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1. INTRODUCTION

For a fixed 6, an irrational number in [0, 1], consider the C*-algebra Ay generated
by a pair of unitary symbols subject to the relation:

(1.1) UV =exp(2ri§)VU = AVU.

For details of the properties of such a C*-algebra, the reader is referred to [2] and
[17]. The algebra has many interesting representations:

(i) H = L*(T'), T! is the circle, and for f € H, (71 (U)f)(z) = f(A2),
(m(V)f)(2) = 2f(2), = € T".

(ii) In the same H, with the roles of U and V reversed: for f € H,
(m2(V)f)(2) = f(X 2), (m(U)f)(2) = 2f (2 ), z € T

(iii) In H = L*(R), (73(U)f)(z) = f(z +1), (ms(V)f)(2) = A" f(2).
While the first two were inequivalent irreducible representations, the ultra-weak
closure of the third one is a factor of type II;.
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There is a natural action of the abelian compact group T? (2-torus) on Ay
given by,

01(21722) ( Z aan7”V"L) — Z angTZgUmVn,

where the sum is over finitely many terms and ||z1]] = ||22]] = 1. « extends as a
x-automorphism on Ay and has two commuting generators d; and ds which are
skew-%-derivations obtained by extending linearly the rule:

(1.2) G(U)=U, di(V)=0, do(U)=0, do(V)=V.
Both d; and ds are clearly well defined on A3° = {a € Ag : z — a,(a) is C*} =

{ S U™V :sup imFntan,| < c for all k,l € N}. Since the action is
mneZ m,n

norm continuous Ag° is a dense *-subalgebra of Ap. A theorem of Bratteli, Elliot
and Jorgensen ([1]) describes all the derivaions of Ag which maps A3° to itself:
for almost all § (Lebesgue), a derivation § : A — A is of the form 6 =
c1dy + cady + [r, -], with r € A3°, ¢1,¢2 € C. Another important fact about Ay is
the existence of a unique faithful trace 7 on Ay defined as follows:

(1.3) T(ZaanmV") = agp.

Then one can consider the Hilbert space H = L?*(Ag, 7) (see [13] for an account
on noncommutative LP spaces) and study the derivations there. It is easy to see
that the family {U™V"},, nez constitute a complete orthonormal basis in H. The
next simple theorem is stated without proof.

THEOREM 1.1. The canonical derivations dy,ds are self adjoint on their nat-
ural domains: Dom(dy) = {Zaan’"V” (1 4+ m?)|amnl? < oo}, Dom(ds) =

{ZaanmV" (1 +n2)|ama|? < oo}, Furthermore if we denote by d, = [r, -]
withr € Ag C L (Ag, T) acting as left multiplication in H, then d = d~ € B(H).

2. DIFFUSION ON Ay AND A NONCOMMUTATIVE LAPLACIAN

There is a canonical construction of a quantum stochastic flow or diffusion on a
von Neumann ([8]) or a C*-algebra A ([7]) associated with a completely positive
semigroup on A. The question about which of these semigroups have “local”
generators £ remains open, though Sauvageot studied these in [19]. Following
these studies, we know that £ is characterized by:

(i) D C Dom(L) C A C B(H), dense in A such that D itself is a x-algebra;

(ii) a *-representation 7 in some Hilbert space K and an associated 7 deriva-
tion 0 such that 6(x) € B(H,K) and §(zy) = 0(x)y + 7(z)d(y);

(iii) a second order cocycle relation: L(z*y) — L(z)*y — z*L(y) = 6(x)*0(y),
for z,y € D. In analogy with the heat semigroup in the case of classical diffusion,
we shall call £ the noncommutative Laplacian or Lindbladian.
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Hudson and Robinson ([10]) studied the above question for 4y in the case
where the representation 7 is the identity representation in H itself and concluded

that while there exist classical stochastic dilations for the Lindbladians £(z) =
—1d3(x) or —3d3(z), there does not exist any £ corresponding to § = di + ids
so that there is no quantum stochastic dilation corresponding to this case. We
claim that if we choose 7(z) =2 ® I in K =H® C?2 = H ®H, and & = di ® da,
then Lo = —4(d} + d3), D = A3 satisfies all the properties (i)—(iii) and one can
construct a quantum stochastic flow driven by (7, dg, Lo). In analogy, one can have

the perturbed triple (m, §, £) where 6 = 61 ©dy with §; = d; +d,, and 63 = da+d,-,
and £ =—1(0% +63), D = Ay,

Thus we have two triples (m,d0,Lo) and (,d, L) both satisfying (i)—(iii).
Hence they should give rise to two quantum stochastic processes and that they
indeed do so is the content of Theorem 2.1. Therefore from the quantum stochastic
point of view also, the two “Laplacians” Ly and L are equally good candidates
for driving the processes. Then the question arises: can we associate the same
geometric features with these two Laplacians or are there geometrically discernible
changes as we go from the Laplacian Ly to the perturbed one £7? This will be

addressed in the following section.

THEOREM 2.1. (i) The quantum stochastic differential equation (q.s.d.e)
([14]) for x € AP

(2.1) dj (x) = j; (ida (2))dws (t) +77 (id2 () dwz () +j; (Co(2))dt,  jo(z) = 2@

has unique solution j{ which is a *-homomorphism from Ay to Ag@B(T'(L*(R,)®
C?%)). In fact j?(z) = Qexp 2miw (£),exp 2riws (1)) (T), where (w1, w2)(t) is the standard
two dimensional Brownian motion. Also Ej?(x) = et*o(x), where E is the vacuum
expectation in the Fock space I'(L*(Ry) @ C?).

(ii) The g.s.d.e in HRT:

2
.. .0/ % 1.4, .
(2.2) dU; = ; Ut{lj?(rl)dA}L + 1]?(rl )dA; — ijg(rl rl)dt}, Uy=1

has a unique unitary solution ([3]). Setting j,(x) = UyjP(x)U;, one has the g.s.d.e:
2
(2.3) dje(z) = > {Ge(i01(x))dA] + jo(i6] (2))d A} + jo(L())dt,
=1

and Eji(z) = e**(z).

We do not give the proof here since most of it is available in the references
cited above.
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3. WEYL ASYMPTOTICS FOR Ag

For classical compact Riemannian manifold (M, g) of dimension d with metric
g, one has the natural heat semigroup 7; as the expectation semigroup of the
Brownian motion on the manifold ([18]) so that the Laplace-Beltrami operator
A is the generator of 7;. It is known ([18]) that 7; is an integral operator on
L?(M, dvol) with a smooth integral kernel 7;(z,y), which admits an asymptotic
expansion as t — 0+:

(3.1) Ti(w,y) = T (@,y)t= >,

7=0
and that

vol(M) = /To(x,x)dvol(a:) = tlinolJr 1/2 /’]}(a:,x)dvol(x) = tliré1+ tY(Tr Ty),
M M

where we have taken the trace in L?(M, dvol). Similarly the scalar curvature s at

x € M is given as s(x) = %T(l)(m‘, x). This gives the integrated scalar curvature

s = /s(z)dvol(a:) = é/’f(l)(az,x)dvol(:c)
M M

= étlir(%r /21 /[’Z}(w,x) — 7279z, z)]dvol(z)

1
= = lim tY?7 T T; — =42 vol(M))].
6 t—0+
For the noncommutative d-torus (with d even) one possibility is to define its volume
V' and integrated scalar curvature s by analogy from their classical counterparts
as:

(3.2) V(Ag)=V = th%l+ 2Ty T,
1
(3-3) s(Ag) =s= G tli%1+ tY2 e T — 2y,

where the heat semigroup 7; in the classical case is replaced by the expectation
semigroups of the last section: 7,0 = e'“0 and the perturbed one 7; = e'* re-
spectvely acting on L?(Ag, 7). Before we can compute these numbers, we need to
study the operators Ly and £ in L?(7) more carefully. The next theorem summa-
rizes their properties for d = 2 and we have denoted by B, the Schatten ideals in
B(H) with the respective norms.

THEOREM 3.1. (i) Lo is a negative selfadjoint operator in L?(T) with com-
pact resolvent. In fact, Lo(U™V™) = —%(m2 +n2)U™V™; m,n € Z, so that
(Lo —2)"t € B,(L3(7)) for p>1 and z € p(Ly).

(ii) If ri,7m0 € AP and are selfadjoint, then L = Lo+ B + A, where B =
—3(d2 + d2, + dg, () + day(ry)) and A = —dy dy — dy,da, so that A is compact
relative to Lo and L is selfadjoint on D(Ly) with compact resolvent.
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Ifri,ro € Ag, then —L = —Lo — B — A as quadratic form on D((—Lg)'/?)
and

(3.4) (=L +n)" = (=Lo+n®) V32U + Z,) (Lo +n?)"2,

where Z, = (—Lo +n?)"Y2(B + A)(—=Ly + n?)~Y2, is compact for each n with
B = —1(d? +d%), A= i(didy, +drdi + dady, + dy,d). This defines L as a
selfadjoint operator in L?(T) with compact resolvent. Furthermore, in both cases
of (ii), the difference of resolvents (L — z)™t — (Lo — 2)71 is trace class for z €
p(L) N p(Lo)-

Proof. The proof of (i) is obvious and hence is omitted.
(ii) It is easy to verify that £ = Lo+ B+ A on A3° and that A(—Ly+n?)~!
is compact for every n = 1,2,.... Therefore

(E — £0)(—£0 + n2)_1 = (E — £0)(—£0 + 1)_1(50 + 1)(—[:0 + nz)_l — 0

in operator norm as n — co. By the Kato-Rellich Theorem ([15]), £ is selfadjoint
and since (—£L+n?)"t = (=L +n?) "1+ (Lo — L)(—Lo+n?)"1] ! for sufficiently
large n, one also concludes that £ has compact resolvent. Furthermore for z €
p(L£) N p(Lo),

(L—=2)""=(Lo—2)7" = (Lo—2) T 1+ (L~ Lo)(Lo—2) ] (Lo~ L) (Lo—2) 7"

Since (£ — Lo)(—Lo +n?)~/? is bounded, (—Ly +n?)~1/2 € B3(L?*(r)) and since
(=Lo+2)"" € B3jo(L?(7)), it follows that (£ —n?)~! — (Lo —n?)~! is trace class
for n =1,2,... by the Holder inequality.

When r1,ry € Ag, we cannot write the expression for £ as above on A3°,
since rq, 79 may not be in the domain of the derivations dq,ds. For this reason,
we need to define —L as the sum of quadratic forms and standard results as in
[15] can be applied here. From the structure of B and A it is clear that Z, is
compact for each n and hence an identical reasoning as above would yield that
|Z,]| — 0 as n — oo and therefore (I + Z,)~! € B for sufficiently large n and
the right hand side of (3.4) defines the operator —L associated with the quadratic
form with D((—£)'/2) = D((—Lg)"/?). Clearly

(—L+n*)"" = (=Lo+n*) " = =(=Lo+n®) 2T + Z0) Zu(—Lo+n?) 7
= —(=Lo+n?) V(I + Zy) T (=Lo + 1) VP(B + A)(~Lo +n?) 7
for sufficiently large n and since (—Lo +n?)~Y/2 € By, (—Lo +n?)"Y2A(~Ly +
n?)~1/2 € Bs, it is clear that (£ —n?)~" — (Lo — n?)~! is trace class.

The next theorem studies the effect of the perturbation from Ly to £ on the
volume and the integrated sectional curvature for Ay.

THEOREM 3.2. (i) The volume V of Ag (d = 2) as defined in (3.2) is invari-
ant under the perturbation from Ly to L.

(ii) The integrated scalar curvature for r € A3°, in general is not invariant
under the above perturbation.
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Proof. We need to compute Tr (e!c — e~0). Note that if r1,72 € A3, then

t
et —etho = — [el=3)E(L — Ly)e* 0 ds which on two iterations yields:
0

t

et — etfo — _ /e(t_s)ﬁO (L — Lo)eF0 ds

0
t t1
/ e(t—t1)Lo = LO)/dtge(trh)ﬁ"(ﬁfﬁo)etch’
0
t ty to
/dtle(t t)L E ﬁo)/dtge(tl_tQ)Lo (ﬁ—ﬁo)/dt3e(t2_t3)ﬁo (E_ﬁo)etaﬁo
0 0 0

=1(t) + Ly(t) + Is(t).

For estimating the trace norms of these terms, we note that the B,-norm of (£ —
Lo)er0 is estimated as

1€ = Lo)e* 0l = |(B + A)e[l, < IB] el + cr(lldre® |, + [ldze®]|,)
< "(IIeSL°IIp+||d2eSL°II )
<

— —1
c’( -p _’_Sfp *1/2) <cs P *1/2,

for constants c, c1,c’, ¢’ since we are interested only for the region 0 < s <t < 1.
Using Holder inequality for Schatten norms and the fact that

(=) 7M1 < (Lo — ) M1+ (£ = £o) (Lo — 7)) < =

for sufficiently large n. We get for the third term in (3.5)

t t1
L)) <2 / dt, / dts||(C — Lo)e =50 |,
0 0

- / dts||(£ = Lo)el= L0 |, | (£ — Lo)e*

t

C(plap2ap3)/t1_1/2 dtl - 07
0

as t — 0, where pl_1 + 102_1 + pgl = 1. A very similar estimate shows that

()] < / dSHe(t*S)LOleH(/:_Eo)es./:oHp2 < ct—1/2
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(with py > 2, p;* +p; ' =1) and

t t1
1ROl < [ dullel %, [ atal(£- Lo D8 (£ Loyl <.
0 0

(with pl_1 —i—]92_1 —|—p§1 = 1; in particular, the choice p; = ps = p3 = 3 will do) a
constant independent of ¢. From this it follows that lim ¢Tr (e'* — e'%0) = 0 and

t—0+4

thus the invariance of volume under perturbation.
In the case when 71,79 € Ay only, then £L— Ly = B+d; By +dsBs + Bjdy +
Blds, where B, By, B, B2, B are bounded. Therefore the term like

e(tfs)[lOdlBlesllo _ [QSEOBikdle(tfs)Eo]*

admits similar estimates as above and the same result follows.
(ii) From the expression (3.3) for the integrated scalar curvature s, we see
that for d =2

_ _ 1 3 tL _ tLo
(3.6) s(L) —s(Loy) = 5 tli%lJrTr (e e"~0)

if it exists, and conclude that the contribution to (3.6) from the term I5(¢) vanishes
as we have seen in (i). We claim that though |[2(¢)||; < constant, Tr I5(t) — 0 as
t — 0+. In fact since the integrals in I5(¢) converges in trace norm

t t1
Tr I (t) = / dt, / dtyTr (£ — Eo)e(tl—tz)ﬁo (L — Eo)e(t—h-&-tz)ﬁo)
0 0

t
and by a change of variable we have that |TrIz(t)| < t [|[(£ — Lo)e*co(L —
0

Lo)et=3)Lo||; ds. For r € A3, the perturbation (£ — Lg) is of the form by +
bidy + bods with b; € B(H) for i = 0,1,2 and the Hilbert-Schmidt norm estimates
are as follows:

I(£—Lo)e |z < [lbol lle*= llov/2([[br FHIB2lD Il (=L0) /e 0|2 < e(s™H/4s™54).

Therefore
t
ITr Lo (1)) < ct/(s_1/2 + s (= 8) M2 4 (£ — 5)~3/)
0

and this clearly converges to zero as t — 04. This leaves only I;(¢) contribution
so that

6(s(L) — s(Lo)) = — lim (Tr (£~ Lo)e'™).

As before we note that (£ — Lg) contains two kinds of terms: B = —1(d2 + d2)),
A = —3(dy,dy + didy, + dy,do + dod,,). We show that the term Tr (Aet“0) = 0
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for all t > 0. It suffices to show that Tr (d,d;e'~0) = 0 for 7 € A and for this we
note that

Ty (deletLO) — Za]m‘/n7 drdletﬁo(UmVn»

m,n
_ Z me_t/Q(m2+n2)T(V_nU_mdr(UmVn))
= Zmeit/Q(m2+n2)T(V7’nUﬁmTUmVn - T‘) = 07

identically. This leaves only the contribution due to B. Thus
_ i . 2 2 tLo
(3.7) s(L) —s(Ly) = 12 tEIgl+ tTr ((dy, +d;,)e™"),

if it exists. However since {tTr ((d? + d2,)e' )} is bounded as t — 0+, we can
and will interpret the above limit as a special kind of Banach limit as in Connes

([2], p. 563)

1

(3.8) s(£) = 5(Lo) = 75 Lim ¢Tr ((d2, + d2,)e'“0)
1 ~

(3.9) = o Tru((d], + 7,5

The notation Eo will be explained in the next section. In the following we show
that in general the right hand side of (3.8) is strictly positive.
For example set 11 = (U + U~!) and ro = 0, then r1,72 € A, and

1
6(3([:) — 3([:0)) = § tl_ﬂigwt e_t/Q(m2+n2)<UmVn7 dgl (Umvn)>
=271 Lim ¢y e t/20m 0 ((1 - T2 A2y

t—1l—w

F (=AU (2= A" = A7)

=271 Lim t<2 Z e /2 4 1) <8 Z sin2(7r9n)e"2t/2>.
m=1

t—1ow 1
Next note that for 0 < ¢ < 2

~ [v2/t]
\/EZ sin2(7r0n)e*”2t/2 >Vt Z sin2(7r9n)e*”2t/2
n=1 n=1

[vr]
>e (V2 -V Z [ Z/ﬂ_lsinzﬂ'(nﬁ—[n@])

n=1

= e N (V2 = VI) E(sin* X)),
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where for each 0 < t < 2, X, is a [0, 1]-valued random variable with probability

(X = k0—[k0]) = | 2/t]_1 fork=1,2,..., [\/a and E is the associated expec-

tation. Since 6 is irrational, it is known ([9]) that as ¢ — 04, the random variable
X converges weakly to one with uniform distribution on [0, 1] and therefore

[v/27t]
hmlnf\[Zmn (mfn)e™" t/2> hm NG Z sin? (mhn)e™" *t/2

1
>V2e! /sin2 rodr = (V2e)”

0
We also have by Connes (p. 563 of [2]), tli%l+ VIS emmit/2 = % Now, by the
- m=1

general properties of the limiting procedure as expounded in [2]

2ym
S(£) = s(Lo) > S

REMARK 3 3. From the expression for s(Ly), we see that for d = 2, s(Ly) =

thr&(Tr etfo— ) Since the expression for Tr e**0and the volume V are exactly the

same as in the case of classical two-torus with its heat semigroup, the integrated
scalar curvature for Ly is the same as in the classical case, which is clearly zero.
Therefore s(L) is strictly positive for the case considered here.

4. SPECTRAL TRIPLE ON Ago, ITS PERTURBATION AND COHOMOLOGY

Following Connes ([2]) we consider the even spectral triple (A = A%, H = L?(1) &
0 di + id2>

di —ids 0

= inidi(a) + iyedz(a) in ‘H. Here 71,72 are the 2 x 2 Clifford matrices. The

I 0

0 -1

I'*=T =T"% TDy = —Dol'. Note also Dy has compact resolvent since D3 =

—2 (EO 0 > and ker Dy = ker Lo ® C? is two dimensional. The perturbed

L?(7), Do, T) where Dy, the unperturbed Dirac operator = (

grading operator is given by I' = > One easily verifies that o' = T'a,

0 Lo

0

spectral triple is taken to be (A, H, D, T"), where D = Do+ ( d for some r €

dy
0
Ag°. It is not difficult to see that Dy and D are both essentially selfadjoint on A C
L?(7) and that the perturbed triple is also an even one. Here, as in Connes ([2]), by
the volume form v(a) on A we mean the linear functional v(a) = %Trw(a\ﬁ\*QP)
where Tr,, is the Dixmier trace ([2]), and we have used the notation that for a
selfadjoint operator T" with compact resolvent T = T|N (T)J‘ = TP, where P is

the projection on NV (T)J'. Next we prove that the volume form is invariant under
the above perturbation. For this we need a lemma.
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LEMMA 4.1. Let T be a selfadjoint operator with compact resolvent such that
Tt is Dizmier trace-able. Then for a € A and every z € p(T), Try,(aT~1P) =
Tr., ( (T —2)71).

~

Proof. Note that (T — )_ (T —2)"'P@®—2"1P+ and P+ is finite dimen-
sional. Therefore Tr,(a ( 1) = (PaP(f — 2)71P). On the other hand
Try(PaPT~'P— PaP(T — ) P) —zTr (PaPT~Y(T—z)"*P) =0, since T~
is Dixmier trace-able and (T — z)~! is compact ([2]). 1

THEOREM 4.2. If we set vo(a) = 1Try(a|Do|~2) and v(a) = 1Tr,(a|D|~?)
fora € A, then vo(a) = v(a).

Proof. Note that D? = —2 %1 £02>, where £1 = Lo + dydy= + (didy +

d,-dl) + i(dgdr* — d,-dg) and [:2 = ﬁo + d,-* dr + (dldr + d7-*d1) + i(dgd,-* — drdg),
and that by Theorem 3.1 of Section 3, both £; and £, have compact resolvents
with Py, P, projections on N(£;)* and N (Ls)! respectively. Therefore, by the

previous lemma for Imz # 0

v(a) = Tr(a(~L1) " P1) + Tru(a(~L2) "' P2)
= Try(a(=L1 — Z)_1 +ta(=L2—2)7)
= Try(a(~Lo — 2) 7" +a(=Lo —2)7") + Try(a(~L1 — 2)7"
—a(—=Lo—2)" )+ Try(a(—=Ly —2)7  —a(—Lo — 2) ') = vo(a)

since (—L; — 2)71 — (—Ly — 2) 71 is trace class for i = 1,2. 1

We say that two spectral triples (A, H1, D1) and (A, Ha, D2) are unitarily
equivalent if there is a unitary operator U : Hy; — Hs such that Dy = UDU*
and mo(-) = Umi(-)U*, where mj, j = 1,2 are the representation of A; in H;

respectively. Now, we want to prove that in general the perturbed spectral triple
is not unitarily equivalent to the unperturbed one. Let Q!(A5°) be the universal
space of 1-forms ([2]) and 7 be the representation of Q! = Q(Ag°) in H given by

m(a) =a, w(é(a)) = [D,al,
where ¢ is the universal derivation.
Note that [D,a] = i[01(a)y1 + d2(a)v2], where 11 = Rer, ro = Imr, §; =
di+dy,, 02 =da+dp,.
THEOREM 4.3. (i) Let r = U™, then QL (AP) = n(Q') = AL & AX.
(ii) Q2(AP) =0 forr =U™.

Proof. (i) Clearly m(Q') C A1 + Av2. The other inclusion follows from
the facts that 6o(U*) = 0, 6;(U*) is invertible, and that do(V!) is invertible for

sufficiently large I.
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(i) Let J; = Kerw|Q!, Jo = Ker 7|22, Then J, + 6.J; is an ideal, implying

that 7(6.J1) = m(J2 + 6.J1) is a nonzero submodule of 7(0?) C A° & AS°. Since
9° is simple there are two possibilities, namely either 7(d.J1) = Ago, or 7r(5J1) =
Ag° & Ag°. To rule out the first possibility we take a closer look at J; and 7(6J7).

= {Zaié(bi) : Za¢51(bi) =0, Zaiég(bi) = O}. Using the fact that 7, o are

derivations we get

(4.1) 251 ClZ 62 Zalél (52
(4.2) 252 a;)61 (b ZWSQ (51(b

for Zaz5(bz) e i

w(z S(a00) ) = 32061 (a1)71+ B ) 610 + Ga ()

%

= Z 01(a;)01(b;) + d2(a;)d2(b;)) + Z (01(ai)02(b;) — 62(a;)d1(b;))y12,

where v12 = Y172 = —y2y1. Taking @ = U~16(U) + US(U™1) € Q! it is easy to
verify that « € J; and w(dz) = —2. This proves A5° & 0 C m(6J1). We show that
the inclusion is proper by showing the nontriviality of coefficient of 7;12. Using
(4.1) and (4.2) we get coefficient of 12 to be > a;[d1,2](b;) = > —ima;[r1, b;].
As before we can find ng such that for I > ng, 62(V!) is invertible. If we now
choose a1 = I, by = Vo ag = —52(‘/”0)52(‘/[)_1, by = Vl, az = (—a161(b1) —
a202(b2))U 1, b3 = U, then the vanishing of the coefficient of ;5 will imply that
[r1, Vo] = §3(V0)do(V)~Lry, VY] for all I > ng and we note that while the left
hand side is nonzero and independent of [, the right hand side converges to 0 as
| — oo leading to a contradiction. Therefore A° & AF = w(6.J;) C w(Q?) C

A & A Hence Q3 (AF) = 221 = 0.

Thus we have the following:

THEOREM 4.4. The spectral triples (A3°, H,Dy) and (A3°,H,D) are not
unitarily equivalent for r = U™.

The proof is clear since QF, (Ag°) = A # 0 = QF,(AP).

Classically there is a correspondence between connection form and covariant
differentiation. This correspondence comes from the duality between the module
of derivations and the module of sections in the cotangent bundle. Unfortunately
there is no such duality in the noncommutative context. Here for defining the
connection form we visualize it more as the connection form arising from covariant
differentiation. We need to do so because if we take the existing definition [5] then
the curvature form becomes trivial.
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Let K be the vector space of all derivations d : A3° — Ag°. This space
is same as {cidy + cady + [r, -] : 7 € Ag°} for almost all 6 (Lebesgue) ([1]) for
the rest of this section we will be using those 6’s only. Let J,,, be the element
of K given by 6, (a) = [U™V™,a]. We turn K into an inner product space by
requiring that {di,ds, dmn} to be orthonormal, for example as in [11]. Let &£ be
any normed Ag°-module. For § € K, let ¢5 : £ ® K — &, be the contraction with
respect to . Topologize £ ® K with the weak topology inherited from cs,d € K.
Then a connection is a complex-linear map V : £ — £ ® K such that ¢;V(€a) =
esV(€)a+ &d(a), for all § € K.

THEOREM 4.5. Suppose that V1,Va are maps from £ to £ satisfying
Vi(a) =V(§a+&di(a), i=1,2.
Then the map V given by
V) =V1i®di+Va@dy— Y EU™V" @b
is well-defined and is a connection.

Proof. Let § € K, such that § = c1dy + cada + > ¢mndmn, where {cnn} €
S(Z?) C ¢1(Z?). Therefore the sum in the right hand side of the definition of V
converges in the topology referred above. The rest is straightforward. &

It is clear from the definition of V in the above theorem that V; = ¢4,V for
j=1,2. We also set V, = ¢4,V for r € Ag°.

DEFINITION 4.6. Let R : K ® K — L(€) be the map given by R(d1,02) =
Cls,,5,]V — [c5,V,¢5,V]. We call R the curvature 2-form associated with the con-
nection V.

THEOREM 4.7. We have

R(dl, d2) = R(dl + d/rwdg + drz)'

PT‘OOf. [dl +dr17d2 +d1”2] = [dl(TQ)a ] - [dQ(Tl)a ] + HT17T2]’ } So we have

R(dy +dy,,da +d.,)(§)
= —&d1(r2)+&da(r1) =&[r1, r2] = (Vi+ V) (Vo =Era) + (Vo + Vi, ) (Vi€ —Er1)
= —[V1, V2] + Vi(€re) + (Va€)r1 — Erary — Va(§r1)
— (Vi&)ra + &rirg — &di(ra) + Eda(r1) — E[re, 2]
= —[V1, V2]§ = R(d1, d2)(8),
since [dy,ds] = 0. 1
REMARK 4.8. In Section 3, we have seen that the integrated scalar curvature

under the perturbed Lindbladian is different from zero, whereas in Section 4, the
curvature 2-form has been shown to be invariant under the same perturbation.



PROBABILITY AND GEOMETRY ON SOME NONCOMMUTATIVE MANIFOLDS 197

5. NONCOMMUTATIVE 2d-DIMENSIONAL SPACE

In this section we shall discuss the geometry of the simplest kind of noncompact
manifolds, namely the Euclidean 2d-dimensional space and its noncommutative
counterpart. Let d > 1 be an integer and let A, = Cy(R??), the (nonunital) C*-
algebra of all complex-valued continuous functions on R2¢ which vanish at infinity.
Then 0;, j = 1,2,...,2d, the partial derivative in the j-th direction, can be viewed
as a densely defined derivation on A., with the domain A = C>°(R?9), the set
of smooth complex valued functions on R?? having compact support. We consider
the Hilbert space L?(R??) and naturally imbed A%° in it as a dense subspace.
Then i9; is a densely defined symmetric linear map on L?(R??) with domain A,
and we denote its self-adjoint extension by the same symbol. Also, let F be the
Fourier transform on L? (RM) given by

Fk) = (F)(k) = (2m) / e () da

and M, be the operator of multiplication by the function ¢. We set ]T/[;, =
FIM,F, thus i0; = M A=M S is the self-adjoint negative operator,
called the 2d- dlmensmnal Laplac1an Clearly, the restriction of A on AZ° is the

differential operator Z 8]2. Let h = L?(R%) and U, Vj be two strongly continuous
j=1
groups of unitaries in h, given by the following:

Uaf)(t) = ft+ ), (VB(E) =e"Pf(t), Bt R, feCSRY).
Here t - (3 is the usual Euclidean inner product of R?. It is clear that
(5.1) UsUsr = Uniars ViV = Vaip, UdVs = @ PV3U,.
For convenience, we define a unitary operator W, for z = (a, ) € R?? by
W, = U, Vge~ (/228

so that the Weyl relation (5.1) is now replaced by W, W, = Wx+ye(i/2)p(w’y), where
p(z,y) = x1 - y2 — 2 - y1, for x = (z1,22) and y = (y1,y2). This is exactly the
Segal form of the Weyl relation ([4]). For f such that f € L*(R2?), we set

b(f) = /f(x)wz dz € B(h).

Let A be the *-algebra generated by {b(f) : f € C°(R??)} and let A be the C*-
algebra generated by 4°° with the norm inherited from B(h). It is easy to verify
using the commutation relation (5.1) that b(f)b(g) = b(f © g) and b(f)* = b(f?),

where
(fog)( /f:vfx Jel/Dpea) 4a!  fi(r) = F(—a).

We define a linear functional 7 on A by 7((b(f)) = F(0) (= 2m)~¢ [ f(z)da
and easily verify ([4], p. 36) that it is a well-defined faithful trace on A>. It is
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natural to consider H = L?(A*, ) and represent A in B(H) by left multiplication.
From the definition of 7, it is clear that the map C°(R?) 3 f s b(f) € A CH
extends to a unitary isomorphism from L?(R2?) onto H and in the sequel we shall
often identify the two.

There is a canonical 2d-paramater group of automorphism of A given by
pa(b(f)) = b(fa), where fu(z) = e f(z), f € C=(R), a € R. Clearly, for
any fixed b(f) € A®, a +— @o(b(f)) is smooth, and on differentiating this map at
a = 0, we get the canonical derivations ¢;, j = 1,2,...,2d as 6;(b(f)) = b(9;(f))
for f € C2°(R??). We shall not notationally distinguish between the derivation d;
on A* and its extension to H, and continue to denote by id; both the derivation
on x-algebra A and the associated self-adjoint operator in H.

Let us now go back to the classical case. As a Riemannian manifold, R4
does not posses too many interesting features; it is a flat manifold and thus there
is no nontrivial curvature form. Instead, we shall be interested in obtaining the
volume form from the operator-theoretic data associated with the 2d-dimensional
Laplacian A. Let 7; = e(#/2)2 be the contractive Cy-semigroup generated by A,
called the heat semigroup on R??. Unlike compact manifolds, A has only absolutely
continuous spectrum. But for any f € C(R??) and ¢ > 0, M;(—A +¢)~% has
discrete spectrum. Furthermore, we have the following:

THEOREM 5.1. M7 is trace-class and Tr (M;T;) = t=% [ f(z)dz. Thus,
in particular, v(f) = [ f(z)dz = tTr (M;T;).

Proof. We have Tr (M;7;) = Tr (FMf]-"lM _(t/Q)ZJQ_), and the integral
e J

operator FMyF~'M _, /o3 With the kernel k; (z,9) = flz—y)e WD Ttis

continuous in both arguments and [ |k;(x,z)| dz < co, we obtain by using a result
in [6] (p. 114, Chapter 3), that M7, is trace class and Tr (M;T;) = [ ki(z,z)dz =
2m)=1f(0) =t=%(f).

As in Section 4, we get an alternative expression for the volume form v in

terms of the Dixmier trace.

THEOREM 5.2. For e > 0, M;(—A +¢)~% is of Dizmier trace class and its
Dizmier trace is equal to mv(f).

For convenience, we shall give the proof only in the case d = 1. We need
following two lemmas.

LEMMA 5.3. If f,g € LP(R?) for some p with 2 < p < 0o, then Mf]\jg s a
compact operator in L*(R?).

Proof. 1t is a consequence of the Holder and Hausdorff-Young inequalities.
We refer the reader to [16], volume IIT for a proof. 1

LEMMA 5.4. Let S be a square in R%2 and f be a smooth function with
Supp(f) C int(S). Let Ag denote the Laplacian on S with the periodic bound-
ary condition. Then Tr ,(Mf(—Ag+e)™ ') == [ f(z)dz.

Proof. This follows from [12] by identifying S with the two-dimensional torus
in the natural manner. 1
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Proof of Theorem 5.2. Note that for ¢ € D(A) C L*(R?), we have fg €
D(Ag) and (AgMy — MsA)(g) = (AM; — MyA)(g) = Bg, where B = —May +
2

2i ) Mg, (5) o 0;. From this follows the identity
j=1

(5.2) Mi(—A+e) ' —(-As+e) "My = (-Ag+¢e) 'B(-A+¢)".

Now, from the Lemma 5.3, it follows that B(—A + £)~! is compact, and since
(—Ag +¢)~! is of Dixmier trace class (by the Lemma 5.4), we have that the right
hand side of (5.2) is of Dixmier trace class with the Dixmier trace equal to 0. The

theorem follows from the genaral fact that Tr,(zy) = Tr, (yx), if y is of Dixmier
trace class and x is bounded (see [2]). 1

Similar computation can be done for the noncommutative case. The Lind-
bladian £y generated by the canonical derivation d; on A is given by

(53) Lofa(f) = ga(Af), feC(®).

Since in L?(R??), 1A has a natural selfadjoint extension (which we continue to
express by the same symbol), £y also has an extension as a negative selfadjoint
operator in H = L?(R?9), and we define the heat semigroup for this case as
T; = e**0. By analogy we can define the volume form on A by setting v(a(f)) =
t£151+ t4Tr (a(f)7;). Then we have

THEOREM 5.5. v(a(f)) = [ fdz.
Proof. The kernel K; of the integral operator a(f)7; in H is given as Ki(z,y)

~

= f(z — y)e*t‘y|2/2e1p(w’y)/2. As before we note that K; is continuous in R?¢ and
Ky(z,2) = Ky(z,2) = F(0)e=t=l*/2 Using [6] we get the required result. 1

REMARK 5.6. Note that in the Theorem 5.2, Tr ,(M;(—A+¢)~9) = ndv(f)
which is independent of € > 0. This could also have been arrived at directly as in
Section 4 for the algebra 4y once we have observed in the proof of the theorem
that Tr ,M(A —e)™! =Tr ,Ms(Ag — )7L

We want to end this section with a brief discussion on the stochastic dilation
of the heat semigroups on the spaces considered. For the classical (or commutative)
C*-algebra of Cy(R??) the stochastic process associated with the heat semigroup is
the well known standard Brownian motion. For the noncommutative C*-algebra
A we first realize it in B(L?(R?)) by the Stone-von Neumann Theorem on the
representation of the Weyl relations ([4])

(5.4) Uaf)(@) = flz+6), (Vaf)(x)=e""f(a).
Let gj,pj, 7 =1,2,...,d, be the generators of Vg and U, respectively, in fact they
are the position and momentum operators in the above Schrédinger representation.

For simplicity of writing we shall restrict ourselves to the case d = 1, and consider
the q.s.d.e in L?(R) ® T'(L?(R, C?)):

1 1
(5.5) dX; = X, [ —ipdwy(t) — §p2 dt —igdw; (t) — §q2 dt|, Xo=1I,

where w1, wy are independent standard Brownian motions as in Section 2. The
following theorem summarizes the results.
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THEOREM 5.7. (i) The g.s.d.e (5.5) has a unique unitary solution.
(ii) If we set ji(x) = Xi(z @ It) X} then jy satisfies the q.s.d.e:

dji(z) = je(=ilp, 2]) dwi (t) + je(—ilg, 2]) dwa(t) + ji (L(x)) dt
for all x € A% and Eji(z) = et~ (x) for all x € A.
Proof. Consider the q.s.d.e in I'(L?(R,)) for each A € R for almost all wy,

AW = W (i + w1 (£) dwa () — =(A+ wy (1)2dE), WY =T

!
2
t
It is clear from [14] that Wt()‘) = exp ( —1 (A +wi(s)) dw2(5)> which is unitary
0
in I(L*(R4)) for fixed A and wy. Next we set W, = [ E9(d)\) ® W which can
R

be easily seen to be unitary in L?(R) ® I'(L?(R)) for fixed w;, where E? is the
spectral measure of the self adjoint operator ¢ in L?(R). Writing X, = We~Pw1(®)
it is clear that X; is unitary in L?(R) @ I'(L*(R4, C?)). A simple calculation using
Ito calculus shows that X; indeed satisfies equation 5.5.

The part two follows from the observation that for fixed wy and we, X} and
b(f) ® Ir with f € C2°(R?) maps S(R) @ I'(L*(R,C?)) into itself. It is also easy
to see that

() = XXy = e iqw2(t) o —ipwi (t) poipwi () Giqwa (1) _ ¢(_w1(t)7_w2(t))_ 1
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