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1. INTRODUCTION

Taylor and Slodkowski spectra were defined in [14] and [13] for commutative op-
erator families. When an operator family generates a finite dimensional solvable
Lie algebra, some analogs of Taylor and Stodkowski spectra were considered in
[1]-[3], [6], [11]. Spectra of such families are described by behavior of the finite
parametrized (on the character space of the finite dimensional Lie algebra) Koszul
complex. A spectral mapping theorem for Taylor spectrum o of such families
was obtained in [6] by A.S. Fainshtein. More precisely, let a = (ay,...,a,) be
a finite family in the algebra B(X) of bounded linear operators on a complex
Banach space X, and let a generates a finite dimensional nilpotent Lie algebra
E C B(X). Let us consider a finite family of polynomials p = (p1,...,pm) of
noncommuting variables ai,...,a,, i.e., a finite family in the enveloping algebra
U(FE) of E. Let P be a Lie subalgebra of U(E) generated by the family p, and
let p(a) = (p1(a),...,pn(a)). If P is finite dimensional (and in this case P is a
nilpotent Lie algebra), then o(p(a)) = p(o(a)) ([6]). But, often the Lie subalgebra
P is infinite dimensional, which implies that spectra of such families p should be
described by behavior of the infinite parametrized complexes.
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In this paper, we consider Stodkowski and Taylor spectra for infinite para-
metrized Banach complexes. It is generally assumed that complexes depend on
a parameter of some topological space Q. Let (X,d) be a Banach complex para-
metrized on . A family of so called Slodkowski spectra o, of parametrized
Banach complexes will be defined. If (X, d) is the finite Koszul complex associated
with a commutative operator family or a family of operators generating a finite
dimensional solvable Lie algebra, then these spectra are reduced to the known
Stodkowski spectra of corresponding operator families ([13] and [2]). As a special
case of parametrized Banach complexes, we consider a Banach complex C(«)
generated by a Banach module (X, ) over a Banach Lie algebra F, where « :
F — B(X) is the bounded representation of F. This complex is parametrized on
the space A(F) (C F*) of bounded characters of F. Let ¢ be one of Stodkowski
spectra. The set o(C(a)) is called Stodkowski spectrum of the representation
and is denoted by o(a). If S is the set of topological Lie generators of F, then
Stodkowski spectrum o(a(S)) of the operator family «(S) is defined as the image
of o(a) by the canonical projection A(F) — C% X — (A(s))ses-

Our main result is an infinite-dimensional version of Fainshtein’s result. We
prove the spectral mapping theorem

a(r(a)) = r(o(a))

for the family of limits of rational functions (in particular, polynomials, rational
functions) r = (r;);er of noncommuting variables aq,...,a, generated nilpotent
Lie algebra E, when r generates a weak quasinilpotent Banach-Lie algebra F (all
operators ad(r;) € B(F) are quasinilpotent) and F is a projective Banach space.

The structure of the paper is the following. In Section 2 we recall the ultra-
power technique which is essentially used in the paper.

In Section 3, we prove that spectra o (X, d) are stable by taking the functor
hom(Y, - ), where Y is a projective Banach space, and by taking ultrapowers.

In Section 4, we define a cone Cong(X,d) of a bounded endomorphism 3
of a Banach complex (X,d) parametrized on Q. The complex Cong(X,d) is
parametrized on  x C. If IT : Q x C — Q is the canonical projection, then we
prove the projection theorem o 1 (X, d) = II(o, x(Cong(X, d))), which plays the
central role in spectral mapping properties.

In Section 5, we consider Stodkowski spectra o ;(a) for a bounded repre-
sentation « of a Banach Lie algebra E. The sets o x(a) are weak precompact as
subsets of the dual space E*. It is known that for a finite dimensional commu-
tative Lie algebra E, the spectrum o o(a) coincides with the approximate point
spectrum o®P(«) of a. We show that it is not true for infinite dimensional Lie
algebra E. The difference is removed by taking ultrapowers of Banach spaces;
more precisely, we introduce ultraspectra o ; («) as a union of spectra o (/)
by all nontrivial ultrafilters U, where «y, is an ultrapower of the representation «.
It is proved that oy o(a) = 0*P(c), and, if dim(E) < oo, then o} ; (o) = o7 (),
0< k< oo

In Section 6, we state some projection properties for spectra o, () when
FE is a quasinilpotent Banach Lie algebra. It is proved that if F' is a closed ideal
of finite codimension in a quasinilpotent Banach Lie algebra E, and a[F, E|] con-
sists of quasinilpotent operators, then o, x(a)|r = o x(a|r), where a|p is the
restriction of a to F, and o ()| r consists of all restrictions of functionals from
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spectrum o, i («) to F. For a finite-dimensional Lie subalgebra F' of E, we also
prove that if F is a projective Banach space, then o, i(a)|p C or x(a|F).

In Section 7, we introduce the Banach algebra A of “limits of rational func-
tions” of variables generated nilpotent Lie algebra E, acting on an E-module. We
also provide examples for projective and weak quasinilpotent Banach-Lie subalge-
bras in A.

Sections 8-10 are devoted to spectral mapping properties for subalgebras of
the Banach algebra A.

2. PRELIMINARIES

As usual, N is the set of all positive integers, C is the field of complex numbers,
and £1(5) is the (Banach) space of all absolutely summable complex functions on
a set S. Let A, B,C, and D be arbitrary sets such that C C B C A, and let
f : B — D be a function. Then, f|c denotes the restriction of f on C, and if f
is extended up to a function g : A — D, then we write g = f|*. For any set of
functions £ defined on B with values in D we set L|c = {f|c : f € L}. For complex
normed spaces X and Y, the normed space of all bounded linear operators (with
operator norm) from X into Y is denoted by B(X,Y). Set B(X) = B(X,X).
The kernel and the image of an operator T' € B(X,Y") are denoted by N(T) and
R(T') respectively, and T* € B(Y*, X*) denotes the dual operator. For a subset
M C A of an (associative) Banach algebra A with the identity element 14, we set
M™={a1---an : a; € M}. Then the union | JM™ is the multiplicative semigroup

generated by M in A, denoted by SG(M). Let ||M|| = sup{|la|| : a € M} for a
bounded set M and p(M) = lim | M™||*/™. The number p(M) is called the (joint)

spectral radius of the set M ([12]).

The associative hull of M in any topological algebra A with identity is de-
noted by P(M), i.e. P(M) is the set of all polynomials {p(M)} in A. We shall
use more general “functions” (on M) in A than polynomials. We define the set
of “rational functions” on M by follow Yu.V. Turovskii ([17]) as a collection of
expressions 7™ (M), n € N, constructed as shown below. Let {r(®(M)} be a
collection of all polynomials. If the collection {r(®~1 (M)} has been defined, then
we define an expression (™ (M) as a polynomial of (=1 (M) and of "~V (M)~*
if #(»=D (M) is invertible. We say that a rational function of the form () (M)
has order n. A subalgebra B C A is said to be a full subalgebra, if any invert-
ible element b € B that is invertible in A is invertible in B. It is clear that full
subalgebras are stable by taking arbitrary intersections, and the set of all rational
functions R(M) = J{r(" (M)} is the full subalgebra in A generated by M. The

closure of this subalgebra is called the closed full hull of M in A. For a homo-
morphism of unital topological algebras h : A — B one can easily observe that
h(r(M)) = r(h(M)) for any rational function r(M).

By a direct sum X @Y of Banach spaces X and Y we shall mean the ¢1-norm
sum with ||(z,y)|| = ||z]| + |lyll, (z,y) € X @Y. The projective tensor product of
Banach spaces X and Y is denoted by X®Y. Let X be a Banach space and n € N.

Assume that X®" is X®---®X (n-times), S, is the group of all permutations
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of the set {1,...,n}, and (7) is the sign of the permutation 7 € S,,. Let §, €
B(X®"), 0 (21®- - @) = Zr(1)®- - -®@Tr(n), T € Sp. We define the exterior power

A"X of X as the image of the projection 4,, € B(Xén), Ap =)™t 3 e(r)d.
TES,
Assume that 21 A~ -Ax, = A, (21®---@1,) and X®° = A’X = C. One can easily
prove that, for a Banach space Y, there is an isometry between B(A™X,Y") and the
space C™(X,Y) of all bounded skewsymmetric n-linear forms on X with values in
Y. All Banach complexes considered are assumed to be cochain and nonnegative,

. . dO dl dnfl dr
i.e. a Banach complex (X,d) is a sequence 0 — X = X1 Zs ... % xn %

.-, where X™ is a Banach space and d" € B(X", X"t1) d"ttd" = 0, n > 0.
We omit the index n of d™ if it is not cause confusion. (Semi)normed spaces of
cohomologies of the complex (X, d) are denoted by H™(X,d), n > 0. Let Y be a
Banach space. Then B(Y, (X, d)):

0y 8° 1, B B! ny B"

is a Banach complex, where "T = d" - T, T € B(Y,X"™). A Banach space
Y is called projective if the complex B(Y, (X, d)) is exact for any exact Banach
complex (X, d). The class of all projective Banach spaces is denoted by Proj. It
is easy to prove that Y € Proj if and only if for an epimorphism of Banach spaces
T : X — Z and an operator ¢ € B(Y,Z) there exist ¢ € B(Y,X) such that
T - = . In particular, if Y3, Ys € Proj, then Y; & Y5 € Proj and Y;®Y5 € Proj.
By Proposition 4.3 from [15], £1(S) € Proj for arbitrary set S.

LEMMA 2.1. LetY € Proj and n € N, then A™Y € Proj.

Proof. 1t suffices to prove that for any epimorphism 7 : X — Z and an
n-form w € C™(Y, Z) there exists an n-form ¢ € C"™(Y, X) such that T-¢ = w. Let
us proceed by induction on n. For any y € Y consider an (n — 1)-form

Wy S Cn_l(K Z)> wy(iUl» LR ynfl) = w(yayla LR ynfl)

and an operator F' € B(Y,C""Y(Y,Z)), F(y) = w,. By induction hypothesis,
the operator T,,_y : C" YV, X) — C" (Y, Z), T,,_1h = T - h, is surjective.
Hence there exists an operator G € B(Y,C" (Y, X)) such that T,,_1 - G =

F. Let ¢ € C"(Y,X), s(yr,---yn) = 0t (=1 Cyi)(r, - Tis - Yn),
i=1
where g; means omission of the variable y;. Then we have (T - ¢)(y1,...,yn) =

-l :231(—1)1‘*1%,1(0(%))@1,...,@-,...,yn) — (i yn). W

LEMMA 2.2. ([5], Lemma 1.2) Let X,Y,Z be Banach spaces and let S €
B(X,Y), T € B(Y,Z), such that T'S = 0. Then, R(S) # N(T') or R(T) is not
closed, iff there exist bounded sequences {y,} CY and {f,} C Y* such that

IimTy, =0, LUmS*f, =0, foly,)=1
n n

Let us remind some assertions about ultrapower technique. Let S be an

infinite set and let U be a nontrivial (i.e. (| M = 0) ultrafilter in S. The
Meu
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ultrafilter ¢ is called to be Rg-incomplete (see [10] and [4]) if there exists a countable
partition {S, : n € N} of S such that S, ¢ U for each n € N. The filter of
complements of finite subsets in N is called the Fréchet filter. Any nontrivial
ultrafilter on N is Ng-incomplete because it is majorized by the Fréchet filter.
By [4], there exist Np-incomplete ultrafilters in any infinite set S. In the sequel,
by an ultrafilter we will mean a nontrivial Ng-incomplete ultrafilter, if not said
otherwise. Let X be a Banach space and let (o (S, X) a Banach space of all
bounded families (z4)ses from X with sup-norm. For an ultrafilter U on I, let
Ny(X) be a closed subspace in £ (S, X) which consists of all families (zs)ses
with librln xs = 0. The ultrapower of X following U is called the quotient space
Xu = 0o(S, X) /Ny (X). The coset of (25)ses € loo(S, X) in Xy, is denoted by
[zs]. One can easily check that the norm ||[z;]| is hzionSH The space X is
contained in X, as the subspace generated by constant families of £, (S, X), and
Xy = X iff X is finite dimensional space (see Proposition 7 from [4]). For a subset
C C X, the ultrapower of C' following U is Cyy = {[cs] € Xy : ¢s € C}. Let us
consider ultrafilters & and V on S and T respectively. Let A, = {s € S : (s,t) € A},
teT,andTy ={teT: A €U} for AC S xT. The production U x V is defined
as the family of subsets A C S x T for which T4 € V. By [4], U x V is an ultrafilter.

LEMMA 2.3. ([4]) LetU and V be nontrivial ultrafilters on S and T, respec-
tively. If one of them is Rg-incomplete, then U XV is also Wo-incomplete. More-

over, the canonical operator Xuxy — (Xu)v, [Z(snlisnesxr = [[Tsplseslier,
is an isometric isomorphism.

An arbitrary operator T' € B(X,Y) between Banach spaces is extended up
to Ty € B(Xu, Yu), Tulzs) = [Txs]) and ||Ty|| = ||T||. The following assertion was
proved in Propositions 15, 16, 20, 22 from [4].

LEMMA 2.4. Let T € B(X,Y). Then N(T)u € N(Tu), R(Tu) € R(T)y and
R(T) =Y NR(Ty). Moreover, the following statements are equivalent:
)

(
(ii) R(Ty) is closed;
(ili) N(T)u = N(Tu);
(iv) R(Tu) = R(T)u
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3. SLODKOWSKI SPECTRA

In this section we will introduce Stodkowski spectra for parametrized complexes
and prove that these spectra are stable by taking the functor hom(Y, -) (where Y
is a projective Banach space) and by taking ultrapowers.

Let © be a topological space and X = {X™ : n > 0} be a collection of Banach
spaces. Suppose that there exists a collection of continuous maps d ={d"™ : n > 0},
d":Q — B(X™, X"*1), such that (X,d())) is a Banach complex for each \ € €,
where d(A) = {d"(\) : n > 0}. The collection of Banach complexes (X,d())),
A € Q. is called a Banach complex parametrized on €. Shortly, we say that an
)-Banach complex (X, d) is given. A morphism f : (X,d) — (Y,d’) of Q-Banach
complexes is usually defined as a collection of continuous maps f ={f" : n > 0},
f™:Q — B(X™,Y"™), such that £f(\) : (X,d(N)) — (Y,d’(\)) is a morphism of
Banach complexes. A short sequence of Q2-Banach complexes 0 — (X, d) LN
(Y,d’) &5 (Z,d”) — 0 is said to be exact if all sequences of Banach complexes

0— (X, d\) ™ (v,a(\) BN (Z,d" () — 0, reQ,

are exact. Let (X,d) be a Q-Banach complex. For any integer p > 0, we define
the following set ¥,(X,d) = {A € Q: H?(X,d()\)) # {0}}, where H?(X,d())) is
the p-th cohomology space of (X,d(A)). Let o, (X, d) be the set of all A € Q for

k
which A € |J 3,(X,d) or R(d*())) is not closed, where 0 < k < oc.
p=0

DEFINITION 3.1. The collection of all o, (X, d), 0 < k < 00, is called the
family of Stodkowski spectra of the Q-Banach complex (X, d) The set 0r 00 (X, d) =

U 2,(X,d) is called Taylor spectrum of (X, d).
p=0

In the sequel, o(X,d) will denote one of spectra o, (X, d),0 < k < o0, if
not specified otherwise. If Y is a Banach space, then we have a new 2-Banach
complex B(Y, (X,d()))) (with morphisms 8P(A\)T = dP(\)-T), A € Q, denoted by
B(Y,(X,d)).

THEOREM 3.2. If (X,d) is an Q-Banach complex and Y is a Banach space,
then o(X,d) C o(B(Y, (X,d))). Moreover,
(3.1) o(X,d) = o(B(Y, (X, d)))
provided Y € Proj.

Proof. Let A € o(X,d). By Lemma 2.2, there exist bounded sequences
{z,} C XP and {f,} C XP* such that limd?(\)z, = 0, limd?~*(\)*f, = 0,

n n

fo(zn) = 1, for some p. Let f € Y*, | fll = 1, and y € Y, such that f(y) =1
Then the sequences {f ® z,} C B(Y,X?) and {F,} C B(Y,X?)* are bounded,
where F,(u) = u*(fn)y. Moreover, lim 8P(\)f ® z,, = 0 and lim BP~1(\)*F,, = 0.
Whence, A € 0(B(Y, (X, d))) by virtue of Lemma 2.2.

Let Y € Proj and A ¢ 0(X,d) = o, 1(X,d). Thus the complex (X,d(X))
is exact in the first k terms and R(d*())) is closed. Then B(Y, (X,d()))) is also
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exact in the first k terms and R(B*(\)) € B(Y,R(d¥()\))). Moreover, if T €
B(Y,R(d*()))), then there exists an operator G € B(Y, X*) such that d*(\)-G =
T. So, BF¥(\)G =T, i.e R(B¥(\)) = B(Y,R(d*(\))) and R(B*(\)) is closed. Thus,
A ¢ ok (B(Y,(X,d))) and we have proved (3.1). 1

Let (X, d) be an ©Q-Banach complex, I an ultrafilter on an infinite set .S and
let dj},(\) = (d™(\))u. Then we obtain a new -Banach complex (X, dy):

0 x§ M) 1 Q) G e )y g
which we call an ultrapower of (X, d).
LEMMA 3.3.
k
Or i (Xy, dy) = U Yp(Xu,dy), 0< k< oo,
p=0

k
Proof. By Definition 3.1, |J ,(Xy,dy) C 07 (X, dy). Forallp, 0 < p <
p=0

k, let A\ ¢ ¥,(Xy,dy). Let us prove that R(d*(\)y) is closed and consequently
A ¢ 0, x(Xy, dy). Indeed, N(d¥(N\)y) = R(d*~1(\)y), in particular R(d*~1(\)y)
is closed. By Lemma 2.4, R(d*~1())) is also closed and

1

R(d*7 (V) = X* NR(d (V) = XFON(d* (M) = N(@*()).

(A
Further, N(d*(\))y = R(d*'(\)y = R(d**(\)y) = N(d*(\)y). By using
Lemma 2.4 again, we obtain that R(d*(\)y) is closed. &

THEOREM 3.4.
aﬂyk(X,d) = Jﬂ-’k(Xu,du), O < k g Q.

Proof. Let A € ¥,(X,d) for some p. If R(dP~1())) is not closed, then by
Lemma 2.4 R(dp_l(/\)u) is also not closed, i.e. A € £,(Xy,dy). Thus, we can
assume that R(dP~1())) is closed. Let x € N(dp( N\ R(dp L(X)). By Lemma 2.4,
XPNR(dP7E(N)y) = R(dP~H(N)), thus z ¢ R(dP~1(\)y). But, 2 € N(dP(\))y and
N(dp()\))u - N(dp()\)u), e, Aex (Xu,du)

Conversely, let A € o (X, du). By using Lemmas 2.4 and 3.3, we can as-
sume that A € ¥, (X, dyy) and images R(dP =1 (X)), R(dP(\)y) are closed for some
p, 0 < p < k. By Lemma 2.4, we have N(d?(\))yy = N(dP(N)y), R(dP71(N\)y =

R(dP~ (M) Let [xs] € N(d?(N)u) \ R(dP~'(A)y), where z; € N(dP())). Then
rs, ¢ R(dP71(N\)) for some sg € S. Thus, s, € N(dP(N)) \ R(dP~L(N)), i.e.,
A€ O'mk(X d). 1

COROLLARY 3.5. If 0 —> (X,d) - (Y,d’) -5 (Z,d") — 0 is a short
exact sequence of Q-Banach complezes, then o(Y,d’) C o(X,d)Uo(Z,d").

Proof. Let A € o, 1(Y,d’). By using Theorem 3.4 and Lemma 3.3 we can
assume that A\ € 3;(Yyu,d,,) for some i, 0 < i < k. Then H*(Yy,d),()\)) #0. It
remains to use the long exact sequence of cohomologies

o H' Xy, dy(N)) — H' (Y, dyy(N)) — H'(Zy, dg(N) — -
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induced by the short exact sequence of complexes

0 — (Xu, dyg (\) "2 (Y, dif (1)) 52 (

Then H*(Xy,dy(N) # 0 or H (Zy,d);(N\)) #0. 1

4. THE PROJECTION PROPERTY

In this section, we prove a projection theorem for Stodkowski spectra of {2-Banach
complexes.
Let (X,d) be a Q-Banach complex and § = {§, € B(X?)} a bounded
endomorphism of (X,d) (i.e., d?(N\)Bp = Bp+1dP(N) for any A €  and p). Let
—p=A{B8, —p € B(XP)}, p € C. The spectrum o(3) of § is defined as the
union of ordinary spectra o(8,). The Q-Banach complex Con((X,d),5 — u) =
{Con((X,d(N),8— ), A € Q} is called a cone of the endomorphism 3 — p1, where
Con((X,d(A)), 8 — u) is the following Banach complex:

0 — x0TI y1 g x0 VO ATTIOM) pp gy xp-1 VIO
where, 77 (A, p)(2,y) = (&P (N)z, =d"~ (N)y + (B, — p)z), (z,y) € XP @ XP~1 If Q
reduces to one point, then this notion is reduced to the usual notion of cone of a
complex. The collection of Banach complexes Con((X,d(N)), 8—p), (A, u) € QxC
generates a {2 x C-Banach complex (where QxC is equipped with the direct product
topology) denoted by Cong(X,d).

LEMMA 4.1. Let U be an ultrafilter. Then Cong(X,d)y = Cong, (Xy, dy).
Proof. Tt is clear that the canonical linear operator

frt (XP@XP Oy — Xh o X0 fl(@s,ys)] = (6], [vs])

(
is an isometric morphism. It remains to check that f, 177 (X, )ur = (A, 1) fs
where ~7,(\, p) is the differential of the complex Con((Xy, d(N)y), Bu — p1). 1
(

LEMMA 4.2. Assume that A € $,(X,d) and R(d?~1()\)) is closed. Then
there exists 1 € C such that A € ¥,(Con((X,d),B — u)) or R(YP(A, 1)) is not

closed.

Proof. Let T, € B(Z,, XP*1), T,2~ = dP(\)z, where Z, = X?/R(dP~()\)).
Then N(7},) # 0 and B,11T), = T3, where 8 € B(Z,), Byx~ = (Bpz)~. Thus
the kernel N(7},) is invariant under By - By using that of the approximate point
spectrum o*P(3,) of 3, is nonvoid, we see that there exist a number 1 € C and a
sequence of vectors x;, € N(T},), ||} || = 1, such that lim(8, —u)z; = 0. Then one
may find a sequence of vectors {y, } C XP~! such that lim(3,—p)x, —d?P~1(N)y, =

0. A direct calculation shows that

VP()‘vﬂ)(xmyn) = (07 (Bp - U)mn - dpil()‘)yn) —0, n— oo
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If A ¢ 3,(Con((X,d),3—u)), then N(v?(\, 1)) = R(v*~1 (A, 1)) and for the norm
Tn = [ (@n, yn)~ || of (T, yn)~ € XP & XP~1/R(yP~1(A, 1)) we have
— ; p—1 _Jr—2 _
P )+ @ )~ 0+ (B = 2)]
> inf [lzn +d (N2 = oy = 1.
zeXp—1

Thus, in& rn = 1 and Um~P (A, p)(zn, yn) = 0, i.e., the image of the operator
ne n

X7 @ X7 NP (A, ) — X7 @ X7

induced by the operator v*(\, ) is not closed. Then the image of the operator
P (A, p) is also not closed. 1

THEOREM 4.3. Let (X,d) be a Q-Banach complex and 8 be a bounded en-
domorphism of (X,d). IfII: Q x C — Q is the canonical projection, then

o(X.d) = TI(o(Con(X. ).

Proof. Let 0 = 0., where 0 < 7 < oo, and let ¢/ an ultrafilter. By Theo-
rem 3.4 and Lemma 4.1, we have o(Cong(X,d)) = o(Cong, (X, dy)), and also

7

(Con Xy, dy)) U COH (X, du))

by Lemma 3.3. Let (A, u) € X,(Cong, (Xy,dy)) for some p, 0 < p < i. Then
A € 3,(Con((Xys, dy), Bu — 1)) By using the Stodkowski argument in the proof
of Theorem 1.7 from [13], infer ¥,(Con((Xy, du), Bu — 1)) € Ep—1(Xyr, dyy) U
Y, (Xuy,dy). Now, by using Theorem 3.4 again, we obtain A € ¢(X,d). Thus
II(c(Cong(X,d))) C o(X,d).

Let us prove the opposite inclusion. Let A € 0(X,d). By Theorem 3.4

and Lemma 3.3, 0(X,d) = o(Xy,dy) = U Ye(Xyg,dy). Let p (0 < p < 4)

be the lowest number such that A € ¥ (Xu,du) Then R(dP~1(\)y) is closed.
Indeed, if p = 0 then there is nothing to prove. Let p > 0 and R(dP~1(\)y) is
not closed Then, by Definition 3.1, A € o p—1(Xy,dy) and, by Lemma 3.3,

A€ U ¥k (Xy, dy), which contradicts to the choice of the number p. Now,

using Lemma 4.2 there exists a p € C, such that (X, p) € o, ,(Cong, (X, dyy)) C
0x,i(Cong, (Xy,dy)). By Lemma 4.1 and Theorem 3.4, o, ;(Cong, (Xy, dy)) =
ox,i(Cong(X,d)), ie., (A, u) € or,:i(Cong(X,d)). 1
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5. ULTRASPECTRA OF BANACH LIE ALGEBRA REPRESENTATIONS

In this section, we introduce the Banach complex generated by a Banach module
over a Banach Lie algebra, parametrized on the character space of this Lie algebra.
We obtain a condition of nonvoidness of spectra of this parametrized Banach
complex.

A Banach Lie algebra (shortly, a B-L algebra) E is a Banach space and a
Lie algebra with continuous Lie brackets [+, -] : E x E — E, (a,b) — [a,b]. A
Banach module over a B-L algebra E (shortly, a Banach E-module) is a pair (X, «)
consisting of a Banach space X and a continuous representation « : E — B(X).
A functional A € E* is called a character of E if A[E,E] = 0. The space of
all characters (with the weak topology) of a B-L algebra E is denoted by A(E)
(C E*). Let us consider the cochain Banach complex generated by the Banach
E-module (X, a):

d"—

. do dl r—1 am
C(a):0-X=>B(E,X)—>--"— BA"E,X)— -,

with the differential

n+1

d"w(ag A Napy1) = Z(—l)“‘la(ai)w(al AN NG A Napgt)
i=1
+Y (=D w([as asl Aay A AG A AT A A dpg),
1<j

where w € B(A"E,X), a; € E. We denote the A(E)-Banach complex C"(a —
A),A € A(E), by C(a). If (X,«a) and (Y, ) are Banach E-modules and ¢ :
(X,a) — (Y, ) is a bounded E-homomorphism (p(a(a)x) = (a)p(x)), then for
each A € A(FE) it is induced a morphism of Banach complexes ¢'(A) : C" (o —A) —
C(B—=N), ¢ Mw = pw, ie., there is a morphism of A(E)-Banach complexes
©°: C(a) — C(8), where ¢° = {¢ (A)}.

LEMMA 5.1. Let 0 — (X, a) == (Y, 3) 2, (Z,v) — 0 be an exact sequence
of Banach E-modules and E-homomorphisms which is a C-split sequence (i.e.,
N(¢) is a complemented subspace). Then the sequence of A(FE)-Banach complexes

0 Cla) 25 c(8) X5 C(y) — 0

s exact.

Proof. By assumption, for each A € A(F) the sequence of Banach complexes

0—C(a—A) e C(B—-N) v C'(y — A) — 0 is exact. But, this means that

the required sequence of A(FE)-Banach complexes is exact. 1
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DEFINITION 5.2. Let (X, «) be a Banach E-module and o(C(«)) be one of
spectra o, ;(C(a)), 0 < k < co. We call this set a Stodkowski spectrum (the Taylor
spectrum, if k = 0o) of the representation « and denote it by o(«).

The point spectrum oP(«) (approximate point spectrum o?P(«)) of a rep-
resentation o : E — B(X) is defined (see [11] and [17]) as the set of functions
A1 E — C for which there exists z € X, such that, a(a)z = A(a)z (there exists
a net (zy) C X, ||z,|| = 1, such that, (a(a) — A(a))z, — 0) for all a € E, ie.,
oP(a) = 3o(C(a)). If A € 0?P(a), then A € E* and A(a) € o(a(a)), a € E. More-
over, a([a, b))z, — 0 for all a,b € E, i.e. A € A(E). For any S C B(X), we define
oP(S) and o®P(S) as the corresponding spectra of the identical representation of
the closed Lie subalgebra in B(X) generated by S. It is clear that oP(a(FE)) - a =
oP(a), o®?(a(E)) - a = 0®P(a) and oP(a) C oro(a) € o®P(). If E is finite-
dimensional, then o o(a) = 0®P(a). In general, oro(a) # 0®P(a). Indeed, let
us consider the space ¢; = ¢1(N) with canonical base {f,} as a commutative B-L
algebra and a bounded representation « : {1 — B(H), a(f,) = P,, in a separable
Hilbert space H, where P, is an orthogonal projection on the linear hull of the
first n vectors of the canonical base {e,,} of H. Then lim P,e,, = 0,n > 1, i.e.,

0 € o®P(a). But 0 ¢ 0 0(c). Indeed, take x = > ame, € H. Then

m=1
n 1/2
ld°|| = sup [[(d°2) fullzr = sup || oz = sup < > Iam|2> > ||zl
neN neN neN m—1
where d° : H — B({1, H), (d°z) f,, = P,x, is the differential of the complex C" ().
Thus R(d?) is closed, i.e., 0 ¢ o o().

Now, let U be an ultrafilter, and let Xj; be the corresponding ultrapower
of the Banach space X. Then the representation o : E — B(X) induces the
representation oy : E — B(Xy),ay(a) = ala)y, ie., (Xy,ay) is also Banach
E-module.

DEFINITION 5.3. Let (X, ) be a Banach E-module and let o be a Stodkowski
spectrum. We define the ultraspectrum o"(«) of the representation « as the union
of spectra o(ay) by all ultrafilters U, and we write 0% (a) = o ; (), if 0 = 0 .
The union of all 3¢(C(ay)) is called the ultrapoint spectrum o"P(a) .

LEMMA 5.4. If dim(F) < oo, then C'(a)y = C (ay) and o*(a) = o(a).

Proof. Let ¢, : B(A"E, X))y — B(A"E, Xy), (on]wi])u = [w;(u)],u € A"E,
be a linear operator. If dj} is the differential of the complex C"(ay,), then one
can easily check that @, 11(d")y = dyyon. It remains to note that the condition
dim(F) < oo implies that ¢, is an isometriy for all n (see [10]). &

THEOREM 5.5. Let E be a B-L algebra and (X,«) a Banach E-module.
Then

Proof. 1t is clear that o"P(a) C o o(a) N (). Let us prove that o*P(a) C
o"P(a). Let A € 0®P(a(FE)). We have to prove that Aa € ¢"P(«). There exists a
family of vectors {zs}ses C X, such that ||z,]| = 1 and lijrfn(T —AXT)zs = 0 for
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any T € o(FE), where F is some filter on the index set S. If U is an ultrafilter
in S majorizing F, then liz/{Hl(T —AXM))zs =0,T € a(E). If U is a trivial filter,
then there exists a joint eigenvector x € X, ||z|| =1, (T = A(T))x =0, T € «(E).
Then, for an Np-incomplete ultrafilter V, (a(a)y — A(a(a)))[z] = 0, a € E, ie.,
d3(Aa)[z] = 0, where d3(Aa) is the differential of the complex C"(ay — Aa), or
Ao € Zo(C(OZ\))).

Now, suppose U is nontrivial (not necessarily Rg-incomplete) ultrafilter. Then
S is an infinite set. Let us replace U with an Rg-incomplete ultrafilter. Let V be an
Ng-incomplete ultrafilter in N. By Lemma 2.3, U XV is Ng-incomplete. Now assume
that z(s ) = 25, n € N. Then, for any T € a(E), we have Ll{i)r(r‘l}(T—)\(T))m(syn) =0,

ie., (Tyxy — MT))[x(s,n)] = 0 and Aa € 0"P(a).

It remains to prove that o)} 5(a) € 0"P(a). Let A € oxo(ay) \ Lo(Clay)),
where U is an ultrafilter in some set S. Then there exists a sequence {[z?]|} C
Xu, [[=2]]] = 1, such that liin[(oz(a) — Aa))z?] = 0. Let V be an ultrafilter in

N majorizing the Fréchet filter. It is clear that lién[(a(a) — Aa))a?] = 0. Let

us consider the representation (ay)y : E — B((Xy)y). By Lemma 2.3 Xy

(Xu)y and ayxy = (aw)v. Let [[27]] € Xuxy. Then [|[[z7]]]] = lim [[[]] 2:1
and
Ifi(a(a) = A@)z )]l = lim [(afa) = Aa))z[| = lim [|[(a(a) — A(a))S]]| = O.

Thus d,.,,(N)[[z7]] =0 or A € Z(Claxy)). I

COROLLARY 5.6. Let E be a solvable B-L algebra and (X, a) be a Banach
E-module. Then the ultraspectrum o*(«) is nonvoid.

Proof. Indeed, by assumption, a(FE) is a solvable Lie algebra of operators.
By [7], ¢®?(a(E)) # 0. Then, also, 0®P(a) # 0. According to Theorem 5.5,
oy o(a) = 0 (). It remains to note that o} 5(a) C 0" (a). W

)

THEOREM 5.7. Let (X, a) be a Banach E-module. There exists an ultrafilter
U, such that
oP(ay) = oxolay) = 0P ().

In particular, o} (o) = ox o).

Proof. Let S be the set of pairs s = (N,n™!), where N is a finite subset in F
and n € N. Assume s1 < $o, if N7 C Ny and ny < ns, where s; = (Ni,ni_l). Then
(S, <) is a partially ordered set and for any s1, so € S, there exists s3 € S, such that
sup{si, s2} < s3. Thus the set of all sections I'(s), s € S (I'(s) ={y € S : s <~}),
generates a filter base in S. Let U be an ultrafilter majorizing this filter base. Then
U is Ng-incomplete. Indeed, let S, = {s € S: s = (N,n"1)}, n € N. Undoubtedly,
S =S, and S, NT(s,) = 0 for any n € N, where s, = (N, (n + 1)71), i.e.,

n
Sp ¢ U.

Let us prove that o®P(a) C oP(ay). Let 0 € 0®P(«). By definition, for
every finite subset N C E and n € N, there exists a vector z € X, |z| = 1,

such that ||a(N)z| < n~!. Assume x, = x, where s = (N,n~!). Then for each
a € E, ala)rs — 0 following by the section filter in S. Then lizftn ala)rs = 0 or
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ala)ylzs] =0, a € E, and ||[zs]]| = 1, i.e. 0 € oP(ay). Thus o?P(a) = oP(ay).
By Theorem 5.5, 0 o(cws) = o3 (). 1

6. QUASINILPOTENT B-L ALGEBRAS

In this section, we establish projection properties of spectra o, (), 0 < k < o0,
of a representation « of a quasinilpotent B-L algebra E. A Banach-Lie algebra E
with quasinilpotent operators ad(a) € B(E), ad(a)b = [a,b] (a € E) of the adjoint
representation of F is called a quasinilpotent B-L algebra (see [18]). In the sequel,
we shall use B-L algebras for which o(ad(a)) = 0 not for all @ € E but only
for elements a € S in some set S of Lie topological generators of E (i.e., the Lie
subalgebra generated by S is dense in E'). We call such algebras weak quasinilpotent
B-L algebras. In practice, it is convenient to check weak quasinilpotentness than
its quasinilpotentness, especially for finitely generated Banach Lie algebras (see
Examples 7.7, 7.8).

For a B-L algebra E and for any n > 0, the space A™E is the Banach F-

module via the representation T;, : E — B(A"E), (Tha)(by A---Aby) = >, b1 A
i=1

<+« ANbi—1 ANad(a)b; Abigr A -+ Aby,. Moreover, if (X, «) is a Banach E-module,
then the space B(A™E, X) is also a Banach E-module via the representation 6,, :
E — B(B(A"E, X)), 0n(a) = Lo(a) — R, (a), Where Ly (q) and Ry, (4 are the left
and right multiplication operators.

LEMMA 6.1. Let E be a B-L algebra. If o(ad(a)) = {0} for somea € E, then
o(Ty(a)) = {0}. Moreover, o(0,(a)) = o(a(a)) for a Banach E-module (X, ).

Proof. Let ad;(a) =1®---®1®ad(a)®1®---®1€ B(E@”),l <i<n,
where ad(a) is in the i-th place, and let S, (a) = Y ad;(a), a sum of mutually

i=1
commuting operators. By assumption, o(ad;(a)) = {0}. Then o(S,(a)) = {0}.
One can easily check that A,S,(a) = Sp(a)A,, where A, is the projection on
A"E defined in Section 2. Moreover, T),(a) is the restriction of the operator Sy, (a)
to the invariant subspace A" E. Consequently, o(T},(a)) = {0}.

Let (X, a) be a Banach E-module. Since [Lq(q), B1,(a)] = 0 and Ry, () is a
quasinilpotent operator, it follows that o(6,(a)) = 0(La)) = o(a(a)) by virtue
of the spectral (for instance, Taylor spectrum of commuting families) mapping
theorem. &

It is well known that (see 3.1 of [8]) the following formulas

(6.1) d"0,(a) = 0p11(a)d"”,
(62) dn_lin(a) + in+1(a)dn = en(@)7
(6.3) On—1(a)in(b) — in(b)0n(a) = in([a,b])

are true, where d" is the differential of the complex C"(«) and iy, (a) : B(A"E, X) —
B(A"'E, X), is defined by (i, (a)w)b = w(a A b), which is a homotopic operator.
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LEMMA 6.2. Let E be a quasinilpotent B-L algebra. If A € o(a), then A(a) €
o(a(a)), a € E. In particular, the spectrum o(«) is precompact.

Proof. By Lemma 6.1, o(0,(a)) = o(a(a)), n =2 0. If Aa) ¢ o(ala)), then

Ma) ¢ U o(0.(a)). By (6.2), we have d"~1(A)in(a)+ini1(a)d®(N\) = 0, (a)—\(a),
n=0
where d"()) is the differential of the complex C"(a — A). Since 6,,(a) — A(a) is
invertible, so A ¢ ¥,,(C(«)) by (6.1). This led to a contradiction, since A € o(«).
Thus A(a) € o(a(a)) for every a € E. In particular, o(«) is identified with the
subset of [] o(a(a)), i.e., o(a) is a weak precompact subset in E*. 1
aclE

LEMMA 6.3. Let E be a B-L algebra and let (X, «) be a Banach E-module.
Assume F is a closed ideal in E of codimension one and e € E\ F. Then
C"(E,X) = C"(F,X)® C" YF,X) forn > 0. The subspace C"(F,X) is in-
variant under the operator 6,(e) and

C'(a) = Con(C (alr),0(e)),
where 6(e) = {0, (e)}.

Proof. By assumption, E = Ce @ F. We define a bounded linear operator
fu: CYE, X) = C"(F,X) & C"Y(F,X), a0 = (i (in(©))]5)
where x|r and (i, (e)x)|F are restrictions of the corresponding forms to F. It is

clear that N(f,) = {0}. Let (w,v) € C*(F,X) ® C"~}(F, X) and

X(Cle +uy,...,cne+ ’Um) = w(ula s 7un) + Z(il)wrlciv(ula s aia s aun)a
i=1
where u; € F,¢; € C. One can easily check that x € C"(F,X) and x|r = w,
(in(e)x)|F = v. Thus C™(F,X) is identified with a complemented subspace in
C"(E,X). Let us prove that C™(F, X) is invariant under the operator 6, (e).
Take w € C™(F, X) and let

E(uty .. un) = ale)w(uy, ... u,) + Z(—l)”lw([e, Uiy, Uty e ey Up)e

It is clear that £ € C"(F, X) and, if y = f,, 1 (w,0), then (6,,(e)x)|r = & Assume
that 0, (e)w = £. Let d and d’ be the differentials of complexes C"(«) and C"(a|F),
correspondingly. It is clear that (dx)|r = d'(x|r), and by (6.1) d'60,(e)(x|r) =
On(e)d (x|F), x € C™"(E,X), i.e. 60(e) = {0.(e)} is an endomorphism of the
complex C"(a|r). By (6.2),

(in+1(e)dx)|F = (On(e)x)|F — (din(e)X)|F = Onle)(X|r) — d'(in(e)X|F)-

Thus, foi1dx = (d'(x|r), —d'(in(e)x|r) + On(e)(x|r)) = 7fnx, where v is the
differential of the cone Con(C'(alr),0(e)), i.e., the family {f,} implements an
isomorphisms of the required complexes. 1§
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REMARK 6.4. We can identify C"(E, X) = C"(F, X)®C" 1 (F, X) for each
n. Then C™(F, X) is invariant under operators 0, (a), a € E, i.e. C"(F,X) is a
closed E-submodule in C™(E, X). One may prove that C"~1(F, X) is also E-
submodule. Indeed, if v € C"71(F, X), then there exists y € C"(E, X) such
that x|r = 0 and v = (ix(e)x)|r. By using (6.3) we obtain that 6, _;(a)v =
(On—1(a)in(e)x)|r = (in(e)bn(a)X)|F + (in(la; e])X)|F = (in(e)0n(a)x)[F ((a,€] €
F), for each a € E.

THEOREM 6.5. Let E be a quasinilpotent B-L algebra and F a closed ideal
in E of finite codimension, and let (X, a) be a Banach E-module. Then o(a)|p C
o(alr) and if a[E, E] consists of quasinilpotent operators, then o(a)|r = o(alr).

Proof. Tt is clear that E/F is a quasinilpotent B-L algebra and, by Engel
theorem (see 1.3.7 of [8]), it is a finite dimensional nilpotent Lie algebra. Thus
we may suppose that the codimension of F' is one. Let A € o(a) and e € E'\ F.
By Lemma 6.3, C" (v — A) = Con(C" ((a — A)|r),0(e) — A(e)). Then, A|p € A(F)
and (A|r, A(e)) € o(Conge)(C(a|r))). By Theorem 4.3, M|r € o(C(a|r)), ie.
>\|F S O'(Oé|p).

Conversely, let u € o(a|r) and «E, E] consist of quasinilpotent operators.
Since [E, E] C F and F is a quasinilpotent B-L algebra, so by Lemma 6.2, p(a) =0
for all @ € [E,E]. Then any linear extension of the functional 4 up to E is a
character of E. By Theorem 4.3, (11, c) € 0(Cong()C(a|r)) for some ¢ € C. Let
AMze +u) = zc+ p(u),z € C,u € F. By Lemma 6.3, A € o(a) and A\|p = pu. 1

Now, we prove the inclusion o(«)|r C o(a|r) for finite-dimensional Lie sub-
algebras F' of E. We start with necessary lemmas.

LEMMA 6.6. Let E be a B-L algebra, (X, a) a Banach module and let Y €
Proj. Then, 0(Ls) = o(a), where Ly, : E — B(B(Y, X)), La(a) = La(a), is the
left regular representation.

Proof. By assumption, there exists a canonical isomorphism between Banach
complexes C'(L,) and B(Y,C"(«)). It remains to use Theorem 3.2. 1

LEMMA 6.7. Let E be a quasinilpotent B-L algebra, F a finite dimensional
Lie subalgebra in E, and let (X,«) be a Banach E-module. If E € Proj, then
o(0,|r) = o(a|r) for alln.

Proof. By Engel theorem, F' is a nilpotent Lie algebra. First, demonstrate
that 0(0,|Fr) = o(La|lr). Let 81 = La|r and 3 = —Rr,|r be the left and
right regular representations of the Lie algebra F' in the space B(B(A"E, X)).
Since [01(a),d2(b)] = 0 for any a,b € F, then the linear operator § : F X F —
B(B(A"E, X)), d(a,b) = 61(a)+d2(b), is a representation of the Lie algebra F x F.
Let M ={(a,a) : a € F'} be a Lie subalgebra in F x F and let ¢ : F' — M, 1(a) =
(a,a), be a canonical isomorphism of Lie algebras. We also have a Lie subalgebra
F x {0} C F x F and a canonical isomorphism ¢ : F — F x {0},e(a) = (a,0). It
is clear that 0,|r = d|ar - ¢ and 81 = 6| py oy - €.

Further, if A € 0(¢), then by [11] and by Lemma 6.1, A(0,a) € 0(5(0,a)) =
—o(Ty(a)) = {0}, a € F. Then for each pair (a,b) € Fx F, A(a,b) = A(a,0). Thus
AlFx{oy - € = Alm - ¢ By using Theorem 5 from [2] and Proposition 3.1 from|[6],
we have 0(0,|r) = 0(8|ar) -t =0(0) |-t ={Am-t:A€0a(d)} = {Mpxgo-€:
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A€ o(d)}= o(d|lpxqoy) -€ = 0(d1), i.e. 0(On|r) = 0(La|r). But, by Lemma 2.1,
A"E € Proj, n > 0. Then by Lemma 6.6, 0(Ly|r) = o(a|r). 1

THEOREM 6.8. Let E be a quasinilpotent B-L algebra, and let F' be a finite
dimensional Lie subalgebra in E. If E € Proj, then o(a)|p C o(a|p).

Proof. 1t suffices to prove that if 0 € o(a), then 0 € o(o|r). Let U be an
ultrafilter on a set S. The following diagram

B:T 5:T

U CuF,CNE, X)) % CUF,CME, X)) M
B 51
MU CrYF,CVNE, X)y) Y CYF,CME, X)) 4

81 81

is commutative, where 4/(®) = dy®, ® € CU(F,C"(E, X)y) (dy is the differential
of C"(a)y) and @ is the differential of the complex C"((0,,|r)u). It is a bicomplex
B with rows B(A?F,C (a)y), ¢ = 0, and columns C'((0,|F)u), n = 0. Since F is
a finite dimensional Lie algebra,

H"B(AYF,C (a)y) = B(AF,H"C (a)u)-
Let 8 : C™"(E,X)y — B(F,C"(E,X)y), (Blws])a = [fn(a)ws], be the differential

of the n-th column of B, and let [ws] € C™(E, X)y such that dyfws] = 0. If
I,_1 € B(F,C" Y E, X)u), In_1(a) = i,(a)y[ws], then by (6.2), we deduce

[en (a)ws] = [din(a)WS] + [in-&-l(a)dws] = dyin (a)u[ws] + int1(a)udy [Ws]
= dyin(a)ulws] = eu(In-1)(a),
i.e., the induced operator of cohomologies
f~ H™(C()y) — B(F, H*(C"(a)u))
is trivial for all n, n > 0. Let ¢ = o, for some k, 0 < k < oo. Then

k
0 € U Z,(C(a)y) by Lemma 3.3 and Theorem 3.4. Let 7, 0 < 7 < k, be
p=0
the lowest integer such that 0 € ¥;(C(a)y). Now we use the method of “di-
agonal search” (see, for instance, the proof of Lemma 1.8 from [6]). Then, we
have 0 € £,(C((6n]F)u)) for some n and j, 0 < j < 4. Thus 0 € o((0nlr)u)
for some n, and, by Lemma 5.4, 0((6,|r)u) = 0(0n|r). Then, by Lemma 6.7,
o(0nlr) = o(0lr), ie., 0 € o(alr). B

Let E be a closed subspace in B(X) generated by a family of mutually
commuting operators T/ = {T,, : @ € A}, i.e., E is a commutative B-L algebra.
If T” is the bounded family, then there exists a bounded linear representation
e: l1(A) = B(X), (X aaea) = Y. aaTy, where {e, : @ € A} is the canonical
base of the Banach space £;(A). Let us consider the injective maps E* — CA,
A= (M(T,)), and £1(A)* — C*, X +— (A(eq)). We denote by o(T") and ¢1-0(T"),
correspondingly, the images of the spectra of the identical representation of E and
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the representation ¢ by means of these maps. By Lemma 6.2, the spectra o(T")
and £,-0(T") are precompact in CA. Let o%(T") (¢1-0*(T")) be the union of o(17,)
(¢1-0(T},)) by all ultrafilters U, where T}, = {Toy : @ € A}. By Corollary 5.6,
o™(T") # 0 and ¢1-0"(1T},) # 0.

COROLLARY 6.9. Let T/ = {T,, : o« € A} and T = {T, : a € E}, where
E C A has finite complement A\ E = {aq,...,an}. Then

o(T) = o(T")lz, o(T) = o™(T")]z,
El-O'(T) = g1-0’(T’)|5, El-o'u(T) = él-O'u( /)|E-

Moreover, £1-0"(T")|a\z € 0(Tays .- Ta,)-

Proof. Tt suffices to note that a closed subspace in F generated by the family
T has finite codimension, and to use Theorems 6.5 and 6.8. I

If 7" is a finite family, then o(T") = ¢1-0(T') = o"(T") = ¢1-0"(T") and
the projection property for Taylor and Stodkowski spectra of a finite commutative
operator family are known ([14] and [13]).

7. DOMINATED BANACH ALGEBRAS

Everywhere in the sequel, F is a finite-dimensional nilpotent Lie algebra, U(F) is
the universal enveloping algebra of F and (X, a) is a Banach E-module. In this
section, we introduce some Banach algebras A of limits of rational functions on E
acting on X, and we use Lie subalgebras in A which are B-L algebras with respect
to some norm || - || = || - ||a. We call such algebras B-L subalgebras in A.

DEFINITION 7.1. Let A be a Banach algebra with identity, containing E as
Lie subalgebra. Assume that the full subalgebra in A generated by F is dense, i.e.,
R(E) = A. We say that A dominates the module (X, «) if there exists a bounded

unital algebra homomorphism 6 : A — B(B(AE, X)) such that |z = 6.
We shall use the notation A > (X, @) if A dominates the E-module (X, ).
It is clear that X makes into a Banach A-module if A > (X, a). We denote the

corresponding bounded representation A — B(X) by &. Thus &|g = «. The
elements of R(E) are called rational functions in A.

LEMMA 7.2. Let A = (X, ) and let U be an ultrafilter. Then A = (Xy, o).

Proof. By Definition 7.1, we have a continuous map Oy A— B(B(AE, X)y),
Oy (a) = 0(a)y. But B(AE,X)y = B(AFE,Xy) and for each u € E, 6y(u) =
O(u)y = O(u)y. It remains to note that 6(u)y = (Law) — Brw)u = Layw) —

RT(u) =0y (u) and 51,{ =0y. 1
LEMMA 7.3. If A > (X, ), then C" () is a complex of Banach A-modules.
Proof. A member CP(E, X)) of the complex C"(«) is a closed E-submodule

in B(AE, X) with respect to the representation 6. By (6.1), df(a) = 6(a)d for
each a € R(E). Using Definition 7.1, infer that the latter is valid for each a € A.
It means that C"(«) is a complex of Banach A-modules. 1
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To explain our notion of dominated Banach algebra, we consider an algebra
of convergent power series of a basis of E. Let e = {eq,..., e, } be a basis of E such
that the adjoint representation of FE is reduced to the strictly triangular form. It is

clear that for any tuple r = (rq,...,r,) of positive real numbers, the basis r e =

{ri'e1,...,r ey} has the same property. Let us consider different monomials
of the form v = ¢;, ---e;, € U(E). Each element u € U(FE) is represented as a
linear combination of different monomials © = ajv1+- - - +a,v,. We introduce the
degree of a monomial in the following way. Set deg(e;) = max{k : e; € E¥}, where
E' = E,EF = [E, E*~1]. The degree deg(v) of v = e;, - - - ¢;, is defined as the sum
of degrees of multipliers. Let Uy, be the set of elements of U(FE) presented as a sum
of monomials of degree at least k. Using [E¥, E™] C E**™ and nilpotentness of
E, we obtain that UFU™ C U**™ and dim(U*/U**1) < co. For each u € U(E),

we set
(7.1) [lu]| = inf{|a1]| + -+ |am| : v = a1v1 + - - - + apvm},

where the least lower bound is taken over all representations of u of indicated form.
Moreover, in these representations of u, it suffices to consider only monomials with
bounded (by a constant depending of u and n) degrees. Since the number of such
different monomials is finite, the equality ||u| = 0 is possible iff w = 0. Thus, the
algebra U(E) with || - || is a normed algebra. Let A(e) be its completion. For a
basis r~le, we get another Banach algebra A(r~!e).

LEMMA 7.4. Let B be a Banach algebra and let o : E — B be a Lie homo-
morphism. If the semigroup SG(r~ta(e)) is bounded for some tuple r, then « is
extended up to a bounded algebra homomorphism & : A(r~te) — B.

Proof. Let C = ||SG(r—'a(e))||, and let a|Y®) be the canonical exten-
sion . Then [a|V®)(v)| < C for a monomial v = r;lleil---ri:leis e UE).
Whence, ||o|V®)(u)|| < Cllu| for each u € U(E), by vitue of (7.1). Thus
a/VE) . U(E) — B is a bounded algebra homomorphism and it is extended

up to a bounded homomorphism & = a\A(Fle). 1

In particular, the extension a| 4"~ ) is possible if p(r~La(e)) <1 or |[r~ a(e)]
< 1. Let m = dim(E/[E, E]), 7« = (11, .-, "m), t =(t1,...,tm), and let N(r,) =
u =Y a2t : |lu
bra of holomorphic functions defined on the polydisk in C™ of multiradius r,
centered at zero. Since {em+1,...,€n} is a basis of [E, E], there is a Lie homo-
morphism a : E — N(ry), ale;) = 2z, 1 < i < m, a(ej) =0, j > m. Itis
clear that ||r~la(e)|,, < 1. By Lemma 7.4 we have a bounded homomorphism
A(r~te) — N(ri), S axe® — Y agzt. But N(r.) is semisimple and A(rle) is
commutative module the Jacobson radical RadA(r~!e) by [16], therefore the ker-
nel of the latter homomorphism coincides with RadA(r~te).

LEMMA 7.5. Let (X, a) be a Banach E-module. If p(r~ta(e)) < 1 for some
tuple r of positive numbers, then A(r—le) = (X, a).

o= 2 |aglrt < oo} be a Banach subalgebra of the alge-

Proof. Let ¢/ = r~te. By Lemma 7.4 and Definition 7.1, it suffices to prove
that p(0(e')) < 1. As 6(u) = La(u) — RT(u) and [La(u), RT(u)] =0 for all u,v € F,
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one can easily check that p(6(e’)) < p(Laery) + p(Rr(ery) < plale’)) + p(T(e')).
By Lemma 6.1, T'(E) is a nilpotent Lie algebra consisting of nilpotent operators
which act on a finite-dimensional space AE. By Engel theorem, T'(F) generates
a nilpotent algebra in B(AE). Then T(e’)* = 0 for sufficiently large k. Thus,
p(T(e) =0and p(A(e')) <1. 1

Now, we give examples of B-L subalgebras in A(r~!e) which are projective
and weak quasinilpotent. They will satisfy conditions of our main result on spectral
mapping theorem to be proved in Section 10.

At first, we state the uniqueness of the expansion in a power series by e.

For brevity, we assume that E is Heisenberg algebra with basis e = {h, f, [}
such that [h, f] = [ and [h,I] = [f,]] = 0. By using exact finite-dimensional
representations of F, we may assume that E is a Lie subalgebra of nilpotent
operators in B(V') for some finite-dimensional space V; moreover, the following
conditions are fulfilled: > = hl = fl = 0, and there exist linearly independent
vectors x, z € V such that x € N(f) N N(1), 2 € N(h) N N(1), h(z) =2/, f(z) = 2/,
2',2 € N(h) N N(f) and 2/, 2’ are linearly independent. Let V,,, = V@m, m > 0,
V8™ = y®---®@v, and let ¢, : U(E) — B(Vy,), sm(u) = i 1® --Que --®l,u € F
(u is situated in the i-th place), be a representation. ZV\}'e consider the following
tensors wips = v ® 2% @ y®*, where t,k,s > 0, y € V such that y/ = I(y) # 0.
If we replace in wy,s one of the vectors x, z,y by 2/, 2,y respectively, then we
shall denote obtained tensors by wy ks, Wk s, Wigs respectively. If m =t +k + s,
then one can easily check that ¢, (I%)wis = slwiy and G, (IFT)wis = 0 as
2 = 0. Similarly, we can prove that ¢, (h? f9%)wys = tk!slwy e if p = t,
q =k, and G, (hP fU%)ws = 0 if p > t or ¢ > k. Now let ps = > awyhtf*

t+k=6
be a nonzero homogeneous polynomial of degree §. If m = § + sJr and ¢s55 =
> Gewiks, then ¢ (psl®)(dss) = 3!( S ka2’ @ z’®k> ® y'®s. By
t+k=0 t+k=6
assumption, z’, 2z’ are independent vectors. Then the tensor situated in brackets

is nonzero. Thus, ¢, (psl®)(¢ss) # 0. In general case, we present any polynomial

p € U(E) of variables h, f as a sum of homogeneous members p = ) p,, where
y28

ps is the nonzero homogeneous polynomial of least degree 0 presented in p. Then,

sm (P1*)(¢ss) = sm(psl*)(¢ss) # 0.

Let r = (r1,72,73) be a tuple of positive numbers. Let S, = ¢, (r71e) be

the set of nilpotent operators. Then there exists a norm || - ||, in V;, such that
the operator norm ||.Sy,||m is less or equal to 1. Let X = (¢1) € Vi, be the ¢;-
m2=0

norm sum of Banach spaces. If ¢ : U(E) — B(X),s(u)(2m) = (sm(uw)zm), is a
representation, then for u = ary *h +bry ' f + cer3'l € E, we have ||s(u)(zm)|| <
2 (lal+ o[+ 1eDISmllmllzmllm < (laf + 6]+ [eDl[(zm), Le. lc(u)ll < |a] + [b] +|c].

Then |r~1¢(e)|| < 1. By Lemma 7.4, exists a bounded extension ¢ : A(r—'e) —
B(X).
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LEMMA 7.6. Let u € A(r—te). If u has an expansion u = Y amsh! f¥1° as
an absolutely convergent power series then such erpansion is unique.

Proof. Tt suffices to show that if u =" aipsh! f¥1° = 0, then all s = 0. If
[ is absent in the expansion of u, then u defines usual holomorphic function v(z) =
Y awztzh on the polydisk in C? by means of the homomorphism A(r~le) —
N(ry), and v(z) = 0 on this polydisk. So, all a;z; = 0. Thus we can assume
that u € RadA(r~te) = U(E)l, i.e. u = Y amsh! f¥1°, s > 1. Assume that not
all asrs are equal to zero. Let s be the least degree of [ in the expansion of u

N
and let u, = Y. awgnh! f¥1". Then u = > u, and us = li]{]n ( Zpi>ls, where
t,k n=s =5

pi = Y. amhtf* is a homogeneous polynomial having degree i, and § is the
t+k=i
least degree of nonzero polynomials p;. Let x = (x,,,) € X such that z54s = dss,

N
T = 0if m £ 6+ 5. Then ysps = sops (30 20)1°) 2t = Sors(psl*)asrs # 0
=5

N

and if y = (Ym) € X (ym = 0,m # 6 + s), then S(us)z = li]{fng( Zpils>x =y.
i=5

But ¢(I**")2 =0, i > 1. Thus ¢(usy;)r = 0 and S(u)x = y # 0, a contradiction. I

EXAMPLE 7.7. Let E be a Heisenberg algebra with a basis e = {h, f,1} and
consider the polynomials p; = h* (¢t > 1) and po = hf. One can easily check
that (ad(p2))"p1 = (—t)"p1l™ and the Lie subalgebra P in U(FE) generated by

N

{p1,p2} consists of all linear combinations of the form > a,pil™ = a_1ps +
n=-—1

N

aopp1 + Y. anp1l™, an € C,n > —1. Thus P is an infinite dimensional Lie algebra.
n=1

Let F be the subspace in A(r~!e) of all absolutely convergent series of the form

o) o0
u= Y, appl™. Set |uly = Z [lanp1l™|| < oco. Then || -1 is norm in F
n=—1
by virtue of Lemma 7.6. Undoubtedly, -1l = |l - || and F furnished with the
norm || - |J; is isomorphic to the space ¢;. Moreover, F is a B-L subalgebra in

A(r~te) with Lie generators py,ps. Indeed, [u,v] = > t(anb_1 — a_1b,)py ™+t
n=0

foru= Y appil™ and v = > b,p1l"™ from F, and since [pil™, pa] = tp1

n=—1 n=—1

1
[t
s0

[[[w, o]l < 2[b- 1\sz||2|an||\pll”\+2la 1IIIPQHZ|b Hip ™[] < 2lwlly o]l
n=0 n=0

Further,

(ad(pl))2 =0 and (ad(p2)) ( Z anpr ™ ) t)mZanpll”er.
n=0

n=-—1

Then [[(ad(p2))™(u)|lx < ||(¢)™]| ||ull1, w € F. Since | € RadA(r~te), then
Gad ()™ /™ < (| )™ Y™ =0, m — o0,
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Thus F is a weak quasinilpotent B-L algebra isomorphic to the space ¢;.

EXAMPLE 7.8. Now let the polynomials p; = h2, ps = f? of the base of

Heisenberg algebra E and P be a Lie subalgebra in U(E) generated by {p1,p2}.
N

Note that P comprises all linear combinations Y. S,, where S, = aonp11?™ +
n=0

bonp2l®™ + copy1ql?n , azn, bon, cont1 € C, q = 2hf — 1. Let F be a subspace in
A(r~Le) of all series u = Z Sy, such that |lulj; = Z (lla2np1 ™[] + [|b2npol®™|| +

n=0
lle2n1ql® ) < co. As in Example 7.7 we can prove that F is a B-L subalgebra
A(r~1te) isomorphic to the space £1. Moreover, (ad(p1))® = (ad(p2))® = 0. Thus,
F is a weak quasinilpotent B-L algebra.

8. THE FORWARD SPECTRAL MAPPING PROPERTY

By follow R. Harte ([9]), we say that a joint spectrum o has the forward spectral
mapping property for generators a of a nilpotent Lie algebra and polynomials p
if there is the inclusion p(o(a)) C o(p(a)). If the opposite inclusion is satisfied,
then we say that ¢ has the backward spectral mapping property. In this section
we prove the forward spectral mapping property for limits of rational functions
generated a projective B-L algebra.

LEMMA 8.1. Let A= (X,a). Then o(6(a)) = o(a(a)) for all a € A.
Proof. Let M be a Lie algebra generated by the multiplication operators
Loy Rrw) € B(B(AE, X)), uw € E, and let B = R(M). Since E is a nilpotent

Lie algebra, so M is also nilpotent. By [16], the algebra B is commutative module
the Jacobson radical RadB. Then, Rp(,) € RadB for all u € E. If p = p(E) is a

polynomial in A, then a(p) = Lap) +@Q, where Q belongs to the ideal generated by
Rr(uy, u € E,ie. Q € RadB. If pis invertible in A, then §(p~')—Lg(,-1) € RadB.
Thus g(r(l))—L&(Tu)) € RadB for any rational function (") = r(1(E) of first order

in A. By induction on n one may easily prove that 6(r(™) — Lg(rey € RadB for
each rational functions (™) of n-th order in A. Take a € A, then a = limr,,
is a limit of rational functions. Hence g(a) — Ls(ay € RadB. It follows that the
spectrum 03(9( )) with respect to the subalgebra B is equal to 05 (Lg(q)). Thus
0(6(a)) = op(0(a) = o(a(a)). W

LEMMA 8.2. Let A= (X, ), A € 0 00() and let d(X\) be the differential of
the complez C (a— ). Ifw € N(d(A\))\R(d(N)), then (6(r)—r(A(E)))w € R(d(N))
for any rational function r in A.

Proof. By using (6.1) and (6.2), we obtain that (6(p) — p(A(E)))w € R(d()))
for any polynomial p in A. By (6.1), (A(p~1) — p(A(E))"Hw € R(d(N)) if p is
invertible in A. It follows that (8(r) — r(ME)))w € R(d())) for each rational
function 7 = (M (E) of order 1.
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Now, let 7 = 7(")(E) be a rational function in A of order n. We proceed
by induction on n. Then r = p(ri,rjfl) is a polynomial of rational functions
ri,rjfl (i,7 € A) of (n — 1)-th order and its inverses. By induction hypothesis
(0(r:) — ri(A(E))w € R(d(N)), i € A. If r; is invertible, then using again the
same argument, we obtain that (g(rjl) —rj(A(E))"Hw € R(d(\)). Whence,
(0(r) — r(A(E)))w € R(d())) by virtue of (6.1) and (4.2). ¥

LEMMA 8.3. Let A> (X, @) and A € 0r (). Then r(A(E)) € a(a(r)) for
any rational function r in A.

Proof. By assumption, there exists w € C*(E, X) such that d(\)w = 0 and
w ¢ R(d(N)), where d(\) is the differential of the complex C"(a — A). Let r be a
rational function in A. By Lemma 8.2, (8(r) — r(A\(E)))w € R(d(N)). If r(A(E)) ¢
o(6(r)), then by (6.1) we would obtain that w € R(d())). Thus r(A(E)) € o(6(r)).
By Lemma 8.1, r(A(E)) € o(a(r)). 1

LEMMA 8.4. Let A = (X, ) and X\ € 0 oo (). There exists a character \|*
of A such that \|4|g = \.

Proof. Given a rational function r = r(FE) in A, we set \|4(r) = r(A\(E)).
By Lemma 8.3, A\|4(r) € o(a(r)). Thus A4 : R(E) — C, \|4(r) = r(A(E)), is a
multiplicative linear functional. Moreover, |A|4(r)| < ||&|| |7||, r € R(E), i.e., A|4
is a bounded map. 1

For a Stodkowski spectrum o, we denote o(a)|4 = {\|4 : X € o(a)}.

Now, let F be a B-L subalgebra in A. By Definition 7.1, the space B(AFE, X)
(in particular X) makes into a Banach F-module. For any integer p > 0 and
any ideal I C E, the space CP(I, X) is a closed F-submodule in B(AE, X)(see

Remark 6.4). Set 6, ;(u) = 0(u u)|er(r,x), u € A, and 0,5 =0,
LEMMA 8.5. Let A~ (X, ) and F be a B-L subalgebra in A. Then

0(0p.1|7) C (@)

Proof. We proceed by induction on the pair (p,dim(I)). Let J be an ideal
in E such that J C I and dim(I/J) = 1. Let w € I'\ J. If p = 0, then there is
nothing to prove. For p > 1, we use isomorphism

CP(I,X) — CP(J, X))@ CP 1], X), wr (w]s, (ip(u)w)|s),

defined in Lemma 6.3. If M is the kernel of the A-homomorphism C?(I,X) —
CP(J,X), w — wly, then the map ¢ : M — CP71(J, X),p(w) = (ip(w)w)l|,, is
an A-isomorphism. Indeed, it suffices to prove that p(8(a)w) = 0(a)p(w) for all
w € M and a € E. By using (6.3), we obtain that

p(0(a)w) = (0(a)ip(w)w)]s + (ip([u, a))w)|s = O(a)p(w).

Thus we have an exact sequence of Banach A-modules (especially as F-
modules)

0 — P (J, X) €50 OP(T, X) — CP(J, X) — 0,
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which is C-split. By Lemma 5.1, the sequence of A(F)-Banach complexes
0= C(lp-1,117) — C(Op1l7) — Clp.l7) 0

is exact. Then, by Corollary 3.5, U(§p71|}') C 0(§p_17J|]:) U U(gp“]‘]?) and by
induction hypothesis 0(0,—1,7|7)Uo(8p.1|7) C o(a|x), i.e. o(0p1|lF) Co(a]F). 1

We introduce the bicomplex connected Banach complexes C"(a|z — p) with
w € A(F), and C(alr — A) with A € A(I), by means of complexes C" (0, 1|7 — ),
p = 0. The following diagram

i

B cuyrF,cr(I,X) 2

Bu 1

is commutative, where kx(®) = d?(\) - &, & € CUF,CP(I,X)) (dP(N) is the
differential of the complex C"(a|; — \)) and 3, is the differential of the complex
C'(gp)ﬂ}- — ). Thus the latter diagram is a bicomplex with rows C4(F,C" (a|r —
A)), ¢ = 0, and columns C.(§p7[|]—_ — ), p = 0, for which we use a notation

Bau(I,F,X). The corresponding total complex is denoted by Toty , (I, F,X).
For any p, the bicomplex By (I, F, X) associates the cohomology complex

(81) O_)Hp(c(ah_)‘))&)in(Cq(f,C(ah_)\)))i’

where H?(CY(F,C (a|r — A))), is the p-th cohomology space of the g-th row.

THEOREM 8.6. Let A > (X,a), and let F be a B-L subalgebra in A. If

F € Proj, then
o(@)|*|7 € 0" (@lx).

Proof. Let U be an ultrafilter on some set S, such that oP (o) = o o) =
0 () (Theorem 5.7), 0 = 054, 0 < k < 00, X € o(a), A|Y|# = p and let i be
the lowest integer such that A € o, ;(a). If i = 0, then A € 0P (). Consequently,
there exists a nonzero [xs] € Xy such that (ay(u) —A(u))[zs] =0, u € E. By using
the density of R(E) in A, and Lemmas 7.2 and 8.4, infer (az;(f) — A2 (f))[zs] = 0,
feA ie peorolaylr). But ayy = ay by Lemma 7.2. Thus, u € o%(a| ).

Let i > 0. By Lemma 5.4, 0 ;(a) = 0, ;(cqs), and, by Lemma 3.3, 0 ;(ay) =

U Z,(C(ay)). Then H(C"(ay — N)) is a nontrivial Banach space (otherwise, by
p=0

Definition 3.1, A € 0 ;—1(ay) = 0x,;—1(a), which contradicts the choice of ¢). Let
us consider the operator ﬁ@-(“ : HY(C (ay — \)) — HY(CYHF,C (agy — A))) of the
cohomology complex (8.1) for the bicomplex By ,(F,F, Xy). Let us prove that
Bu, = 0. Take w € N(d},(\) \ R(dj; *())), where d},()) is the differential of the
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complex C'(agy — A). For each f € F, f = limr, is a limit of rational functions
in A. By Lemma 8.2,

Bupn(@)f = (Ou)i(f) = p()w = m((G)i(rm) = Al* (rm))w
€ R(d; ' (V) = Rdj; ' (V),

where [y, is the differential of the complex C((%M 7 — p). By assumption,
F € Proj. There exists an operator ¢ € B(F,C*"1(E, Xy)) such that d;; ' (\)-€ =
ﬂ?/l“ (w), Le., /81/{;,, (w) =0.

From the condition A ¢ o ;_1(ay) it follows that A ¢ o, ,_1(CU(F, C(aw)))
for all ¢, by Theorem 3.2. Now we can use the method of “diagonal search” (see
Lemma 1.8 from [6]). Then p € Ej(C((é\z;)p\}-)) for some p and j, j < i, ie.,

4 € 0ri((Ou)pl7). By Lemma 8.5, ori((Ou)plr) € ori(ulr) = omildulr).
Thus p € o%(a|z). 1

9. SPECTRA OF THE PAIR OF REPRESENTATIONS

In this section, the projection properties are established for spectra of the pair
(a|r,alF) of representations, which is essentially used in the spectral mapping
theorem.

In Section 8 we have introduced A(I) x A(F)-Banach complex Toty ., (I, F, X),
(A ) € A(I) x A(F), for which we use the denotation Tot(I,F,X). One can
identify topological spaces A(I x F) and A(I) x A(F) by means of the bijective
map 7 — (77,7£), where 77(u) = 7(u,0), 7£(f) = 7(0, f). Thus, Tot(I,F, X) is
a A(I x F)-Banach complex.

DEFINITION 9.1. Let o(Tot(I,F,X)) be a Slodkowski spectrum of
Tot(I,F,X). We call this set a Stodkowski spectrum of the pair of representa-
tions (|5, a|F) denoted by o(a|r, alF).

Let us consider the cohomology complex (8.1) for I = E. By Lemma 7.3,
N(dP())) is a closed A (especially F)-submodule in CP(E, X). The complex of
Banach F-modules generated by F-module (N(d”()\)), 0|7 — u) is a subcomplex

of the p-th column of By ,(E,F,X). A F-module structure of this complex is
defined (see Section 6) by the representation

Ou: F = B(B(AF,N(d”(N)))),  Oulf) = Lg_yp) — Brin)s

and let I,(f) be the homotopic operator of this complex. One can easily check
that the image R(ky) of the row differential x of By ,(E, F, X) is invariant under
©,(f) and I,(f). Thus the linear operators

Ou(f) : HP(CUF,C (a=N))) — HP(CUF,C (a=N))),  Ou(f)2~=(0,(/)®)",
L(f) : HY(CU(F,C (a=A))) = HP(CTHF, C (a=N))), L,(f)2~=(1,(f)®)".
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are defined soundly. By using (6.1) and (6.2) for the complex generated by F-
module (N(dP(\)), 0|+ — 1) and passing to cohomologies, we obtain

(9.1) /Bueu(f) = Gu(f)ﬁ.w
(92) Bulp(f) + Ip41(£)Bu = Ou(f).
Now let X be a character of A such that X|E =\
LEMMA 9.2. If F € Proj and R(dP~1(X)) is closed, then

O,(£)®~ = ((\(f) — u(f) — Rr(p) @)™

Proof. By the definition of the operator Gu( f), it suffices to prove that
(Lo p®)~ = Mf)®~, ® € CU(F,N(dP()))). By using the same argument as in
the proof of Lemma 8.2, we infer that (L(;_5,;)®)(a) € R(dP~())) = R(dP~1(N))
for each a € AYF. By Lemma 2.1, there exists ¥ € C9(F,CP~1(E, X)) such that
ka(P) = dp_l()\) U= L(é_j\)(f)q) or (L(é_j\)(f)q))N =0. 1

THEOREM 9.3. Let A = (X, ), F be a B-L subalgebra in A, X\ € 0r 0(cx),
w € A(F), and let U be an ultrafilter. Assume that F €Proj and F is a weak
quasinilpotent B-L algebra. If \|A| 7 # p, then (A, i) & 0 o (Qs, | 7)-

Proof. 1t suffices to prove that Toty ,(E, F, Xy) is exact if A\[4|z # p. It is
well known (see, for instance, Lemma 1.7 of [6]) that the exactness of all cohomol-
ogy complexes (8.1) of the bicomplex By ,(E,F, Xy) imply the exactness of its
total complex.

By Lemma 5.4, A\ € o0, (o). Let k be the lowest integer such that
A € 24(C(ay)) and let d;; ' (\) be the differential of the complex C"(ay). Then
R(dj;'(\)) is closed. Otherwise A € X4_1(C(ay)) by Lemma 3.3 and this would
contradict the choice of k. Assume that A4z # p and let S be a set of Lie
generators of F such that o(ad(f)) = {0} for all f € S. Then A\|A(f) # u(f) for
some f € S. Let G(f) € B(CU(F,CP(E, Xu))), G(f) = MA(f) — u(f) = Rr,(p)-
It is clear that (ky)rG(f) = G(f)(ku)x, where (ky)x is the row differential of
Bau(E, F, Xy). Tt follows that if G(f) is invertible, then ©,,(f) is also invertible
by Lemma 9.2. Then, by (9.1) and (9.2), we would obtain that all cohomology
complexes (8.1) are exact.

It remains to prove that G(f) is an invertible operator. By assumption,
ad(f) € B(F) is quasinilpotent. By Lemma 6.1, o(Rr,(s)) = {0} for all g. Thus
G(f) is invertible. 1

COROLLARY 9.4. Let A > (X,«), and let T € ox (oulr, Gulr), where F is
a B-L subalgebra in A. If F €Proj, then 11 € ox p11(c|r). But, if dim(F) < oo,
then 71 € oxi(alr). Moreover, if F is a weak quasinilpotent B-L algebra and
T € Omk(au,&ubﬂ:), then TE|A|]: =TF.

Proof. 1t suffices to prove that 71 € o p11(ou|r) (respectively, if dim(F) <

00, 71 € orp(aulr)). If 71 ¢ o kyi1(aylr) (respectively 71 ¢ o k(0y|r)), then
C'(ay|r — 77) is exact in first k + 1 (respectively k) terms. By Lemma 2.1,
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A1F €Proj for all q. Then all rows of B, (I, F,Xy) are exact in first k + 1
(respectively k) terms. By using the method of “diagonal search”, we obtain that
the same is true for the total complex Tot,, ,, (I, F,Xy). By Definition 3.1, 7 ¢
onk(oulr, aylr). If dim(F) < oo, then Totr, (I, F, Xy) = Totr, (I, F, X)u
by Lemma 8 from [4]. By using Lemma 3.3 we obtain that 7 ¢ o x (a1, aul| ).

Now, let F be a weak quasinilpotent B-L algebra and 7 € o i (cu, dul 7).
Then 75 € oy k+1() and, by Lemma 8.4, there exists a character 1|4 of A such
that 7|4 |g = 7. By using Theorem 9.3, we obtain that 7g|4|F = 7.

The following lemma is a topological version of Lemma 5.2 in [6].

LEMMA 9.5. Let A > (X,a), F be a B-L subalgebra in A, I and J ideals in
E suchthat J C I, dim(I/J) =1, A € A(I) and p € A(F), and letu € I\J. There
exists a bounded endomorphism §(u) of the Banach complex Toty,, ,,(J, F, X) such
that

(9.3) Toty, . (I,F,X) = Con(Toty, ,(J,F, X),6(u) — A(u)).
Moreover, o(6(u)) = o(a(u)).

Proof. We denote the restriction of w € CP(I,X) on APJ by w|;. The
following linear map

Kp,q Cq(fv CP(I,X)) - Cq(fv Cp(‘LX)) EBCq(fv Cpil(JaX))a
tip,q(®) = (@[, (i(w)®)|s),

implements a topological isomorphism by virtue of Lemma 6.3, where ®|;(h) =
®(h)|s, (i(w)®)|s(h) = (i(u)®(h))|s, h € APF. By definition, the differential vy ,
of the complex Toty , (I, F, X) is given by the rule

(@) = £a(®) + (=1)7Bu(®), @€ CUF,CP(1, X)).

Let us find the components of £,11,4(kx(P)) and kp g+1((—1)?3,(P)) in the cor-
responding decompositions. Let dy be the differential of C"(«|; — A). Then,
kx(®) =dy - @ and

(dx - @)[(h) = dx(®(h))] 5 = dx, (®(R)]1) = (dx, (®[1))(h), heAPF,
ie., (dx-®)[; = dy,(®[;). We use (6.2) to transform the second term in
Fpt1,q(Ra(P)):
(i(u)(dx - @))|1(h) = (i(u)drx®(h))|; = —dx), (i(u)@(h))[ + (0 = A)(u)(®(R)])-
Thus,
tip+1,q(FA(P)) = (ka, (R]), —rxp, ((I(w)P)]s) 4 (0 = A)(w)(@])).
Let us transform the components of kp ¢11(8.(®)) = (B.(®)|s, (i(w)B.(P))]s):

g+1 N
ﬁu(q))‘«](vlv s 7vq+1) = Z(_l)i+l(9 — ) (vi)®(v1,...,0;, ... 7Uq+1)|J

i=1
+ Z(—l)”j@([vi,vj],vl, e Uy ,i}\j, R 7/Uq+1)‘J

i<j
= ﬁu((I)L])(Ulv cee 7vq+1)7



SPECTRA OF COMPLEXES 611

ie., Bu(®)|; = Bu(®|s). To transform the second term, we consider the operator
I': A — B(B(AILX)), T'(f) = [i(u),0(f)]. Demonstrate that, if v € CP(I,X)
such that w|; = 0, then (I'(f)w)|; = 0 for all f € A. Since R(F) is dense in A,
it suffices to prove the latter for rational functions (™, n > 1. We proceed by
induction on n.

If f € E, then T'(f) = i([u, f]) by (6.3), and [u, f] € J by nilpotentness
of E. Thus (i([u, f])Jw)|s = 0. Let f = p(e) be a polynomial in A of variables
e ={e1,...,en} C E. Assume firstly that f = ef*, s; > 1, 1 < i < k. Then

(g(efi_l)w)h =0, and @
TPy = 0l (Dler ™l + il e )Blel Wl = 0le) (Mel )l

By using induction on s;, we obtain that (I'(f)w)|; = 0. When f is arbitrary

monomial of e, it suffices to use an induction on the length of f.
Let f = r(®=1 be a rational function of order n — 1 such that f is invertible

and (I'(f)w)|; = 0. It is obvious that (I'(f~Y)w)|; = —(0(f)'T(f)E(f)*w)|,. By
Remark 6.4, CP(I,X) = CP(J,X) & CP~1(J, X) is the direct sum of A-invariant

subspaces. Since w|; = 0, so w € CP~1(J, X) and 6(f)'w € CP71(J, X), i.e
(0(f)"*w)|s = 0. We proceed by induction on s;. By induction (T'(f)0(f) " 1w)|s =
0. Then T(f)0(f) 'w € CP~1(J, X). By using Remark 6.4, we have

0(f)"HT(HO(f) w) € CP1(J, X),

ie., (T(f~Hw)ls = 0.

Let f = p(a) be a polynomial in A of variables a = {ay,...,ax}, where
a; = ™Y or a; = (r»1)~! for some rational function r("~1) of order (n — 1).
It suffices to assume that f = a*, s;, > 1,1 < i < k. Then w and a(afi_l)w €
CP~1(J,X), ie. (H(afl Yw)|s = 0. We proceed by induction on s;. By induction

hypothesis r(affl)(ﬁ(awl)w)p = 0. Then

(T()w)ls = O(a) (T(ay ™ )w)|s+T (0] ) (B(as ™ w)]s = Blai)(T(af ™ w)]s = 0.
For ® € C1(F,CP(I,X)), we define the (¢ + 1)-form
g+1

(F A (I))(fh .. -aflﬁ-l) = Z(_l)i+1r(fi)(b<f17 .. 'aﬁv .. ~>fq+1)7

i=1
with T A ® € C9T1(F,CP~1(I, X)). It follows that the correspondence
CUF,CP(J, X)) — CTHF,CP7H(J, X)), @[5 = (=P (T A D),
is a bounded linear operator denoted by I',. Then

(Z(U)BN(¢))|J(‘]C1, LRI fq-‘rl)

q+1

_Z H_l 9 ,u)(fl) (fh"'aﬁ:"'afq—f-l)”J
+Z VG fir £, f1 oo fi s oo far))a

1<j

= Bu((@() @) ) (fr, - farr) + T AR (frs- -5 fan)-
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Thus fip,g41(8u(®)) = (Bu(®[), Bu((i(u)®)|s) + (=1)PTp(®];)) and for the dif-
ferential vy, = kx + (—1)?8,, of Toty ,(I,F,X) the following equality (up to an
isomorphism)

Yau( @l (@[ P)]s) = (vag,u(@Lr); =720, 6 (@) P)]s) + (6(u) = AMw))(2]1))
is valid, where d(u) = Lg(y) + > T'p. The operator 6(u) has a triangular operator
P

matrix with diagonal elements which are equal to the same operator Lg,). Then
o(d(u)) = o(f(u)) = o(a(u)) by Lemma 6.1. Moreover, it follows from the condi-
tion 7?\)” = 0 that 0(u) is an endomorphism of the complex Toty, ,(J,F, X). 1

THEOREM 9.6. Let A > (X, «), F be a B-L subalgebra in A, I and J ideals
in E, such that J C I, dim(I/J) = 1. If F €Proj, then o(a|r,a|x)|ixr =
o(aly,alg). In particular, o(a, a|F)|F = o(al|x).

Proof. By (9.3), o(Tot(I,F,X)) C o(Congs,(Tot(J, F,X))), where u €
I'\ J. Conversely, let (1,c¢) € o(Cong,(Tot(J,F,X))). By Theorem 4.3, 7 €
o(Tot(J,F,X)). By Definition 9.1, 7 € o(a|s,a&|z). Then 75 € 0 o0(c]s), oth-
erwise we would obtain that all rows of B,, . (J, F, X) are exact (F €Proj), con-
sequently Tot,, ,-(J,F,X) would be exact. Since a[l,I] consists of quasinilpo-
tent operators and [I,I] C J, so 7;[I,I] = 0 by virtue of projection property
(Corollary 5.5 of [6] and [11]). Thus any linear extension of 7; up to a func-
tional on I is a character. Let A € I*; A|; = 75, AM(u) = ¢. By Lemma 9.5,
Toty (I, F, X) = Con(Tot,, . (J,F, X),6(u) —c), ie., (1,¢) € o(Tot(I, F, X)).

By using Theorem 4.3 again, infer o(a|r, @|#7)|sxr = o(als, &|F).

Let E=1 DI D DI, D I,11 = {0} be a chain of ideals in E such
that dim(l;/I;41) = 1, 1 <4 < n. Then o(a|r,, @|7)|1,,, x7 = o(alr,,,,a|F) and
o(0,dl7)5 = - = o{ols,d]2)|r = o(@lr). 8

10. THE BACKWARD SPECTRAL MAPPING PROPERTY

In this section, we prove the backward spectral mapping property.

THEOREM 10.1. Let A = (X,a) and let F be a weak quasinilpotent B-L
algebra in A such that F € Proj. Then

(10.1) o k(@) 7 C op 1(@lF) C on i1 (@) 5.
In particular, for the Taylor spectrum, we conclude that

(10.2) Tro0 (@) = 03 o (@] 7).

Moreover, if dim(F) < oo, then F is a nilpotent Lie algebra and

(10.3) aﬂ)k(a)|A|f = o i(a]F).

Proof. The first inclusion in (10.1) follows from Theorem 8.6. Let u €
oxk(0uylF) for some ultrafilter . By Theorem 9.6, 1 = 7|z for some 7 €
ox k(0w @ylr). Then, Tp € ox py1(a) and 75 € ox k() if dim(F) < oo; more-
over 7p|4|# = pu by Corollary 9.4. Thus, u € 0x 11()|?|F, ie., (10.1) has been
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proved and (10.2) follows from (10.1). If dim(F) < oo, then pu € oy ()7
and o} (a|F) = oxk(@|F) by Lemma 5.4. By [16], the algebra A is commuta-
tive modulo Rad(A). Then [F,F] C RadA and consequently F is a solvable Lie
algebra. Let S be a set of Lie generators such that o(ad(s)) = {0} for all s € S.
Then ad(S) generates a Lie algebra consisting of nilpotent operators, i.e., F is a
nilpotent Lie algebra. 1

REMARK 10.2. Let A > (X, a) and let F be a finite-dimensional Lie subal-
gebra (not necessary weak quasinilpotent) in A. We have remarked in the proof of
Theorem 10.1 that F should be solvable Lie algebra. By using Cartan subalgebras
of F and (10.3), one can easily prove that an equality of the type (10.3) is also
true for spectrum introduced in [1].

To obtain the classical version (o(r(a)) = r(o(a))) of our spectral mapping
theorem (Theorem 10.1) we use the following. Let F be a B-L algebra, S a set of Lie
generators, and let (X, a) be a Banach E-module. There is an injective continuous
linear map S : A(F) — C5, S(A) = (A(s))ses. Set o(a(S)) = S(o2 (a)).
We call this set the Taylor F-spectrum of the operator family a(S). Now let
u be a set of Lie generators of F, A > (X,«), F a B-L subalgebra in A with
a set of Lie generators r and let a = a(u), r(a) = a(r). There is a bounded
algebra homomorphism A — C(o(a)), f — ¢, where C(o(a)) is the algebra of all
continuous functions on o(a) and ¢ (U(N)) = A|A(f), A € o2 (). We identify
@y with f. Under the assumptions of Theorem 10.1, we deduce

o(r(a)) = 7(03 oo (@l7)) = F(om0o(@)|]7) = {N(F))rer = X € Oro(@)}
={(f(W)ser : p € o(a)} = r(a(a)).

EXAMPLE 10.3. Let E be a Heisenberg algebra with a basis e = {h, f,l}
such that [h, f] = [ and [h,I] = [f,]] = 0, (X,«) a Banach E-module and let
a = ah),b =a(f). If r = (r1,re,r3) is a tuple of positive numbers such that
p(r~ta(e)) < 1, then A(r~te) = (X,a) by Lemma 7.5. By using Examples 7.7,
7.8, and Theorem 10.1, we obtain the following equalities

U(ataab) = {(/\t7>‘:u) : ()\Mu) € O'(a’b)}v O'((12,b2) = {()‘2”“2) : (Aau) € G(a’b)}'
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