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ABSTRACT. We show that for every sofic shift A that satisfies a certain condi-
tion, Matsumoto’s C*-algebra Oj is isomorphic to the Cuntz-Krieger algebra
of the left Krieger cover graph of A.
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1. INTRODUCTION

In [2] Cuntz and Krieger defined the Cuntz-Krieger algebras. It is natural to see
them as C*-algebras associated with topological Markov shifts. In [5] (see also
[1]) Matsumoto associated to each subshift a C*-algebra in such a way that if the
subshift is a topological Markov shift, the Matsumoto algebra associated to it is
the Cuntz-Krieger algebra associated to it. Furthermore in [6] Matsumoto proved
that for a sofic shift the associated Matsumoto algebra has the same Ky and K3
as the Cuntz-Krieger algebra for the left Krieger cover graph of the shift. It is
therefore natural to ask whether the Matsumoto algebra associated to a sofic shift
is isomorphic to the Cuntz-Krieger algebra of the left Krieger cover graph of the
shift. In this paper we prove that if the sofic shift satisfies the condition (1.1)
defined below, then indeed it is.

We will construct the isomorphism by using the universal properties of the
Cuntz-Krieger algebra and the Matsumoto algebra to construct x-homomorphisms
between them and then prove that these *-homomorphisms are each other’s in-
verse.

Let A be a subshift defined on a finite alphabet 2. We will follow the notation
used in [5], [6], [7] and [8]. That is we denote by X, the set of all right infinite

sequences that appear in A, and we let for each k € N, A* be the set of all words
l [eS)
with length k appearing in some € A. We set A; = |J A* and A* = (J AF,
k=0 k=0
where A? denotes the empty word (.
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We will by Op denote the C*-algebra defined in [5] by Matsumoto. Then
O, is generated by partial isometries S;,¢ € «A. For p € A* we define S, =
Sy Spy +++ Sy, - Following [5], [6], [7] and [8] we let Ax be the C*-subalgebra of
O generated by S;,S,, p € A", and Dy the C*-subalgebra of Op generated by
Su5,8,5),, w,v € A*. For p € A* we denote by U, the cylinder set for p:

UM = {33 e Xa | T1= U1y, Ty = ,u‘#‘}.

We will need the following known facts about Oy :

LEMMA 1.1. (Lemma 3.1 of [5]) Ifi,7 € A are different, then

S7S; =0.

For a subshift A consider the following condition defined in [1]:
For every [ € N and every infinite subset F' of A* such that
{velA |vup e N} ={ve A |vus € A*} for every puy,pus € F,
there exists a right infinite sequence x € X such that
{veh|veeXpt={veA|vueA*} forpeF.

We denote by B(X,) the C*-algebra of all bounded functions on X.

PROPOSITION 1.2. (Lemma 3.1 of [7]) For every subshift A that satisfies
condition (1.1), the correspondence ® defined by

(I)(SMS;SVS;) = 1U,,Lﬂ0'*‘“‘(d""(U,/))’ JTRZES A*
gives rise to an isomorphism from the commutative C*-algebra Dy onto the C*-
subalgebra C* (1y, ng—1ul(alvi(v,)); bV € A7) of B(XA). Its restriction to Ap yields
an isomorphism between Ay and C*(1,1v1(y,); v € A¥).

In Proposition 1.2 of [7] was stated without the requirement that the sub-
shift satisfies condition (1.1), but in [1] there is an example of a subshift A that
does not satisfies condition (1.1), and for which the correspondence considered in
Proposition 1.2 does not give rise to an isomorphism from the commutative C*-
algebra Dp onto the C*-subalgebra C*(lUmrw(a\V\(Uy));,u,V € A*) of B(Xa).
So we need the subshifts to satisfy condition (1.1).

We will from now on assume that the subshifts we consider satisfy condi-
tion (1.1).

LEMMA 1.3. For each f € C*(1,1v1(y,); v € A*) and each i € 2,
@(qu)il(f)sz*) = U*(f)lUia
where o* is defined by o*(f)(z) = f(o(x)), x € Xa.
Proof. Let
A={f€C* (Lomw,yv € N) | Vi € A: (S 07(f)S]) = 0" ())lu, }-

We want to show that A = C*(1,./(y,); v € A¥).
It is easy to see that A is a closed subset and that it is closed under addition
and conjugation.
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Let f,g € A and i € 2. Then
(S; 071 (f9)S;) = (Si® (/)@ (9)S; 8iSF) = (S @7 (f)S))P(Si® " (9)S])
=" (f)lv,0™(9)1lv, = o*(f9)1lu,

so fg € A. Hence A is also closed under multiplication. So it is a C*-subalgebra
of C*(11i(p,); v € AY).
Since

D(S; @ (Ly11(17,))55) = B(8iS55,57) = 1pino—1(o 1 (1))
= 10, Lg1 o)) = 0 (Lot vy
Lowi(u,) € A for each v € A™.
So A= C*(la"’\(UU); veA). 1
THEOREM 1.4. (Theorem 4.9 of [5]!) Let A be a unital C*-algebra. Suppose

that there is a unital *-homomorphism ¢ from Ap to A and there are partial
isometries s;, ¢ € A satisfying the following relations:

(i) > sisf=1;

e
(ii) 87,8u80 = 5187, S for all p,v € AN
(iii) s%s, = ¥(S55,) for all e AW
where s, = Spy Sy, B= (1,5 ) € A*. Then ¢ extends to a unital

x-homomorphism from Op to A such that ¢ (S;) = s; for all i € .

2. SOFIC SHIFTS

As in [6] and [8] we put for each x € X and each [ € N
Al(l') = {[L ISV | nr € XA}.

Two points z,y € X, are said to be [-past equivalent if A;(z) = A;(y). It is easy
to see that this is an equivalence relation. We write this equivalence as x ~; y.
Let Ef, i =1,2,...,m(l) be the set of all [-past equivalence classes of X,. We
denote by Q; = X, /~; the quotient space of the I-past equivalence classes of Xy .

Sofic shifts is a class of subshifts characterized by the following: A subshift
A is sofic if and only if there exists | € N, such that Q =, for all & > 1 (cf. [11]
and [6]). In this case we will let Q5 = Q;, ma = m(l) and & = &L

For a subset £ C X and a € AM (the set of finite words over the alphabet
2A) we let

uE ={pr e Xp|xzefl.

Notice that if u&; # 0 and = € &;, then ux € X,.
When A is a sofic shift we define the left Krieger cover graph of A to be the
labeled graph with vertex set {1,2,...,ma} and where there for each vertex i and

! We remark that it is necessary to include all finite words A" and not just A*
in condition (ii) and (iii) to rule out the existence of a *-homomorphism from Ox to
O, (where n is the number of letters in the alphabet) sending the generators to the
generators.
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each j € 2 such that j&; # 0 is an edge labeled j going from k to i, where k is the
unique element of {1,2,...,ma} such that j& C & (cf. [6] and [3]). Notice that
this graph is left-resolving (i.e. all edges ending at the same vertex have different
labels).

For an edge e we will by s(e), 7(e) and L(e) denote the source, range and
label of e.

We let By be the matrix over the edge set €, defined by

Bale, f) = {1 if r(e) = s(f),

0 else.

Then By is a {0, 1}-matrix with no zero-row or -column.

EXAMPLE 2.1. Let 2 = {0,1} and A C 2% be the set of all sequences such
that between two 1’s there are an even number of 0’s. Then A is a sofic shift called
the even shift (cf. [4]). One can show that ma = 3 and

& ={0?"1x | n € Ng, z € Xp},
Ey = {0z | n € Np, € Xp},
& = {0>}.

The left Krieger cover graph of A is given by:

11010
1@/% 00100

Bi=|11010
1§DK0/@ ""looo o1
@ 0000 1
G

The following result is a key element to the results which will be proved in
this paper.

PROPOSITION 2.2. Let A be a sofic shift. Then there exists mutually orthog-
onal projections E;, i = 1,2,...,mp in Ax such that:
(i) A is generated by E;,i =1,2,...,mp;

(ii) for each pu € AN
SpSu = Z Ei;
pEF#D
(iii) for each i € {1,2,...,mp}

Ei= Y St Bei)Ste)

s(e)=i
Proof. First notice that for each p € AM

(2.1) )= | &

HE#0D
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From this we get that for each ¢ € {1,2,...,ma}

51-:[ N olﬂl(m} m[ N XA\J‘“‘(U#)]

pEFD nE=0

By (2.1) we see that there is only a finite number of different sets o/l (U,,).
So we can for each i € {1,2,...,mp} choose finite sets M; C A* and N; C A* such

that

& = [ N o‘“‘(UH)} m[ N XA\U\#\(UM)}.

nEM; HEN;
From this we get
lg, = [ H 1g\u\(Uu):| [ H (1 - 10"”‘(Uu)):|'
HEM; HEN;

So 1g, € C* (1,11, ); v € A¥) for each i € {1,2,...,ma}.
We can therefore define E; by

B =37 (l¢)

where @ is as in Proposition 1.2. Since the &;’s are mutually disjoint the E;’s are
mutually orthogonal projections. By (1.2) we have that

SiSu= > E.
nEF#D

So Ax = C*(S,;S,; 0 € A*) is generated by E;, i = 1,2,...,my. Since for each
1€ {1,27...7mA}

gi=Jrljzeat=J YUz lireéiret}

jed jEA k=1
= U U i€k = U Ull(e) n U_l(gr(e))
JEAFELCE: s(e)=1

we have by Lemma 1.3 that

FE;, = Z Sﬁ(e)Er(e)SZ(e)' 1

s(e)=i

ExaMPLE 2.3. If we let A be as in Example 2.1, then we get:
Ey = 5751(1 — S75510),
E5 = S575S10(1 — S751),
Es = 5751575510-
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3. THE ISOMORPHISM

DEFINITION 3.1. For a matrix A over a finite set X, with A(4, j) € {0,1} and
where every row and column of A is non-zero, we define (cf. [2]) the Cuntz-Krieger
algebra for A to be the universal C*-algebra O, generated by partial isometries
si, 1 € ¥ such that

(a) sisisjs; =0 fori# j,

(b) sisi= > A(i,j)s;js}

jET

We notice that > s;sf =10p,.

=

PROPOSITION 3.2. Let A be a sofic shift. Then there exists a *-homo-
morphism from Op, to Op sending s. to Sge)Er(e), where E; is as in Propo-
sition 2.2.

Proof. Let S, = Sc(e)Ere)- By Proposition 2.2 S7S; = 7 E; for each
JEi#AD
J €2, and since L(e)&, () # 0, we have E, () < S%e)Sc(e)- So

SeSe = Er(e)Sz(e)Se(e) Bre) = Ere)-

Hence S, is a partial isometry.
Since the left Krieger cover graph is left-resolving, we have that if e # f

either L(e) # L(f) or r(e) Zr(f). If L(e) # L(f)
Ste)Sen =0
by Lemma 1.2, and if r(e) # r(f)

Er)Sze)SccnEris) = Ere)Er(s) = 0.

So
8eSe 815t = Sete) Bre) Sty e Brn S =0
for e # f.
By Proposition 2.2

SiSe=FEnoy= D> SepBrn)Sip
s(H=r(e)
= Y §8;= > Ble, f)Ss5;.
s(D=r(e) feen

So the partial isometries §e, e € €, satisfy the Cuntz-Krieger relations and
therefore there exists a x-homomorphism from Op, to Oj sending s, to S =
Sﬁ(e)Er(e)- 1
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LEMMA 3.3. Let A be a sofic shift. For p € AW andi € {1,2,...,mp} the
following are equivalent:

(i) e # 0;

(i) there exists a path o on the left Krieger cover graph of A such that
L(a) = p and r(a) = i.

The path « is unique, and furthermore it fulfills that p&; C Ey(a)

Proof. We will prove the statement by induction over the length of u. First
assume that g € . Then the statement follows directly from the definition of the
left Krieger cover graph.

Assume next that we have proved the statement for u € ¥, and that v €
AL Let p = (vo,vs, ..., Vi)

If v&€ # 0, then u& # (. So there exists a unique path «a such that
L(a) = p and r(a) = i and furthermore u&; C Ey(q). Since vE&; = v1u&; C 11E(q)
and v&€ # 0, &) # 0. Thus there exists an unique edge e, such that
L(e) = v1 and 7(e) = s(a) and furthermore v1& ) € Es). Since r(e) =
s(a), ea is a path on the left Krieger cover graph and L(ea) = v, r(ea) = i
and v€; C Egeqy. If o is another path such that L(o') = v and r(a’) = i,
then L((a;...,,)) = p, (0, ... 0),) = i, L(a}) = n1 and r(ay) =
s((@, ..., a],)))- So (ay,...,a],, ) = aand o) =e. Hence o = ea.

If there exists a path 8 such that £(8) = v and r(3) = i , then v =
(B2, B3, .-, Bp)) is a path such that £(y) = p and r(3) = i, and 3 is an edge such
that £(81) = v1 and 7(81) = s(7). So 0 # pu& C &) and v1E() # 0. Hence
vEi=vip&i #0.

PROPOSITION 3.4. Let A be a sofic shift. Then there exists a *-homo-
morphism from Op to Op, sending S; to Y, s. and E,.() to sis., where E;
L(e)=1
is as in Proposition 2.2.

Proof. Observe that B(e, g) = B(f7 g) for all g € €, if r(e) = r(f), and that
B(e,g)B(f,9) =0 for all g € €, if 7(e) # r(f). So sise = s}sy if r(e) = r(f) and
sesesysy =01if r(e) #r(f).

Since A, is generated by E;, i = 1,2,...,mp and E;E; = 0 for ¢ # j there
exists a x-homomorphism ¢ from Ax to Op, sending F,(e) to s’s..

For each p1 € A* define s, by

Z Say 77" Saa

L(a)=
Since
Susy = Z Saq " Saya Z 561" 5B
L(c)=p L(B)=v
= Z Say """ Saja By " SBg = Z Sy1t " Sy = Surs
L(a)=p L(vy)=pv

L(B)=v
r(a)=s(8)
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we have that s, = s, ---s,,, for each p.
Since the left Krieger cover graph is left-resolving we have

5,878 = Z Se Z s} Z Sg = Z SeShSe = Z Se = i,
L(e)=1 L(f)=i L(g)=i L(e)=1 L(e)=1

S0 §; is a partial isometry.

We see that

ZS“S *Z Z SeSy = Zses = 1.

€A €A L(e)=1 ec€y
If vy ¢ A",
S,5u8, = 0= 38,5, 5uu,
and if vy € A¥,
gjgvgu = gu = §#'§T/M§W,

SO §55,8, = §H§jM§w for all v, u € AN,
By Proposition 2.2 and Lemma 3.3 we have that

w(s;su)w< > E> S S S = D Sk Sk Sar  Say =8
HEAD L{a)=p L{a)=p
for all p e AW,

So according to Theorem 1.4 v extends to a x-homomorphism from O, to

Op, sending E, () to sis. and S; to 5, = > sc. |
L(e)=1

THEOREM 3.5. Let A be a sofic shift. Then Oy ~ Op, .

Proof. According to Proposition 3.2 there exists a x-homomorphism ¢ :

Op, — Op such that o(sc) = Sree)Epre), and according to Proposition 3.4
there exists a *-homomorphism 1 : Oy — Op, such that ¥(S;) = > s, and

L(e)=1
’l/)(Er(e)) = ste'
We have that

@(1/)(51'))¢< Z Se) = Z o(se) = Z Scie)Bre) = Z SiErey =S

L(e)=1 L(e)=1 L(e)=1 L(e)=1

mA

where we for the last equality use that ) E; = 1, and that S; E; = 0 if there does
j=1

not exists an edge with range j and label i. So ¢ oy = idp,, and since
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P(p(se) = V(Seie)Brie) = D, Ssise = e,
L(f)=L(e)

Yoy =idoy,. Thus ¢ and ¢ are each other’s inverse and Oy ~ Op,. 1

REMARK 3.6. For a sofic shift A that does not satisfy condition (1.1), we
can not be sure that the correspondence considered in Proposition 1.2 gives rise
to an isomorphism from the commutative C'*-algebra Dy onto the C*-subalgebra
C*(Ly, no—1mi (o1, )); b v € AY) of B(Xa), and thus that Op ~ Op,. But it is
still true that O, is isomorphic to a Cuntz-Krieger algebra O 4, for another matrix
Ap that is a bit more complicated to describe than By.

REMARK 3.7. After this paper was completed, the author received Kengo
Matsumoto’s preprint ([9]), where there is a result from which Theorem 3.5 follows
in case the sofic shift A satisfies a certain condition (I) and condition (1.1).

REMARK 3.8. In [1], Matsumoto and the author have considered another
C*-algebra associated with a subshift. By using exactly the same methods used in
this paper one can show that for a sofic shift that satisfies a certain condition (I)
(but not necessarily condition (1.1)) this C*-algebra is isomorphic to the Cuntz-
Krieger algebras of the left Krieger cover graph of the sofic shift.

Acknowledgements. The paper was completed at the Mathematical Sciences Re-
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Note added in proof. After this paper was submitted, the author learned that
Jonathan Samuel independently has achived a result similar to Theorem 3.5.
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