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ABSTRACT. We study finite von Neumann algebras M that admit an approx-
imate identity made with completely positive normal maps whose extention
to L?(M) are compact operators. We prove heredity results, and we state
sufficient conditions on actions of countable groups to ensure that the crossed
product algebras have the same property.
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1. INTRODUCTION

In [14], U. Haagerup proved that the reduced C*-algebra of the non Abelian free
group Fy has Grothendieck’s metric approximation property. To do that, he
proved the existence of a sequence (¢n),>1 of normalized, positive definite func-
tions on F with the following properties:

(1) for every g € Fy, the sequence ¢, (g) tends to 1 as n — oo;
(2) for every n, ¢, belongs to Co(Fn), i.e. tends to 0 at infinity of Fy.

It turns out that many classes of locally compact, second countable groups
possess such sequences (where pointwise convergence to 1 is replaced by uniform
convergence on compact subsets), and it is the reason why we call it the Haagerup
property in [7]. In [8], M. Choda observed that a countable group I' has the
Haagerup property if and only if its associated von Neumann algebra L(I") admits
a sequence (®,,) of completely positive, normal maps such that

(1') 70 ®,, < 7 and ®,, extends to a compact operator on ¢?(I") (7 denotes
the natural trace on L(T"));
(2) for every z € L(T"), ||®,(z) — |2 tends to zero as n — .

(See also [1], Proposition 4.16.)
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Obviously, injective finite von Neumann algebras have the Haagerup property
in this sense. However, the first family of examples of finite von Neumann algebras
that have this property and which are neither group algebras nor injective is given
by F. Boca in [6]: he proves that the amalgamated free product factors constructed
by S. Popa in [24] have the above property.

It is worth mentioning that the first use of the Haagerup property in the
context of (group) von Neumann algebras is due to A. Connes and V. Jones [9]:
they showed the existence, for every property T countable group, of a cocycle
action on some algebra L(F),) which cannot be perturbed to a genuine action. A
crucial fact is that if N is a type II; factor with property T, then it cannot be
embedded into any factor with the Haagerup property. See also Section 6 and
Appendix in [27].

Our article is organized as follows: In Section 2, we recall the precise defi-
nition of the Haagerup property for a finite von Neumann algebra and we prove
first a technical result which says that one can always choose a sequence of unital
completely positive maps (®,,) as above such that 7o ®,, = 7 for every n. This
stronger condition is unavoidable to extend such maps to free products, for in-
stance. Nevertheless, the weaker condition is more flexible to use while proving
that any reduced algebra eMe has the Haagerup property if M does, for example
(see Theorem 2.3). A priori, that property depends on the choice of some finite
trace 7, but we prove in Proposition 2.4 that if a finite von Neumann algebra M
has the Haagerup property with respect to some trace 7, then it has the same
property with respect to any other trace 7. We also prove the following heredity
result:

THEOREM 1.1. Let 1 € N C M be finite von Neumann algebras (with sepa-
rable preduals). Assume that N has the Haagerup property and that the commu-
tant N’ of N in the standard representation L*(M) is finite. Then M has also the
Haagerup property.

If N and M are finite factors, the finiteness hypothesis on N’ means that N
has finite Jones’ index in M, and the result is well known (see [6], Lemma 3.10,
for instance). However, a typical case where Theorem 1.1 applies is when there
exists a conditional expectation F : M — N with finite probabilistic index: see
Corollary 2.6 and Proposition 2.10 for an explicit example.

Section 3 deals with crossed products of finite von Neumann algebras N
with the Haagerup property by trace-preserving actions of groups I' with the same
property, and our main result there is:

THEOREM 1.2. If T acts on a finite von Neumann algebra N and if T' con-
tains a normal subgroup H such that:
(i) the von Neumann subalgebra N x H of N X T has the Haagerup property;
(ii) the quotient group Q =T /H is amenable;
then N x T has the Haagerup property.

We also give examples of properly outer actions of non amenable groups on
the hyperfinite type II; factor R such that the crossed products have the Haagerup
property and we discuss briefly Boca’s notion of the Haagerup property for an
inclusion N € M = N xI': it turns out that the inclusion has the Haagerup
property if and only if I' has the Haagerup property. As a consequence, we get
the following result for countable groups:
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PROPOSITION 1.3. Let I'y and I's be two groups that are Orbit Equivalent
(see Section 3). Then one of them has the Haagerup property if and only if the
other one does.

Finally, this paper ends with an appendix where we give a proof of a result
of S. Popa ([26], Proposition 1.1) which is related to Corollary 2.6: if a conditional
expectation E from a von Neumann algebra M onto a von Neumann subalgebra
N has finite index, then it is automatically faithful and normal.

2. TECHNICAL AND HEREDITY RESULTS

In this paper, M, N, ... denote von Neumann algebras with separable preduals, ex-
cept in the Appendix. Let ¢ be a faithful, normal state on M. Denote by L?(M, ¢)
the standard Hilbert space associated with ¢ and denote by &, € L?(M, ) the
unit vector which implements ¢. We also denote by || - ||2,, the associated Hilbert
norm on M; we simply write || - ||2 when ¢ is fixed and when there is no danger
of confusion. If e is a non zero projection of M, we denote by ¢, the state on
eMe defined by p.(exe) = p(e) p(exe) for all exe € eMe. If & : M — M
is a completely positive, normal map such that ¢ o ® < ¢, then ® extends to a
contraction Ty : L2(M, @) — L?(M, ) via the equality

Ty (3354,0) = ‘I)(x)gt,a

for x € M. We say that ® is L2-compact if Ty is a compact operator. As we mainly
deal with finite von Neumann algebras here, we use the symbol 7 to denote a finite,
faithful, normal, normalized trace on M, and we shortly call it a trace. We recall
the following definition taken from [1]:

DEFINITION 2.1. Let M be a finite von Neumann algebra and let 7 be a
trace on M as above. We say that M has the Haagerup approximation property
with respect to 7 (shortly: M has the Haagerup property) if there exists a sequence
(®1)n>1 of completely positive, normal maps from M to itself such that:

(i) 7o ®, < 7 and ®,, is L?-compact for every n;

(ii) for every z € M, ||®p(z) — 2|2, — 0 as n — oc.

Apparently, the above property depends on the trace 7; however, we will
prove below that it is not the case. Moreover, we prove that the sequence (®,,)
can be chosen to be 7-preserving;:

PROPOSITION 2.2. Let M be a finite von Neumann algebra which has the
Haagerup property with respect to some trace 7. Then there exists a sequence
(Y0n)n>1 of completely positive normal maps on M which satisfy:

(i) 7o, =7, V,(1) =1 and V,, is L?-compact for everyn > 1;

(it') for every x € M, ||¥,,(x) — z|]2, — 0 as n — co.

Proof. We prove first that we can choose a sequence (®},) that fulfills con-
ditions (i) and (ii) of Definition 2.1 and such that &/, (1) < 1 for every n. To do
that, let (ar)r>1 be a || - [[2-dense sequence of the unit ball of M with a; = 1.
For every n > 1, set F,, = {ax : where 1 < k < n}. Let (®,) be a sequence



552 PAUL JOLISSAINT

as in Definition 2.1. Extracting a subsequence if necessary, we assume that the
following inequality holds for every positive integer n:

sup ||Pn(z) — x|l < —.
sup [0 (a) ol < gy
We are going to define a sequence (®))) of completely positive normal maps that
satisfies condition (i), such that ®/ (1) < 1 and morever

1

-1

o (z) — <
sup (9] () il < 5

for every n.
Fixn > 1, set ¢, = 271% and let e, denote the spectral projection of ®,,(1)
corresponding to the interval [1 —€,,1+¢,]. Then (®,(1) —1)? > e2(1 —e¢,) and

we get:
EQT(I—e )<T(((I) (])—l)Q)—||(I)n(])—]H2<7
n n) X n 2 X 12n+2.

This implies that

Now, set for x € M: @/ (z) = 1+s Jen. Then @/ (1) < 1, and, if x € M,
70 (2) < T(en®n(2)en) = T(Pn () ?en®n(2)/?) < 70 0y (2) < 7(2).

This shows that ®, satisfies condition (i) and that it is L?-compact since Ty, =
t7—¢nJenJ Ty, . Finally, let © € F,. Then:

4 2\ 1
(len)<16<4) = Qont2
en®n(z

)

19 (2) = @llz2 < llen®n(@)en — x = enzlls < len®a(@)en — @ll2 + 5o
< len(Pn(@) — 2)enllz + [lenzen — enzllz + [lenz — all2 + 557 on+1
1 1 1 < 1
= 4n+1 + on+1 +2- on+1 ~ on—1 :

(We used the fact that ||z|| < 1 for every z € F,.)

We define now the required sequence (¥,,). Fix n > 1. As 70 ®/ < 7, there
exists h, € M such that 0 < h,, < 1 and that 70 @ (x ) = 7(hpx) for all x € M.
Notice that in particular, 7(®/ (1)) = 7(h,). If &/ (1 ) =1, then set ¥,, = @/, and
we are done because this implies that h,, = 1. Thus assume that ®/,(1) — 1 # 0.

Set
1

7(1 = hy)
which are positive elements of M. Next define ¥,, : M — M by
U, (2) = ®,(2) + 27 (ynz) = ), (2) + 23/ *7(ynw)2,/>.

It is a completely positive, normal and L?-compact map on M. Moreover, ¥,,(1) =
1 and

(L—®,(1) and g =1—hn.

Tp =

TO \Pn(w) = T(hnx) + T(xn'r(ynx))
1 , -
=71(hpz) + mT(l — & (1)7((1 = hp)x) = 7(x)
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for all x € M, since 7(1 — hy,) = 7(1 — ®/,(1)). Finally, one has for every z € M, :
V(@) = @ () = 27 (yn) < [|2llzn7(yn) = ll2lI(1 — @7,(1)),
which shows that (¥,,) satisfies condition (ii’).

We now gather some heredity results concerning the Haagerup property; the
second one is analogous to semidiscreteness in the case of injective von Neumann
algebras.

THEOREM 2.3. Let M, M, and My be finite von Neumann algebras gifted
with traces 7,17 and o respectively. Assume that My and My have the Haagerup
property (with respect to their prescribed traces). Then:

(i) If e is any non zero projection of M and if M has the Haagerup property
with respect to T, then the reduced algebra eMe has the Haagerup property with
respect to the trace T.. Moreover, if 1 € N C M is a von Neumann subalgebra of
M, then it has the Haagerup property with respect to T|N.

(ii) Assume that there exists a sequence of finite von Neumann algebras
(Nn)n>1, each being gifted with a trace T, with respect to which it has the Haagerup
property, and assume that for every n there exist completely positive normal maps
Sn: M — N, and T, : N,, —» M such that 7,05, <7, ToT, < T,, and such that

T3 0 Sp(x) —

as n — oo. Then M has the Haagerup property with respect to 7. In particular,
M has the Haagerup property with respect to T if it is generated by an increasing
sequence of von Neumann algebras 1 € Ny C No C --- and if there exists an
increasing sequence of projections e, € N, with limit 1 such that the reduced
algebras e, Npe, all have the Haagerup property with respect to their traces Te,, .

(iii) The tensor product von Neumann algebra Mi®Ms has the Haagerup
property with respect to the tensor product trace 71 ® Ts.

(iv) The free product von Neumann algebra My x My has the Haagerup prop-
erty with respect to the free trace T * Ts.

|2, — 0

Proof. Assertions (i) and (iii) are obvious. Assertion (iv) follows from Propo-
sition 3.9 of [6]. Observe nonetheless that one has to choose sequences (¥; ,,) on
M, satisfying conditions (i’) and (ii’) of Proposition 2.2 in order to be able to
extend them to the free product M; x Ms.

We now prove (ii). Let F' C M be a finite subset and let € > 0. There exists
an integer n such that
€
2 )
There exists a completely positive normal map ® : N,, — N, such that 7,0® < 7,,
® is L2-compact and

|2(Sn(x)) = Sn(z)

HTnOSn(x)_xHQ,T < Vx € F.

)
|2)7—n < 5, Vr € F.

Then ®,, = T, o ® 0 .S, is a completely positive normal map on M, 70, < 7,
and, as Ty, = Tr,TsTs, , ®,, is L?-compact and satisfies for every = € F:
[ @ (x) — 33'”2# <N Tn®Sn(z) — TS0 () 2,r + TS () — x||277

< [(Sn(@)) = Su(@)lar + 5 <.
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Finally, in the particular case, denoting by Ey, the conditional expectation from
M onto N,, associated with 7, it suffices to set S,(z) = 7(en)enEn, (x)e, and
T (enwey,) = 7(en) tepze, forx € M. 1

The following proposition shows that the Haagerup property is in fact inde-
pendent of the trace:

PROPOSITION 2.4. Let M be a finite von Neumann algebra and let 7 and 7/
be two normal, faithful, finite, normalized traces on M. If M has the Haagerup
property with respect to T then it also has the Haagerup property with respect to 7'.

Proof. Let h be the positive operator affiliated with Z (M), the centre of M,
such that 7/(x) = 7(hx) for every z € M.

Let us assume first that k and A~' are bounded operators, and let (®Pr)n>1
be a sequence of completely positive normal maps on M satisfying conditions (i)
and (ii) in Definition 2.1 with respect to 7. Then set ¥, (z) = h™1®, (hz) for
x € M. Then it is easy to check that the sequence (¥,),>; satisfies the same
conditions with respect to 7.

If h or h=! is unbounded, for every n > 2 let e, € Z(M) be the spectral

projection of h corresponding to the interval %,n . Observe that e, increases

to 1. Set
_ len) o Tlen)
" r(he,) T Ten)
which is a positive, invertible element of Z(e, M). Then we have for every e,x €
e, M:

7(e,) 1 1
ew) Tlen) ) = e

' (ent) = Tén (ent).

Te, (Anent) =
As hE! are bounded operators and as e, Me, has the Haagerup property with
respect to 7., by Theorem 2.3 (ii), the first part of the proof shows that e, Me,
has the Haagerup property with respect to 7/ as well. Again, Theorem 2.3 (ii)
shows that M has the Haagerup property with respect to 7/. 1

THEOREM 2.5. Let 1 € N C M be a pair of finite von Neumann algebras.
Assume that N has the Haagerup property and that there exists a Hilbert space H

such that M C B(H) and that the commutant Ny, of N in B(H) is a finite von
Neumann algebra. Then M and N3, have the Haagerup property.

Proof. Denote by Mj, the commutant of M in B(H). If A denotes any
von Neumann algebra among M, N, Mj , Nj,, let Ctry be the canonical Z(A)-
valued trace on A. Recall that the coupling operators cp(H) and cy(H) are
positive, invertible operators affiliated with Z(M) and Z (V) respectively and are
characterized by:

Ctrp(e}) = ear(H)Ctrap (), VE €,
and similarly for cy(H).
Let us assume first that there exists a positive integer m such that
1

— < cen(H) < m.
m
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We claim that the same inequalities hold true for ¢ (H). Indeed, by Propositions 3
and 6, pp. 300 and 302 of [12], and by Lemma 1.1 of [17], there exist vectors
&1, ..., &n € H such that the cyclic projections eg, . ,egn are pairwise orthogonal
with sum 1. As eé\:[ > eg for all 7, we get

e (M) < ZCM(H)CtrM/(eg) = ZCtrM(eg/) <m.
i=1 i=1

Similarly, since cpp (H) = car(H) ™!, we prove that cp(H) > .

Now set n = m?, and denote by M’ (respectively N’) the commutant of
M (respectively N) in its standard representation L?(M) (respectively L%(N)).
By Lemma 2.2 of [17], there exist non zero projections ¢/ € N’ ® M,(C) and
f' € M’ ® M,(C), and unitary operators u : H — ¢'(L*(N) ® C") and v : H —
f(L*(M) @ C™) such that Nj, = u*e/(N' @ M,(C))e'u and M}, = v*f'(M' @
M,,(C)) f'v. This proves successively that Nj,, M;,, M" and finally M have the
Haagerup property.

If cn(H) or en(H) ™t is unbounded, for every integer m > 2, let z,, € Z(N)

be the spectral projection of ¢y (H) corresponding to the interval [%, m] Then

zZ
= g CNz,, (Z’"LH) =CN (H)Z’I)’L g mzm,

hence the reduced algebras (Nj,)., and M,  have the Haagerup property for
every m. As z,, — 1 when m — oo, we conclude by Theorem 2.3 (ii). 1

A typical case where conditions of Theorem 2.5 are fulfilled is the case where
there exists a conditional expectation E : M — N with finite (probabilistic) index
(see [4] and [25]): there exists a positive constant ¢ such that E(z*z) > cx*x
for every x € M. If this is the case, then F is automatically faithful and normal
(see Proposition 1.1 of [26] and the Appendix of the present notes for a slightly
different proof). Moreover, the above condition is in fact equivalent to the following
apparently stronger property: there exists a positive constant ¢’ such that the map
E—c'1d is completely positive ([13] and [25]), and this implies that N’ C B(L?*(M))
is finite (see for instance [18]). Choose a normal, faithful state ¢ on M such that
@ o E = ¢, and denote by e the extention of E to L?(M,p). Then (M,e) is
the von Neumann algebra generated by M and e and it is called the Jones’ basic
construction. As it is equal to JN'J, it is also finite. Hence,

COROLLARY 2.6. Let N C M be such that there exists a conditional expec-
tation E of finite index from M onto N. If N has the Haagerup property, then so
do M and (M, e).

Following Definition 1.4.3 of [23], let us say that two finite von Neumann
algebras M and N are w-stable equivalent if there exists a correspondence H from

M to N such that the commutants M;, and Nj, of M and N in B(H) are finite von
Neumann algebras. (Recall that such a correspondence is a left normal M-module

and a right normal N-module.) Thus we have:
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COROLLARY 2.7. If M and N are finite and w-stable equivalent and if one
of them has the Haagerup property, then so does the other one.

In Remark 2.4 of [26], S. Popa gives an example of a pair of finite von
Neumann algebras, with atomic centres, with no trace-preserving conditional ex-
pectation of finite index, but which has some conditional expectation of finite
index: for every integer k > 2, consider an inclusion of locally trivial Jones

-1 -1

subfactors N, C M, with Jones index (%) + (1 — %) = kk—jl, and set

N=@N, Cc M, = M. Let E; : M, — Nj be the expectation with min-
k

k
imal index: Ind(Ey) = 4. Then E = @ E}, has finite index, but the unique trace
k

preserving conditional expectation En does not. If all My’s have the Haagerup
property, then so does (M, e), but, as Z({M,e)) is atomic, it is not necessary
to apply the Theorem 2.5 because Theorem 2.3 (ii) suffices. We give below a
“completely non atomic” analogue of Popa’s example where Theorem 2.5 is really
necessary to get the conclusion.

For a while, let M be a semifinite von Neumann algebra with a normal,
faithful, semifinite trace Tr, and let L?(M,Tr) be the Hilbert space completion
of the o-weakly dense ideal {x € M : Tr(z*z) < oo} with respect to the scalar
product (z,y) = Tr(y*z). Set

Mii={xeM:|z| <1and Tr(z"z) < 1};

set also Py (M) ={pe M :p*=p*=pand Tr(p) <1} and L (M) = {u € M :
u*u € P (M)}.

LEMMA 2.8. Mi; is a complete metric space with respect to the distance
function d(z,y) = Tr(|z — y|?)"/2. Moreover, Pi(M) and 1,(M) are closed sub-
spaces of My 1. In particular, they are all standard Borel spaces.

Proof. Completeness of M ; is a straightforward consequence of Proposi-
tion 4, Part I, Chapter 5 in [12], and the remaining assertions are immediate. 1

Now, let B denote the type I, factor with separable predual and let P
be a type II; factor with separable predual which has furthermore the following
properties:

(1) P has the Haagerup property;
(2) there exists a one parameter group of automorphisms (oy);cg of PRB
that scales the trace, namely

(T@Tr)oo; =e ‘(@ Tr), VteR.

One can take for instance P = R, the hyperfinite type II; factor, more generally,
P = Q®R, where @ is a factor with the Haagerup property, or P = L(F,), where
F., denotes the non Abelian free group on countably many generators, by [28].
Let S be the open interval (0,1), and set for s € S:

/Bs = Olog(s/(1—5))»

in order that
— s

(7@1&«)05821 (r®Tr), Vses.
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Next, fix a unitary operator u € P such that 7(u*) = 0 for every non zero integer
k, and, following [3], define a family of projections (es)scs C P by

st Z sin(sn) un
o

Then es has trace s and s +— e4 is || - ||2-continous. Finally, fix some minimal
projection f € B (so that Tr(f) = 1). The choices made above imply that

1—-s
s
hence B;(es ® f) is equivalent to (1 —es) ® f in PRB for every s.

(T®Tr)ofBs(es ® f) =

(T@Tr)(es® f)=1-—s,

LEMMA 2.9. With notations as above, there exists a Borel map s — us from

S to I (P®B) such that
/85(63 & f) = u:us and (1 - es) X f = Usu:
for every s € S.

Proof. Set D1 = {(p,q) € PL(P®B)?: 7® Tr(p) = 7@ Tr(q)}. Then D; is a
closed subspace of the product metric space Py (P®B)? because if (p,) C P, (PRDB)
converges to p, then

I Tr(pn, — p)| < Tr(|pn — pl) < lpn = pll2llpn +pll2 — 0

by Powers-Stgrmer Inequality.

Define f : I, (P®B) — D; by f(u) = (uv*u,uu*). Then f is continuous and
onto. As Dy and I (P®B) are standard Borel spaces, by von Neumann Selection
Theorem, f admits a Borel section g : D1 — I1(P®B). Thus define us € I; (PRB)

by us = g(Bs(es © f), (1 — es) @ f). Then
(uius, usug) = flus) = (Bs(es @ f), (1 —€5) @ f)
for every s € S, and s +— u; is Borel. 1
Next, define
0, : (P@B)e,9f = Pe, @ Cf — (P®B)(1-c,)of = Pi—c, ® Cf

by 0. (z) = usfs(x)ul. This gives a family of #-isomorphisms 6; : P,, — Pj_,
such that the map s — 05(esz(s)es) is a Borel map for every bounded Borel map
s +— x(s) from S to P.

At last, set M = L*°(S)®P and
N={xe M:3yec Ms.t. x(s) =esy(s)es + 0s(esy(s)es) a.e.}
={x e M:esx(s)(l—e5) =(1—e5)x(s)es =0 and
Os(esz(s)es) = (1 —es)x(s)(1 — es) a.e.}.

Then N is a unital von Neumann subalgebra of M, it admits a conditional expec-
tation F¥ : M — N of finite index, namely

B()(s) = glesals)est; (1-ea)(s)(1—e) 0 ear(s)es) +H(1—e)a(s)(1—e,)]
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However, as every finite trace 7 on M is of the form

(@) = / o (2(5))h(s) s,

S

where h is a positive element of L!(S), there is a unique trace-preserving condi-
tional expectation Fy from M onto N which is given by

B (2)(s) = sest(s)es + (1 — )0, (1 = eg)a(s)(1 - €4))
+ s05(esx(s)es) + (1 — 8)(1 —es)z(s)(1 — es),

and if there existed a positive constant ¢ such that En(x*z) > ca*z for all z € M,
then we would get for almost every s € S:

esEn(es)es = ses > ceg,

which forces ¢ = 0, a contradiction. This shows that En has infinite index. We
thus get:

PROPOSITION 2.10. Let M = L*°(S)®P and N C M be as above. Let e be
the projection associated to the conditional expectation E as above. Then (M, e)
has the Haagerup property.

3. THE CASE OF CROSSED PRODUCTS

We fix first our notations concerning the class of von Neumann algebras that will be
discussed in this section. Let N be a finite von Neumann algebra gifted with a finite
trace 7 and with a 7-preserving action « of a countable group I'. We describe the
usual two realizations of the crossed product algebra M = N %, I" that will be used
here. For t € T, we denote by t — \; (respectively ¢ — p;) the left (respectively
right) representation of I' on ¢(T"), and by t + wu; the canonical implementation
of the action o on L2(N) = L?(N,7), i.e. u; is given by u;(2€;) = ay(2)&, for
every ¢ € N. We also set A(t) = 1 ® Ay, which is a unitary operator acting on
L?(N) ® £2(T"). Similarly, for every bounded, complex-valued function f on I, we
denote by my the associated multiplication operator on ¢%(T), and by m(f) the
operator 1 ® my on L?(N) ® ¢2(I'). We denote also by L(T) the von Neumann
algebra acting on ¢?(I') and generated by the left regular representation A of T

The first realization of M is the von Neumann algebra generated by m(N) U
{\(t) :t €T}, where 7 = 7, : N — B(L?*(N) ® £%(T)) is defined by

(m(2)€)(9) = ag-1(x)&(9)

forallz € N, g€ Tand € € L?(N)®¢*(T) = (2T, L3(N)). In this realization, M
is a von Neumann subalgebra of N®B (where B = B(¢?(T')), and more precisely,
it is the fixed point algebra under the action 6 of I" defined by 0; = oy ® Ad p;. The
second realization of N x, I also acts on L?(N)®/¢?(T") and it is the von Neumann
algebra generated by {zu: ® A\t : # € N, t € T'}. The isomorphism between these
algebras is

vi(r(NYUIT) = {zus @ Xy :x € N, t e T}
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defined by ¢(X) = wXw* where w is the unitary operator on L?(N) ® ¢2(T") given
by (w€)(g) = ug€(g). One has «(m(z)) =2 ®1 for z € N and ¢(A(t)) = u @ A
for t € T. Finally, we denote by En the natural (trace preserving) conditional
expectation onto NV given by En(7(2)A(g)) = 04,17 (x) in the first realization, and
by En(zug ® Ag) = dg,12 ® 1 in the second.

The first result of this section is already known for semidirect product groups
H %, T where H has the Haagerup property and I is amenable (see [7], Chapter 6);
moreover, it follows directly from Proposition 4.17 of [1] that if " is amenable and
if N has the Haagerup property, then N x,I" has the compact approzimation
property (see Definition 4.13 of [1]). We do not know how to deduce directly from
this that N x,, I" has the Haagerup property. Instead, our proof is inspired by that
of Theorem 3.11 in [11]:

ProrosITION 3.1. If T' is amenable and if N has the Haagerup property,
then N x, T has also the Haagerup property.

Proof. We use the first realization of N x,I'. Let f be a finitely supported,

nonnegative-valued function on I' such that Y f(#)? = 1. By Lemmas 3.7 and 3.9
ter
of [11], the mapping ¥y : N®B — N %, I' defined by

Vp(X) =) Ou(m(f)Xm(f))

tel

is well defined, normal, and obviously completely positive. By Lemma 3.8 of [11],
we have moreover

Vp(1) = fA)m(an(1) = 1.

tel
Now, let ® : N — N be a completely positive normal map such that 7o ® < 7
and which is L?-compact. We define @ on N x, " by

y(X) = Upod@in(X)

for all X € N x, T, where ip denotes the identity map on B = B(¢*(T")). ®; is
clearly completely positive and normal. We need the following formula, for z € N
and g € I":

(3.1) Os(m(@)A9) = Y F(OF (g t)m(aw 0 ® o ay-1(2))A(9)
teS(f)

where S(f) denotes the support of f. Denote also by (eyy)uver the system
of matrix units associated with the canonical basis (6;)ier of £2(T'): ey,.,(§) =
(€,8,)8, for every € € £2(T'). We compute first @ (m(z)m(xr)A(g)) for any finite

subset F' of I' containing S(f). By definition, w(z)m(xr) = > ay-1(2) @ eyu;
F

ue
moreover, one has for y € N, g € I' and any finitely supported function i on I':

(3.2) D 0um(f)y @ mpAgm(f)) =Y eqn(t)m(ar(y)A(9)

tel tel
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where @, ,(t) = f(t)h(t)f(g~'t). This follows from Lemma 3.8 and the proof of
Lemma 3.9 of [11], but the referee suggested that we give a quick proof for the
reader’s convenience. First, for fixed ¢ € I', one has:
0 (m(f)y @ mpAgm(f)) = 0:(1@mys -y @mpAg - 1@ my)
= 0:(y @ (mpnAgmy)) = 0:(y @ (my, ,))A(9)

since Ad pt(Ag) = Ay. Next, we claim that »_ 0:(y@my, ) = > @gn(t)m(a(y)).
ter ter
Indeed, one has for every finitely supported L?(N)-valued function &:

S (0:ly 0y, ,)E0€)

tel

= S () @ pim, o 60 = S @an(st) (n(y)E(s), &(5))

tel s,tel
= > wgnw){as (au®)E(s),6(5) = D pan(t)(m(ar())E, €).

This proves our claim and ends the proof of (3.2).

Now, as
® @ ip(r(@)m(xr)A9) = Y @ @ip(ay-1(2) ® (cuuly))
ueF
= Y (@0 au1(2) @ (euny),
ueF
we get

O (n(@)mxr)Mg) = DY 0 (m(£)® o ay1 () ® ewurgm(f))

ueF tel’

=3 > pu®)m(on 0 ® o a1 (2)A(9),

ueF tel’

with ¢, (t) = f(t)6u(t) f(g7 ) (because ey, = ms,). Thus

y(w(@)m(xr)A9)) = D f(w)fg~ u)m(an 0 B 0 ay-1())A(9)

ueF

= > fOf(g  )m(ar 0 @ oy () M(g),

tes(f)

which proves (3.1) because of the o-weak continuity of ®;. Let us still denote by
T the trace on NV X, I' induced by that on N; we prove that 7o ®; < 7 : for that,
let X =) 7m(zg)A(g) € N ' with x4 = 0 except for finitely many g’s. One has

XX =3 (Z};yr(ahfl(x?;xhs))))\(s), which gives, taking account of (3.1),

OpXTX) =D Y F(Of (s )m(ar 0 B o p-rp (wwns))A(5),

s,h teS(f)
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and

To®d(X*X) = Z Zf 210 (a1 (xhwh))

tes(f) b

Z Zf T(xh2n) = 7(X*X).

tesS(f) h

In order to check that ®y is L?-compact, recall that £, ®6; is the vector associated
to 7, and observe that for x € N and g € I, one has

(a0 ®oay-1(2)),r ® g = ug—14Te(up-128:) @ dg,
which gives
Py (m(x)A(9))ér ® 01 = Z f(t) tg-1Tpup—1(26r) ® by
teS(f)

Ife=3¢(g)®6, € L?(N) ® £%(T) is arbitrary, we have:
g

Ty, (§) :Z Z f(t) tug-1:Tou-1(£(9)) ® dg

gel teS(f)

SN T g Tou1 (E(g)) © 6

gES(£)S(f)~1 teS(f)

This proves that T, is a finite sum of compact operators, hence it is also compact.
Finally, in order to complete the proof, fix finite subsets K C N and L C I', and
€ > 0. Since I" is amenable, there exists a finitely supported function f as above
such that |[(A\gf, f) — 1| < & Vg € L, where C = 2(1 + max |]|). Next, choose ®

such that [|®ocy—1(x)—ay-1(z)|]2 < § Vt € S(f),r € K. Then it is straightforward
to check that

@5 (m(2)A(9)) — m(x)A(g)l2 <&, VeeK,geL
and this ends the proof. 1

Our next result relies on Proposition 3.1 above, on Proposition 3 in [5] and
also on the deep Theorem 1.1 of [21] which states that if (3,u) is a centrally free
cocycle crossed action (see below) of an amenable countable group @ on a von
Neumann algebra M and if its restriction to Z(M) preserves the restriction of
some normal, faithful state, then the cocycle u is a coboundary. In particular, the
cocycle crossed product algebra N xg,, () is *-isomorphic to an ordinary crossed
product algebra. Let us recall some definitions from [21], for instance.

A central sequence in a finite von Neumann algebra N is a bounded sequence
() C N such that |z,z — zz,]l2 — 0 as n — oo for every x € N. An auto-
morphism 6 of N is called centrally trivial if ||0(z,) — ||z — 0 for every central
sequence () of N. The set of all centrally trivial automorphisms of N is denoted
by Ct(NN) and it is a normal subgroup of Aut(N); 6 is called properly centrally
non trivial if O|pN is not centrally trivial for any non zero f-invariant projection
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p € Z(N). A cocycle crossed action of a group @ on N is a pair (f,u) where
0:Q — Aut(N) and u: Q x Q — U(N) satisty for all ¢,r,s € Q

5qﬁr = Ad(“(‘]a T))ﬁqra
u(q, r)u(gr, s) = By(u(r, s))ulg,rs),
u(l,q) =u(g,1) = 1.

The cocycle crossed action is then called centrally free if 3, is properly centrally
non trivial for every q # 1.

THEOREM 3.2. Let 1 — H — I' — @ — 1 be a short exact sequence of
countable groups and let o be an action of I' on N which preserves some trace T.
Assume that:

(i) the crossed product N X4 H has the Haagerup property;

(ii) Q is an amenable group.

Then the crossed product N x, ' has the Haagerup property.

Proof. By Proposition 3 of [5], there exists a cocycle crossed action (0, u) of
Q on N x4y H such that N x, I' is *-isomorphic to the cocycle crossed product
(N xH)xg, Q. If (8,u) is centrally free, then it follows from Theorem 1.1 of [21]
that u is a coboundary, hence that there exists an action 3’ of @ on N x4z H
such that (N x H) xg Q is *isomorphic to N x,I', and Proposition 3.1 above
applies. However, it may well happen that (3, u) be not centrally free. In order to
deal with this case, choose an outer action 6 : () — Aut(R), where R denotes the
hyperfinite type II; factor. Since Ct(R) is the subgroup of inner automorphisms
of R, 6 is a centrally free action.

Next, let a ® 0 : I' — Aut(N®R) be the action defined by (a ® 0), =
Qg ® Oy(g), where ¢ is the canonical projection from I' onto . We intend to
show that the crossed product (N®R) X,g¢ ' has the Haagerup property; as it
obviously contains N x, I', the proof will be complete.

Remark that (N®R) X g6z H is naturally isomorphic to the tensor product
(N %o g H)®R, which has the Haagerup property. Let us still denote by (3,u)
the cocycle crossed action of Q on M = (N®R) X e g H constructed in the proof
of Proposition 3 of [5]. We need to check that it is centrally free. To do that, let
us recall how it is defined: For every ¢ € @, choose n, € I' (with n; = 1) such
that ¢(ny) = ¢, define 0 : Q@ — Aut(H) and v : Q x Q — H by

ar >
and set v = (e ® §)|H. Then u(q,r) = A(v(g,7)) and 8 : Q@ — Aut(M) is
characterized by

(a) By(my(2)) = 7y (( ® O)pr, () for every x € N;

(b) Bg(A(R)) = A(oq(h)) for every h € H.

Let us fix ¢ € ), ¢ # 1 and a non zero [(,-invariant projection p € Z(M) =
Z(N x H)®1; hence write p = z®1 with z € Z(N x H). It follows that §,(z®z) =
z @ 04(z) for every z € R. As 6, is not centrally trivial, there exists a central
sequence (z,) C R such that

oq(h) = nqhnq_1 and wv(g,r) =ngn.n

liminf |0, (xy,) — |2 > 0.
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Set y, = 2z ® x,, for all n. Then it is a central sequence in M and ||34(yn) — Yn|2
does not tend to 0 as n — oo, which proves that that (5, u) is centrally free. The
first part of the proof shows that (N®R) X4ge I' has the Haagerup property. 1

We also mention the following result which is a consequence of Theorems 2.3
and 2.5, and the fact that if an action of I' is trivial on some von Neumann
subalgebra P of N then the crossed product P x I is equal to the tensor product
P®L(T):

ProroSITION 3.3. Assume that N and T' have the Haagerup property, and
let a be an action of I on N that preserves some trace T. Then the crossed product
algebra N x4, T has the Haagerup property if the triple (N,T', a) satisfies at least
one of the following conditions:

(1) There exists a Hilbert space H such that N C B(H) and the commutant
(NT)4, of the fized point subalgebra is finite.

(ii) There exists a sequence of a-invariant von Neumann subalgebras

1le NNCNyC---CN

whose union is || - ||2-dense in N and such that every crossed product algebra
N, xo T has the Haagerup property.

REMARK 3.4. Assume that (N,T, a) satisfies conditions (i) above. Assume
also that there exists a unitary representation v of I' on H which implements «
on N and that the action is quasi-free in the sense of [2]: for every g # 1, the
condition

€N, zy=oa4(y)z, YyeN

implies z = 0. Then it follows from Section II of [2] that I" acts by o/ = Ad(v) on
the commutant N}, of N and that the commutant (NT)}, is #-isomorphic to the
crossed product Nj, X I'. In particular, the latter crossed product algebra has
also the Haagerup property.

Let us describe a case where condition (ii) above is satisfied: suppose that
(An, Tn)n>1 is a sequence of finite von Neumann algebras, each one being gifted
with a trace-preserving action o™ of a group T' such that all crossed products
Ay, X T have the Haagerup property. Let (N, 7) be the infinite tensor product
von Neumann algebra ( K A,, ®n7n) and let a = Q) a( be the corresponding

n>1 n

action. Then the crossed product N x, I' has the Haagerup property.

We will see now how to exploit the following fact: Assume that the group
I' admits a unitary representation p : I' — A/ (N) where M is a finite von
Neumann algebra containing N and where Ny (N) = {u € U(M) : uNu* = N} is
the normalizer of N in M. This gives an action o on N by a4(z) = Ad p(g)(z) =
p(9)xp(g~1). Then the crossed product N x, I' is contained in M x, ' and this
one is isomorphic to the tensor product M®L(T"). (Thus, N x, I' has the Haagerup
property if M and I' do.) Indeed, denote by , the automorphism Ad p(g) on M
and by J the canonical antilinear involution on L?(M, 7) defined by J(z&,) = x*¢&;
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for £ € M. Then the canonical implementation of the automorphism S, is vy =
p(9)Jp(g)J for every g € T'. Define V from L?(M) ® ¢*(T) to itself by

VY g @6, =Y JIp(9)TE(g) @ b

ger ger
Then V is a unitary operator and we have for every g € I' and every = € M:
V(zp(g) @ \g)V™ = zuy @ Ay

This proves that M®L(T") is isomorphic to the crossed product M xgT.

A typical (and rather trivial) case where hypotheses above are satisfied is
when N is finite dimensional: « is implemented by a unitary representation
on the finite dimensional space L?(N), hence we take M = B(L?*(N)) which is
finite dimensional, too. Another case which may be of interest is the case where
M = L(T'), N is an Ad Ag-invariant von Neumann subalgebra (Vg € I') and, of
course, o = Ad \.

The first case allows us to give a family of properly outer actions of groups
T" with the Haagerup property on the hyperfinite type II; factor R such that the
crossed products R x ' have the Haagerup property. We realize R as the von
Neumann algebra obtained by the GNS construction of the CAR C*-algebra with
respect to its unique normalized trace 7. Let us recall the definition: given any
separable Hilbert space H (whose scalar product is assumed to be linear in the
second variable), there exists a unique unital, simple C*-algebra CAR(H) with an
isometric linear map a : H — CAR(H) such that

a*(§a(n) +a(n)a”(§) = (€,m1 and a(§)a(n) + a(n)a(§) =0

for all &, € H, and such that a(H) generates CAR(H) as a C*-algebra. It admits
a unique trace 7 which is characterized by

7(@"(&m) ---a™(E1)a(m) - -~ a(nn)) = 27" 0m n det ({5, 1x) ji k)

for all &,...,&mn,m,.--,7n € H. Denote by 7, the representation of the corre-
sponding GNS construction. If H is infinite-dimensional, then the von Neumann
algebra 7, (CAR(H))” is the hyperfinite type II; factor. Furthermore, every uni-
tary operator u on H defines a 7-preserving automorphism Bog(u) on CAR(H)
(and hence on R) characterized by

Bog(u)(a(¢)) = a(uf)

for all £ € H. Such an automorphism is called a Bogoliubov automorphism. Recall
also that Bog(uw) is inner in Aut(R) if and only if u—1 is a Hilbert-Schmidt operator
on H.

Let now T' be a countable group with the Haagerup property that acts (on
the left) on some infinite countable set X with the following two properties:

(H1) each orbit 'z is finite;

(H2) for every g € T', g # 1, the set {x € X : gx # z} is infinite.

Denote by mx the representation of I' on £?(X) given by
(mx(9)€)(x) = £(g '),
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and by o the action on R given by
ay = Bog(rx(g))

for every g. Then condition (H1) implies that the triple (R, T, o) satisfies condi-
tion (i) in Proposition 3.3. Moreover, condition (H2) implies that «;\ is an outer
automorphism of R for every g # 1, thus o is a properly outer action. Observe
that such a set X always exists if I is residually finite: indeed, in this case, I con-
tains a decreasing sequence (T',) of normal subgroups of finite index with trivial

intersection. One can take X = [[T'/T,.

n
To end this section, let us recall Definition 3.1 of [6] on the Haagerup property
for an inclusion of finite von Neumann algebras: Consider a pair 1 € N C M of
finite von Neumann algebras (with separable preduals, say) with a fixed finite
trace 7 on M. Denote by En the unique 7-preserving conditional expectation
from M onto N and by ey the associated projection from L?(M) onto L?(N).
Let Fx(M) be the set of operators T € N’ N B(L?(M)) which are finite sums of
the form T = Y a;enb; where F is a finite set and a;,b; € M for all . Denote
i€F
also by Ky (M) the norm closure of Fy (M) in B(L?(M)). Then we say that the
inclusion N C M has the Haagerup property if there exists a sequence (®5,),>1
of En-preserving, N-bimodules, unital, normal, completely positive maps from M
to itself such that:

(1) lim ||®,(x) — x|]2 = 0 for every z € M;
n— oo
(2) T<I>n € ICN(M) for all n.
Then we have (compare with Corollary 3.20 of [6]):

PROPOSITION 3.5. Let N be a finite von Neumann algebra with a finite trace
7 and let « be a T-preserving action of a countable group I' on N. Then the
inclusion N C N x4, I has the Haagerup property if and only if T’ does.

Proof. Suppose that the inclusion N C N %, I' has the Haagerup property,
and let (®,,),>1 be as above. Define ¢,, : I' — C by

on(9) = 7(@n(A(9)A(g ™))

It is straightforward to check that ¢,, is a normalized, positive definite function
on I". Moreover, for each fixed g € I, one has

[on(9) = 1] = [T ({2a(X(9)) = Mg)INg™ 1)) — 0.

n—oo

It remains to see that for every n > 1, p,, € Co(T"). Fix n and & > 0; there exist
A1,y Qm,b1, ..., by € N X, T such that

m
‘chn - E azenb;
i=1

@, (A(9)) — Z a; En(biA(g))
i=1

<

<
2
In particular,

<
2

sup
ger

| ™
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But for fixed a,b € N x, T, the function g — ||aEn(bA(g))||2 belongs to Co(T'),
hence there exists a finite subset F' of I" such that

<
2

| ™

Z a;En(biA(g))

for every g ¢ F. This implies that |p,(g)| <eif g ¢ F.

Assume that T' has the Haagerup property, and let (¢,),>1 C Co(I') be a
sequence of normalized, positive definite functions that tends to 1 pointwise on T'.
By Lemma 4.10 of [19], for instance, every ¢, extends to a normal, completely
positive map ®,, on N x, I satisfying

Py, (axb) = a®p(z)b and P,(A(9)) = pnl(g)A(9)

for all a,b € N, z € N x,I' and g € I'. Moreover, it is easy to see that ®,, is Fn-
preserving and, as ¢, (g) — 1 as n — oo for every g, we see that || @, (x) —z|2 — 0
as n — oo for every z. Finally, we show that Ty, € Kny(M): let 1 € Fy C Fy C
-+ C I be an increasing sequence of finite sets whose union equals I', and set for
every m > 1

T = > ea(9)Mg)enAg™).

gEFm

Since the projections A(g)enyA(g~!) commute with N and since Tp, = 1 ® m,,,,
we have

= sup [pn(g)|,

1Te, — Tnll = [Imy, — Meon X
9¢Fm

where xr  denotes the characteristic function of F,,,, which shows that
T2, = Tmll — 0
as m — oo for p,, € Co(T'). 1

Consider two inclusions 1 € N; C M;, j = 1,2, of finite von Neumann
algebras, and suppose that they are isomorphic: there exists a *-isomorphism
6 : My — M> such that §(IN1) = No. Obviously, if one inclusion has the Haagerup
property then so does the other one. As an application of that fact, consider two
countable groups I'y and I's that are Orbit Equivalent: for j = 1,2 there exists an
essentially free measure-preserving action of I'; on some probability space (S;, 115)
and a measurable bijection (modulo null sets) 6 : S; — Ss that is measure-class
preserving and such that for almost all s € Sy, 0(sI'1) = 0(s)I's. Put M; =
L>(S;)» T for j =1,2. It is well-known that the inclusions L>°(S;) C M; and
L*>°(S3) C My are isomorphic (see for instance [10], p. 226). Thus we get from
Proposition 3.4:

COROLLARY 3.6. IfI'y and I's are Orbit Equivalent and if one of them has
the Haagerup property, then so does the other one.
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4. APPENDIX

Let 1 € N C M be a pair of arbitrary (i.e. not necessarily o-finite) von Neumann
algebras and let E : M — N be a conditional expectation. Recall from [25], [22]
or [4] that E has finite indez if there exists a number ¢ > 0 such that

E(z*z) > cx*x

for every z € M.
The aim of this appendix is to give a proof of the following useful technical
result of S. Popa which appeared in [26] :

PrOPOSITION 4.1. Every conditional expectation E : M — N with finite
index is normal.

Let M and N be as above. We need to recall a few facts about the decompo-
sition of every element ¢ of the dual M* of M into its normal and singular parts
(see [29], Chapter III, Theorem 2.14): Consider M as a *-subalgebra of its bidual
M™**; there exists a unique central projection z € M** such that the predual M,
of M is

M,=Mz={pz:pe M"},

and thus every ¢ € M* has a unique decomposition

©=n+tos
with @, = @z|M € M, is the normal part of ¢ and ¢s = (1 —z)|M is its singular
part. Moreover, ||¢|| = |l¢nll + ||@sl|- It is also clear that the map ¢ — ¢, from

M* to M, is linear and that
(agb)n = apnb

for all ¢ € M* and a,b € M. (Recall that (apb)(x) = p(bza) for all a,b,x € M.)

The proof of Proposition 4.1 requires two lemmas, the first of which giving
a more useful description of ¢, for positive ¢; it is inspired by the classical (i.e.
commutative) case of finite measures.

For x € M., denote by D(z) the set of families (z;);cr C My such that
> x; = x, the series converging o-weakly.
K3

LEMMA 4.2. For every ¢ € M} and every x € M we have

ule) =it { (1) s e € D)

iel

Proof. For simplicity, for ¢ € M} and x € M, set

v(z) = inf { D (@) () € D(x)}.

iel
The following two properties follow readily from the definition of v:

(1) v(Az) = Av(z) for A e Ry and © € M, ;
(2) v(z +y) <v(z)+v(y) for z,y € M.
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Moreover, we have
on(z) <v(r) < 9(7)

because ¢,, < ¢, and since v(z) is an infimum. In particular, v(z) < ||¢|| ||z|| for
every x € M. We claim that

v(p) = ¢n(p)

for every projection p € M: indeed, as ¢, < v, we only need to check that
v(p) < @n(p). But it follows from Theorem II1.3.8 of [29] that for every projection
p in M, there exists a family of pairwise orthogonal projections (p;)ic;r C M with
sum p and such that ¢4(p;) = 0 for every i € I. Hence ¢(p;) = p,(p;) for every i,

and, as ,, is normal,
P) <Y ) =D @alpi) = enlp).
iel i€l

Using moreover (1) and (2), we get for all A1,..., A, > 0 and all pairwise orthog-
onal projections py,...,p, € M:

s%(ZAjpj) < V(ZM?;‘) <2 () ZAJ% (p;) (Z&m)

If x € My is arbitrary and if € > 0, there exist non negative numbers Ay,..., A\,
and pairwise orthogonal projections py,...,p, € M such that

Z)‘Jpﬂ r and fo)\jpj
J

<e€

Then
1/<x — Z /\jpj> + I/(Z)\jpj>
J J

<ol -< + @n(ZAjpj —x) \ T on(e) < 2l - < + onle),
7

which shows that v(z) < ¢, (z). 1
REMARK 4.3. Observe that if M is o-finite, then

1nf{Zg0 (zk) : (Tk)ken C My, Zxk—x}

keN k

From now on we fix a conditional expectation E : M — N. We define its
normal part E,, as follows: For x € M, E,(z) is the element of N characterized
by

P(En(x)) = (p o E)n(z)

for every ¢ € N,.
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LEMMA 4.4. The map E, : M — N has the following properties:
(i) En(x +vy) = En(x) + En(y) for all x,y € M.

(ii) Fy, is a bi-N-module map, i.e. E,(axb) = aE,(x)b for all x € M and
a,be N.

(iii) E, is positive, i.e. E,(x) > 0 for every x € M.

(iv) E, is a normal map, i.e. ¢ o E, € M, for every ¢ € N,.

(v) If there exists ¢ > 0 such that E(x) > cx for every x € M., then
E,(z) > cx for every x € My.

Proof. Properties (i), (ii) and (iii) are straightforward consequences of the
reminded properties of the map ¢ — .

(iv) If (x;)ier is an increasing net in M, which converges o-weakly to = €
M, we have for positive p € N,:

o(En(r)) = (po E)n(zr) = Slz}p(w 0 E)p(x;) = sup O(En (i),

which shows that F,, is normal.
(v) We assume that N C M C B(H) for some Hilbert space H. Fix z € M
and £ € H. For any element (z;) € D(z), we have

(cx8,6) = (emi&, &) < D> (B(x:)€,8),

i %

hence, by Lemma 4.2,
This ends the proof of the lemma. 1

Now, if F is of finite index, its normal part E, is a finite, normal operator-
valued weight with finite index from M to N. As in [4], we associate to E,, the
Hilbert N-module X = (M, (-, -)g, ), where X = M as a right N-module with
N-valued inner product (z,y)p, = E,(x*y). Since E, is of finite index, X is
selfdual by Proposition 3.3 of [4], and as E : M — N is bounded and N-linear,
there exists h € M such that

for every x € M. But this implies that E is normal, and this ends the proof of
Proposition 4.1.

In order to see the usefulness of that result, we state a consequence that is
inspired by a private communication of S. Popa:

ProprosITION 4.5. Let1l € N C M be von Neumann algebras such that there
exists a conditional expectation of finite index E: M — N andlet1 € AC N'NM
be an injective von Neumann subalgebra. Then there exists a normal, faithful
conditional expectation of M onto A’ N M.

Proof. By Corollary 1.7 of [18] for instance, the relative commutant N’ N M
is finite, hence A is finite and injective. Thus, by [15], there exists a mean m on
the unitary group U(A) such that

(4.1) /V(au*,u)dm(u): / V(u*,ua) dm(u)

U(A) U(A)
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for every separately o-continuous bilinear form V on A x A and for every a € A.
Define E' : M — A’ M by

o(E' () = / p(uzu®) dm(u)
U(A)

for all p € M, and all z € M. This defines a conditional expectation from M onto
A’ N M, and we will check that it is faithful and normal. For fixed ¢ € M, and
x € M, set V(a,b) = p(bra) and apply (4.1): one gets p(E'(za)) = p(E'(ax)),
hence E'(uzu*) = E'(z) for all z € M and all u € U(A). As U(A) is contained in
N’'N M, and as F has finite index, there exists a positive constant ¢ such that

E(uzu*) = v*E(uzu™)u > cx
for all x € M, and all w € U(A). This implies that
EoE'(x) =2 cx

for every x € M. By Proposition 4.1, FE o E’ has finite index, hence it is faithful

and normal. Thus E’ is faithful and finally we prove that it is normal: let (x;);c;r C

My be a decreasing, bounded generalized sequence which converges o-weakly to

0. Sety = l_iGrrIlE’(aci) = inf F'(x;) > 0. As F o E’ is normal, we have 0 =
3 K3

lim E o E'(z;) > E(y), hence y = 0 since E is faithful. 1
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