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ABSTRACT. We prove a general result on the strict approximability of nor-
mal elements of the multiplier algebra M (A) of a o-unital C*-algebra A from
commutative C*-subalgebras of A. As an application, we reprove a result
of L.G. Brown concerning the non-existence of non-zero separable hereditary
C™-subalgebras of the corona algebras of o-unital C*-algebras. Subsequently
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INTRODUCTION

The systematic study of the multiplier algebra M (A) of a C*-algebra A began in
the works [8] (for commutative A) and [9], [23], [2] (for general A). In the com-
mutative setting, for A the C*-algebra C(2) of all continuous complex functions
on a locally compact Hausdorff topological space €2, vanishing at infinity, M (A)
identifies with the C*-algebra Cy,(€2) of all bounded continuous complex functions
on Q. In the general setting M (A) can be represented as the C*-subalgebra

{xr € A" : za, ax € A for all a € A}

of the second dual A**. In particular, for A the C*-algebra K (H) of all compact
linear operators on a complex Hilbert space H, we can identify M(A) with the
C*-algebra B(H) of all bounded linear operators on H.
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A natural locally convex vector space topology on M(A), called the strict
topology S, is defined by the seminorms

z+— ||zall and =z |az|, a€ A.

It is complete and compatible with the duality between M (A) and A*. Hence the
strict topology is weaker than the norm-topology on M (A), but stronger than the
restriction to M (A) of the weak *-topology of A**. Furthermore, A is a strictly
dense, norm-closed two-sided ideal of M(A). For  as above, on every bounded
subset of Cp(€) the strict topology coincides with the topology of the uniform
convergence on the compact subsets of 2. On the other hand, for H a complex
Hilbert space, on every bounded subset of B(H) the strict topology coincides with
the s*-topology.

For the basic facts concerning multipliers of C*-algebras and the strict topol-
ogy on them we refer to 3.12 in [19] and Chapter 2 in [26].

We recall that if Ay is a C*-subalgebra of a C*-algebra A, which contains
an (increasing, positive) approximate unit (u,), for A, then M(Ag) C M(A) (see
[2], Proposition 2.6 or [19], 3.12.12). Actually M (Ay) is the strict closure of Ay in
M(A). We notice also that M(Ap) N A = Ag because || —u,z|| — 0 and u,x € Ay
whenever © € M(Ap) N A. Therefore the corona algebra C(Ag) = M(Ag)/Ap is
canonically imbedded in C'(A4) = M(A)/A.

We recall also that a C*-algebra is called o-unital whenever it contains a
strictly positive element or, equivalently, it has a countable approximate unit (see
[19], 3.10.4, 3.10.5). A C*-subalgebra Ay of a o-unital C*-algebra A contains an
approximate unit for A if and only if it contains a strictly positive element of A.
Indeed, if Ay contains an approximate unit (u,), for A and a is strictly positive
element of A then there is a sequence ¢; < 12 < --- with |la — u,,al < % and
it follows that already (u,;);>1 C Ao is approximate unit for A (see e.g. [26],
Lemma 2.3.6), so > 2*juLJ. € Ay is a strictly positive element of A.

i>1

Now let A be a C*-algebra. We say that € M (A) belongs to the (atomic)
abelian strict closure of A if there exists a commutative C*-subalgebra C, of A
(generated by a family of mutually orthogonal projections) such that x belongs to
the strict closure of C; in M (A). Every element in the abelian strict closure of A
is clearly normal.

Furthermore, we say that « € M(A) belongs to the strong (atomic) abelian
strict closure of A if there exists a commutative C*-subalgebra C, of A as above,
which additionally contains an approximate unit for A. In this case the strict
closure of C,, in M (A) identifies with M (C,).

Let us assume that the C*-algebra A is o-unital and € M (A) belongs to the
strong atomic abelian strict closure of A. Let further C, denote a commutative
C*-subalgebra of A, generated by a family of mutually orthogonal projections,
containing an approximate unit for A and satisfying x € M (C,). Then C, contains
a strictly positive element of A, hence it is generated by a countable family of
mutually orthogonal projections, whose strict sum in M (A) is 14+«. Thus there
exists a countable family (e;); of projections in A with

Zej =14 and x= Z)\jej,

J J
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where ();); is a bounded family in C and the series are strictly convergent.

Taking into account the above remark, the celebrated Weyl-von Neumann-
Berg-Sikonia theorem claims that, for H a separable complex Hilbert space and
A = K(H), every normal element y € M(A) is of the form y = b+ 2z withbe A
and x belonging to the strong atomic abelian strict closure of A. This property was
extensively investigated for general C*-algebras A of real rank zero (alias satisfying
the condition F'S of G.K. Pedersen), which seems to be the natural frame for it
(see e.g. [17], [7], [27], [12], [14], [15], [16]).

For arbitrary C*-algebra A, not necessarily rich in projections, it seems rea-
sonable to cancel the word “atomic” in the above statement and to look for the
elements of M (A) which belong modulo A to the strong abelian strict closure of A.
It would be interesting to describe these elements and the main result of the first
section can be considered a step toward this goal: we prove that, modulo A, every
separable C*-subalgebra of M(A) can be appropriately decomposed in two C*-
subalgebras of M(A), each one of them having all normal elements in the strong
abelian strict closure of A. As an application we reprove a result of L.G. Brown
concerning the non-existence of non-zero separable hereditary C'*-subalgebras of
the corona algebras of o-unital C*-algebras ([5], Corollary 7) by reducing the prob-
lem to the commutative case, in which an appropriate classical result of E. Cech
can be used.

In the second section we investigate the structure of the separable hereditary
C*-subalgebras of the so called SAW *-algebras, a class of C*-algebras containing
all corona algebras of o-unital C*-algebras (see [21], Theorem 13), but also all
quotients of AW *-algebras by norm-closed two-sided ideals.

1. ABELIAN STRICT APPROXIMATION FOR MULTIPLIERS
OF o-UNITAL C*-ALGEBRAS

For any subset S of a C*-algebra A we denote by Her4(S) the hereditary C*-
subalgebra of A generated by S. We recall that for a surjective *-homomorphism
m: A — B between C*-algebras and S C A we have

Herp(w(S)) = m(Her4(S))

(see [19], 1.5.11).
The main result of this section is the following

THEOREM 1.1. (On abelian strict approximability) Let A be a o-unital C*-
algebra, 0 < a < 14+ a strictly positive element of A, and B C M(A) a separable
C*-subalgebra. Then there are, for j =1,2:

(i) a continuous function f; : [0,1] — [0,1] vanishing only at 0,
(i) a separable C*-subalgebra A; C A,
such that f;(a) is in the centre of A; (it is necessarily strictly positive in A); and

(iii) a separable C*-subalgebra B; C M(A;) N (A + Herppay(B)) satisfying
{z € Bj : © normal} C abelian strict closure of A; (hence C strong abelian strict
closure of A;), such that

B C A+ By + Bs.

For the proof we need quasi-central approximate units (see [24], [3], [1]).
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More precisely, we shall use the following version, essentially identical to
Theorem 2.2 of [22]:

LEMMA 1.2. If A is a o-unital C*-algebra, 0 < a < 14+« a strictly positive
element of A, (x1)r>1 a sequence in M(A) and (en)p,>1 C (0,400), then there
are:

(i) continuous functions f, : [0,1] — [0,1], n

@) 1I>M>AN>X>X>--->0, Angs ns
such that

|1 for A=A,
(a) fn()‘) - 0 fOT A < )‘;v

(b) Ifn(a)zr — zk fr(a)]| < &, for alll <k < n.

The following result is actually folklore for the experts (cf. e.g. [18], 2.3, 2.4,
2.5), but we have no reference for it as formulated below:

LEMMA 1.3. Let A be a o-unital C*-algebra, 0 < a < 14+« a strictly positive
element of A, and B C M(A) a separable C*-subalgebra. Then there are:

(i) continuous functions g, : [0,1] — [0,1], n > 1,

) 1= =p) >pa>ph>--->0, nllrréoun:O,
such that

SUPD gn C [Hhy1s o] forn =1, and Y gn(N)? =1 for A€ (0,1]

and, for every J C {1,2,...},
(a) > gn(a)xgn(a) converges strictly and

3 ga(@aga(@)]| < Jz|

neJ neJ
forx e M(A),
(b) > gn(a)xgn(a) converges in the norm topology for x € A,
neJ
(c) 3 gn(@)zygn(a) =2 3 gn(a)’y € A for z,y € B.
ne ne

In particular, x — " gn(a)xgn(a) € A for x € B.

n=1
Proof. Choose a dense sequence ()x>1 in the unit ball of B and put €, =
47" n > 1. Let now fm)\m)\’ be as in Lemma 1.2 and define g; = f11/2, Jn =
(fn— fn DY2 forn>2, and py = py =1, i = Ap_1 and p!, = X, | for n > 2.
Clearly, the functlons gn are continuous l=pp=p),>pe>psb>-->0,
fin < 477, supp g C (1,41, pin] and Z gn(N)? = lim_fn(A) =1 for A € (0,1].

We notice that, according to the proof of Lemma 2 4 from [18], the weak® sum
> gn(a)xgn(a) exists in A** for every J C {1,2...} and € A**, having

neJ
> gn(@)zgn(a

(1.1)
neJ

Now let J C {1,2,...} be arbitrary.

< -
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For © € M(A) the sum ) gn(a)xg,(a) converges strictly. Indeed, by
neJ
(1.1) and by [26], Lemma 2.3.6, it is enough to prove the norm convergence of

> gn(a)xgn(a)a, which follows from

neJ
> lgn(@)zgn(@)al < llz] D llgn(@)all < [l Y pn <l D 4" < 400
neJ neJ neJ neJ

Moreover, for € A we have norm convergence. Indeed, by (1.1)

{x €A: Z gn(a)zg,(a) norm convergent}
neJ

is a norm closed linear subspace of A and, by the condition on the supports of

n
the g,’s, it contains every positive z € A which is majorized by Y g;(a)? for
j=1
n 1/2
some n. But < > 9 (a)z) ,n=1,2,...1s an approximate unit for A, so every

n /2 , n 1/2
0 <2 <14+ in A is norm limit of ( Zl gj(a)2) x( > gj(a)2) < Y gj(a)?,
j:

j=1 j=1
n=12...
It remains only to prove the last statement of the lemma. Since

{(xyy)eBthZgn( a)zygn(a) —z Y _gla yeA}
neJ neJ

is a norm closed cone in B x B, it is enough to prove that it contains (xy,x;) for
any k,l > 1. Further, this will follow once we prove that

S [lgn(@)zizign(a) — wkgn(a)?mil] < +oc.
n>k,l

But, according to [18], Lemma 2.1, we have for all n > k!
lgn(@)zrz19n(a) — zrgn(a)zi|l = [[lgn(a), 2i]zign(a) — zrgn(a)lgn(a), zd]]|
< llgn(a), 2l + lllgn (@), 2]l < V2(Illgn (@) 2] 1'% + [[lgn(a)?, 2] /?)
= V2(||[fa(@), xx] = [fa—r(a), za]ll'2 + [[fula), 21] = [fa—1(a), z][|'/?)
<V2-2enten )P <4yE 1 =8-27" 1
Proof of the Theorem 1.1. Let gy, in, pi, be as in Lemma 1.3. Then the inter-

vals [ft, 41, in], n > 1 odd, are mutually disjoint, hence there exists an increasing
continuous function f; : [0,1] — [0, 1] with

1
fiA) == for X € [ul, 11, ftn], 1 >1 o0dd.
n
Similarly, there exists an increasing continuous function fs : [0,1] — [0, 1] with

1
fa(N) = - for X\ € [piy, 1, pn], n =1 even.
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Let us consider the separable C*-subalgebras

—c'(th@)v U s@ba)c 4
n>1o0dd
—c*(thnv U s ) <4
B, :C*({ n;%;dd gn(a)zgn(a xeB}) C M(A
By =C* ({ n};ven gn(a)zgn(a) 1 x € B}) c M(A),

where C*(S) denotes the C*-subalgebra of M(A) generated by S C M(A).
Clearly, f; and fy vanish only at 0. For every odd n > 1 we have

1
(a)fi(a) = fi(a)gn(a) = Egn(a)7
so fi(a) commutes with all g,(a)xg,(a), x € A**. Consequently fi(a) belongs to
the centre of A;. Similarly, fo(a) belongs to the centre of As.

Since the sum Y. gn(a)zgn(a) is strictly convergent for any = € M(A),
n>1odd

the C*-algebra Bj is contained in the strict closure of A; in M(A), which can
be identified with M(A;), as noticed at the beginning of this section. Similarly,
By C M(Ag)

Let 7 denote the quotient *-homomorphism M(A) — C(A4) = M(A)/A.

For every positive element z € B, taking into account that z— > ¢, (a)xg,(a)
n=1
€ A, we get successively

ﬁ< S gula)zgala ) (Zgn a)zgn(a >=7r(x),

n>1odd

(3 m@an)) € Horopu(n(B) = n(Herssca(B)

n>1odd
> gnla)zgn(a) € 7' (r(Herpr(a)(B)))
n>1odd
and, similarly,

Y gn(@)zga(a) € 7! (m(Herp(a)(B)))-

n>1even
Consequently By, By C 7r_1(7r(HerM(A)(B))) = A+ Herpz(a)(B). On the other
hand, for every © € B we have x € A+ Y gn(a)zrgn(a) C A+ By + Ba, so that

n=1

B C A+ By + Bs.
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Thus it remains only to show that every normal y € B; belongs to the abelian
strict closure of A;. We prove this for j = 1, the treatment of the case j = 2 being
completely similar.

Choose for any odd n > 1 a continuous function h,, : [0,1] — [0, 1] such that

hp(N) =1 for A € [p, 1, fin)
hp - hym =0 forn #m.

D, = > gn(a)zgn(a) x € M(A)} is a #-subalgebra of M (A) and, for every
n>1odd

odd n > 1, we get a *-homomorphism 7, : D1 — g,(a)M(A)g,(a) C A by putting
T (y) = yhn(a) = hn(a)y.

Moreover, for all y € D; we have

Y= Z ’/Tn(y)a

n>1odd

where the sum converges strictly. Indeed, the set of all y € D; for which the above
statement holds, is norm closed and plainly contains D;.

Now B; C D; and each 7, carries B; into A;. Therefore, for every normal
y € Bj, the element m,(y) is normal and C*({m,(y)}) are mutually orthogonal
commutative C*-subalgebras of Ay, so

Cy = C*({f1(a)} U{ma(y) : n > 1odd })

is a commutative C*-subalgebra of A, containing the strictly positive element

fi(a) of A. Sincey = ). m,(y) € strict closure of Cy, the element y belongs
n>1odd
to the abelian strict closure of A;. 1

The above theorem implies the following structure result for o-unital hered-
itary C*-subalgebras of corona algebras:

COROLLARY 1.4. Let A be a o-unital C*-algebra, and D a o-unital heredi-
tary C*-subalgebra of C(A) = M(A)/A. Then there are separable C*-subalgebras
Ay, Ay of A, whose centers contain strictly positive elements of A, as well as sep-
arable C*-subalgebras By C M(A1), By C M(As), such that, denoting by m the
quotient x-homomorphism M(A) — C(A), {z € Bj : x normal} C the strong
abelian strict closure of A;, j = 1,2,

D = Herc(a)(m(B1) Un(Bz)).

In particular, D is generated as hereditary C*-subalgebra of C(A) by a countable
family of elements of the form m(x) with x in the strict closure of some separable
commutative C*-subalgebra of A, containing a strictly positive element of A.

Proof. Let 0 < a < 14+« be a strictly positive element of A, and 0 < x €
M (A) with 7(z) strictly positive in D, so that

D = Herc(a)({m(2)}) = m(Herpra)({2}))-
Putting B = C*({z}), let f1, f2, A1, A2, By, B2 be as in Theorem 1.1. Since
BiUBy C A+ HerM(A) (B) =A+ HerM(A)({a:}),
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we have
HerC(A) (71'(31) U W(BQ)) cD.

On the other hand, since B C A+ By + B, so n(B) C ©(By) + m(Bz), we have
also

D= HerC(A)(W(B)) C HerC(A)(ﬂ(Bl) U 71'(32)). 1

The above result allows us to give an alternate proof for Corollary 7 of [5] by
using reduction to the commutative case, much in spirit of the proof of Theorem 2.7
in [2]:

CoROLLARY 1.5. (L.G. Brown) Let A be a o-unital C*-algebra, and D a
separable hereditary C*-subalgebra of C(A). Then D = {0}.

Proof. Let us assume that D # {0}. By Corollary 1.4 there exists a com-
mutative C*-subalgebra Ag C A, containing a strictly positive element of A, and
x € M(Ap), such that the canonical image w(z) of  in C(A) is non-zero and

belongs to D. Therefore Dy = Herc(a,)({m(x)}) C D is a non-zero separable
hereditary C*-subalgebra of C'(Ay).

Now let © be the Gelfand spectrum of Ay, and (€ its Stone-Cech com-
pactification. Then C(Ag) is *-isomorphic to C(8Q \ 2) and Dq corresponds to
Co((BQ\ Q) \ Fy) with Fj some closed subset of 5\ Q. Since Dy is non-zero
and separable, (8Q\ Q) \ Fy is non-empty and metrizable. Let wy be any ele-
ment of (BQ\ Q) \ Fy. Then {wp} is a Gs-set in (BQ\ Q) \ Fo, hence, Fy being
compact, also in S\ Q. But the o-unitality of Ay means that  is o-compact,

or equivalently, that SQ \ Q is a Gs-set in 5. Consequently {wg} is a Gs-set in
BQ. This contradicts a classical result of E. Cech, claiming that no point in the
corona of a completely regular topological space can be Gs-set in the Stone-Cech

compactification (see e.g. [11], Corollary 9.6 or [25], Corollary 3.7). 1

The above result yields immediately, as already noticed by L.G. Brown (and
in the commutative case by E. Cech), that any separable C*-algebra A is the

greatest separable two-sided ideal of M (A). Consequently, if A and B are separable
C*-algebras then any *-isomorphism of M (A) onto M (B) carries A onto B. Here
the separability of both A and B is essential. Indeed, the separable C*-algebra
¢o(Z) and 1*°(Z) = M(co(Z)) are not *-isomorphic, but their multiplier algebras
are identical. The separability is essential even in the case A = B. Indeed,
putting A = {()\n)n € 1°(Z) : nBToo Ap = O}, the map (\n)n — (A_p)n is a
x-automorphism of M (A) = [°°(Z) which does not carry A into A.
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2. SEPARABLE HEREDITARY C*-ALGEBRAS OF GENERAL SAW *-ALGEBRAS

In this section we investigate the separable hereditary C*-subalgebras of the so
called SAW™*-algebras, considered by G.K. Pedersen in [21]. We recall that an
SAW*-algebra is a C*-algebra A such that for any positive x,y € A with zy =0
there is a positive e € A with ez = z (i.e. e is a local unit for z) and ey = 0.
Defining f : [0, +00) — [0,1] by

A for A< 1,
>1

F) = {1 for A

fle)e=f(l)z =2 and f(e)y = f(0)y =0,
so in the above definition we always can choose e < 1 4.

Corona algebras of o-unital C*-algebras are SAW* algebras (see [21], The-
orem 13 or [18], 3.2).

For any Borel set S C R we denote by xg its characteristic function. Thus,
for a a self-adjoint element of a C*-algebra A, the symbol xg(a) will stand for the
spectral projection of @ in A** corresponding to S.

First we complete the list of the basic facts about SAW*-algebras in [21] by
showing that adjoining a unit to an SAW*-algebra we get still an SAW™*-algebra:

b

we have

LEMMA 2.1. Let A be an SAW™*-algebra. For every0 <z € Aandy* =y €
A with xy = tﬁere 180 < e < 1 in A such that xe = x and ey = e. Therefore
the C*-algebra A generated by A and 14+« is an SAW™*-algebra.

Proof. Let f, : R — [0,1],n > 1 be continuous functions such that f,
XR\{0,1}- Then
o) /" xw\0.13(¥) = s(y) — xq13 (),

where s(y) denotes the support projection of y in A**.
Since xy = z, we have zf(y) = f(1)x for any continuous function f: R — R,

so x fn(y) = 0 for all n > 1. Therefore x and Z 27" fn(y) are orthogonal positive

elements of the SAW*-algebra A and it follows that there exists a positive element
a € A satisfying xa = x and

az 27" fu(y) =0 <= afu(y) = 0 for all n > 1 <= as(y) = axq11(y).

In particular, ay = ax13(y), hence ay? = ay. Thus b = yay is a positive element
of A and
rb = xyay = xay = vy = =,

by = yay* = yay =b.
Now, defining f : [0, +o0] — [0,1] by

and putting e = f(b) € A, we have 0 < e < 14+« and ze =z, ey = e.
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In order to prove that A is an SAW™*-algebra, let z,y € A be arbitrary
positive elements with zy = 0. Then either = or y, say x, must belong to A. If
also y belongs to A, we have nothing to prove, so let us assume that y = Aol 4+ —yo
with 0 # \g € R and y§ = yo € A. Then iyo is a self-adjoint element of A and

1 1
x(}\—oyo) =z — )\—Oxy =zx.
By the first part of the proof there exists 0 < e < 14+« in A with ze = = and
e(/\ioyo) = e, hence ey = \pe — eyg = 0. We have also

0 < 1g00 —e < 1gex, x(lA**fe):Q y(lA**fe):y. 1

We notice that A can be SAW*-algebra without A being SAW *-algebra.
For example, if M is an atomless, countably decomposable, commutative W*-
algebra and A is a maximal ideal of M, then A = M is an SAW *-algebra, while
A is not. Indeed, if eq,es,... is a maximal family of mutually orthogonal non-
zero projections in A then Y 27"e, € A has no local unit in A, so A is not an

n>1

S AW *-algebra according to [21], Proposition 4.

Now we characterize SAW*-algebras in terms of the existence of almost
spectral projections:

THEOREM 2.2. (On the characterization of SAW™*-algebra) Let A be a C*-
algebra. Then A is an SAW*-algebra if and only if, for every a* = a € A and every
open set D C R not containing 0, there exists e € A with xp(a) < e < xp(a).
Moreover, A is an SAW™*-algebra of real rank zero if and only if in the above
situation e always can be chosen as a projection.

Proof. Let fn,gn : R — [0,1],m > 1 be continuous functions such that
fn /' xp and gn /' Xp\ 55, so that

fn(a) /" xp(a) and gn(a) /" xp p(a) in A™.
Putting

x = Z2‘"fn(a) €A y= Z 2 "gn(a) € A,
n=1 n=1

we have x,y > 0 and zy = 0. Therefore there exists 0 < e < 14+« in A with
ex = x and ey = 0. Indeed, if y € A then we have just to use the fact that A

is an SAW*-algebra, while if y € /T\ A then we get by Lemma 2.1 an element
0 < e < 1y+ in A with the above properties and notice that

yGZ\A, ey=0=ec A.
Now ex = z, that is (14+» — e¢) 2 = 0 implies successively that
(1as« —€)fn(a) =0 foralln>1,
(la== —e)xp(a) =0 and xp(a)=exp(a) <e.
On the other hand, ey = 0 implies similarly that
egn(a) =0 for alln > 1, exp\pla) =0, e= exp(a) < xpla).
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Let us next additionally assume that A is of real rank zero. Then, the compact
projection x{13(e) € A** and the closed projection xjo,1/2(e) € A** being orthog-
onal, by [6], Theorem 1 there is a projection p € A with x{13(e) < p < X(2 1] (e).
But xp(a) < e < 14+« implies that xp(a) < xq13(e) < p, while e < x5(a) implies
that

PSX(34] (e) < s(e) < xgpla).

For the first converse statement take arbitrary positive elements x,y € A with
xy = 0. Then a = x —y is self-adjoint in A and if e € A satisfies x (9, 00)(a) < e <
X[O,-‘roo)(a)a then

2% = TX (0,400) (@) < Tex < TX[0,400) (@) = 22, 2(lg —e)x =0, ex=2x

and
0 = YX(0,400) (@)Y < yey < YXjo,4+00)(a)y =0, ey =0.

The second converse statement follows from the first one and from (iv) =
(i) of Theorem 2.6 in [7]. &

We notice that if in the above D = (A, +00), then 0 < e — x(x,400)(a) <
X{xy(a), so
a (6 — X(\,+0) (a)) =A (6 — X(\,+0) (a))
is self-adjoint and it follows that e commutes with a. Thus the above theorem
implies that a C*-algebra A is an SAW*-algebra of real rank zero if and only if

it satisfies the so called spectral axiom considered in Section 2 of Chapter III from
[28], p. 1048:

for every a* =a € A and every X\ > 0 there exists a projection e € A
(S) commuting with a and such that
ae = Xe, a(la—e) < A(Lar —e).

COROLLARY 2.3. Let A be an SAW™*-algebra.

If 0 < a € A with spectrum o(a) generates a separable hereditary C*-
subalgebra of A then o(a) N (e, +00) is finite for every e > 0.

If a projection e € A generates a separable hereditary C*-subalgebra of A
then eAe is finite-dimensional.

In particular, any separable hereditary C*-subalgebra of A is the norm closed
linear span of the minimal projections of A contained in it. Therefore A contains
non-zero separable hereditary C*-subalgebras if and only if it contains minimal
projections.

Proof. Assume that o(a) N (g,+00) contains infinitely many distinct Aq,
Ao, .... Passing to a subsequence, if necessary, we can assume that the sequence
A1, Ag, ... is monotone, so we can choose mutually disjoint open sets D1, Do, ... C
(e,+00) with A\; € D;,j > 1. By Theorem 2.2, for every set J C {1,2,...} there

exists in A some e
1
X ;@) Ses < XW(G) < Xfe,+o0)(@) < Za

jed jeJ

and then ey € Hera({a}).
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Let Jo,J C {1,2,...} be such that there exists jo € Jo \ J. Then D;, and

U Dj are disjoint, so xp,, (a)- ey =0, and it follows that
jed

(eso — €1)Xp,, (a)(es, —es) = ey, - XD;, (@) - €5, = XD, (@),
[xp,, (a)|l = 1.

Thus {x € Hera({a}) : ||z —es|| < 1/2}, J C {1,2,...} are uncountably many
disjoint non-empty open sets in Her 4({a}), which therefore can not be separable.

For the second statement we have only to notice that Her4({e}) = ede is
an SAW*-algebra (see [21], Proposition 4), so its separability implies its finite-
dimensionality (see [21], Corollary 2). 1

(6]0 - eJ)2

=
2
>

les, — el

Using the above result, we can give a somewhat simpler variant of our proof
for Corollary 1.5, without using the result of E. Cech on the remainder points of
Stone-Cech compactifications:

Indeed, according to Corollary 2.3 we have to prove that, for every o-unital
C*-algebra A, the corona algebra C'(A) does not contain any minimal projection e.
Let us assume the contrary. Applying Corollary 1.4 with D = C- ¢, it follows that
there exists a commutative C*-subalgebra Ay C A, containing a strictly positive
element of A, and x € M(Ay), such that the canonical image 7(x) of z in C(A) is
equal to e. Therefore C'(Ap) C C(A) contains the minimal projection e. Denoting
by Q the Gelfand spectrum of Ag, and by (€ its Stone-Cech compactification, x
corresponds to some f € C(8Q), and e to some isolated point wy of B\ 2, such
that

flwg)=1 and f(w)=0 forwy#w e O\ Q.

On the other hand, since Ay is o-unital, there exist relatively compact open subsets

Up,Us,... of Q such that U,, C Upyq1 and |J U, = Q. We can construct by
n>1
induction a sequence (w),>1 in 2 and a sequence 1 = n; < ny < --- of natural
numbers such that, for all k > 1, wy € Un,,, \ Uy, |1 — f(wi)| < 1/k. Every limit
point w of (wk),>1 belongs to BN\ Q and, since f(w) is limit point of (f(wk))k>1.
hence f(w) = 1, it follows that w = wy. Thus, by the compactness of 39, we
have wy — wg. Now let g, : Q — [0,1] be a continuous function with gg(wg) =1
and with support contained in Uy, ,, \ Up,. Then, for every bounded sequence
(Ak)k>1 in C, the function g = > Apgx belongs to Cy,(2) and satisfies g(wi) = Ax
E>1

for all £k > 1. Since g extends by continuity to 82 and wy — wy, it follows that
the sequence (Ax),>1 converges. But this is obviously not true for every bounded
sequence (Ag)g>1 in C.

Corollary 2.3 enables us to prove the lack of non-zero separable hereditary
C*-subalgebras also in corona algebras of a wide class of non o-unital C*-algebras.

Let M be an AW*-algebra (for their theory, which will be freely used, we
refer to [4]), and A an essential, norm closed, two-sided ideal of M. Then M can
be naturally identified with M(A) (see [13] or [20]). Using [1], Proposition 2.3, it
is easy to verify that C(A) = M /A is a unital SAW *-algebra of real rank zero. We
notice that, for example, if M is a type Il factor and A is the norm closed linear
span of all finite projections of M, then A is not o-unital (see [1], Proposition 4.5).
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Actually, since in the proof only the orthogonal additivity of the trace is used, the
above statement holds assuming only that M is a type II,, AW *-factor.

COROLLARY 2.4. Let M be an AW*-algebra, and A an essential, norm
closed, two-sided ideal of M. Then every separable hereditary C*-subalgebra of
M/A is the norm closed linear span of the minimal projections of M /A contained
in it. Moreover, any minimal projection of M/A is the canonical image of an
abelian projection e of M, for which ANeMe is a maximal ideal of eMe.

Proof. The first statement follows immediately from Corollary 2.3.

Let 7 denote the quotient *-homomorphism M — M/A. By a well known
result, every projection in M /A lifts to a projection in M (see e.g. [28], Chapter III,
Corollary 2.5). Let eg € M be a projection such that 7(eqg) is a minimal projection
of M/A.

According to the geometry of projections in AW*-algebras, there are or-
thogonal central projections pg and pyx, N > 1 cardinal number, in M such that
eoMegpo is continuous, egMegpy is of type In, R = 1 and po V \/ px = 1.

R>1

It is easy to see that there are decompositions in mutually orthogonal pro-

jections
eopo = fo + 9o, Jo ~ 9o,
eopr = fr+gn+hyn, far~ge-hy, N>2

(actually we can take hy = 0 unless X is an odd natural number > 3). Then

e = eypi, fo\/\/fm QZQOV\/QM h:\/hN

N>2 N>2 N>2

are mutually orthogonal and
eco=e+f+g+h [f~g-h

Since 7(eg) is minimal, we have 7(f) = m(g) = w(h) = 0, so 7(eg) = 7(e).
But e is an abelian projection of M and the codimension of ker(w|eMe) =
ANeMein eMe is one. 1

COROLLARY 2.5. Let M be an AW™*-factor, and A an essential, norm closed,
two sided ideal of M. Then C(A) = M/A does not contain any non-zero separable
hereditary C*-subalgebra.

Proof. Let us assume the contrary. Then Corollary 2.4 implies the existence
of an abelian projection e of M, for which the codimension of ANeMe in eMe is
one. Since M is factor, e is minimal, so ANeMe = {0}. But then e is orthogonal
to A, in contradiction with the essentiality of A. 1
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In contrast to Corollary 1.5, in the proof of Corollary 2.5 we did not make
use of abelian strict approximation. Instead we used the geometry of projections
available in AW™*-algebras. We notice that we were forced to do this, because
in relevant cases commutative C*-subalgebras of C*-algebras can have very poor
strict closures. For example, if M is a type Il factor and A is the norm closed
linear span of all finite projections of M, then any commutative C*-subalgebra of
A is strictly closed in M (A) = M (see [10]). This is surprising since, assuming M
to be additionally of countable type, every normal element y € M is of the form
y = b+ x with b € A and z belonging to what we could call the “strong atomic
abelian s*-closure” of A (see [29]).

Acknowledgements. The authors would like to thank G.K. Pedersen for pointing
out to them reference [5]. Thanks are due also to the referee for useful suggestions con-
cerning the exposition.

This research was partially supported by MURST, INDAM and EU.

REFERENCES

1. C.A. AKEMANN, G.K. PEDERSEN, Ideal perturbations of elements in C*-algebras,
Math. Scand. 41(1977), 117-139.
2. C.A. AkEMANN, G.K. PEDERSEN, J. TomivyaAMA, Multipliers of C*-algebras, J.
Funct. Anal. 13(1973), 277-301.
3. W. ARVESON, Notes on extensions of C*-algebras, Duke Math. J. 44(1977), 329-355.
4. S.K. BERBERIAN, Baer x-Rings, Springer-Verlag, 1972.
5. L.G. BROWN, Determination of A from M (A) and related matters, C.R. Math. Rep.
Acad. Sci. Canada 10(1988), 273-278.
6. L.G. BROWN, Interpolation by projections in C*-algebras of real rank zero, J. Op-
erator Theory 26(1991), 383-387.
7. L.G. BRowN, G.K. PEDERSEN, C™-algebras of real rank zero, J. Funct. Anal. 99
(1991), 131-149.
8. R.C. Buck, Bounded continuous functions on a locally compact space, Michigan
Math. J. 5(1958), 95-104.
9. R.C. BusBY, Double centralizers and extensions of C*-algebras, Trans. Amer. Math.
Soc. 132(1968), 79-99.
10. C. D’ANTONI, L. Zsipé, Abelian strict approximation in AW *-algebras, preprint,
1999.
11. L. GiLLMAN, M. JERISON, Rings of Continuous Functions, Springer-Verlag, 1976.
12. N. HigsoN, M. R@rDAM, The Weyl-von Neumann theorem for multipliers of some
AF-algebras, Canad. J. Math. 43(1991), 322-330.
13. B.E. JOHNSON, AW *-algebras are QW™*-algebra, Pacific J. Math. 23(1967), 97-99.
14. H. LiN, Generalized Weyl-von Neumann theorems, Internat. J. Math. 2(1991), 725—
739.
15. H. LiN, Generalized Weyl-von Neumann theorems. II, Math. Scand. 77(1995), 599—
616.
16. H. LIN, The generalized Berg theorem and BDF-theorem, Trans. Amer. Math. Soc.
349(1997), 529-545.
17. G.J. MurpHY, Diagonality in C*-algebras, Math. Z. 199(1988), 279-284.
18. C.L. OLSEN, G.K. PEDERSEN, Corona C*-algebras and their application to lifting
problems, Math. Scand. 64(1989), 63-86.



ABELIAN STRICT APPROXIMATION IN MULTIPLIER C*-ALGEBRAS 113

19. G.K. PEDERSEN, C*-Algebras and their Automorphism Groups, Academic Press,
1979.

20. G.K. PEDERSEN, Multipliers of AW *-algebras, Math. Z. 187(1984), 23-24.

21. G.K. PEDERSEN, SAW™-algebras and Corona C*-algebras, J. Operator Theory 15
(1986), 15-32.

22. G.K. PEDERSEN, The Corona construction, in Operator Theory: Proceeding of the
1988 GPOTS-Wabash Conference, Longman, 1990, pp. 49-92.

23. D.C. TAYLOR, The strict topology for double centralizer algebras, Trans. Amer.
Math. Soc. 150(1970), 633-643.

24. D.V. VOICULESCU, A non-commutative Weyl-von Neumann theorem, Rev. Roum-
maine Math. Pures Appl. 21(1976), 97-113.

25. R.C. WALKER, The Stone-Cech Compactification, Springer-Verlag, 1974.

26. N.E. WEGGE-OLSEN, K-theory and C*-Algebras, Oxford Univ. Press, 1993.

27. S. ZHANG, Ki-groups, quasidiagonality, and interpolation by multiplier projections,
Trans. Amer. Math. Soc. 325(1991), 793-818.

28. L. Zsip6, Topological decompositions of W*-algebras. I, Il [Romanian], Stud. Cerc.
Mat. 26(1973), 859-945; 1037-1112.

29. L. Zsip6, The Weyl-von Neumann theorem in semi-finite factors, J. Funct. Anal.
18(1975), 60-72.

CLAUDIO D’ANTONI LASZLO ZSIDO
Dipartimento di Matematica Dipartimento di Matematica
Universita di Roma ”Tor Vergata” Universita di Roma ”Tor Vergata”
Via della Ricerca Scientifica Via della Ricerca Scientifica
00133 Roma 00133 Roma
ITALIA ITALIA
E-mail: dantoni@axp.mat.uniroma?2.it E-mail: zsido@Qaxp.mat.uniroma2.it

Received August 10, 2000; revised July 9, 2001.



