7)| < n?|F(n)| |Ta||Ts||T1| so that
ht(ldA ><|aG7’Y7wK75) < kh(@,K, 5) =0.

Hence we have that h(g* o.) =ht(y)=0. 1

REMARK. (1) The proof of Theorem 4.4 holds in the case where I is a one
point set and o, = *I a¢, where a¢ is a 1¢-preserving automorphisms of Be.
Le

(2) The restriction 4 of v to A in the proof of Theorem 4.4 is the same kind
of automorphism as in Theorem from [9], and ht(y4) = 0. Hence Theorem 4.4
gives an example for v € Aut(A x,, G) such that ht(y) = ht(va) + ht(va).

COROLLARY. Assume that 6 € Aut(G) has h(0) = 0.

(i) If o4 € Aut(O) is a permutation of the generators of the Cuntz algebra
O, then ht(a* ox) = 0.

(ii) If o, is the automorphism of the type Iy-factor L(Fy) induced by a
permutation of the generators of the free group Fuo, then the Connes-Stprmer

entropy H(0x0,) = 0. Here 0 is the automorphism of the finite group von Neumann
algebra L(G) induced by 6.

Proof. Let (T, 1) be the pair of the Toeplitz algebra 7 and the state p with
p(vv*) = 0 for the generator v of 7. Then (7, p1) is embedded into the free product
(C, p) for a suitable (C,, i, ),er, and the pair (C*(Z), 7z) is also embedded into the
free product (C, u) for a suitable (C,, i, ),er ([9], Examples 7).

By the monotonicity of ht(-) and by Theorem 4.4 we have ht(g* ox) =0 for
the o, of Oy or of C¥(Fx).

In general, the topological entropy dominates the CNT-entropy. Hence we
have that Nrgurs (5 % 0,) = 0. This implies that the Connes-Stgrmer entropy
Hlx*0.)=0. 1
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Note added in proof. After this paper was accepted, more general results on free
products were obtained by Brown-Dykema-Shlyakhtenko.
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