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ABSTRACT. If H is an n-th order weighted subcoercive operator associated
to a continuous representation U of a d-dimensional connected Lie group G
in Lp(M; ), where p € (1,00) and (M; p) is a o-finite measure space, then
we show that vI + H has a bounded H., functional calculus if Rev is large
enough.

Moreover, the domain D((vI + H)™/™) of the fractional power equals
the space of m times differentiable vectors in L,-sense if Re v is large enough
and m is in a suitable subset of [0, c0).
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1. INTRODUCTION

During the last two decades there is a steadily growing interest in the following
subjects due to their intimate connection with heat kernels, kernels of Poisson
and Riesz type, singular integration theory and harmonic analysis in L,-spaces of
manifolds:

— the bounded H, functional calculus of operators, in particular semigroup
generators in L,-spaces with p € (1,00) (cf. [4], [13], [14] and [5]);

— regularity in L,-spaces with p € (1,00) (cf. [2], [9] and [10]);

— Riesz transforms in L,-spaces with p € (1,00) (cf. [19] and [17]).

Let H be an n-th order subcoercive operator associated to the left (or right)

regular representation of a connected Lie group G in L,(G;dg) with p € (1, c0),
where dg denotes the left Haar measure on G. Then it was shown that there
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is a 8¢ > 0 such that for all ¢ € (7/2 — O¢, 7] there is a vy > 0 such that if
v € C with Rev > vy then the operator vI + H has a bounded H., functional
calculus in L,(G;dg) over F,, the space of bounded and holomorphic functions in
a sector with angle ¢ (for definitions and details we refer to [8]). Simple examples
of subcoercive operators on the real line already elucidate that the constant 1
depends on the angle .

As far as the regularity is concerned the following can be remarked. The C'*°-
elements of a continuous representation U of a connected Lie group G are exactly
the C*-elements of a subcoercive operator associated to the representation U (cf.
[10], Theorem 2.6.I). However this coincidence is no longer valid in general if one
compares the C™-elements for m € N. Indeed, the left regular representations in
L1 (R%*;dz) or Lo (R?;dx) already show that the C™-elements may differ for some
m € N (cf. [12] and [15]). On the other hand the differential structures are still the
same if p € (1, 00). More generally, if p € (1,00) and m € N then the C"™-elements
of the left (respectively right) regular representation of a connected Lie group G
in L,(G;dg) coincide with the C™-elements of a subcoercive operator associated
to the left (respectively right) regular representation of G in L,(G;dg) (cf. [2]).
Further let U be a bounded continuous representation of a connected amenable
Lie group in L,(M; ) with p € (1, 00) and (M, u) a o-finite measure space. Then
the optimal regularity for n-th order weighted subcoercive operators affiliated to
U was established in [6].

The comparison of the differential structures is closely related to the bound-
edness of the Riesz transforms. For p € (1,00) it was established that if the real
part of the zero-order coefficient of a weighted subcoercive operator H is suffi-
ciently large then the Riesz transforms of H are bounded on L,(G;dg) (cf. [2]
and [11]). Anker ([1]) established boundedness of the Riesz transforms for the
Laplace-Beltrami operators in L,(X;dxz), where X is a non-compact symmetric
space obtained by the quotient of a semisimple Lie group G and a maximal com-
pact subgroup K and dz the G-invariant measure on X. Let H be an n-th order
weighted subcoercive operator affiliated to a continuous bounded representation U
of an amenable connected Lie group G in L, (M; u), where p € (1,00) and (M, )
is a o-finite measure space. In [6] it was shown that there is a vy > 0 such that
if v € C with Rev > v then the Riesz transforms of vI + H are bounded on
Lp(M; p).

Although the techniques used in this paper are rather standard, we are able
to generalize most of the above results to a fairly large class of continuous rep-
resentations. Most of the non trivial results are taken from [8]. In Section 2 we
consider n-th order weighted subcoercive operators H with respect to a contin-
uous representation U of a connected Lie group G in L,(M;p) with p € (1,00)
and (M, u) a o-finite measure space. We show that there is a ¢ > 0 such that
for all ¢ € (7/2 — 0¢,m| there is a vy > 0 such that if v € C with Rev > 1p
then vI + H has a bounded H,, functional calculus in L,(M;u) over F,, the
Riesz transforms of vI + H are bounded on L, (M; ) and we deduce optimal reg-
ularity for vI + H. Moreover we deduce weak type (1, 1)-estimates for functional
operators generalizing Proposition 3.2 in [8]. This large class of representations
U covers amongst others the continuous cocycle representations on homogeneous
spaces which include the interesting class of continuous representations induced by
a character. We emphasize that the representation U need not be bounded and G
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may be non-amenable whereas U was bounded and G amenable in [6]. Finally, we
deduce in Section 3 kernel bounds for reduced operator kernels of Riesz transforms
and functional operators of strongly elliptic operators on homogeneous spaces.

2. FUNCTIONAL CALCULUS, REGULARITY AND RIESZ TRANSFORMS

In this section we consider n-th order weighted subcoercive operators H with
respect to a continuous representation U of a connected Lie group G in L, (M; p)
with p € (1,00), where (M, 1) denotes a o-finite measure space. We show that
there is a vy > 0 such that if v € C with Rev > vy then vI + ﬁgas a bounded
H, functional calculus in L,(M; p), the Riesz transforms of vI + H are bounded
on L,(M; i), and optimal regularity is valid for vI + H.

Let G be a connected d-dimensional Lie group with Haar measure dg. Sup-
pose that U : G — L(X) is a continuous representation of G in a Banach space
X endowed with the norm || - ||. Let ay,...,aqs be an algebraic basis for g, i.e., a
finite sequence of linearly independent elements of g which generate g. This means
that one can find an integer r such that ai,...,aq together with all the multi-
commutators (adaj,)---(adaj, ,)(a;,), with j1,...,5, € {1,...,d'} and n < r,
establish a basis for g. Next let wy, ..., wq denote a set of weights in [1,00). Then
the algebraic basis a1, . ..,aq and the weights wq, ..., wy induce in a natural way
a modulus ¢g — |g|" on the connected Lie group G. For a detailed description and
definition we refer to [11], Section 6. Let B. = {g € G : |g|' < €} be the corre-
sponding ball for all ¢ > 0. The modulus function | -|" in turn defines a unique
local dimension D’ such that there is a C > 1 such that

C_lle < VOlg(B;)) < CpD/

for all p € (0,1], where Volg denotes the volume with respect to the left Haar
measure dg.

For all ¢ € {1,...,d’} denote by A; = dU(a;) the infinitesimal generator of
the one parameter group t — U (exp(—ta;)). We also need multi-index notation.

Let J(d') = @{1,...,d'}* denote the set of all multi-indices over the index set
k=0
{1,...,d'}. fa = (i1,...,i) € J(d') then we set A* = A;, o---0 A;, and we
k
denote by [la|| = > w;, the weighted length of the multi-index c.
j=1

The C™-subspace X, is the weighted space defined by

X, = () DAY
aeJ(d)
llell<m

endowed with the norm

uwll, = max | A%u].
fulf = e 4%
]| <m
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An n-th order form is a function C' : J(d') — C such that C(«) = 0 for ||af| > n
and there is an a € J(d') with ||«|| = n such that C'(«) # 0. We consider the n-th
order operator H

(2.1) H=dU(C)= Y  c.A”
acJ(d")
llall<n
with domain D(H) = (| D(A4%) and ¢, = C(a) for all « € J(d') with ||« <
acJ(d")
lall<n
n. In the sequel we denote the zero-order coefficient ¢, with ||| = 0 also by c¢o.
Let Aq,..., Ay be the infinitesimal generators with respect to the left regular
representation Lg of G in Ly(G;dg) and the directions aq,...,aqs. Then we say

that C' is an n-th order G-weighted subcoercive form if n/w; € 2N for each i €
{1,...,d'} and the operator dLs(C) satisfies the following inequality: there is a
# >0 and v € R such that

~ 2
Re(v,dLa(C)v) > p( max [|A%]2)" — v]jol3
acJ(d")
llell=n/2

for all v € C(V'), where V is some open neighbourhood of the identity e € G.
Moreover, the corresponding operator H = dU(C) is called an n-th order weighted
subcoercive operator associated to U. Then by Theorem 1.1.IV of [11] the operator

H generates a holomorphic semigroup S in an open representation independent
sector A(6¢), where

A(p) = {z € C\ {0} : |arg(2)| < ¢}

for all ¢ € (0,7]. Moreover, it follows from Theorem 1.1.IV of [11] that the
semigroup S has a representation independent, fast decreasing, Lie group kernel
K such that

s = (A K0V (udg
G
for all @ € J(d'), z € A(f¢) and u € X. For all v € C with Rewv sufficiently large

the fractional powers of the resolvent (vI + H)~° are defined for all § > 0 by the
Laplace transforms

(vI+H)° =T(5)"" /e’”tt‘s’lSt dt.
0
Let 6 € (0,0¢). Since S is analytic in A(0) it follows that there exist M > 1 and
w > 0 such that ||S,ull, < Me**!||u||, for all z € A(f) and u € X. Therefore

(vI + H)~° are defined for all § > 0, v € C such that Re(e”¥v) > w for some
p € (—0,0) and

o0
(14070 =T(5) e [ s,
0
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Next for ¢ € [0,0] set I'(p;w) = I't(p;w) UT_(p;w) with Iy (p;w) = {z € C:
Re(zet!?) > w}. Then the fractional powers of the resolvents are defined by the
above procedure for all v € A(f;w), where A(Q;w) = |J T(p;w).

p€el0,0]
Let 6 > 0. For v € A(f;w) define R, 5 : G — C by
R,s5(g) =T(5)™* /e_”tté_th(g) dt, ged.
0

Then similarly to the proof of Theorem A.1 in [8], for all « € J(d') there exist
a,b > 0, independent of §, such that

(2:2) (AR, 5)(g)] < apPHIel=m0in g 502/ ™g] e

for all g € G with g # e and v € A(0;w), where p = p(v; A) denotes the distance
from v to the boundary of A(6;w) and

Vgl

g (P'+k=nd) if D) 4 | > nd,
Frs(x) =141+ log" =1 if D' +k =nd,
1 if D' +k < nd,

with logTy =logy if y > 1 and logT y = 0 if y < 1.

Now, let p € [1,00] and suppose that U : G — L(L,(M; n)) is a continuous
representation of G in L,(M; i), where (M, i) denotes a o-finite measure space.
Let H be an n-th order weighted subcoercive operator associated to U. Since there
exist C,n > 0 such that ||U(g)ull, < Ce™9!'||ul|, for all u € L,(M;p) and g € G
it follows that there is a g > 0 such that

/ 1(A*Ry.5) (9)U (g)ulp dg < oo
G

for all o € J(d') with |a| < nd, u € L(M;p) and v € A(f;w) with Rev > .
Therefore if v € A(f;w) and Rev > 1y then

oo

AWl +H) Pu=1(8)" / e O H(AYS udt = / (A*Ry5)(9)U(g)udg
0 G

for all @ € J(d') with ||o|| < nd and w € L,(M; u). Note that if ||af] = m and
d = m/n then the Lie group kernel EO‘R,,,(; has a logarithmic singularity in the
identity e € G and the integral operator is not norm-convergent for p € [1,00] in
general.

Now we discuss the functional calculus of the n-th order weighted subcoercive
operator H (cf. also [4], [13] and [14]). It follows from Theorem 1.1.III of [11] that
there exist M > 1 and w > 0 such that || S| < Me*!?! for all z € A(9). Therefore
if we replace H by vI+ H with Re v sufficiently large then S is uniformly bounded
in the sector A(6), i.e., there is an M > 1 such that ||S.|| < M for all z € A(H).
Then (—AI + H)~! is defined and satisfies bounds ||(=AI + H)~1|| < M|A|7! for
all non-zero A € C with |arg A\| > 7/2 — 6.



268 C.M.P.A. SMULDERS

Next for 0 < ¢ < 7 consider the class
F,={f:A(p) — C: f is bounded and holomorphic}.

Then it is clear that I, is a Banach space with respect to the norm

[flloc = sup{[f(2)] : z € A(p)}-

For technical reasons we also need the following subspaces
D, ={f €F,:|f(2)] <c|z|5(1 +|z|)7 for some ¢ > 0 and all z € A(p)},

where £ > 0. Furthermore, set

o, =0
£>0

If f € ®, with ¢ € (7/2 — 0, 7] one can define an operator f(H) by the familiar
complex Cauchy representation formula

(2.3) () = (2ri)~! / FON(AL + H)"1dx = / £ / R_51(9)U(g) dgdA,
Ix Ty G

where I'y, is the contour determined by the function

[ telx if t € [0, 00),
() = { —te™ X if t € (—o0,0],

with 7/2 — 0 < x < . The integral (2.3) is norm-convergent, independent of the
particular choice of contour and the operator f(H) is bounded.

However for f € F,, one can define f(H) by a similar Cauchy formula but the
contour integral in (2.3) is not necessarily norm-convergent anymore. Therefore
the integral definition for f(H) in (2.3) is to be interpreted in the strong or weak*
topology according to whether S is strongly or weakly* continuous and the do-
main of f(H) is the subspace of X on which the integral is convergent. In this way
we obtain closed operators f(H). We say that H has a bounded H,, functional
caleulus in L,(M;p) over F, if all the operators {f(H) : f € F,} are bounded
and if f — f(H) is a continuous map from the Banach space of bounded holomor-
phic functions F, into the Banach algebra £(L,(M;p)) of bounded operators on
L,(M; ), i.e., if there is a ¢, > 0 such that

1f CHullp < cpll flloolullp

for all w € L,(M; ) and f € F,.
Let Ky : G — C be defined by

K(g) = (2ni)! / FOVR -1 (g)
FX

for all ¢ € G. Then it follows from a similar argument as used in the proof of
Corollary A.2 in [8] that for all & € J(d') there exist a,b > 0, independent of
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the zero-order coefficient ¢y but depending on ¢, and ¢ > 0, linearly dependent of
Re ¢y with a positive coefficient depending on ¢, such that

Ao — (D' +||a —bc/ ™| gl
(24) (3K ) 0)| < allflle(lgl')~ P e 15

for all g € G with g # e and f € F,. Moreover, it follows from Section 3 of [§],
that if f € @, then there is a C' > 0 such that ||[K¢|le < C. Therefore, if f € O,
then there is a vy > 0 such that if Recy > 1o then

1K@V @l dg < o
G
for all uw € L,(M;p). Hence if Recy > vy then

f( = [ Ky@Ulgudg
G

for all w € L,(M;p). However, if f € F, then Ky may have a logarithmic
singularity in the identity e € G and f(H) is not norm-convergent for p € [1, o0]
in general.

The key ingredient in the proof of the first main theorem of this paper is the
following proposition.

PROPOSITION 2.1. Let p € (1,00) and let H be an n-th order weighted sub-
coercive operator associated to the left (or right) regular representation of G in
L,(G;dg). Then for all ¢ € (7/2 — 0¢c, 7] there is a vy = 0 such that for all
v € C with Rev > vy the operator vl + H has a bounded Hy functional calculus
in L,(G;dg) over F,.

Proof. For the left regular representation in L,(G;dg) the derivation of the
bounded Hy, functional calculus in L,(G;dg) over F, for all ¢ € (7/2 — 0¢, 7]
is completely analogous to the proof of Theorem 3.1 from [8]. The result for the
right regular representation follows from a similar duality argument as used in the
proof of Lemma 2.1 in [8]. 1

Now we are able to state the first main result of this paper.

THEOREM 2.2. Let p € (1,00). Suppose that U : G — L(L,(M;p)) is a
continuous representation of a connected Lie group G in L,(M;p), where (M, u)
denotes a o-finite measure space. Let H be an n-th order weighted subcoercive
operator. Then the following three statements hold:

(i) For all ¢ € (1/2 — O¢, 7] there is a vo = 0 such that for all v € C with
Rev > vy the operator vI + H has a bounded Hy, functional calculus in L,(M; )
over Fy.

(i) There is a vy = 0 such that if v € C with Rev > vy and m > 0 then
the space (vI + H)™™/™(L,(M;n)) is continuously embedded in D(A®) for all
a € J(d') with ||| = m and the Riesz transform

Aa(vl+ﬁ)—77l/n
is bounded on L,(M; ).
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(ili) Let w = min{x € [1,00) : z € ;N for alli € {1,...,d'}}. If m € {nw:
n € N} then there is a vy > 0, independent of m, such that for all v € C with
Rev > vy the spaces D((vI + H)™'™) and L., coincide as sets and there is a
Cpm = 1 such that

Comaltll i <N+ H)™ "l < Cpmo |l
forallue L,

m

p;m

Proof. The proof is based on a transference method inspired by [3]. First let
p € (n/2—0¢c,m] and f € D,. Let x : G — [0,1] be a C> cut-off function such
that x(g) = 1 for all g € B;/2 and x(g) = 0 for all g € G\ B}. If R denotes the
right regular representation of G in L,(G;dg) then there exist C, n > 0 such that

(2.5) 1R(g)vll, < Ce™ o],
for all v € L,(G;dg) and g € G and, moreover,
(2.6) 1T (g)ull, < Ce™Jul,

for all w € L,(M; ) and g € G. Note that n > 0 depends on p and U.

Let H = dR(C) be the n-th order weighted subcoercive operator associated
to R. Then it follows from (2.4) and Proposition 2.1 that there exist a v > 0 and
a C1p > 0, independent of f but depending on ¢ and 7, such that if Recy > v
then

/ K £(9) (1 — x(@)] [T (9)ull, dg < / 1K 1(9)(1 — x(g))les" dg]lul,
2.7

X Cl,p

[ Flloo [ullp
for all w € L,(M; ),

/ IK7(0)(1 = (@) [ Rg)el dg < C / K (9)(1 = x(@))le"™! dgllo,
(2.8)

< Cl,pllf\loo\lvllp
for all v € L,(G;dg) and, moreover,

(2.9) I E)olly < Crpllfllsollvlly

for all v € Ly(G;dg).
Next let v € C with Rerv > max(y — Recp,0) and replace H by vI + H.
Then one can write

u—/Kf (g)udg = f(H)1u+ f(H)ou

for all w € L,(M; ut), where
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and

J(H)s = / K1(9)(1 - x(9))U(g) dg.

Set ky = K¢x. Then ks € L1(G;dg) with compact support. Suppose that one has
shown that f(H); maps L,(M;p) into L,(M;p) and, moreover, that there is a
C’ > 0, independent of p and f, such that

(2.10) 1f (H)vullp < C'Ny(ep) [l

for all w € L,(M;p), where Np(ky) > 0 denotes the £(L,(G;dg))-norm of the
operator

va—/kf g)vdg.

It follows from (2.8) that

1Ty = FH))vllp < Crpll fllsslloly
for all v € L,(G;dg), and hence from (2.9) that

Np(kp) < 2C1p[[floo-
Therefore, if (2.10) is valid then

1 (D vullp < 2C°Crpll flloollullp

for all u € L,(M; ).
Now we deduce (2.10). The operator f(H); is a well defined object for

U € Log(M;p) N Ly(M;p) because ky has compact support. Since Lo (M; p) N
L,(M;p) is a dense subset of L,(M;p) it suffices to show (2.10) for all u €
Loo(M;p) N Ly(M; p). Since U is uniformly bounded on (Bf)~! there is a ¢ > 0
such that o

1 (H)vullp < c|UR)(f (H)rw)llp
for all h € B] and u € Loo(M; p) N Ly(M;p). Then

Lf (H)1ullfy < cholG(Bi)’l/IIU(h)(f(ﬁ)W)II]‘Z dh

By
for all u € Loo(M; ) N L,y(M;p). Observe that
(.11) U (E) = [ hyle)Uhg)udg

G
for all h € B} and u € Loo(M; p) N Ly(M; p).
Next let X : G — {0,1} be the characteristic function ¥ = 1p;. Then it
follows from (2.11) and Fubini’s theorem that

Il < Voo [ | / k1 () (h) (U (hg)u)(x) dg| dhdu(a)
MB'
< PVolg(B])~ //‘/kf (U(hg)u)(x )dgpdhd,u(z)
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for all w € Loo(M;u) N Ly(M; ). Tt follows from Fubini’s theorem again that

|F(E)ull? < Volg(B})~ (N (ks))” / / 00) (U (w)or) ()P duw dpu(z)
M G

— (N, (kp))"Volg(B)) ! / S(w) / (U (w)u) ()P du(z) dw
G M
for all w € Loo(M;p) N Ly(M; ). Hence

1f (H)1ullf < (eCe® Ny (k) Vol (B1) ™' Vola (B)|ull;

for all u € Loo(M; ) N Ly(M; ) and (2.10) is proved.
Now we consider the second operator f(H)q. It follows from (2.7) that

||f(ﬁ)2u||p < Cl,p”fHOOHUHp

for all u € Loo(M; ) N Ly(M; pt). Therefore, a combination of the results above
gives o

1 (H)ully < (2C" + DCp|| flloolull»
for all u € L, (M; ). This result extends to all f € F,, by McIntosh’s convergence
theorem ([13], Section 5) and the proof of (i) is complete.

Next we prove (ii) and (iii). We use a similar approximation procedure as
used in [2] and we show that that there is a 19 > 0 such that if v € C with
Rev > 1y then the space (vI + H)~™/"(L,(M;u)) is continuously embedded in
D(A®) for all a € J(d') with ||a| = m and the Riesz transform

Al +H)~™/"
is bounded on L,(M;p). Fix N € N, N > D’ and for all j € N with j > 2Rev
and Re v sufficiently large consider the operators
(2.12) X; = NGI+H) "Nl +H )™/

Then for ||a|| = m with m > 0 one expects to find a vy > 0 such that the operators
A*X; converge to A*(vI +H)~™/™ as j tends to infinity and Rev > 1. We prove
that for Rev > 1y the operators A*X; are bounded uniformly in j on L,(M;u)
and it follows from this result that (vI 4+ H)~™™/™ maps into the domain of A®
and A%(vI + H)~™/™ is bounded on L,(M;u). The uniformity with respect to
7 is obtained from the uniform upper bounds with respect to j for the Lie group
kernels of A*X; for large |g|’, established similarly as in [2].
Set

ko) = [ 10K ) dg
0
for all g € G and j € N, where

t
fi(t) =N (N~ 1)!*1F(m/n)*1/xN*1e*ﬂ(t _ g)m/n—lemv(t=a) gy
0
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Let m > 0 and o € J(d') with ||« = m. It follows from [2] that

A*Xju= /kj,l(g)U(g)udg—k/kj’g(g)U(g)udg
a el
for all w € L,(M; ) and j € N, where
k‘j,l = (Avak‘j)x and kj’g = (gaijl — X).
Let Np(kj1) > 0 be the £(L,(G;dg))-norm of the operator

Wiv = [ kj1(g9)R(g9)vdg
/

for all j € N. Let Np(go‘kj) denote the £(L,(G;dg))-norm of the operator

Vio= [ (A*)(@)Rig)vdg
G

for all 5 € N. Then it follows from a similar argument as used in the proof of
Theorem A.1 of [8] that there exists a ¢ > 0 such that

Ao —evt/ gl
(2.13) kj2(9)] < |(A%K;)(9)] < e i

for all g € G\ B} and j € N. Therefore it follows from (2.5), (2.6) and a similar
argument as used in the proof of Theorem 2.3 from [2] that there is a vy > 0 such
that if Rev > 1 then there is a C3;, > 0, independent of j and v, such that

(W = Vi)vllp < Copllvllp
for all v € L,(G;dg) and j € N,
Np(gakj) < CZP
for all 7 € N and, further,

(/][ Baowemeas
M G

for all w € Loo(M;p) N Ly(M; ) and j € N. Hence if Rev > v then
Np(kja) < 2Cop

for all j € N. Next it follows from a similar transference argument as used above
that if Rev > vy then there is a C' > 0, independent of v, such that

| [ Ba@ @i as) antw) < €N, ksrlal
M G

for all w € Loo(M;p) N Ly(M; p) and j € N. Tt follows that
A" Xjullp < (2C +1)Copllull

for all w € Loo(M;p) N Ly(M; ) and j € N. Finally the Statements (ii) and (iii)
follow as in the proof of Theorem 2.3 in [2] (see also [11], Section 9). 1

D 1/p
du<x>) < Callul,
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In the following theorem we formulate a rather weak condition which ensures
the existence of weak type (1, 1)-estimates. The theorem generalizes the weak type
(1,1)-estimates deduced in [2] and [8], Proposition 3.2.

THEOREM 2.3. Let (M, u) be a o-finite measure space. Let G be a connected
Lie group and suppose that U is a continuous representation of G such that there
exist c¢1,co > 0 such that

u({z € M: (U))@)) > 7)) < euplfr € M: [u(@)] > ear})

for all g € By, u € Liy(M;pn) and 7 > 0. Let H be an n-th order weighted
subcoercive operator. Then the following two statements hold:

(i) For all ¢ € (w/2 — Oc, 7] there is a vy = 0 such that if v € C with
Rev > vy then there is a ¢ > 0, independent of v, such that

n(fe € M |(FI + Hu)(@)] > 73) < eI lollulls

for allu € Ly(M;p), 7> 0 and f € ®,.
(ii) There is a vy > 0 such that if m > 0 and v € C with Rev > vy then
there is a ¢ > 0, independent of v, such that

p({r € M [(A"Xju)(2)] > 7}) < erHully
forallu e Li(M;pu), 7> 0, j € N and a € J(d') with ||| = m. The operators
X, for j € N are the operators as defined in (2.12) in the proof of Theorem 2.2.

Proof. We only prove the first statement. The second statement can be
proved analogously.

Let p € (m/2 —0c,7], f € @y, u € Ly(M;p) and 7 > 0. Let x : G — [0,1]
be a C* cut-off function such that x(¢g) =1 for all g € Bi/z and x(g) = 0 for all

g € G\ Bj. If R denotes the right regular representation of G in L;(G;dg) then
there exist C,n > 0 such that

(2.14) 1T (g)ull < CeV [uly
for all u € L1(M; ) and g € G and, moreover,

(2.15) IR(g)v]l1 < e |lv]|,

for all v € L1(G;dg) and g € G. Note that 7 > 0 depends on U.

Next let H = dR(C') denote the n-th order weighted subcoercive operator
associated to R. Then it follows from (2.4) and a similar argument as used in the
proof of Proposition 3.2 in [8] that there exist a v > 0 and a ¢z > 0, independent
of f but depending on ¢ and 7, such that if Recg > - then

(2.16) /IKf(g)(l = X(@)HIU(g)ullr dg < sl flloollullx
G

for all u € Ly (M;p) and

(2.17) /\Kf(g)(l = x(9)I 1R(g)vl[1 dg < csl flloollv]l1
G
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for all v € L1(G;dg) and, moreover,

(2.18) Vol ({g € G+ |(f(H)v)(9)] > o}) < eso ™ |f [l 0]l

for all o > 0 and v € Ly1(G;dg).

Next let v € C be such that Rev > max(y — Recp,0) and replace H by
vl + H. We first estimate

({rem | [owoam>-})

where ky = Kyx. Let X : G — {0, 1} be the characteristic function ¥ = 15, again.
If h € B] then

/wwwmxwmmwz/mwwwxmmmwzjwmwmmmmwwmmg

G B! B
=/M@ﬂmwmwm9
G
Therefore

({xe/\/l ’/k‘f )dg‘>T})
_ u({l‘ cM: ’(U(h—l)(G/kf(g)U(hg)udg>)(m) > r})
= M({x eM: ‘(U(hl) (G/kf(g)%(hg)U(hg)“@)>($) g T})
<<au({xe§A4 |!Vw 9)X(hg hg>><>d9|>‘27}>

for all h € Bj. Moreover, if

70 = [ Ky()(1 - x(o) R(g)v dg

for all v € L1(G; dg) then it follows from (2.17) that

1Tyl < esll fllool[lla
for all v € Ly1(G;dg). Therefore, it follows from (2.18) that

Vol ({g € G = |((f(H) = Ty)v)(9)| > o}) < 230 | fllos o]y
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for all v € L1(G;dg) and o > 0. Then it follows from (2.14) and Fubini’s theorem
that there exist b,c > 0, independent of f,u and 7, such that

n({oen !kf<g><U<g>u><x> dg‘ >r})

<evola(5) [u({oe M| fistoxing) @ hayi)o) g >ear | Y
G

B

— o Volg(B) ,Z volo ({1 < 5 : \ / k1(9)%(hg) (U (hg)u)(x) dg\ >t )aula)

< 1 Volg(B))~ /Volg<{heG ’/kf Y(hg)(U (hg)u)(z) dg’>027})du(z)
< ey Volg(B))~ /c|\f||007 /ng )(U(g)u)(x)|dg dpu(z)

— crer Y| e Vola (B / / (U (9)u)()| dpu(z) dg

< crber ™| f]l oo Vol (By) ™ 1V01g(BQ)||uH1.
So the inequality for the operator with kernel ky is proved. Finally

/ | 100 -3 W@ dg\ dpu(z) < call ool
M G

In particular the operator with kernel K (1 — x) also satisfies a weak type (1,1)-
estimate and the theorem follows immediately. &

Now we discuss a class of representations affiliated to cocycles and quasi-
invariant measures. This class embraces the class of continuous unitary represen-
tations induced by a character.

EXAMPLE 2.4. Let X = G/M with G a connected Lie group and M a o-
compact Lie subgroup. Let S : X x G — C be a continuous cocycle, i.e.,
S(z,e) =1 and S(z,gh) = S(hz,g)S(x,h)

for all g,h € G and z € X.

Moreover, let dx be a quasi-invariant non-zero positive regular Borel measure
on X. By the Radon-Nikodym theorem there exists a function R : X xG — (0, o0)
such that for each g € G the function x — R(z,g) is Borel measurable, for all
p € C.(X) the function x — p(z)R(x,g) belongs to L1 (X;dz) and

/w(g‘lm)dx = /s@(x)R(m,g) dz.
X X

Suppose in addition that R is continuous and that there exist Cr,Cs > 1 such
that

(2.19) Cp' < R(z,9) < Cg
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and
(2.20) Cs' < S(z,9) < Cs

for all x € X and g € B]. Let p € [1,00] and consider the representation U of G
in L,(X;dx) given by

(221)  WU(gw)@) =S, Rz, g ) 2u(g ), ae ze X

for all ¢ € L,(X;dx) and g € G. Then it follows from Proposition 2.7 of [18]
that U is a strongly continuous representation of G in L,(X;dx) if p € [1,00)
and weakly* continuous if p = co. Therefore if p € (1,00) then it follows from
Theorem 2.2 that for each weighted subcoercive operator H associated to U and
¢ € (m/2 — fc,m| there is a vy > 0 such that if v € C with Rev > vy then
vl + H has a bounded H, functional calculus in L,(X;dx) over F,, and the
Riesz transforms of vI + H are bounded on L,(X;dz). Moreover, if u = du,

g € B and v € Li(X;dz) then
p({z € X |(U(g)u)(z)| > 1})
= u({z € X :|S(z,g7") ' R(w, g~ ") Pulg x)| > 7})
<p({z e X :u(g )| > C5'CRr'PrY)

:/1{x€X:|u(z)|>Cglcg1/2ﬁr}(y>R(y7g) dy
X

< CR/1{x€X:|u(aj)|>C§10};1/2T}(y) dy
X

=cap({z € X : |u(@)] > co7})

for all 7 > 0, where ¢; = Cr > 1 and ¢y = 0516,;1/2 > (0. Therefore it follows
from Theorem 2.3 that weak type (1,1)-estimates are valid for the functional
operators and Riesz transforms. 1

In the following example we consider continuous representations of a con-
nected Lie group G induced by a representation of G by measurable bijections
from (M, p) onto (M, ) with (M, ) a o-finite measure space (generalizing the
left Haar measure preserving left regular representation of G). See also Theo-
rem 2.6 in [3].

EXAMPLE 2.5. For a o-finite measure space (M, 1) let T be a representation
of a connected Lie group G by measurable bijections from (M, u) onto (M, u) such
that there exist ¢1,co > 0 such that

w(T(g){z € M : |u(z)| > 7}) < ap({z € M: |u(z)] > co1})

for all g € Bj, 7 > 0 and u € Li(M;pu). Set U(g)u = uwoT(g ') for all
u € Liy(M;pu) and g € G and assume that U is a continuous representation in
Li(M; ). Then

p({z € M1 |(U(g)u)(2)] > 7}) = u(T(g){z € M : |u(z)| > 7})
<ap({z e M: |u(z)| > ca7})
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for all g € By, 7 > 0 and u € L1(M;p), and weak type (1,1)-estimates hold for
any weighted subcoercive operator associated to U, by Theorem 2.3.

If T is a representation of G by measure preserving measurable bijections
from (M, p) onto (M, u) then the corresponding U need not be continuous. One
easily verifies, however, that there exist C, 7 > 0 such that

[ (@)l dute) < ce ul,
M

for all u € L1(M; ) and g € G and the proof of Theorem 2.3 still works. 1

3. REDUCED OPERATOR KERNELS

We show in this section that the Riesz transforms and functional operators of a
strongly elliptic operator H, affiliated to U, given by (2.21), are reduced kernel
operators, and we derive upper bounds for these reduced kernels. Before we can
introduce resolvent reduced kernels, we need the following lemma. In the sequel,
R, s and Ky denote the Lie group kernels corresponding to the strongly elliptic
operator H, associated to U, given by (2.21). By Lemma 2.4.IV in [18], there is a
unique function p : G — (0, 00) such that
R(k.g) = p(gk)p(k) ™"

for all g,k € G, and, further,

/ ©(9)p(g)dg = / / ¢(gm)dmdg

G G/M M

for all ¢ € C.(G). Moreover, let Ag : G — (0,00) denote the modular function
of G. Let A(8;w) and p(v;A), with 8 € (0,0¢), w > 0 and v € A(f;w), be as in
Section 2.

LEMMA 3.1. For all § > 0 there exists an wy = w such that the integral
/Ru,a(gmflk“)s(’%,gm*lk*l)(p(g)P(km))71/2Ac(m*1k*1)dm
M

exists for all g,k € G with g # k, uniformly with respect to v € A(O;w) with
Rev > wyg.

Proof. Let 6 > 0. By Theorem A.1 of [8] there exist a,b > 0 such that

IRy 5(gm k)| < ae i) Mlgm

3.1
( ) g aebp(U;A)l/n(\g\+|k|)e*bp(V;A)l/"\m\

for all m € M and g,k € G such that |[gm~ 1k~ > C for some C' > 0 to be
determined in the sequel and v € A(6;w).
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Alternatively, it follows from (2.19) and a chain argument (cf. also Lemma 2.2
in [18]) that there exist C,n > 0 such that

(p(g)p(km)) =12 < Cp(g)~/2en*lenlml

for all m € M and g,k € G, and, moreover, it follows from (2.20) and a chain
argument (cf. also (87) in [18]) that

1S(k, gm ™'k~ 1)| < e (gl+Im|+[k])
for all m € M and g,k € G. Next, there exist C,n > 0 such that
AG(mflkfl) < Cenlklgnlml

for all m € M and k € G. ) _

Finally, let g, k € G be such that g # k. Then there exists a C' > 0 such that
lgm =1k~ > C for all m € M. Indeed, if there is a sequence mq,ma,... in M
such that [gm,, 'k~ < 1/n for all n € N then my, € By k41 for all n € N. Since
B|g4|k|+1 is compact and M is closed, one can pass to a convergent subsequence

in M and there is an m € M with [gm~'k~!| = 0. But then g = k.

Hence, there exists an wy > w, depending on § > 0, such that the integral
is absolutely convergent, uniformly for all v € A(f;w), with Rev > wy, and the
lemma follows. &

Let aq,...,aq be a basis for the Lie algebra g of G. In Proposition 2.10 of
[18] we proved the existence of the continuous heat kernel x : X x X — C of

the holomorphic semigroup generated by H. Next, consider the contragredient
representation of U in each L,(X;dx) defined by

(U(9)9)(@) = S(z, g~ Rz, 97 2p(g710), ae. z€ X
for all ¢ € Ly(X;dx). For all i € {1,...,d}, let R; denote the infinitesimal
generator in the direction a; affiliated to lv] Let V be the representation of G in
Lo (X;dzx) defined by
(V(9)p)(z) = p(g7'z), ae zeX

for all ¢ € Lo(X;dz) and ¢ € G. Let B; = dV(a;) denote the infinitesimal
generator of the one parameter group ¢ — V(exp(—ta;)) in Loo(X;dx). Consider
the metric d : X x X — [0,00) on X defined by

d
32 d(asy) = sup { 6(e) ~ )] 0 € Cone(X) real and 3 |0 < 1

for all z,y € X, where C},00(X) denotes the space of all infinitely differentiable
functions on X with uniformly bounded derivatives. Introduce the balls B(x;7)
by

B(x;r)={y e X : d(z;y) <r}

for all z € X and r > 0. Let Ry,..., Rq denote the infinitesimal generators in the
Vv

directions aq, ..., aq associated to the representation U. Then in Proposition 2.11
of [18] it was shown that ; is pointwise C'*° in the second variable with respect



280 C.M.P.A. SMULDERS

to Ry,..., Rq, and, moreover, if 3 € J(d) and R’ denotes the pointwise (multi-)-
derivative, with respect to the second variable, then R”k; is pointwise C™ in the
first variable, with respect to the infinitesimal generators Ay,..., A;. Further, if
a, B € J(d), A* denotes the pointwise (multi-)derivative, with respect to the first
variable, and R” denotes, again, the pointwise (multi-)derivative, with respect to
the second variable, then A% RPk; is given by the reduction formula

ARG = S ds
(7,6)ELH(B)
: / (A“RYEK) (gm ™ k™) S (k, gm™ k™) (p(g)p(km)) /> Ag(m ™"k~ ) dm
M
for all g,k € G and ¢t > 0. Further, it follows from Theorem 2.12 in [18] that for
all a, 8 € J(d) there exist a,b > 0 and w’ > 0 such that
(A R%k¢) (5y)| < e(Volx (B(x;1))Volx (B(y; 1))
4 (al+|Bl+d—dar) /ngw't o —b(d(z;y)"t~ 1) ("D

—1/2
(3.3)

for all z,y € G/M and t > 0.
By Lemma 3.1 one can define, for v € C with Rewv sufficiently large, the
function r, 5 : X x X \ {(z,2) : 2 € X} — C by

Tv,6 ga

/ Ry 5 (gm™ k1) Sk, gm™ k) (p(g)p(km)) "2 A (m~ k) dm

3.4 = [T [ e O K (gm™ Yk~ ) dt

o - /
- S(k, gm™ k1) (p(9)p(km)) T2 Ag(m ™' k1) dm
-1 e Vtté 1 k)dt
o

for all g,k € G such that g # k.

REMARK 3.2. If v € C with Rev sufficiently large, then the expression for
Tu5, in terms of the integral of &, is absolutely convergent, in virtue of the upper
estimates for x; stated in (3.3). We may reverse the order of integration in the
double integral, because one can show, by a similar estimation argument as used
in the proof of Theorem A.1 in [8] that there exist a,b > 0 such that

/F(é)_le_ytté_l|Kt(gm_1k_1)|dt < ae—bp(u;A)l/"|m|
0

for all m € M if g # k. Now, by a similar bounding argument as used in the proof
of Lemma 3.1, the repeated integral in (3.4) is absolutely convergent. 1
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The 7, s are reduced resolvent kernels by the following identity.

PROPOSITION 3.3. Ifp € [1,00] and ¢ € L,(X;dz) then

(v + H) ) () = / rya(z:9)e(y) dy

X
for a.e. x € X.

Proof. The proposition follows directly from Laplace transformation, and the
observation that x; is the reduced heat kernel of S = S; generated by H. 1

Next, the left derivative in the direction a; on the Lie group G is denoted by
A; and the right derivative by R;. If B € J(d), then by Lb() we denote the set of
all (,d) € J(d)? such that v is a multi-index obtained from 3 by omission of some
indices and 4 is the multi-index formed by the omitted indices (cf. [7], p. 747).
Moreover, if § = (j1,...,41) € J(d) then we set ds = (Eleg)(e) e (EﬁAg)(e).
Then, by similar arguments as used in the proof of Proposition 2.11 in [18], and
using the upper bounds in (2.2), one can show that for all o, 5 € J(d) one has

(AR, 5)(gik) = Y @ / AR Ry ) (gm™ k)
(v,0)€Lb(B

: s<k K ) Ao i

1/6 VHOTLAY R ky) (g; k) dt
0

for all g,k € G, with g # k.
In the following lemma we state bounds for r, 5 and its derivatives.

LEMMA 3.4. For all o, € J(d) and 6 € (0,0¢) there exist a,b > 0 and
w > 0 such that

(A B7,.5) )] < Vol (B3 1)) Vol (B(y; 1)) ~/2p =l =190
n —bpt/ " d(x;
 Flajs1p1,6(p" " d(a; y))e ™00 "4
for all x,y € X with x #y and v € A(0;w), where p = p(v; A) and

g (dmdmtk=nd) it d _ dyr 4+ k > nd,
Frs(x) =19 1+logha? if d —dy 4+ k = nd,
1 ifd—djvj+k<n(5,

with logTy =logy ify > 1 and log"y =0 if y < 1

Proof. The proof is analogous to the proof of Theorem A.1 in [8] or Theo-
rem IT1.6.7 in [16], since the estimates depend on the upper bounds for x; and all
its derivatives, stated in (3.3). 1
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By similar arguments as used in the proof of Proposition 2.11 in [18], again,
but now using the upper bounds from (2.4), one can sh@v that, if Recq is suffi-

ciently large for the coefficient ¢y of H, the operator f(H) has a reduced kernel
ks such that for all o, 8 € J(d)

(A“Rkp)(gik) = Y ds
(7.6)ELb(B)

- / (A°RVE ) (gm™ k") S (ks gm™ k) (p(g)p(km)) "2 A (km) ™) dm
M

for all g,k € G such that g # k.
In the following lemma, we state upper bounds for k and its derivatives.

LEMMA 3.5. Let o, 8 € J(d), 0 € (0,0¢) and ¢ € (7w/2,7]. If the real part
of the zero-order coefficient ¢y of H is sufficiently large then there exist a,b > 0,
independent of cg, and ¢ > 0, linearly dependent on Recy, such that

(A“RP k) (a3 )]
< a(Voly (B(w; 1)) Volx (B(y; 1)) ™V 2|| oo (d(a; 7))~ (@ Hlel #15D g be! i)
forall f € F, and x,y € X with x # y.

Proof. The proof is similar to the proof of Corollary A.2 in [8], if we use the
kernel bounds for x, and all its derivatives, stated in (3.3). 1
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