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ABSTRACT. The aim of this paper is to extend the classical recurrence the-
orem of A.Y. Khintchine, as well as certain multiple recurrence results of
H. Furstenberg concerning weakly mixing and almost periodic measure pre-
serving transformations, to the framework of C*-algebras 20 and positive
linear maps @ : A — 2 preserving a state ¢ on 2. For the proof of the mul-
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1. INTRODUCTION

Recurrence was introduced by Poincaré ([30], Chapter XXVI) in connection with
its study on Celestial Mechanics and refers to the property of an orbit to come
arbitrarily close to positions already occupied. Poincaré noticed that almost all
orbits of any bounded Hamiltonian system are recurrent. His result, stated in a
measure-theoretical form, is known as Poincaré’s recurrence theorem:

Let T be a measure-preserving transformation of a probability space (2,3, u).
Then o .
p(An N UT™*4) = pu(a)
n=0k=n

for every set A € ¥ i.e., the orbit of almost every x € A returns infinitely of-
ten in A.
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The literature concerning this theorem is very large but all the basic facts
can be found in the monographs of U. Krengel ([23], Section 1.3) and K. Petersen
([29], Section 2.3).

Let us recall that (for T a measurable transformation of a measure space
(Q, X, 1) such that inverse images of sets of zero measure have zero measure) the
statement of Poincaré’s recurrence theorem is equivalent with the nonexistence of
wandering subsets of non-zero measure:

(NW) AeX, u(A) >0 implies W(ANT™"A) > 0 for somen > 1.

See [23], Section 1.3, Theorem 3.1 for details.

Khintchine’s recurrence theorem ([21]; see also [29], Chapter 2, Theorem 3.3)
provides a quantitative version of the validity of (NW), hence of Poincaré’s recur-
rence theorem:

If T is a measure-preserving transformation of a probability space (Q, %, u)
then, for every A € ¥ and every € > 0, there exists a relatively dense subset N of
N=1{0,1,2,...} such that

WANT"A) > u(A)? —¢ forallneN.

Recall that a subset A of N is called relatively dense provided that there exists
an L > 0 such that in every interval of natural numbers having length > L one
can find a number n € N. If T is a mixing mapping then u(ANT"A) — u(A)?,
so that the above estimate is the best possible.

Much later, in order to produce an ergodic-theoretical proof for a famous
combinatorial theorem of E. Szemerédi ([36]), H. Furstenberg gave another kind
of extension of Poincaré’s recurrence theorem by proving the following multiple
recurrence theorem:

For T any measure-preserving transformation of a probability space (2, 3, ),
AeX, uA)>0,j=>1

n

= lim inf ANT*ANT 24N .NT7*%4) >0
minf o7 2 >

= u(ANT"ANT AN AT I"A) > 0 for somen > 1.

See [14], [16] and [15] for details.

Let us reformulate the above recurrence theorems in the framework of oper-
ator algebras. For the theory of von Neumann algebras we refer the reader to [34],
and for the general theory of C*-algebras to [35].

If T is a measure-preserving transformation of a probability space (2, X, u)
then the formula ®(f) = f o T defines a x-endomorphism ® of the commutative
von Neumann algebra L*°(u), which leaves invariant the faithful normal state
@:L®(u) > fr [ fdp

Then Poincaré’s recurrence theorem can be stated as

o0 o]
pA N VO (p)=p for every projection p € L°(u),
n=0 k=n

where /\ and \/ denote the lattice operations on the projection lattice of the von
Neumann algebra L ().
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Similarly, Khintchine’s recurrence theorem can be reformulated in this setting
as follows:

For every projection p € L (u) and every € > 0, there exists a relatively
dense subset N of N such that

o(p®"(p)) = ¢(p)? —¢ forallm € N.

Finally, Furstenberg’s multiple recurrence theorem states that

p € L>(u) projection, j > 1

.. 1
= lim inf
n—oo 1+ 1

> e(p®* (p) @ (p) - - - ®7*(p))] > 0.
k=0

It is easy to get an extension of Poincaré’s recurrence theorem to the setting
of arbitrary von Neumann algebras:

THEOREM 1.1. Let M be a von Neumann algebra, ¢ a faithful normal state
on M, and ® : M — M a x-homomorphism such that p o ® = . Then

o0 oo
V dF(p) = V OF(p) = p for every projection p € M and every n > 0,
k=n k=0

50
o0 o0
pA N VO (p)=p for every projection p € M.

n=0 k=n

Proof. First we show that ® is unital and normal. Indeed, since the image
®(1rq) of the unit 15 of M is a projection, we have 1oy — ®(1r) > 0. Since
o(Ipg — ®(1aq)) = 0, by the faithfulness of ¢ we infer that 1y — ®(1a¢) = 0.
Further, if 0 < a, / a in M then (®(a,)), is upward directed and bounded
above by ®(a), so there exists b < ®(a) in M such that ®(a,) / b (see [34],
Proposition 2.16). But then

p(b) = limp(P(a,)) = limp(a,) = ¢(a) = ¢(P(a))

and the faithfulness of ¢ yields b = ®(a).
Next we prove that, for any n > 0,

() o( Vatw)= V o).

k=n-+1

For we notice that ® is w-continuous (see [34], E.5.17), so (M) is a von Neumann
subalgebra of M (see [34], Corollary 3.12) and Ker(®) is a w-closed two-sided
ideal of M, hence there exists a central projection ¢ in M such that Ker(®) =
M(1p—q) (see [34], 3.20). Then the restriction of ® to g is a *-isomorphism onto
d(M), so

oV ot@) =e((

— Vo@pg) = V ).

k=n k=n-+1

:\7 *(p))q) = q’( V (‘Pk(p)q))

n k=n
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o0
According to (x) and ¢ o ® = ¢, the sequence <p( \ @k(p)), n > 0, is
k=n
o0
constant and by the faithfulness of ¢ it follows that also the sequence \/ ®%(p),
k=n
n 2= 0, is constant. 1

However, in the case of non-commutative M the strength of the statement
of Theorem 1.1 can be quite reduced, because the more non-commutative M is,
the less the lattice operations in the projection lattice of M reflect the nearness
of the projections. For example, it does not matter how close two non-equal, one-
dimensional projections p, ¢ are in the algebra Ms(C) of all complex 2 x 2-matrices,
p A q is always zero, while p V ¢ is equal to the unit element of My (C).

In contrast with Poincaré’s recurrence theorem, Khintchine’s recurrence the-
orem has a right substantial extension to the setting of non-commutative operator
algebras. Let us recall that, for 2,8 two C*-algebras and ® : A — B a linear
map, if ® is positive then the following Schwarz type inequalities of Kadison hold:

®(a)*®(a) < ||®]|P(a*a) for every normal a € A

(see e.g. [35], 5.8). If ® is positive and = € A is arbitrary then, summing up
Kadison’s inequality for a = z + z* and for a = i(x — z*), we have the following
inequality of Stérmer:

O(2)"@(z) + (2)®(2)" < [P @(a"x + z27)

(see [33]). In particular, if ® is positive and 7 is a trace on B such that also 70 ®
is a trace then

T(P(x)*®(x)) < ||®||(7 0 ®)(z*z) for every x € .
We also recall that ® is called Schwarz map if
O(z)" ®(x) < D(z*z) for every z € A,

in which case ® is positive and of norm < 1 (see e.g. [35], 5.10). If ® is a *-
homomorphism or, more generally, ® is 2-positive and of norm < 1, then it is a
Schwarz map.

The following non-commutative generalization of Khintchine’s recurrence
theorem, already proven in [28] if 2 is unital and ® is a unital *-homomorphism,
will be proved in the next section:

THEOREM 1.2. Let 2 be a C*-algebra, ¢ a state on A and ® : A — A a
positive linear map such that ¢ o ® = . Let us assume that

(©) P(P(z) @ (x)) < p(a"x) for every z € A,

which happens whenever ® is a Schwarz map or ¢ is tracial and |®|| < 1. Then,
for every x € 2 and € > 0, there exists a relatively dense subset N of N such that

Rep(z*®"(x)) > |p(z)|> —¢  for alln € N.

It is easily seen that, for 2, ¢ and ® as in the above theorem, we have also
the upper estimate

Rep(z* @™ (z)) < p(z*x) — %g@((fb”(aj) — )" (" (x) —x)), ze€™A, neN
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On the other hand, the above theorem and Lemma 9.4 (see Appendix B below)
imply that

n
h,?l,igéf n—lt— 1 Rekz_oap(x*fbn(x)) >0 whenever z € 2, p(x) # 0.

Partial extensions of Furstenberg’s multiple recurrence theorem to the non-
commutative setting will be proved in two particular cases: for weakly mixing
C*-dynamical systems and for almost periodic C*-dynamical systems.

Let A be a C*-algebra, ¢ a state on 2 and ¢ : A — 2 a positive linear map
such that p o ® = ¢ and p(P(x)*P(z)) < p(z*x) for every x € A. We say that:

— @ is ergodic with respect to ¢ if

n

> (e (2) — p(y)p(x)) =0 for all z,y € A;
k=0

(E) lim

— & is weakly mizing with respect to ¢ if

NS k
(WM) Jim g kZ_O | o(y@" (@) — p()p(a)| =0 for all 2,y € %;

— @ is almost periodic with respect to ¢ if, denoting by 7, : A — L(H,)
the GNS representation associated to ¢ and by &, its canonical cyclic vector,

(AP) {m,(®" ())&, : n € N} is relatively compact in H, for all € 2.

We shall call a pair (2(, ®) consisting of a C*-algebra 2 and a *-homomor-
phism @ : A — A, a C*-dynamical system.

Furthermore, we shall call any triplet (2, ¢, ®) consisting of a C*-algebra 2,
a state ¢ on A and a *-homomorphism ® : A — A with ¢ o ® = ¢, that is a C*-
dynamical system leaving invariant a state, a state preserving C*-dynamical sys-
tem. In other words, a state preserving C*-dynamical system is a non-commutative
C*-probability space (2, ¢) (see [39], [7]) together with a *-endomorphism ® of
preserving the non-commutative probability ¢. We say that the state preserving
C*-dynamical system (2, ¢, ®) is ergodic (respectively weakly mixing, almost peri-
odic) if ®@ is ergodic (respectively weakly mixing, almost periodic) with respect to

¢. Furthermore, for any integers p > 1 and mq,...,m, > 1, m; # mj s for j # j',
we say that:
(WMpn,,...om,) (&, @, ®) is weakly mizing of order (my, ..., m,) whenever
1 n

D el ) 0 o) = el )] <0
for all zg,z1,...,z, € A
(UWMpny,..im,) (& @, @) is uniformly weakly mizing of order (m1, ..., m,) when-
ever

lim  sup
n—oeo pe n+1

| (@@m () - B () — () p(an) - plap)| = 0
p(zz*)<1 k=0
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for all z;,...,z, € A.

Denoting by 7, : 2 — L(H,) the GNS representation associated to ¢ and
by &, its canonical cyclic vector, (WMml,,,,,mP) means that the bounded sequence

§n = T ((I)mlin(xl) T (I)mp-n(xp))gsa - ‘P(ml) ce ‘P(mp)gcp € Htpv n=1
is weakly mixing to zero as defined in Appendix B (before Theorem 9.5), while
(WMmlw’mP) means that the above sequence is uniformly mixing to zero. Weak
mixing (uniformly weak mixing) of order (1,...,p) will be called simply weak
mizing (uniformly weak mizing) of order p.

H. Furstenberg has proved that if (2, ¢, ®) is a weakly mixing state preserving
C*-dynamical system with commutative 2 then it is weakly mixing of all orders
(see [14], Theorem 4.11). The following example shows that there are weakly
mixing C*-dynamical systems which are not weakly mixing of order 2.

Let H be a Hilbert space with orthonormal basis {£o} U {n; : j € Z} and let
U denote the unitary operator on H defined by

Ufo = 607 U773 = Mj+1, .7 € 7.
Then Ad(U) : ¢ — UxzU* is a *-automorphism of the C*-algebra L(H) of all

bounded linear operators on H, leaving invariant the state we, :  — (&0 | o).
For any linear combinations

k k
E=Xobo+ Y Ay, n=pobo+ Y pymy
j=—k j=—k
we have
(U™ [m) = Aofio = (€] &) - (§o |n) =0 formn>k
and it follows that

(U™ n) = (€18) - (& [n) forall§,ne H.

Consequently, for every xz,y € L(H),

we, (YAA(U)" (2)) = (U"x8o | y"S0) = (20 | §0) - (€0 | ¥760) = we, (¥)we, ().
In particular, the state preserving C*-dynamical system (L(H),we,,Ad(U)) is
weakly mixing. However it is not weakly mixing of order 2. Indeed, if zo de-

notes the partial isometry which carries &y in 79 and vanishes on the orthogonal
complement of &y, xo = 2™ and z; stands for the unitary on H defined by

1o = &0, TN =1N-j, JEZL,
then we have
we, (2o Ad(U)* (21)Ad(U)* (22)) = (U 21U 2080 | 2260) = (U 21U 0 | 10)

= (Urzimi | m0) = (UFn—k | no) = (no | no) = 1,

and
n

1 X
i ngo (20 Ad(U)*(21)Ad(U)* (22)) =1, n >0,
k=0
while we, (0 )we, (1 )we, (22) = 0 (as we, () = 0).
Nevertheless, the implication (WM) = (WM 2) holds under a mild commu-
tativity assumption concerning the support of the invariant state. More precisely,
it will be proved in Section 7:
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THEOREM 1.3. Let (2, ¢, ®) be a weakly mizing state preserving C*-dyna-
mical system, such that the support projection of ¢ in the second dual A** is central.
Then (A, p, @) is weakly mizing of order (m1,ma) for any integers 1 < my < mo.

We recall that if ¢ is a state on a C*-algebra 2 and the support s(p) of ¢ in
2** is central, then there exists a unique one-parameter group o? : R 3 t — o} of

x-automorphisms of A**, called the modular automorphism group of ¢, such that

(1) ¢ satisfies the KMS-condition with respect to the group ¥ and

(2) every of acts identically on 2** (Lo — s(¢));
(see e.g. [34], 10.17 or [4], Theorem 5.3.10). Every s-automorphism « of A**
satisfying ¢ o a = ¢ commutes with the modular automorphism group of ¢. Also,
the support projection in 24** of any tracial state 7 on 2 is central and the modular
automorphism group of 7 is the identity group, which commutes with any map on
2A**. Also the following theorem will be proved in Section 7:

THEOREM 1.4. Let (2, ¢, ®) be a weakly mizing state preserving C*-dyna-
mical system, such that the support projection s(p) of ¢ in the second dual A**
is central and s()®** commutes with the modular automorphism group of ¢. Then
(A, p,®) is uniformly weakly mizing of order (my,mso) for any integers
1 <my < ma.

We do not know, whether every weakly mixing state preserving C*-dynamical
system (2, ¢, ®) with invertible ®, for which the support projection of ¢ in 2A**
is central, is weakly mixing of order 3. Implication (WM) = (UWM,,, .. m,) for
any integers 1 < my < --- < m, will be proved only assuming that (2, ®) is
norm-asymptotically abelian in density, that is it verifies

n

D @F (), 4]l =0 for all z,y € A,
k=0

lim

where [z,y] = 2y — yz stands for the commutator:

THEOREM 1.5. Let (2, ¢, ®) be a weakly mizing state preserving C*-dyna-
mical system such that (A, @) is norm-asymptotically abelian in density. Then
(A, @, ®) is uniformly weakly mizing of order (m1,...,my) for any integers p > 1
and 1 <my < -+ < my.

In Section 4 we shall prove a splitting result for state preserving C*-dyna-
mical systems (2, ¢, @), with central s(¢), similar to the classical splitting theorem
of K. Jacobs, K. de Leeuw and I. Glicksberg (Theorem 4.2; see also Proposi-
tion 5.5). It will follow that such a C*-dynamical system is weakly mixing if and
only if it has no almost periodic “non-scalar subsystem” (Proposition 5.4).

For almost periodic state preserving C*-dynamical systems, the following
multiple recurrence theorem will follow from Corollary 4.3:
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THEOREM 1.6. Let (U, p, ®) be an almost periodic state preserving C*-dyna-
mical system, such that the support projection of ¢ in the second dual A** is central.
Then, for every integers mo,m1,...,mp = 0, To,T1,...,Tp € A and € > 0, there
exists a relatively dense subset N' of N such that

(70" (20) @™ ™ (21) - B ™ (2p)) — (w1 -+ wp)| <& for allm € N.

By Theorems 1.3, 1.5, 1.6 and by Lemma 9.4, if (2, ¢, @) is a state preserving
C*-dynamical system and 1 < m; < --- < m, are integers, then

1
lim inf
n—oo 1+ 1

Z lo(a®™ F(a) - @™ F(a))| >0 f0<aeWUpla) >0
k=0

in each one of the following situations:

(1) s(¢p) is central, ® is weakly mixing with respect to ¢ and p < 2,
(2) (A, @) is asymptotically abelian and & is weakly mixing with respect to ¢,
(3) s(y) is central and ® is almost periodic with respect to ¢.

FREQUENTLY USED NOTATIONS. (1) If H is a Hilbert space then £(H) denotes
the C*-algebra of all bounded linear operators on H and, for any £ € H, w¢ stands
for the linear functional £L(H) 3 « — (x€ | ). Furthermore, wo stands for the
weak operator topology on L£(H), so for the strong operator topology, and w for
the weak topology defined on £(H) by the norm-closed linear span of {we : £ € H}
(see e.g. [34], Chapter 1).

(2) For any U € L(H), Ad(U) stands for the completely positive linear map
L(H) > x — UzU*. If U is isometrical, then Ad(U) will be a s*-homomorphism,
while if U is unitary, then Ad(U) is a *-automorphism.

(3) If ¢ is a positive linear functional on a C*-algebra 2, then m, : A —
L(H,) stands for the associated GNS-representation, and ¢, for the canonical
cyclic vector of 7, satisfying ¢ = we_ o m,. We notice that [|£,[|* = [¢| and, for
every bounded left approximate unit (u,), for 2,

() = 1p,, hence m,(u,)ép — &, and p(u,) — [loll, o(uju,) — [lo|
(see e.g. [35], Lemma 3/4.1 and Theorem 4.5). Moreover, by the von Neumann
density theorem (see e.g. [35], Theorem 7.11), the double commutant m, ()" of
7o (2) is equal to m, (A)"° = m, (A)° = 1, (A)".

We notice also that m, can be uniquely extended to a normal *-homomor-
phism of 2** onto the von Neumann algebra m, ()", what we shall still denote
by 7, and the kernel of this extension is (1o« — 2(¢))A**, where z(¢) stands for
the central support of ¢ in A** (see e.g. [35], Corolary 8/8.4 and Corollary 8.7).
Therefore m,|z(@)A™ : 2(@)A** — 7, (A)” is a *-isomorphism and m,(2(p)) =
1y, , where 1y, denotes the identity operator on H,.

(4) The notation Ug , is defined in Lemma 2.1, ¥4 , in Proposition 3.1,
U, in Proposition 3.3, and Mg" | EST in Theorem 4.2.

(5) If S stands for a unital multiplicative semigroup and (ay)ker is a family
in § with finite FCZ={...,-1,0,1,...}, then we denote

H _{a;ﬁ”-akn ifF={ky,... .k}, k1 < - < kp,
ap = 1_A )

ifF=0.
keF
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2. THE NON-COMMUTATIVE KHINTCHINE RECURRENCE THEOREM

The goal of this section is to give a proof for Theorem 1.2, a non-commutative
extension of the classical Khintchine recurrence theorem.

The main idea of the proof is to take advantage of the hilbertian structure
associated to a positive linear form ¢ on a C*-algebra 2, that is of the existence
of the GNS-representation 7, : A — L(H,) and the canonical cyclic vector .. In
order to translate the content of Theorem 1.2 in terms of H,, we have to associate
to ® a certain linear operator Us , on H,:

LEMMA 2.1. Let A be a C*-algebra, ¢ a state on A, and ® : A — A a
positive linear map such that ¢ o ® = .

(i) If o(®(2)*®(x)) < @(z*z) for every x € A, then there is a unique linear
contraction U , on H, such that

(2.1) Up,p (T (7)) = T (®(2))E,  for all x € A
Moreover, Us &, = &, and, denoting by PUYs.+ the orthogonal projection onto
{£eH, Usu§=E={§€Hy: Ug £ =¢}
we have
1 n

> U, =% PUre.
P
n+1 P

U:I:-’@PU(I)’(” — PU(I)’(”U@’@ — PU(I)’“P,

(ii) If ® is multiplicative, hence a *-homomorphism, then Us , defined in
(i) ds isometrical, Us ,Ug , is equal to the orthogonal projection onto (@())&
and belonging thus to the commutant m, (@(Q{))l of m,(®(A)), and

(2.2) U, omp(a) = 7 (®(a))Up,p for all a € 2.
Proof. (i) U = Us,, is a well defined linear contraction because of the density
of m,(A)&, in H, and
17 (2())€, ]I = (@(2)* @ (2)) < p(a*z) = [[mp(x)E, ]| for every x € 2.
Letting (u,),er a bounded left approximate unit for 2, we have
1€ — Umg(w)€o|1* = [1€p — T (D(w,))E, ||
~ Il + (@ () B(w)) — 2Re p(®(u,)
< ol + p(uru,) — 2Rep(u,) — 0,

so Umy(u,)é, — &,. Taking into account that m,(u,)§, — &, it follows that

Uy = &,
According to Section 144 in Chapitre X of [31] we have

{€€eH, Us=¢={¢€H, :UE=¢F

The orthogonal projection P = PU onto the above subspace clearly satisfies UP =
P and U*P = P, which imply UP = PU = P. Finally,

1 i Uk _so. PU
k=0

n+1
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is exactly the statement of the mean ergodic theorem of von Neumann for U (see
e.g. [23], Theorem 1.1.4 or [29], Theorem 2.1.2 or [34], E.2.25).
(ii) By the multiplicativity of ® we have

17 (@(2))€el1* = @(@(2)* @(2)) = p(@(a*2)) = p(a*z) = ||m(x)E, %, @€,
so U = Ugp,, is isometrical. It follows that UU™ is the orthogonal projection onto
UH, = Uny(A)Ep = 7, (P(A)) o

For every a € 2 and every x € 2 we have
Uny(a)my(2)€p =Umy(ax)é, = mp (P(ax)) €y = 7y (P(a)) Ty (B(2)) €0
=1, (®(a))Uny(2)&,y,
hence Uy (a) = 7, (®(a))U. ¥

We recall that the normal positive linear map ®** : A** — A** is necessarily
s*-continuous (see e.g. [35], 8.17 (17)). Taking into account that m () is s*-dense
in m, (A)" (see e.g. [35], 8.5), formula (2.1) implies by density

(2.3) U (mp(2)&p) = T (2 (2))&,  for all z € A,
We notice also that
(2.4) 7'('(@((‘1)**)”(19[**))&0 =¢, forallneN.

Indeed, since (my(lax)éy | mp(2)E,) = p(x*1ge+) = (& | mp(2)€,) for all z € 2,
by the density of 7, ()&, in H, we have m,(1y=+)§, = &, and it follows, for every

= N, WW((Q**)H(lm**))é.W = U£7cp7r¢(1m**)€¢ = ftp-
If ® is multiplicative, then (2.2) implies by passing to the adjoints

(2.5) To(a)Us , = Ug 7y (®(a)) for all a € A

Taking into account that Ug ,Us ., = 1m,,, it follows for every a € A

(2.6) Te(a) = U¢7¢W¢( (a))Uqu, Up omp(a)Ug , = m,( (a))UQWUSf)M.
If @ is a x-automorphism, then Ug , is clearly unitary and therefore
(2.7) mo(®(a)) = Us omp(a)Us ,, a €2

Proof of Theorem 1.2. Let U = Us,, and PY = PYs.+ be as in Lemma 2.1.
For every x € 2 and € > 0, denoting { = 7, ()&, there exists ng > 1 such that

ng
i Ssorere < g

For every [ > ng we have
ne 1 e
Rt N e M O SURSR O]
H(?’Lg-‘r 2ZU e P n+1 U n+IZ:U5 ¢

< H%LZU’“& Py <

9
5
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Consequently
1 ne ) 1 Nne )
—_— Re p(z*®* =7 (2)) = Re ———— Ultk=ig | ¢
e 2o et () = Re o gys 30451
1 o I+k—j U U Ugll?
= S — > _
Re((n§+l)2 j;O(U - PUE|©)) +Re(PUE | €) > ||PVe|* —e.

On the other hand,

<n—1i—1 j"o Ujg}g%,) - %H iﬂo(‘ﬁj(m)) =¢(@), nx>1

implies by passing to the limit for n — oo,

(PY¢ ] &) = pl(x),
hence [p(z)| < [|PY¢| |l¢ll = [|PY€|. Tt follows that

e

1 " .
(e +1)2 Z Rep(z* 4" (2)) > |p(z)]* —¢,
k=0

so for each integer m > 1 there exist integers j(m), k(m) € [0, n¢] such that
Re p(a* @t m =i (2)) > [o(z)|* —e.
Therefore the statement of Theorem 1.2 holds with
N = {mng¢ + k(m) — j(m) : m > 1 integer}. 1
Let us prove for multiplicative ® also another variant of Theorem 1.2, a non-

commutative extension of [29], Chapter 4, Lemma 4.7. We recall that a subset A/
of N is an IP-set if there exists a sequence p1,pa, ... in N\ {0} for which

N={pji+pjo+-+pj, 11 <j1 <ja <+ <Jn,n =1}
The terminology is motivated by the fact that 0 together with all sums p;, + p;, +
-+ +pj, form an infinite-dimensional parallelepiped,
{0,p1} U{p2,p1 +p2} U{p3,p1 +p3,p2 +p3,p1 +p2 +p3} U---,
where each set is a translate of the union of the preceding ones.

PROPOSITION 2.2. Let U be a C*-algebra, ¢ a state on A and @ : A — A a
x-homomorphism such that po® = . Then, for every x € A, every IP-set N C N
and every € > 0, the set

{n € N:Rep(z"®"(2)) > |p(z)|* — ¢}
is infinite.
Proof. Suppose that N is generated by p1, po,.... Choosing a sequence 1 =
j1 < ja < --- of integers such that

Jk41 Jk
Z D; > ny = ij for every integer k > 1,
J=ik+1 =1
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the differences nj — n; belong to A for all 1 <1 < k, and
1<l<k,1<l’<k’7k‘<k’:>nk—m<nk/—m/.

Now let us assume that the set {n € N : Rep(z*®"(x)) > |p(z)]? — €} is
finite. Then there is kg > 1 such that

Re p(®™ (2)*®"* (x)) = Rep(x* @™ " (x)) < |p(2)|* —& for k > 1> k.
Taking into account that, for all integers n,n’ > 1,
(Mo (@™ (2))€ — p(2)p | 7 (8™ (2))6, — p(2)5,)
= o(@" (2)* 0" (2)) — (2)p(D" () — p(2) P (@™ (7)) + [p(x)|” =
= (2" (2)" 2" (7)) — |o(@)]?,

it follows, for every integer m > ko,

ko+m—1 2
> (ro(@ (@)g — v, |
k=ko
ko+m—1
= > (Re(@™ (@) — p(@)Es | mo (@ (@)Ep — 2l@)€,)
k,l=ko
ko+m—1
= Y (@@ @) - e@)?)
k,l=ko
ko+m—1
—mep@'a)+20 > Rep(™ (@) @ (x)) - m? - [p()]?
1,k=ko
<k

2 2

<m-pa'z) + (m?* —m) - (lp(@)]* — &) —m? - [p(2)|

=m - (p(a"z) = |p(@)[*) — (m* —m) - ¢,

hence (m —1)-¢ < p(z*z) — |p(x)|>. But this inequality is not true for sufficiently

large m. &

3. SPATIAL REPRESENTATION OF STATE PRESERVING POSITIVE LINEAR MAPS

Given a C*-algebra 2, a state ¢ on 2, and a positive linear map ® : % — 2 such
that ¢ o ® = ¢, we are looking for a w-continuous map ¥ : 7,(A) — 7, (A)"
satisfying ¥ (my(a)) = m, (®(a)) for all @ € . If such a map ¥ exists, it is uniquely
determined and positive.

Assuming that ® is a s-automorphism, (2.7) yields that

—_— W
V= Ad(Us,p) | 7o ()
is a map as required above. However, assuming only that ® is a x-homomorphism,
it is in general not even true that 7, (®(a)) is uniquely determined by 7, (a).
Indeed, if we denote
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— by H a Hilbert space with orthonormal basis {§; : j > 0} U {n; : j > 0},
— by p the orthogonal projection onto the closed linear span of {§; : j > 0},
—A={a € L(H):ap=pa},

P = W, ‘Q[ﬂ

— by U the linear isometry on H defined by U{; = &25,Un; = &2541

— and by ® the x-homomorphism 2 > x — UxU* € 2,

then 7, can be identified with A 3 a — a|pH € L(H) and we have for all a € :
|®(a)pH|| = ||UaU*p|| = ||la|]. Consequently, if 0 # a € 2 and ap = 0, then
Ty(a) = 0 but 7, (®(a)) # 0.

The situation changes if we assume that the support projection s(¢) of ¢ in
the second dual A** is central. We notice that this happens if and only if §, is
cyclic also for the commutant 7, ()", or equivalently, it is separating for m, ()" .
Indeed, since ,|z(p)2A™* : z(@)A** — 7, (A)” is a *-isomorphism, it carries z(yp)
in 1g,, and s(¢) in the support of we |, (2A)", that is in the orthogonal projection
onto m,(A)'E,. Consequently, s(p) = z(p) & 7, (A)E, = H,.

The following result answers the question raised at the beginning of the sec-
tion if s(¢) is central and the contraction condition (C) (as stated in Theorem 1.2)
is satisfied:

PRrROPOSITION 3.1. Let A be a C*-algebra, ¢ a state on A such that the
support s(p) of ¢ in A** is central, and ® : A — A a positive linear map such that
pod® =g

(1) If p(@(z)*®(z)) < p(z*x) for every x € A, then there exists, for every
T € m,(A)", a unique Vo ,(T) € m,(A)" such that Ve ,(T)E, = Us T, and
Vg, 2 mo(A)" — 7w, (A)” is a normal positive linear map, carrying 1y, in 1,
(hence of norm |[We ,|| < 1), preserving we, |7, (A)" and satisfying Vo, (74 (a)) =
7o (@ (a)) for all a € A**.

(ii) If ® is multiplicative, then m, (@(Ql))” = 7, (P(A)) ™ = 7, (P(A))° =

"

Ty (@(Ql))w is a von Neumann subalgebra of m,(A)" and the central support of
the projection Up ,Ug , € Ty (@(Ql))l in Ty, (@(21))” is 1y,. Therefore, for every
T e m,(A)", Up,,(T) is the unique element of m,(®(A))" satisfying

Vo o(TUs ,Ug , = U o TUg -

In particular, 7,(A)" 3T — Vg ,(T) € 7, (@(Ql))” is a x-isomorphism.

Proof. We shall omit for convenience the subscript @, ¢, writing simply
U="Us,.

(i) By the Kaplansky density theorem there is a net (a,), in 2 satisfying
la.|| < 7| and 7,(a,) = T, hence m,(a,)é, — TE, and then

T (®(a,))€p = Ump(a,)§p — UTE,.

If Ty is any weak operator limit point of the bounded net (7r¢(<I>(aL)))L then Tpé,
will be a weak limit point of the convergent net (m,(®(a,))é,),, hence Toé, =

UT¢,. Tt follows that the net (m,(®(a,))), is weak operator convergent to some
U(T) € m,(A)”, which is uniquely determined by its value W(T){, = UTE,,.
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The map 7,(A)"” > T — V(T) is clearly linear, of norm < ||®||, carrying 15,
in 1y, and preserving we_ |7, ()", For every §; = T&,, T] € m,(A), j = 1,2,
the linear functional

To()" 3 T (D)6 | &) = (W(T)E, | (T1) " Toéy) = (T, | U™ (T7) " T58,)

is wo-continuous and, using 7, (2)'¢, = H,, standard arguments (see e.g. [34],
Theorem 1.10) yield the w-continuity of ¥. Since ¥ is an extension of 7, () >
To(a) — 7y (®(a)), it follows by density the positivity of ¥ and the equality
U(my(a)) = mp (®**(a)) for all a € A,

(ii) Since W is w-continuous and 7, (%) is w-dense in m,(A)"”, 1z, = ¥(1x,,)
belongs to the w-closure of the #-subalgebra m,(®(2)) of m,(A)". It follows that
Ty (@(Ql))” =7, (P(A)) Y = 7, (P(A))*° = 7y, (®(A))™ is a von Neumann subal-
gebra of m, (A)".

Furthermore, since the central support of the projection UU* € m,, (@(91))/

in m, (@(?2[))” is an element P € m,(2A)” leaving ¢, fixed and the vector &, is
separating for 7, ()", we have P = 1g,. 1

We notice that, for multiplicative ®, (2.2) and (2.5) imply
(31) qu#,T = \I/qmtp(jj)(]qmp,T‘Uv&;#J = U$)¢W¢7W(T) forall T € 71—80(21)//'

Let ¢ be a state on a C*-algebra such that the support of ¢ in 2A** is central,
that is the vector &, is separating for 71'(’9(%[)//. Then we have by the Tomita-
Takesaki theory of standard von Neumann algebras (see e.g. [34], Chapter 10 or
[3], Section 2.5):

(1) the densely defined antilinear operator m,()"¢, > T¢, — T*¢, has
closure S, and S, |m, (A)E, = Sy;

(2) the adjoint S7 is the closure of 7@;(%{)'@ ST, — Ty

(3) Ay, = 555, is a non-singular, positive, self-adjoint linear operator in H,
(called the modular operator of @) satistying

Al ()" A =7 ()" for all t € R;

(4)it S, = J¢A30/2 = A;1/2J@ is the polar decomposition of S, then J, is
an involutive antilinear isometry (called the modular conjugation of ) and

(3.2) Jomo(A)" T, = ().
If 0% denotes the modular automorphism group of ¢ then
(3.3) Ty (0f (a)) = Agﬂw(a)A;it, teR, aeA™,

where 7, stands also for the normal extension on 2A** of the GNS representation
of ¢, that is for the GNS representation of ¢ considered as state on 20**. We recall
that A, and J, leave {, fixed and o¥ acts identically on the center of 2A**.

Now let A be a non-singular, positive, self-adjoint linear operator in a Hilbert
space H and put oy = Ad(A), t € R. For every z € C a linear operator o, can
be defined in L(H) as follows: (T,T,) € Graph(c,) means that R 3 ¢ — (7)) €
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L(H) has a w-continuous extension on the closed strip S, = {¢ € C : |Im(| <

|Im z|, Im ¢-Im z > 0} which is analytic in the interior, and whose value at z is T,.
Then (see [6], Theorem 2.4 and Theorem 6.2, as well as [40], Theorem 1.6)

(34) a_,=oa.,and o, a., = a., 4., if Imz; -Imzp >0,

(3.5) for T,T. € L(H) we have (T, T.) € Graph(a,) < TA™* ¢ AT,

(3.6) for T in the domain of a, we have a,(T)* = az(T™).

In particular, if T is in the domain of a, then S, 3 ¢+ a¢(T') is bounded, so the

maximum principle yields that sup{|lac(T)] : ¢ € S,;} = max{||T|], ||a.(T)||}. We
notice also that, for T € L(H),

(3.7) (T =T (T)=T forallteR.

Indeed, if a;(T) = T then ayyi(T) = ay(T) for all t € R, so R 3 ¢ — «(T) has a
bounded entire extension.

The next result on the eigenspaces of Ug,, and ¥g , extends Lemma 4.3
of [26]:

PROPOSITION 3.2. Let A be a C*-algebra, ¢ a state on A whose support in
A** s central, and ® : A — A a positive linear map such that ¢ o ® = ¢ and

o(P(x)*®(x)) < p(z*x) for all x € .

Let further A € C, |A\| = 1, be arbitrary and let Py denote the orthogonal projection
onto {5 € H,:Usp &= )\f}. Then

(3.8) {T em,(A): Vo (T) = AT}, = {€ € Hy, : Up € = N}
and there exists, for every T € w,(A)", an Ex(T) € m,(A)" such that

n

1 —k s
o S OXTWE (T) =5 EX(T),  EA(T)E, = PATE,.
k=0

Moreover, Ey is a w-continuous linear projection of norm < 1 from mw,(2)" onto
) ®

{T em,(A)": U ,(T) = AT}, which commutes with the modular automorphism
group R 3t — Ad(AT)|m, ()" of we, |, (A)".

Proof. We shall again omit the subscripts ®,¢, writing U = Us,, and
U= Tg,,.

First we prove the existence of Ey. For let T' € 7, ()" be arbitrary. If Tp is

any wo-limit point of (%ﬂ > Xk\Ilk(T)> _, then Ty € T ()", | To|| < [|T']| and
k=0 n20
To&, = P\T¢,, as

1 ko 1 ko I
2 NI = o D XU, T P

(3.9)
n+1 P

. . 1 L 7]‘: k
by the mean ergodic theorem. Therefore the sequence (TH kZO/\ U (T))n>0

is weak operator convergent to some E)(T) € 7, ()" with |TEA(T)|| < |7
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and E\(T)¢, = PATE,. Actually —5 > NUE(T) 2% B\(T): (3.9) yields that
k=0

! z Nuk(T)e L By (1) for all € € m,(A)'€p and by 7, (A)E, = H,, this

convergence holds for all £ € H,.

Since ¥ (Ex(T))&, = UEA( o = AEA(T)E,, we have U(E\(T)) = AEA(T).
On the other hand, if U(T') = AT then

UTE,, =V(T)e, = NTE, = EX(T)E, = P\TE, =T, = EX(T) =T.
Thus E, is a linear projection of 7, (2)"” onto {T € m,(A)" : ¥(T) = AT'}. Since
IEX(T)]| < ||IT|l, we have || Ex|| < 1. The proof of the w-continuity of E) is similar
to that one of ¥ in Proposition 3.1.

First, for every §; = Tj,, T} € m,(A)',j = 1,2, the linear functional

To ()" 2 T (Ex(T)é1 | &2) = (EA(T)é, | (T7)"T3€,) = (T€e | PA(T1) T5¢,)

is wo-continuous. Using m,(A)'¢, = H,, it follows that T +— (Ex(T)& | &2) is
w-continuous for all &1,&> € H,, which yields the w-continuity of .

Now we prove (3.8). Since the inclusion

{T em, ()" : U(T) =T}, C {€ € Hy : UE = N}

is trivial, we have to verify only the converse inclusion.

For let £ € H,, U{ = A€ and € > 0 be arbitrary. Choosing T' € 7, ()" with
[T€, — &l < &, we get

IX'WH(T)E, — €]l = UH(TE,) — Mg = [UH(TE, — )l <&,k

L Z Y \I,k §H = (7 Z </\ Wk (T )’

Passing to hmlt for n — oo, it follows that |Ex(T)E, — €|l <€
Finally, the commutation of Ey with R 3 ¢ — Ad(Al)|m, (A)" follows once
we show that Py is left fixed by every oy = Ad(AY) : L(H,) — L(H,). Indeed,
then we have for every t € R and T € 7, ()"
EX(AUTALNE, = PAALTE, = ALPTE, = ALEN(T)AME,.

For we notice that, for every T € 7T¢,(Ql)”,

WV

0,

n > 0.

EX(T*) = wo- i Nwk (1)
) =l S

Lt
: 1 k * *
= wWo- nh_)ngo 1 (Z/\\I/ (T)) = E(T)",
so P\S,T¢, = PA\T*¢, = Ex(T*){, = Ex(T)*¢, = S,Ex(T)é, = S, PTE,. It

follows that
P\ALY2 T, = P\S, C S, Py = ALY2J Py, that is PA\AZY? € AZY2 T, Prd,.
Now (3.5) implies that Py belongs to the domain of o_; /5 and o_; /5(Px) = J,P5J,.
Using (3.6) and (3.4), we get successively:
aiy2(Py) = 0_ij2(Pr)" = J, P, = 0_ij2(Py), 0i(Py) = Pa.
Thus, according to (3.7), Py is left fixed by o. 1
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Let us also discuss the commutation of o% with p-preserving positive linear
maps.

ProprosSITION 3.3. Let A be a C*-algebra, ¢ a state on A such that the
support s(p) of ¢ in A** is central, and ® : A — A a positive linear map such that
pod=.

(1) If o(D(x)*®(z)) < p(x*x) for every x € A, then the following conditions

are equivalent:

(a) s(p)®** commutes with o%;

(b) Us ,AY = AllUs , for all t € R;

(c) Us,, commutes with J,;

(d) for every T" € m () there is a (necessarily unique) \IILI,,SD(T/) €
o (A) such that Wy, (T = U oT'E, and Wy (T') &y = Up o1y

(e) for every T € m,(A)" there is a (necessarily unique) Vg (1) €
T ()" such that Uy (T)E, = Us JTE,.

Moreover, Vg, , To(2A) — 7, (A) in (d) and Vg, T, (A)" — m ()" in
e) are mormal positive linear maps preserving we_|m, ()", whenever they ezist.

5«9 ¥

(i) If @ is multiplicative, then the conditions in (i) are equivalent also with

each one of the following:
() Ug,,TUs,p € mp(A)" for all T € my(A)";
(g) Altm, ((2))" A € 7, (®(N))” for all t € R.

In this case Vg, = Ad(Ug )7, ()" is a left inverse of Vg , and Vg , 0V
is a normal conditional expectation from m,(A)” onto m, (@(Q{))".

Proof. We shall omit the subscripts ®, ¢, writing U = Ug ,, ¥ = ¥ ,, and
further, ¥/ = Vg o U =Woy
(i) For (a) < (b). We notice that (a) means

7o (D" (0f (2))) = T (of (2" (2))) forall t € R and z € A™.
Since, according to (2.3) and (3.3),
o (27 (0f (2))) €y = Uy (0f ())&, = UALmy ()€,
T (of (2% (2)))&p = Agﬂ'w (@™ (x))&p = AZU@,(@")@,

and the vector &, is cyclic and separating for m,(2)”, (a) is equivalent with (b).
For (b) = (c). Condition (b) yields by standard arguments (see e.g. [34],

E.9.23) that UA}F/2 C Ai,mU. Using now (2.1), it follows for every = € 2
UlJpmy(x)ép = UJySpmp(x*)é, = UAY *my(27)E,
= AU (a%)¢, = AL ?m, ((a"))E,
= JySpmy (q)(x*))fw = JoTy (q)<$))§w = J Umy(2)&0

and we conclude that UJ, = J,U.
For (¢) = (d) and the properties of ¥': By (3.2) we have

V(T') = J,U(J,T'J,) T, € mp(), T €mp(A), J,T'J, € mp(A)”
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and using (c) we get also V' (1")¢, = J,U(J,T"J,)E, = UT'E,. Clearly,
V1, () 2T v JU(J,T' )T, € mp(2)

is a normal positive linear map.
For (d) = (b). By (2.1) and by (d), we have for every z € A and T’ € 7, ()’

(3.10) US,mp(w)ép = 7%( x*))fvz = SW%( (x))@ = SpUmy, ()&,
’ USLT'é, =UT" ¢, = U (T')*E, = SEV(T))e, = SHUT'E,.

S0

(3.11) US, cS,U, US; cCS;U.

Now (3.11) implies UA, C A U, which is equivalent to (b) (see again [34], E.9.23).
For (d) and the properties of ¥/ =(e) and the properties of ¥ :
First we show that for every 0 < T € 7, ()" there is some 0 < ¥ (T) €
7, (A)” such that U (T, = U*TE,. Indeed, since we have

(T'U*TE, | T'S,) = (T€, | UT"T'E,) = (T€, | V(T T")E,)

(3.12) = (¥(T"T)PTV (T T) %, | &)

for all 7" € 7,(A)’, the linear operator L(O]*T&P s (A)E, 2 T'E, — T'UTE, is
positive and it follows that its Friedrichs extension ¥ (T') is affiliated to 7, (2)”
(see [34], 10.8 and 10.9). But, again by (3.12),

(Liere, (T'60) | T'€) < IT| - IT8 |17, T7 € (1),

so, for every £ € Hy, if (T},),>1 is a sequence in 7, ()" with T}{, — £ then
we have automatlcally hm (LU*Tg (T, — TiE,) | Thé, — TiE,) = 0. By the

Friedrichs extension theorem, as formulated in [34], 9.6, it follows that the domain
of W7(T) is Hy, that is U (T) € m,(2A)”. Clearly, \IIN(T)@, =LY, e, S = UTE,.
Thus we have a positive linear map 7, (A)” 3 T — U (T) € 7, (2)" satisfy-
ing ¥™(T)&, = U*TE,. The proof of the normality of U™ is completely similar to
that one of ¥ in Proposition 3.1 and of F) in Proposition 3.2.
(e) = (b) is similar to (d) = (b). By (2.1) we have (3.10) for all z € 2 and it
follows that US, C S,U. On the other hand, by (e) we have for every T' € 7, ()"

U'S,TE, =UT*E, =W (T%)E, = S, (T, = S,UTE,,,

so U*S, C S,U* and it follows that USy C (S,U*)* C (U*S,)" = SLU (see e.g.
[34], 9.2). We conclude that (3.11) holds, which implies (b) as in the proof of (d)
= (b).

(ii) Let us now assume that ® is multiplicative.

For (c¢) = (f). By (2.2) and (2.5), we have U*n,(20)'U C U*ﬂw(‘I)(Ql)),U C
7, (20)" and, taking into account (c) and (3.2), it follows that

U'TU = J,U*J,TJ,UJ, € my(A)" forall T € m,(A)",
and taking into account that U*J,TJ,U, we get J,TJ, € m,(A)".
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On the other hand, if (f) holds then (e) is satisfied with U™ (T') = Ad(U*)(T)
and (3.1) implies that U™ is a left inverse of ¥. Furthermore, using (3.1) we get
for every T_1, Ty, T1 € m,(A)”

W (W(T_1) Ty ®(Ty)) = USU(T_y) Ty ¥ (T )U
— T \U*TyUT, = T_1 0™ (Ty)T},
which implies that (Vo U™) (¥(T_1)ToW(T1)) = ¥(T—1)(¥o W) (Ty)¥(T1). There-

fore ¥ o U™ is a conditional expectation onto W (7, (2A)") = m, ((P(Ql))”.
For (b) = (g). We have for every T' € m ()" and t € R

Alﬁ\I/(T)A;‘tfgo = AgUchp = UA:;T&p = \I/(A:ZfTA;“){@,

(3.13)

"

so Al'W(T)A = W(AITAY) € U (my(A)") = mp (P(A))
For (g) = (a). Let o and 0¥ denote the modular automorphism groups of
we,, [T (A)" respectively we, |m, (<I>(Ql))”. Since we,, |7, (@(Ql))” satisfies the KMS
condition with respect to R 3 ¢ — |7, (@(91))” = Ad(AY)|m, (@(91))”, we have
of = oy|m, (®(RA))" for all ¢ € R. Now, ¥ : 7, (A)" — m,(®(2))” being a *-
isomorphism which leaves we , invariant, it follows that ¥ oo, = ol oW =0,00
forallteR. 1
We notice that (3.13) implies by induction over k > 1
(U)F(UHTo)ToP*(TY)) = To1 (O X(To)Th,  Toq,To, Ti € mp(A)”
and it follows that

(3.14) W(‘I’k(yl)xq’k(yz)) = We, (ch(yl)(‘lﬁ)k(7%(55))%(:92))» T, Y1, Y2 € .

4. ALMOST PERIODICITY

If U is a linear contraction on a Hilbert space H then
Hfp = {¢ € H:{U"(€) : n € N} is relatively norm-compact }

is clearly a closed linear subspace of H, left invariant by U. Moreover, if U is
isometrical then Corollaries 9.10 and 9.6 imply that

HY{, = {§ € H:{neN:|[|[U &) —¢| <&} is relatively dense Ve > O}

4.1
(41) = the closed linear span of all eigenvectors of U,

so in particular we have UHY, = HYp. We notice that the decomposition H =
H{: o (H @HXP) is a particular case of the general splitting theorem of K. Jacobs,
K. de Leeuw and I. Glicksberg (see e.g. [23], Theorems 2.4.4 and 2.4.5).

Given a state preserving C*-dynamical system (2, ¢, ®) with central s(ip),
in this section we investigate the lifting of (HQD)X%“’ in m,(2A)"”, that is the set of
all those T' € m,(A)"” for which T¢, € (HSO)X‘;“’. As application we shall prove a
multiple recurrence result for the operators in the above set.

The following general result is of interest in itself.



22 CONSTANTIN P. NICULESCU, ANTON STROH AND LASzZLO ZSIDO

LEMMA 4.1. Let H be a Hilbert space, M C L(H) a w-closed linear sub-
space, & € H a vector with M’y = H and U : H — H a linear isometry such
that M& C HYp. Then the set G of all linear contractions © : M — M satisfying

O(T)¢ € {U"TE :n e N} for all T € M,

endowed with the topology of the pointwise so-convergence, is a compact topological
group with respect to composition, having the identical map of M as neutral ele-
ment. Moreover, every © € G is w-continuous and G has the following recurrence
property:

For every integer p > 1, ©4,...,0, € G, T1,..., T, € M, &,...,&{ € H
and € > 0, there exists a relatively dense N C N with

1©%(T})& — Ti&5ll <e foralll < j<pandnelN.

Proof. Let © € G be arbitrary. Then we have, for every T € M,
O(T)& e {UnT :n e N} c{§ € H :[|¢]| = [Tl

hence [|©(T)&|| = ||T¢o||- Consequently there exists a well defined linear isometry
Uo : M&y — MEg such that Ug(T¢y) = O(T)& for all T € M.

If ©1,05 € G then also ©7 0 ©3 : M — M belongs to G:
(@1 o @2)(T)€0 S {UnGQ(T)é-O ne N} C {U"+kT§0 ‘n,k € N}, T e M.

Since the identical map on M clearly belongs to G, it follows that G is a semigroup
with respect to composition, having the identical map of M as neutral element.
Moreover, Ug, 00, = Ueg,Ug, for all ©1,05 € G. In particular, if © € G then we
have ©" € G and Ugn = U§ for all n > 1, hence

{U5(T&) :n € N} = {Ugn(T&) : n € N} = {©"(T)& : n € N}
is contained in the norm-compact set {U"T¢, : n € N}. Consequently,

(4.2) Mé © (M&)e, ©eg.

The proof of the w-continuity of every © € G is similar to that one of ¥4
in Proposition 3.1: for every §; = T;go, T]( € M’,j = 1,2, the linear functional

MST = (O(T)& | &) = (O(T)& | (T1) Taé0) = (Téo | (Us)* (T7) T5é0),

where (Ug)* denotes the adjoint of Ug considered an application M&, — H, is wo-
continuous and, using M’§y = H, standard arguments (see e.g. [34], Theorem 1.10)
yield the desired w-continuity.

For the recurrence property of G, let p > 1, ©4,...,0, € G, T1,..., T, € M,
€1,..,& € H and € > 0 be arbitrary. Choose first 77, ...,T, € M’ such that

€
(4.3) 1€ = Tiéoll € 577 1<J <p.
r 3|5
Taking into account (4.2), by (the remark after) Corollary 9.10 we get a relatively
dense set N' C N such that

(4.4) ©7(Ty)é0 — Tyoll = IIUS, (Tyé0) — Ticoll < =7

3T
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Now (4.3) and (4.4) yield forall 1 < j < pand n € N:
197 (T5)&; = T34l
<1637 (fa Ti6) | + \!T‘(@” )60 = T560) || + 1T (T30 - &)

+IIT] - + 1751

3
< T30 - =
’ 3||T I 3||T’H El]

In order to prove the pointwise so-compactness of G, we notice that the
topology of the pointwise so-convergence on G is defined by the pseudo-metrics

G xG3(01,02) = [[01(T)5 — O2(T)&ll, TeM:
the proof is standard by using M’y = H and the inequality

1©:1(T)€ — ©2(T)E]|
< ||O1(T) (& = T'%) || + |77 (©1(T) &0 — ©2(T)é0) || + ||©2(T) (T7¢ — &) ||
<27 1€ = Tl + 77| - [|©1(T)é0 — O2(T)&oll,
valid for all T € G, £ € H and T € M’. It follows that the map G 3 © —
(@(T)fg)T IS T]E_[M {U"T¢&y : n € N} is a homeomorphism onto its range, where on

the range space the product topology of the compact norm-topologies is considered.
Thus the compactness of G will follow once we show that the range of the above
map is closed.

For let (§ (T)) o be an element of the closure of the range. Then there is a

net (©,), in G such that, for every T € M, ©,(T)¢y — &(T) in the norm-topology.
It follows that ©,(T)1T"¢ = T'0,(T) — T'(T) for al T € M, T" € M’ and,
using the inequality

00, (T)€ = O, (TNl < 21T - 1€ = T'Soll + [IT]] - 18, (T)€0 — O (T)éoll;

it is easy to verify that (@L(T)f)L is a Cauchy sequence for all T € M and £ € H.
For every T € M, H 3 £ — lim©O,(T)¢ € H is a bounded linear operator ©(T')
L

with ||©(T)|| < ||T||. Since M 2 ©,(T) =% O(T') and the closed balls in M are so-
closed, we have O(T) € M for all t € M. Now an easy verification shows that the
obtained map © : M — M belongs to G. Clearly, ©(T)& = lim©,(T)&, = &£(T)

for all T € M.
Next we prove that the semigroup operation on G is continuous. Indeed, we
have for any 01,0,,07,0, € G and T € M

(810 07)(T)& — (O2 0 05)(T)&|
< ||©1(01(T))é0 — ©1(05(T))&o|| + [|©1(05(T)) &0 — O2(05(T)) |
= [|Us, (01(T)& — ©5(T)&) || + ||©1(05(T)) &0 — ©2(05(T)) & |
= ||©1(T)& — O5(T)& || + ||©1(04(T)) & — ©2(05(T)) & |-

Finally we prove that every © € G is invertible and © ! belongs to G. Indeed,
according to the above proved recurrence property of G, for every finite ¥ C M
and every € > 0 there exists some integer n(F,e) > 1 such that

10" N(T)eo — Téo|| < for all T € F.
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Then the net (@"(775))(7__,6) (where (F,e) < (F',¢') means that F C F’ and
€ > ¢’) converges in G to the identity map on M, that is to the neutral element of
the semigroup G. It follows that, for any limit point © of the net (@"(fvs)_l)(f’g)
in G, we have © 0 © = ©' 0 © = the identity map on M.

Now, since G is a group with respect to composition and the composition is
continuous with respect to the compact topology of G, according to a theorem of
R. Ellis ([10], see also [11], [27], Section 3 and [5], Section 4), we infer that G is
actually a compact topological group. 1

Now we prove the main result of this section.

THEOREM 4.2. Let (U, p, D) be a state preserving C*-dynamical system such
that the support s(v) of ¢ in A** is central and let us denote

P‘ﬁ,i = the orthogonal projection of H, onto (Hso)gq};w’

Méi@ = {T € 7%(2[)” :TE, € (Hw)gqlgw )
Ag}; = the linear span of |J {T € 7,(A)" : Vg ,(T) = AT'}.

AEC
[A[=1

Then:
(i) Méi;fv = (Hw)gcliw;

(ii) Aéfp is a *-subalgebra of m,(A)" containing 1y, whose w-closure is
MYP

(iii) Méfp is a von Neumann algebra, which is left invariant by the modular
automorphism group R 3 t — Ad(AY)[m,(A)" of we, [m,(A)";

(iv) Vo | ML, is a x-automorphism of Mg~ ;

(v) there is a normal conditional expectation Eg‘fp of m,(A)" onto Mé};,
which preserves we, |m,(A)" and it is uniquely defined by

(4.5) Ep"(T)¢, = PatTé,, T €m,(A)”

and commutes with Vg .

Moreover:
(UR) Forany integersp > 1 andmq,...,mp, > 1,Th,..., T, € Mé};, &1,..,6 €
H, and € > 0, there exists a relatively dense N' C N with

||\I/$ipn(Tj)§j — T3l <e foralll<j<pandneN.

Proof. We shall write for convenience U = Us ,, ¥ = Vg ,, PAY = Pé}’i,
MAP = M3P  AAP = ARP and EAT = ERT .

Clearly, AP is a x-subalgebra of 7, ()" containing 1y, and contained in
MAP By Proposition 3.1 and by (4.1) we have
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AAPE = the closed linear span of all eigenvectors of U = (H,)Yp,

so MAPE, = (Hy)Yp.

MAF s plainly a wo-closed, hence w-closed linear subspace of ()", left
invariant by ¥. In the sequel we prove the w-density of A in MAP . In particular,
it will follow that MAF is a von Neumann algebra.

Let G denote the set of all linear contractions © : MAY — MAP gatisfying

O(T)¢, € {UMTE, :n €N} for all T € MAY.

By Lemma 4.1, every © € G is w-continuous and G is a compact topological group
with respect to composition and the topology of the pointwise so-convergence,
having the identical map on MAFP as neutral element. Since v(T)e, = UTE,,
U|MAP belongs to G. Therefore U|MAY : MAP — MAFP is invertible and Z >
n — (U|MAP)" € G is a group homomorphism.

Let B(Z) denote the Bohr compactification of the discrete additive group Z,
and n +— b(n) the canonical imbedding of Z into B(Z) (see e.g. [32], Section 1.8).
We notice that tﬁe\dual map of the above imbedding is a group isomorphism of the
discrete group B(Z) onto the compact multiplicative group Z = {\ € C : |A| = 1}.
Let g — (g, A) denote the continuous character on B(Z) corresponding to A € 2,
so that (b(n),\) = A™.

By the universality property of the Bohr compactification (see e.g. [9], Sec-
tion 16.1) there exists a continuous group homomorphism B(Z) > g — p(g9) € G
such that (U|MAP)" = p(b(n)) for all n € Z. Denoting the normalized Haar
measure of B(Z) by m, let us consider the weak integrals

ﬂ=W/@MMW%W@€M“,T€M”A€2

B(Z)

It is easily seen that p(g)(T) = (g, \)Tx, hence ¥ (Ty) = p(b(1))(Th) = ATh, and
so Ty € AAP. Therefore the w-density of AAF in MAP follows if we show that
every T € MAF belongs to the w-closed linear span of {T : \ € i} But this
follows easily by using the Hahn-Banach theorem.

If ¢ is a w-continuous linear functional on MAP vanishing on 2, then the
Fourier coefficients of the continuous function B(Z) > g — ¢(p(g)(T)) are

~

[ @Re(po)m) dmlg) = w(13) =0, A€Z

B(2)

and the uniqueness theorem for Fourier transforms (see e.g. [32], 1.7.3 (b)) yields
that it vanishes identically. In particular, ¥ (T") = ¥ (p(b(0))(T)) = 0.

Next we notice that, according to Proposition 3.2, the modular automor-
phism group of we |7, (A)" leaves {T" € 7 (A)" : ¥(T) = AT} invariant for any
A€ C, |\ =1, so0 it leaves AAT | and also the w-closure MAT of this, invariant. By
a well known result of M. Takesaki (see [38]) it follows the existence of a normal
conditional expectation EAF of m,(2)" onto Mé}; which preserves we_ [m, ()"
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For (4.5) we notice that, for every T € m ()", EAP(T)ép € (H,){p by the
definition of MAP, and T¢p — EAP(T)Ep is orthogonal to (H,)Yp because

(T, — EAY(T)é, | Toéy) = (T4TE, — EAY(T3T)E, | &) =0

for all Ty € MAP and MAPE, = (H,){p. The commutation of EAF with ¥
follows by using the commutation of PAY with U:

EAP(U(T))E, = PAYUTE, = UPATE, = U (BAY(T))E,.

On the other hand, since the injective normal *-endomorphism ¥ of 7, (2)”

maps AAY onto itself, it follows that ¥ maps MAP = AP bijectively onto itself.
Finally, applying to G the recurrence property from Lemma 4.1 with ©; =
(U|MAPYMi | the uniform recurrence property (UR) follows. &

It follows that the operators in Méf; have a strong multiple recurrence
property:

COROLLARY 4.3. Let (U, p,®) be a state preserving C*-dynamical system
such that s(p) € A is central. Then, for any integersp > 1 and mq,...,my =1,
Ty,...,T, € Mé};, Si,...,8-1 € L(H,), £ € H, and € > 0, there exists a
relatively dense subset N of N such that

||\I/g’tpn(T1)Sl\I/$fpn(T2)Sg ce \I/gf;pn(Tp)f - TlSlTQSQ e T,,{H < g
for alln e N

Proof. We shall write simply ¥ = Wg .
Applying (UR) from Theorem 4.2 with & = S;Tj415;41---Tp€, we get a
relatively dense A/ C N such that

P -1
1w (T3) = T5) STy 1 801~ Tl < (Do ITIIS - 1Ty 118511
j=1

for all 1 < j < p and n € N (where |[T1| [|S1]l - [|Tj—1|l|Sj-1]| = 1 for j = 1).
Since

U (T) Sy WT (1) Sy - W (T) = TSI TaSy -+ T,

p

\I/ml'n(Tl)Sl . \I]mjfl.n(Tj—l)Sj—l(\I/mj.n(frj) _ Tj)SjTj+1Sj+1 . pr

=

J
it follows for every n € N:
WG (1) S W2 (T2) Sy - - Wt " (T,)6 — TuS1 T2 Sz - - TpE||

<D ITS - NTy=a I 1S5 ][ (27 ™(T) = T3) S Tj1Syan - Tk |

j=1
<e. 1

Theorem 1.6 is an immediate consequence of Corollary 4.3.
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5. ERGODICITY AND WEAK MIXING

Ergodicity of a linear contraction U on a Hilbert space H is usually defined by
requiring that the fixed point space HY = {¢ € H : U¢ = £} be one-dimensional.
By the mean ergodic theorem of von Neumann this is equivalent to the existence
of some &y € H with [|£y]| = 1 such that

n

lim D URE=(¢]&)-& forall &€ H,

n—oon + 1
+ k=0

or equivalently,

n

lim S (UM [ 0) — (€ &) (€0 [0) =0 forall &€ H.

n—oo N
+ k=0

Since by Section 144 in Chapitre X from [31] we have HV = HY", U is ergodic if
and only if U* is ergodic.

Let us now characterize ergodicity by using invariant means on the additive
semigroup N. We notice that an invariant mean on N is a state M on [*°(N) such
that M ((Aj);>0) = M ((Aj31)j0) for all (A;);>0 € [°°(N). It is well known that
there exists invariant mean on N (see [8] or [17], Theorem 1.2.1).

LEMMA 5.1. Let U be a linear contraction on a Hilbert space H, & € H,
lléoll = 1, and M an invariant mean on N. Then HY = C - &, if and only if

M(((U7€ | 0) = (€| &)(€ | M) 50) =0 for all &€ H.

Proof. If HV = C - & then we have for every £, € H

n

> (W ) = (€1 &) - (o | m)|

k=0

=1( fjvksf@mo)-fo!(lf*)jn)’

} 1
n—+1

k=
<] 2SS vre— 16 - il

for j € N, so
n

Jim (= S (@R )~ (€1 &0) - @1 0)) _ =0 in I¥(N),

>0
k=0 )=z

Applying now the invariant mean M to the above equality, it follows that
(5.1) M(((U | n) — (€] &0)(E | 1)) ;) = 0.

Conversely, if (5.1) holds for some ¢ € HY and every n € H, then we have
(€1m)—(€1&) (& [n) =0forallne H,so&=({]&) & eC-&. 1
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Let 2 be a C*-algebra, ¢ a state on A, and ® : A — 2 a positive linear map
such that ¢ o ® = ¢ and the contraction condition (C) in Theorem 1.2 is satisfied.
Taking into account that 7, ()&, is dense in H,, it is easy to verify that ® is
ergodic with respect to ¢ (that is (E) from Section 1 holds) if and only if the linear
contraction Ug , is ergodic, in which case ng”‘” =C-&,.

Given an invariant mean M on N, ® is ergodic with respect to ¢ if and only if

(En) M((p(y® (2)) = p(y)p(x)) 50) =0 forall z,y € A.
(cf. [3], end of Section 4.3.3). Indeed, the above condition means that
(5.2) M(((Ug ,€ 1n) = (€1 &0)(E [ M) ;59) =0

holds for all &,n € m,(A)&,, so by mp( )&, = H, it is equivalent to the validity
of (5.2) for all £&,n € H,. But, according to Lemma 5.1, this is equivalent to the
ergodicity of Ug .

Let 2 be again a C*-algebra, ¢ a state on 2 such that s(¢) € 2A** is central,
and @ : A — A a positive linear map such that ¢ o & = ¢ and the condition (C)
is satisfied. Then, according to (3.8) in Proposition 3.2, ® is ergodic with respect
to ¢ if and only if {T' € 7, (A)” : ¥4 ,,(T) =T} = C- 1p,. Furthermore, the
ergodicity of ® with respect to ¢ is equivalent to each one of the conditions

n

5.3 - 1 1 for all A

( )soningon kz = p(x)lp, or all x € A,

(5.4) nlggon Z (112* (2)y2) — @(y1y2)p(x)) =0 for all z,y1,y € A.
1z

Indeed, if @ is ergodic with respect to ¢ and = € 2, then we have
N
Jim Z o (@ (@) 7', = 7' ( lim —— > Ub o), ) = p(@)T'E,

for all T" € 7,(A)’. Since 7, (A)'E, = H, and, according to Proposition 3.1 (i),
|7 (®F (2))|| = H\ijbga(ﬂ—%@ N < llme(z)| for all k > 0, the equality in (5.3)
follows. Now (5.3) clearly implies (5.4) and it is easy to verify that (5.4) implies

wo- nh_{r;() n%rl kZ:O T, (®*(2)) = ¢()1y, for all z € A, hence also (E).

If, additionally, ® is a *-homomorphism such that s(¢)®** commutes with
o, then ® is ergodic with respect to ¢ if and only if

n

> (e(®@* (y1)2@*(12)) — lyry2)e(@)) =0, 41,92 € A
k=0

(5.5)  lim

n—oo N, ]_

Indeed, @ is ergodic with respect to ¢ if and only if Us ¢, hence Ug , is ergodic,
so if and only if the map Wg , : 7, (A)" > T+ Uz ,TUs , € m,(A)" considered
in Proposition 3.3, is ergodic with respect to we,. But, according to (3.14), (5.4)
written for Ug , and we, means (5.5).

We summarize the aboves in the following proposition:
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PROPOSITION 5.2. Let A be a C*-algebra, ¢ a state on A, and ® : A — A a
positive linear map such that ¢ o ® = ¢ and the contraction condition (C) is sat-
isfied. Given an invariant mean M on N, the following statements are equivalent:

(a) @ is ergodic with respect to o, that is

n
D (p®"(2) — pW)p(z)) =0, ,y€A;

k=0

(E) lim

(b) the linear contraction Us , is ergodic;
(c) we have

(Ear) M((p(y2 () — e(W) (@) ;5,) =0, @,y €A

For central s(¢) € A**, the above statements are equivalent also with each
one of the following:
d) (T e 7r99(91)” iU o(T) =T} =C-lp,;

(e) lim ;i Z (1@ (@)y2) — L(y112) () =0, 2,919 € 2,
while if s(p) € Q(** is central, ® is a x-homomorphism and s(¢)®** commutes
with o¥, then they are equivalent with

(f) lim ﬁ (P(*(y1)z®*(y2)) — w(y1y2)p(z)) =0, 2,1, 92 € A

n— —

For a similar treatment of the weak mixing property we need some prepara-
tion.

We call a linear contraction U on a Hilbert space H weakly mizing if there
exists a vector § € H with ||&]| = 1 such that

(56) nlggonHZIUkﬁln (€1€) (& |m|=0 forall&,ne H.

Then U is clearly ergodic, in particular & € HY. It is easy to verify that if U is
weakly mixing then also U* is weakly mixing and, for any other weakly mixing
linear contraction V' on some Hilbert space K, the linear contraction U ® V on
the tensor product Hilbert space H ® K is again weakly mixing. Furthermore, if
U is weakly mixing then by Lemma 9.3 (see Appendix B below) any power U",
n > 1 is again weakly mixing.

The next basic characterizations of the weak mixing property for a linear
contraction on a Hilbert space are standard.

LEMMA 5.3. For a linear contraction U on a Hilbert space H and an invari-
ant mean M on N, the following statements are equivalent:

(a) U is weakly mizing;

(b) there exists & € H, ||€ol| = 1 such that, denoting the orthogonal projec-
tion onto C - & by P, we have for all € € H

D- lim U™(&) = P (&) with respect to the weak topology of H;
(c) 1 is the only eigenvalue of U of modulus 1 and it is simple;

(d) HY # {0} and the linear contraction U @ U* on the tensor product Hilbert
space H® H is ergodic;
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(e) there exists §o € H, ||&ol| = 1 such that
M((|@eln) — (€| €)(€ | m)]),50) =0 Jor all &y € .

If U is isometrical then the above statements are equivalent also with the next
one:

(f) there ewists & € HY, ||&|| = 1, such that the only vectors € € H having
relatively norm-compact orbit {U™(€) : n € N} are those in C - .

Proof. For (a) = (b) we notice that, for any £ € H, the vector £ — (£ | £)&o
satisfies condition (a) in Theorem 9.5 (Appendix B), hence also condition (d)
in the same theorem. The implications (b) = (a) and (b) = (c) are trivial.
Assuming now that (c¢) holds and denoting by P the orthogonal projection onto
the one-dimensional eigenspace corresponding to the eigenvalue 1, for any £ € H
the vector £ — P () satisfies condition (b) in Theorem 9.5 and Theorem 9.5 implies
that we have with respect to the weak topology D- nlingo U™ (&) = P(§). Hence the

conditions (a), (b) and (c¢) are equivalent.

Now (a) = (d) by the remarks before the statement. Conversely, let us
assume that (d) holds. If & € HY, ||&|| = 1 then & ® & € (HRH)V®UT,
[€0®&|| = 1 and by the ergodicity of U ® U* we have (H® H)V®U" = C-(£,®¢&)).
But if £ is any eigenvector of U corresponding to some eigenvalue A of modulus 1,
then

1U7°6 = X[1* = [U™€]1” + [1€]1* — 2Re (A(UE | €)) = U€]1* — [Ig]I* < 0

(cf. [31], Chapitre X, Section 144) yields U*{ = M. Tt follows that &€ ® & belongs
to (H® H)Y®U" and so ¢ is a scalar multiple of &. We conclude that (c) holds.
For the proof of (e) = (c) we first notice that, according to Lemma 5.1, (e)
implies that HY = C - &. On the other hand, if (e) holds and U¢ = X¢ for some
1 # A € C of modulus 1 then, taking into account that
A€ ] &) = (U &) = (£ [U") = (£ &) — (£ &) =0,

hencg (U] &) — (€] &) (& | &)] = |(N(E | & = [I€]|* for all j > 0, we have

Next we show that (a) together with (d) imply (e). Indeed, if U and U ® U*
are ergodic then, for every £,n € H, putting

A= (U m), A= (&1 &) ),
we have
(UBU*Y (con)|n®) =INP (E@n]&He&%)(G®&% | n®E) =[A

and Lemma 5.1 yields
(5.7) M((Aj)iz0) = A M((IN1*);20) = A
Now a moment’s reflection shows that, for any (\;);>0 € [*°(N),

M((Aj);20) = X and M((1X;1*);20) = A? = M((|A; = A*);20) =0

= M((IA; = Al)j20) =0,

hence (5.7) implies the equality in (e).
Finally, assuming that U is isometrical, (¢) < (f) follows from Corollary 9.6. i



NON-COMMUTATIVE RECURRENCE THEOREMS 31

Now we are prepared to prove the counterpart of Proposition 5.2 for weak
mixing (cf. [3], Proposition 4.3.36 and [16], Theorem 5.1):

PRrROPOSITION 5.4. Let A be a C*-algebra, ¢ a state on A, and & : A — A a
positive linear map such that ¢ o ® = ¢ and the contraction condition (C) is sat-
isfied. Given an invariant mean M on N, the following statements are equivalent:

(a) ® is weakly mizing with respect to @, that is

n

(WMD) lim [y (@) — pw)ele)| =0, wy e
k=0

(b) the linear contraction Us , is weakly mizing;
(c) we have

(WMa) M((e(y® (2) — e()e()]);5,) =0, @y €A

For central s(yp) € A*™* the above statements are equivalent also with each one of
the following:

(d) 1 is the only eigenvalue of modulus 1 of the normal positive linear map
Vs , and it is simple;

(e) lim At kZ le (1 ®* (2)y2) — e(y1y2)p(x)| = 0, 2,41, y2 € A
n—oo :0

If s(p) € A is central and ® is a x-homomorphism, then (a)—(e) are equivalent
with

(f) there exists no von Neumann algebra C-1g, # M C m,(A)", left invari-
ant by Yo , and such that {\Ilgw(T)fga :n € N} is relatively compact in Hy, for
allT € M.

If s(p) € A*™ is central, @ is a x-homomorphism and s(p)P** commutes with
o?, then (a)—(f) are equivalent with

(8) lim iy kZO [ (@F (y1)2®" (y2)) — e(y1y2)@(x)| =0, 51,92 € A

Proof. We shall omit again the subscript ®,¢, writing U = Us, and
U =VUg,,.

Taking into account that U is a contraction and m, ()¢, is dense in H,, it is
easy to verify that ® is weakly mixing with respect to ¢ if and only if (5.6) holds
for H = H, and & = &, that is U is weakly mixing. In other words, (a) < (b).

Clearly (WMjs) means that

(5.8) M (|7 1) = (£ 1 &)(E [ m)]) ;50) =0

holds for all £, € m,(A)E,. Since |[U|| < 1 and 7,(A)&, = H,, it follows that
(WM jy) is equivalent to the validity of (5.8) for all £, € H,,. Therefore Lemma 5.3
yields (b) < (c).

In the remaining part of the proof we shall assume that the support projection
of ¢ in A** is central, or equivalently, that &, is cyclic also for w,(2()’. Then the
equivalence (b) < (d) follows immediately by using Proposition 3.2.
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If (b) holds then, using the equality in (5.6) for H = H,,, & = §, and with
E=mu(x)ls, n=T"7y(y; )&y, where z,y; € A and T € m,(~A)’, we get

5.9 li
(5:9) ng]gon—l—l

Z|%y1@ (2))€] &) — (me(y1)€ | £)p(x)] =0

for & = T"¢,. Since m,(A)'¢, = H, and Proposition 3.1 implies Hmp(CI)’c )H =
| 0¥ (7 (2)) || < [[7p(2)]| for all k > 0, it follows (5.9) for all #,y; € A and & € H,,
which yields the equality in (e) for £ = m,(y2)&o. Conversely, it is easily seen that
(e) implies (5.6) for H = H, and & = &, hence also (WM). We conclude that
the conditions (a)—(e) are all equivalent.

Assuming that ¥ is a *-homomorphism, (d) < (f) by Theorem 4.2.

Finally, assuming that @ is a *-homomorphism and s(¢)®** commutes with
o?, we prove that (b) < (g). Indeed, U is weakly mixing if and only if U* is weakly

mixing, hence, by the above part of the proof, if and only if (e) holds for (U, ¢, @)
replaced by 7, ()", we, and the map ¥g 4 m,(A)" > T — U*TU € m,(A)”
considered in Proposition 3.3. But by (3.14) this means (g). 1

The next weak mixing result completes Theorem 4.2 by showing that it is a

matter of a splitting result:

PROPOSITION 5.5. Let (A, p, @) be a state preserving C*-dynamical system
such that s(p) € A** is central. Then, for every T € w,(A)",

(5.10) D- lim Wy (T — EQ};(T)) =0 with respect to the wo-topology.

n—oo

Proof. We shall write simply U = Up o, ¥ = ¥g o, P = Pgi and F = ngo.

Putting &, = ¥" (T — E(T))&O = U”(ngp — PT{W), since T¢, — PT¢, is
orthogonal to all eigenvectors of U, Theorem 9.5 yields that D- lim &, = 0 with

n—oo

respect to the weak topology of H,. Let £ C N be a set of density zero such that

gylim (&n | m) =0 for all n € H,. Then we have, for any n € H,, first

lim (V"(T — E(T))T'¢, | n) = ggligoo (& | (T")'n) =0 for all T" € m, (A,

EFn—oo
and then, by ||[¥]] < 1 and the density of 7, (U)'&, in Hy,,

lim (V"(T - E(T))¢|n)=0 foralléec H,. 1

EFn—o0
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6. COVARIANT REPRESENTATIONS OF STATE PRESERVING C*-DYNAMICAL
SYSTEMS

In this section, of interest for itself, we investigate the possibility to imbed a
state preserving C*-dynamical system (2L, ¢, ®) in a state preserving C*-dynamical
system of the form (M, we| M, Ad(U)|M), where M C L(H) is a von Neumann
algebra, ¢ is some cyclic vector for M, and U : H — H is a unitary with U = &
(cf. [13]). If @ is a *-automorphism of A then the GNS representation 7, yields
such an imbedding with M = 7,(A)", £ =&, and U = Ug .

In order to get a representation of an arbitrary state preserving C*-dynamical
system (2, ¢, @), in which ® allows an implementation like (2.7), we need unitary
dilations of the linear isometry Ug .

Let us recall that for any linear isometry U on a Hilbert space H there exist:

(1) a unitary operator U on a Hilbert space H and
(2) a linear isometry V : H — H such that
(a) VU=UV (so, UVH C VH) and
+oo -1 ~
(b) U U*VH= |J U*VH is dense in H
k=—oc0 k=—o0
(see [37], Proposition 1.2.3). One can put

-1

H=H® & (HoUH),

k=—o0
~ -1 -1
U(¢o @ &)=Us+&)e @ &,
k=—00 k=—o0
VE=ED éé 0.
k=—oc0

The pair ((NJ , V) is called the minimal unitary dilation of U and it is unique up to
natural unitary equivalence. It is easily seen that, for any A € C, |\| = 1,

(6.1) {Ec H:Ue= )} =V({€ € H:UE = \e}).

For any T, S € L(H) with UT = SU we have
U(VTV* +U*V(S(y — UUS)V*U)U* =V (UTU* + S — SUU*)V* = VSV*,
Consequently, if Ty, T1,Th, ... € L(H) are such that UTy = T1U and the series

(62)  T(To,T1,Tp,...) = VLV + > U *V(T(1g — UU"))V*U*
k=1

converges with respect to the weak operator topology of E(f] ), then
O(VIV* + 3 UV (Tu(1y - UU)VT*) T
(6.3) S
=V + > UV (o (1yg — UU)) VU™
k=1
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Since the projections U~*V (1 — UU)V*U* = U~*kVV*Uk — Uk y=Uk-1
and VV* k > 1, are mutually orthogonal, if Ty, T1,T5, ... € L(H) are such that
(6.4) sup ||Tx|| < o0, UTo=TU and TR UU* =UU"Ty, k=1

k=0

then the series (6.2) converges with respect to the strong operator topology of

E(ﬁl), hence (6.3) holds. Moreover, if Sy, S1,S52,... € L(H) is another sequence
with

sup ||Sk|| < 400, USy= 51U and S UU*=UU*Sk, k=1
k>0

then straightforward verification shows that
(6.5) T(Ty, Ty, Ty, .. )T (S0, S1, Sa, . ..) = T(ToSo, Ty S1, ToSs, . . .).

We notice that if Ty, Ty, To, ... € L(H) satisfy (6.4) then we have
U vT,uUuvUr = U *vUurT,UUr v Ur = U R VU T VU, k>
and (6.2) yields

T(Ty, Ty, Ty, . ..)
(6.6) : S —k+1 k—1
—so- lim (DU V(T = U L)V TR 4 T VTV T,

n—oo

k=2

LEMMA 6.1. Let (A, ¢, ®) be a state preserving C*-dynamical system and let
Us,, denote the linear isometry defined on Hy, by Us o (m,(2)€,) = mu(P(2))E,,

x €. Let further

g, 2 @,

V@,ng/ lvima

~ Uq><p
Hep — H<I> P

be the minimal unitary dilation of Us ,. Then
Tap A a— Vo,my(a)Vg ,

+ 3 Uk Ve o (1(@%(a)) Lar, — Us Ui ) Va LUS ,
k=1

= so- lim_ Up Vi o (27(a)) Ve UG

where the series is so-convergent, is a *-representation Te , : A — [,(PNLP#,) and
To,o(®(a) = (7@@%@,(/,(@)[7;)# for all a € .

Furthermore, the so-closure of the x-subalgebra

i TR =~ Fi—k e = Fi—k
Aq’#P: U U@,@W‘P’W(Q{)U{aap:kiu U{>,LP7T‘I>’W(Q’[)U<I>,LP

k=—o0
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of E(Hq; ») is a von Neumann algebm Mq> o and §q> o = Vo &, 5 a cyclic vector
for Mcp o Satisfying U@ (P&p o= £¢.7¢ and

p(z) = (7~r¢7¢(a:)§~(pw | §~¢W) for every x € 2.
Proof. Put for convenience U = Uy, H= ﬁ<1>7¢, U= ﬁq;.#; and V = Vg .
IfaecAand T} = 7@,(@’“(@))7 then by Lemma 2.1 we have UTy_, = T U for

all £k > 1, in particular the conditions in (6.4) are satisfied. Therefore the series
(6.2) is so-convergent and (6.6) holds with T,y — U*T,U = 0, so we can define

7(a) =Vr,(a)V* + i U=V (7@ (a)) (1, — UU))V*U* =

k=1
=so- lim U "V, (®"(a))V U™
n—oo
Using (6.5) with T}, = 7,(®*(a)),a € A and Sy = 7, (®*(b)),b € A, or the
second expression for 7(a), it is easy to verify that 7 : A > a +— 7(a) € L(H) is a

s-representation. On the other hand, using (6.3) with T}, = 7, (®*(a)), a € A, we
get also 7(®(a)) = Un(a)U*.
Denoting & = V&, we have clearly (75 = I7V§¢, =VU¢, =V, =&. Since

UFF(A)U k€ = UFVr,(A)é, = UV H,,

the minimality of the unitary dilation ((7 ,V) of U implies that the vector §~ is
cyclic for the x-subalgebra

U @i = U ORI ¢ £(i).
k=—oc0 k=—oc0

In particular, this x-subalgebra is non-degenerate, so its strong operator closure is

a von Neumann algebra. Finally, the verification of p(z) = (7(z)¢ | €) for every
x € A is straightforward. 1

Let (A, @, ®) be a state preservmg C*-dynamical system and let us assume
that the *- representatlon 7 : A — L(H), the unitary operator U: H — H and the
vector f cH satisfy the conditions:

(i) 7(®(a)) = Un(a)U*for all a € 2;
(i) UE =&
~ +oo o ~ ~
(iii) € is cyclic for the *-subalgebra A = U URROU—* C L(H);

k=—o0
(iv) o(z) = (F(2)E | €) for every z € .
Then A€ > ﬁk%(x)gH ﬁg7w%¢7¢(x)§¢7¢ extends to a unitary operator W : H —
Hg , such that
(1) Wn(a) = To,,(a)W for all a € A,
(2) WU =Us W,
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(3) Wg: g‘b,tp'

We notice that for the verification of W¢ = ng we need the existence of a
bounded net (vi)kerx C A and a net (ng)xex C Z such that, simultaneously,

— (ﬁnn%(vﬁ)ﬁw)ﬁel(

— (ﬁgfw%q’,w(%)ﬁgﬂﬁ),{eK is a left approximate unit for ./ZLI)W,

is a left approximate unit for A and

because then [35], Lemma 3/4.1 implies that
U7 (we)€ — € and W (U™ F(0,)E) = Up, 7o o ()€ — Eogpr
For we put K = F x {1,2,...}, where F stands for the set of all finite subsets of
A x Z. Then K is upward directed with respect to the order
(F1,p1) < (Fa,p2) & Fy C Fy  and p1 < pa.

Let also (u,),er be a bounded left approximate unit for 2. Now, for any x =
(F,p) € K we first choose in Z some n, < min{k : (a,k) € F}, and then some
ty, € I such that, for every (a, k) € F, hold

(T, )T) (T4 ()T ) — TH7(a) T
[, R @) T

=17 (w k—mny a) — k—mn, a 1
=, 04 0) — 0 < 3

and the inequality obtained replacing in the above one 7 by ¢ , and U by li;w.
Then the nets (u,, )sex and (n)«cx satisfy the required conditions.

We conclude that the triple (7,U,€) is uniquely determined by the proper-
ties (1)—(iv) up to natural unitary equivalence. We shall call any triplet in this
equivalence class the covariant GNS representation of (2, ¢, ®). Mostly we shall

work with the triplet (Fe,,, Us oEs.,) given in Lemma 6.1. We notice that the
link between 7, and 7o, is supplied by Vg ,:
(6.7) Vo,oTp(a)Vg , = Ta,0(a)Ve, Vg , = Voo Vg ,Tep(a), a€L

The covariant GNS representation of (2, ¢, ®) yields the answer to the imbed-
ding question raised at the beginning of this section. Let us investigate additionally
the case in which the support projection of ¢ in 2** is central:

PROPOSITION 6.2. Let (A, p, @) be a state preserving C*-dynamical system
such that the support s(p) of ¢ in A** is central and s(p)P** commutes with o*.
Then, denoting by (7,U,&) the covariant GNS representation of (U, ¢, ®), & is
~ +oo ~ -1 ~
cyclic also for the commutant of A= |J UrR()U*= |J U*FUF, or
k=—oc0 k=—o0
equivalently, separating for the von Neumann algebra M= A"
Proof. We shall omit for convenience the subscript @, ¢, writing U = Usg .
We identify (7,U, &) with the triple (7s,,, Us,»,£a,,) defined in Lemma 6.1
and denote simply V = Vs , and H = Hg . Then

(6.8) TeM= VTV em,(A)".
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For it is enough to show that V*U %7 (a)U*V € 7o (A)" for every a € 2A and
k> 1. But using UV = VU and (6.7), we get

VU % (a)URV = (U V*F(a)VU* = (U )er,(a)U*
and by Proposition 3.3 we have (U*)k7,(a)U* € 7, ().
Now let T' € M be such that T¢ = 0. Then we have for every n > 1

VHUT*TU ")VE, = VUT*TE = 0.

Since UT*TU ™ € M, (6.8) yields V*(U"T*TU ")V € 7, (A)” and, taking into
account that the vector &, is separating for 7, ()", it follows successively

VXUT*TU ™)V =0, TU "V =0.

foo _ ~ ~
We conclude by the density of |J U™"VH, in H that T =0. 1
n=1

Proposition 6.2 is a non-commutative variant of the arguments used to re-
duce the proof of Theorem 7.13 in [14], to the case of invertible measure pre-
serving transformations. It can be used to reduce the study of state preserving
C*-dynamical systems (2, ¢, ®), for which the support projection s(p) € A** is
central and s(p)®** commutes with o?, to the study of similar state preserving
C*-dynamical systems, for which additionally ® is a *-automorphism.

Using the notations of Proposition 6.2, it would be interesting to find a
characterization of the situation when the vector £ is separating for M. It can be
easily seen that the centrality of s(¢) is a necessary condition, while Proposition 6.2
shows that the centrality of s(p) together with the commutation of s(¢)®** and
o¥ is a sufficient condition.

7. MULTIPLE WEAK MIXING

We begin this section by proving an abstract theorem in Hilbert spaces, which
extends Van der Corput’s difference theorem in the theory of uniform distribution
modulo one (see e.g. [24], Chapter 1, Theorem 3.1 and Chapter 4, Theorem 2.1):

THEOREM 7.1. Let &1,&o, ... be a bounded sequence in a Hilbert space H. If

—0 n—oo

(7.1) hlim lim sup — dz:l ‘fZRe (Ek+a | Ek) ’ =0,
then
1 n
li — =0.
Jim |7 306 <o
k=1
On the other hand, if

n

h
L 1 1
(7.2) lim lim sup 7 Z E e (&rtalér) =0,

— 00
nmee d=1 1
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then the sequence (§)x>1 is uniformly weakly mizing to zero, that is

1 n
. = < = .
7}51;0sup{nk§_l| S lml:ne H, |Inll < 1} 0

In particular, in this case

D- lim &, =0 with respect to the weak topology of H.

n—o0

Proof. Denoting ¢ = sup ||€x]] < +o0, by inequality (8.7) we get for any
E>1

natural numbers n > h > 1:
n h n
1 2 n+h 2, n+h) h — d+1
— N < —-—
230 < sty S+ S S 6,0

d=1
n+h h 1 Lh n

< TR o1+ YY)
ST ( +n)n(h

0 | Re(€k; | §k,+1)]

=1 j=1

+

~

-h -n

1 1 4
< n .
h (n+h+1)c+n(h+1) 1’ Re(&k | &et1)|,

~

~
Il

o

=

SO

I S N e R > s S e
j=1

Let us first assume that (7.1) holds and let £ > 0 be arbitrary. Choosing an integer
he > 1 with ;& < ¢, (9.8) yields for every h > he:

7}52()“*2&” 5+4hmsuph2‘*ZRe §k+d|§k)’

By (7.1) it follows that
nlgrolonZ&CH €+4hm hmsuphZ’fZRe (Ektd | Ek) ’—6

—X0 n—oo

Let us next assume that (7.2) holds. By Theorem 9.8 (Appendix B), ({x)k>1
follows to be uniformly weakly mixing to zero once we prove that, for every rela-
tively dense sequence 1 < k1 < ky < ---in N,

1 n
4 li H - .
(7.4) m |- ; &k,

n—oo

Further, by the first part of the proof, (7.4) is implied by

—00 n—oo

h n
L 1 1
(7.5) hhm hmsupﬁ E ‘ﬁ g Re (§kj0 1 &k,)| =
d=1 ""j=1
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Put kg = 0 and denote L = sup(k;41—k;j) < +00. Thend < kjyq—Fk; < L-d
Jjz

for all j,d > 0, in particular j < k; < L - j. Therefore

n

Z |Re (gkj+d | ng)|

Mv

‘ZRG (Ehjra | Ek)| <

M=

d=1 j=1 d=1j=1
L-h n L-h Ln
<Y Y IRe (Ghyra 16kl <D0 [Re (Gra | )
1=1 j=1 1=1 k=1

and (7.5) is thus consequence of (7.2).
The convergence D- lim &, = 0 with respect to the weak topology of H
follows now by Lemma 9.2 (see Appendix B). 1

By formula (9.1) in Appendix B, the above theorem implies immediately the
following slight extension of Lemmas 4.9 ad 7.5 in [14]:

COROLLARY 7.2. Let &1,&2,... be a bounded sequence in a Hilbert space H
such that

D- hm (D-limsup |Re(&nya | &)|) =

n—oo

Then the sequence ({k)p>1 is uniformly weakly mizing to zero, in particular

D- lim &, =0 with respect to the weak topology of H.

n—oo

Let (A, o, @) be a state preserving C*-dynamical system. For any integer
p =1 and mg,ms,...,m, € N, m; # mj for j # j', we say that:
(2, ¢, ®) is symmetrically weakly mizing with respect to mg, ..., my if

P P
D- lim <p( H (I)m‘ﬂ'"(xj)) = p(x0) H p(x_jz;) forall o, z41,...,24p € A.
j=1

n—00 .
J=-pP

LEMMA 7.3. Let (A, ¢, ®) be a state preserving C*-dynamical system, p > 1,
and mo,m1,...,my €N, m; #my for j#j'. Then (SWM,n,,....m,) implies

D- lim go((q)**)m” ( H QI (z )(‘I)**)mp (%))

n—oo

(7 6) j=—p+1

= ¢(xo) H p(r—jz;)

Jor all zo,...,x1,p—1) €A and xxp € A™. In particular,

(SWM,ng,....m,,) = (SWMog,. . im, ) for every 1 < q < p.
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Proof. The first statement follows by using

(@ T w0 @)@,
Jj=-p+1
=(w( pﬁ (I)m\ﬂ‘”(xj))Ugt:nﬂ'(p(wp)f@|U<;Z-n71'¢(£vip)§¢)
j=—p+1

and 7, (A){, = H,,.
Assuming p > 2, (SWMy,,....m,) = (SWM,y,....m,_,) follows by applying
(7.6) with x_,, x,, = 19+~ and taking into account (2.4). 1

LEMMA 7.4. Let (A, ®) be a C*-dynamical system which is norm-asymp-

totically abelian in density, p > 1, and mg, m1,...,m, € N, m; # mj for j # j'.
Then ,
my; n mon mg-n . —
ot | 1 1095wt T[] <
j=-p j=1
for all zo,x41,...,24p € A.
Proof. Put ¢ = max |z;|| and, for convenience, Tj = ®™iI"™ (x;).
- P
Straightforward verification shows that we have, for any 1 < ¢ < p,
q q—1 q—1 k—1 q
[Mn-( II o)rt= Y (IIT)ﬂM%(Hiﬁ
Jj=—q Jj=—gq+1 k=—g+1 j=—gq+1 Jj=k+1
and it follows:
P q—1 P
[I7-( I %) (Iam)
Jj=-p Jj=—q+1 Jj=q
p r—1 k—1 p
=> X (I 5)r.n ( H T)( I @m).
r=q k=—r+1 j=—r+1 j=r+1

Using the above equality with ¢ = 1, we get the mequahty

HHT TOHTTH 21”2 ST, T

j=-p r=1 |k|<r—1
which yields the statement by the norm-asymptotic abelianess in density of (2(, ®). 1

Now we are ready to prove the main result of this section, which will imply
Theorems 1.3, 1.4 and 1.5:

THEOREM 7.5. Let (U, ¢, ®) be a weakly mizing state preserving C*-dynam-
ical system, p > 1, and 1 < myq,...,my, € N, mj # mj for j # j'. Then

(SWMon, .. m,) = (UWM, ) = (WM, oy, )-
If (A, @) is norm-asymptotically abelian in density then we have also
(WMml,...,mp) Aad (SWMO,ml,..A,mp)-



NON-COMMUTATIVE RECURRENCE THEOREMS 41

Proof. For the first implication we assume (SWMmlw,mp) and show that,
for every x1,...,x, € 2, the sequence

§n =Ty (q)ml.n(xl) T q)mp.n(xp))gsa —o(x1)--- ‘P(Ip)gsa €H, nx1

is uniformly weakly mixing to zero.
Let us denote, for every 1 < g < pandn > 1,

&0 = (Hw "(2)))& sa(xqm(ﬁ@mf”@j))@
j=1

,71—99(<H m;n ) (I)**)mp n(xq,so(zq)lm** ))fgp
According to Lemma 7.3,

-1

(€2, 160) = p(@ @ [[ mner,)

J=—q+1

: (H @ (D) () ) (@) D (3, )

— (p((qyﬁ* yma ( H P ))

J=—q+1
. (qul Hmin (q>mj~d(xj))) (**)man ((@**)mq-d(%«q)))

q—1
converges in density for n — oo to ( 11 w(m?@mﬂ'd(m]’)» (T (@) mad(Ty)).

Furthermore, since ®, hence also ™ is weakly mixing with respect to ¢, using
(2.4) we get
D- lim (%5 (®*) " (Z,)) = D- lim (230" (zy)) — () p(q) = 0.

d—oo

Therefore D- lim (D- lim (fgﬁd | &(Lq))) = 0 and, by Corollary 7.2, (&@),@1 is
d—o0o n— 00

uniformly weakly mixing to zero for any 1 < ¢ < p.
P p
Now, since &, = > ( 11 cp(a:j)> (@) we conclude that the sequence (&n)n>
=1 *j=q+1

is indeed uniformly weakly mixing to zero.

Further, (UWM,,,,....m,) = (WM, ... m,) is trivial and, if we assume that
the C*-dynamical system (2, ®) is norm-asymptotically abelian in density, then
the equivalence (WM., ..., ) < (SWMgq m,,....m, ) follows by using Lemma 7.4. 1

Proof of Theorem 1.3. Let the integers 1 < m; < mgy be arbitrary. Ac-
cording to Proposition 5.4, (2, ¢, ®) satisfies (SWM,y—my.0 ) < (SWMny my)
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and by Theorem 7.5 it follows that (2, ¢, ®) is weakly mixing of order (mg,mq).

Consequently, if z1,x2 € U then

(7.7)  lim

n—oo n

1 kio ’ (ch (@72 (29) @™ (1)) €4 — p(2) (1), \5)’ =0

for every £ € m,(A)&,, hence for every £ € H,. (7.3) with & € m, ()¢, yields

(7.8) lim

n—oomn + 1

Z | (o (@7 () 8™ * (00))€ = ()il | €, )| =0,

first for & € 7, (A)'€, and then for any £ € H,. Using (7.8) with £ € 7, ()¢, we
finally get D- lim @(®™2% (z2)@™ % (21)x0) = @(22)¢(z0)¢(z0) for all zo € A
n—0o0

Writing the above equality for z; replaced by z} and passing to the conjugates,
we get (WM, m,)- 1

Proof of Theorem 1.4. If the integers 1 < mj; < mg are arbitrary then,

according to Proposition 5.4, (A, ¢, @) satisfies (SWMg ymy—m,) < (SWMp, ms)
and by Theorem 7.5 it follows that (2, ¢, ®) is uniformly weakly mixing of order

(ml,mg). 1

We notice that, by (6.1) and by Proposition 5.4, the statement of Theorem 1.4

still holds if, instead of assuming the commutation of s(¢)®** with the modular
group of ¢, we assume that the canonical cyclic vector £ of the covariant GNS

representation (7, U, €) of (2, ¢, ®) is also separating for the von Neumann algebra
+oo "
( U Uk%(Q[)U’k) (cf. Proposition 6.2).
k=—o0

Proof of Theorem 1.5. We shall use induction on p.
For any my > 1, (SWM,,,) being trivially satisfied, (UWM,,,) follows by

using Theorem 7.5. An alternative way to get this is by using Proposition 5.4 and
Theorem 9.7 (see Appendix B).

If (UWM,,, ... mp) holds for some p > 1 and all 1 < my < --- < my, then, for
any integers 1 < ny < --- < npy1, condition (UVVMn2 N1y M1 — ny) is satisfied
and Theorem 7.5 yields

(UWan—nl,...,anrl—nl) = (WMng—nl,.4.,np+1—n1)
= (SWMO,H2*H1,~~~,HP+1*H1) And (SWMR1,~~,HP+1)
= (UWM,, .. n,00)- 1
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8. APPENDIX A: A NON-COMMUTATIVE VAN DER CORPUT TYPE INEQUALITY

The goal of this section is to extend to the setting of arbitrary x-algebras
an inequality of J.G. Van der Corput (see e.g. [24], Chapter 1, Lemma 3.1), used
by him to prove his celebrated difference theorem for uniform distribution modulo
one (see e.g. [24], Chapter 1, Theorem 3.1).

FormuLA 8.1. If 1 < n > h > d > 0 are natural numbers and aq_y,...
., Gnah—q are elements of an additive semigroup then

n+h k—d n h—d
Y aj=(h—=d+1) Y aj+ > (h—d+1—j)(a1-d—; + ans;s)-
k=1 j=k—h j=1—d j=1
Proof.
n+h k—d —d j+h n Jj+h n+h—d n+h
IIDIRED DA DED DRI DD R
k=1 j=k—h J=1—h k=1 j=1—d k=j+d j=nt+1 k=j+d
—d n+h—d
> (G +ha;+ Z (h—d+1)a;+ > (n+h—j—d+1)a,
j=1—-h j=1—-d j=n+1
n h—d
(h—d+1 Z Zh—d—kl—j)(al,d,j—kanﬂ). 1
j=1-d j=1

Formula 8.1 yields immediately:

FormuLA 8.2. If 1 < n > h > d > 0 are natural numbers and ay,...,a,
are elements of an additive semigroup with neutral element then, putting a; = 0
for 7 < 0 and for j > n+ 1, we have

nth k—d n
Z Z aj:(hfdJrl)Zaj
k=1 j=k—h j=1

Now we prove the counterpart of Formula 8.1 for double sums:

FORMULA 83. If 1 <n > h = 0 are natural numbers and a;;/,1 — h <
7,7 < n+ h are elements of an addltlve semigroup then

n+h n

Z Z g0 = (h+1) Z%J"’Zh d+1) Z (.54 +aj+a;)
k=1 j,7'=k—h j=1—-d
h
+ Z(h —d+ 1)(a1—d,1—d + an+d,n+d)
d=1
h h—d

+ Z Z(h —d+1-j) (al—d—j,l—j +a1-j1-d—j + Ontjnt+d+; T an+d+j,n+j)-
d=1j=1
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Proof. Straightforward computation yields

n+h n+h n+h
> Z =2 Z ajj+ ) Z (aj57 + ajrj)
k=1 j,j7'=k—h k=1 j=k—h k=1 j j'=k—h
i<y’
n+h k n+h h k—d
= Yooaiit Y>> (airatajrag)
k=1 j=k—h k=1d=1j=k—h
n+h k h n+h k—d
= ajj + Z Z (ajj+d+ ajyag)-
k=1 j=k—h d=1 k=1 j=k—h
Taking now in account that, according to Formula 8.1,
n—+h n h
> Z aj;=h+1)> aj;+> (h+1=j5)(a1-j1-; + anijmis)
k=1 j=k—h j=1 j=1
and
n+h k— n
> Z @jj+d T Ajyaj) = (h—d+1) (@jj+d + ajta,j)
k=1 j—1 j=1—d

+ Z(h —d—j+1)(a1-g-j1—j + @1—ji1—d—j + ntjntdtj T Antrdrin+i)s

the equality from the statement follows. &
Similarly to the implication Formula 8.1 = Formula 8.2, Formula 8.3 implies

FormuLA 8.4. If 1 <n = h > 0 are natural numbers and a; ;7,1 < 7, Vi
are elements of an additive semigroup with neutral element then, putting a; ;» = O
for j or j/ < 0 and for j or 7/ > n + 1, we have

n+h k n
Z Z g = h+1 Za”—i—Zh d+1 Z(aj,ﬁd—kaﬁd,j). 1
k=1 j,7'=k—h j=1

If n > 1 is a natural number and &1,...,¢&, are elements of a normed vector

space, then we have by the Cauchy inequality

5.1) | a] < (Shel)’ <n S lee
k=1 k=1 k=1

The following analogue of (8.1) for *-algebras can be found in Section 2.8 (3) of
[35], (cf. [18], proof of Lemma 1):

INEQUALITY 8.5. If n > 1 is a natural number and aq,...,a, are elements

of a x-algebra then
(Zak)*<2ak) < nZaZak.

k=1 k=1 k=1
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Proof. The inequality from the statement holds trivially for n = 1.
Let us now assume that it holds for some n > 1 and let aq,...,a,,a,4+1 be
elements of a x-algebra. Then

n+1 n+1 n % n
(Zak) (Zak) = (Zak +an+1> (Zak +an+1>
k=1 k=1 k=1
n % n n
— (Zak) (Zak) + Z (a}:am_l + a:‘l_‘_lak) +ay 1an41
k=1 k=1 k=1

n

<n g apa + E apag +an+1an+1) +an 1 ng1
k=1
n+1

=(n+1) Z ajag,
k=1

where the inequality follows by using the induction assumption and

* * * * *
QpOn+1 + Qpy QK = R0k + QpyGnt1 — (ak - an+1) (ak - an+1)

<apag + ap1apy1. 1

Now we are prepared to prove our Van der Corput type inequality for *-
algebras (cf. [24], Chapter 4, Lemma 2.1):

INEQUALITY 8.6. If 1 < n > h > 0 are natural numbers and ay,...,a, are
elements of a x-algebra then
(h+1) (Z ) (Zaj)
j=1 j=1
n

h
<(n+h)(h+1) Za a; +2(n+h) Z h—d—l—l)ReZa;aﬁd.
d=1

j=1 =1

Proof. Put a; = 0for j < 0and for j > n+1. Using successively Formula 8.2,
Inequality 8.5 and Formula 8.4, we get

n « n n+h k n+h k
(S5 (550) - (82 52 o) (8 55 )
j=1 j=1 k=1 j=k—h k=1 j=k—h
nth  k .k nth  k
< (n+h)? ( Z aj> ( Z aj) :(n+h)2z Z ajaj
k=1 j=k—h j=k—h k=1 j,j'=k—h
n h n
:(n+h)((h+1)2ajaJ+Z(h d+1 Z aaj+d+a]+daJ)) |
Jj=1 d=1 Jj=1

It follows immediately a Van der Corput type inequality in Hilbert spaces:
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INEQUALITY 8.7. If 1 < n > h > 0 are natural numbers and &, ...,&, are
vectors in a Hilbert space then

e Le
Jj=1

h n
<(n+h)(h+1) Z||§j||2+2n+h2h—d+1 ngﬁd
d=1 j=1

j=1
Proof. Choose bounded linear operators a; with & = a;{ and apply In-

equality 8.6 to these ay,...,a,. Then the value of wg, in the left-hand side will be
less or equal than the value of we, in the right-hand side. 1

9. APPENDIX B: USED INGREDIENTS FROM THE ERGODIC THEORY

We recall that the upper density D*(E) and the lower density D.(E) of some
ECN=/{0,1,...} are defined by

- 1
D*(€) :=limsup . ng( = lim sup lcard(é’ N[0, n]),

n—oo M P n—00

o1& 1
D,(€&) = hnl’Iigolf | kz_oxg(k‘) = lim inf 1card(5 N0, n]),

n—oo n

where yg stands for the characteristic function of £ C N (see e.g. [14], Chapter 3,
Section 5 or [23], Section 2.3). If upper and lower densities coincide then & is
called having density D(&) := D*(€) = D.(£).

The upper (respectively lower) density of a sequence (k;);>; in N means the
upper (respectively lower) density of the subset {k; : j > 1} of N.

We also recall that a subset N of N is called relatively dense if there exists
L > 0 such that every interval of natural numbers of lenght > L contains some
element of NV. In this case holds clearly D.(N) > %, so relatively dense sets are
of lower density > 0.

A sequence (k;);>1 in N is called relatively dense if the subset {k; : j > 1} of
N is relatively dense. It is easy to see that a strictly increasing sequence (k )j>1
is relatively dense if and only if sup(k;11 — k;) < +o00.

)z

For the subsets £ C Nwith D(E) = 0, called of zero density, the following use-
ful fact was noticed by S. Kakutani and L.K. Jones (see [19] or [29], Remark 2.6.3):

LEMMA 9.1. Let £1,&;,... C N be a sequence of zero density subsets. Then
there exists a zero density subset & C N such that &; \ € is finite for every j > 1.

Proof. Choose by induction a sequence 1 < n; < ngy < --- of integers such
that

R 1 .
n+1ZX5j(k)<E forn>mnyand j=1,2,...,p
k=0
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and put £ = J (& N (nj,400)). For n, < n < nyiq we have
Jj=1
1 n 1 n P P 1 n 1 1
k < k - k < —- = -,

so & has density zero. 1

A sequence (wy),>0 in a topological space € is said to converge in density
to w € Q if there exists a set £ C N of density zero such that lim w, = w.

EFn—oo

We then write D- lim w, = w. Lemma 9.1 implies that, for any countable family
n—oo

(w,(Lp ))n>07 p > 1 of convergent sequences in 2, denoting D- lim w'” by w(®), there
n—oo

exists a set £ C N of density zero such that

lim w,(lp) =w®  for all p=>1.
EFn—o0

LEMMA 9.2. If (§1)n>0 is a bounded sequence in a Hilbert space H then the
following statements are equivalent:
(a) D- lim (&, |n) =0 for alln € H;

(b) D- lim &, = 0 with respect to the weak topology of H.
n—oo

Proof. We prove only (a) = (b), the converse implication being trivial.
Let Hy denote the closed linear span of {§, : n > 0}. By (a) there are
subsets £ C N of density zero such that . y}im (&n | &) =0 for all j > 0 and
ol n—oo
by Lemma 9.1 there exists a subset £ C N of density zero with &, \ £ finite for
all j > 0. Then gglim (&n | &) = 0 for all j > 0, so the closed linear subspace

{neH: gglim (&n | m) = 0} C H contains the sequence (§;);>0, hence all Hy.
Since it trivially contains H © Hy, it is equal to H. In other words, (b) holds. &

Using Lemma 9.1 it is easy to verify also the next classical result of B.O. Koop-
man and J. von Neumann ([22], see also [29], Lemma 2.6.2):

LEMMA 9.3. Let (an),>0 be a bounded sequence in [0,400). Then D- lim ay,

n—oo

=0 < {keN:ag > ¢} has density zero for alle >0 < lim n%rl > ap=0.

In particular, given any real number p > 0, a bounded sequence (wy,),>0 in
a metric space (€2, d) is convergent in density to w € Q if and only if
1 n
. p_
nILH;O e %d(wk,w) 0.

The superior limit in density of a bounded sequence (a,, ), > in R is defined by

D-limsupa, = inf {\ € R: {k € N: a; > A} has density zero}

n—oo
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(see [14], Section 7.2). Clearly,

1 n
(9.1) lim sup Zak < D-limsup a,,
k=0

where we don’t always have equality, as the example a,, = (—1)" shows. However,
by Lemma 9.3,

. . . IR
D—1171Ln_>s01ip|an| =0 D_nh_{go lan| =0 < nh—{%o " ;|ak| =0.

We recall also the following easily verifiable counterpart of Lemma 9.3:

LEMMA 9.4. Let (an),>0 be a bounded sequence in [0,+0c). Then

n

1
D,({keN:a; > =0 lle >0« liminf =0.
({keN:ay >¢€}) for all e iminf ——— kzzoak

Let X be a Banach space with dual space X*. We shall say that a bounded
sequence (ry)k>1 in X is weakly mizing to zero if

1 n
lim — Z [{(z*, z1)| = 0 < D- lim (z*,z,) =0 for all z* € X~,
n—oo N i n—oo
and we shall say that it is uniformly weakly mixing to zero if

1 n
lim Sup{ﬁz (¥, z3)| : 2% € X*, 2" < 1} = 0.

n— oo
k=1

The following theorem is again due to B.O. Koopman and J. von Neu-
mann ([22]).

THEOREM 9.5. For a linear contraction U on a Hilbert space H and & € H
the following statements are equivalent:

(a) the sequence (U™E),>1 is weakly mizing to zero;

(b) & is orthogonal to all eigenvectors of U corresponding to an eigenvalue of
modulus 1;

() D- lim (U"¢ | €) = 0;
(d) D-ZEHZ U™¢ = 0 with respect to the weak topology of H.
Proof. For the proof of the equivalence of (a), (b) and (c) we refer the reader
to Theorem 2.3.4 in [23]. On the other hand, (a) < (d) follows from Lemma 9.2. 1
COROLLARY 9.6. IfU is a linear isometry on a Hilbert space H then
HYp = {¢ € H:{U"¢ : n € N} is relatively norm-compact}
is the closed linear span of all eigenvectors of U.

Proof. 1t is easy to see that HXP is a closed linear subspace of H containing
all eigenvectors of U.
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Now let £ € HYp be orthogonal to all eigenvectors of U. By Theorem 9.5
there exists some £ C N of density zero satisfying V\é@;k-lim Um¢ = 0 and then,
n—oo

by the relative norm-compactness of the orbit of £, there exist ny < ng < --- in
N\ € such that the sequence (U”Jﬁ)j>1 is norm-convergent. But then, taking into
account that U is isometrical, we have

€]l = || lim U™¢|| = || weak-imU™¢[| =0 =£=0. ¥
J—0 EFn—o0

In [20] the following results was proved.

THEOREM 9.7. Let U be a power bounded linear operator on a Banach space
X,z € X, and xp, = U*(x), k > 1. Then the following conditions are equivalent:
(i) the sequence (x)k>1 is weakly mizing to zero;
(ii) the sequence (xy)k>1 is uniformly weakly mizing to zero.

The next characterization of bounded sequences which are uniformly weakly
mixing to zero was proved in [20] for the case when the sequence is an orbit of a
power bounded linear operator, and in [41] in the general case (for a related result
in Hilbert spaces see [1]):

THEOREM 9.8. For a bounded sequence (x)i>1 in a Banach space X, the
following conditions are equivalent:
(i) (xk)k>1 is uniformly weakly mizing to zero;
(ii) For every sequence 1 < k1 < ka < --- in N of lower density > 0,

1 n
lim |- |
nL»H;o nzxkj
J=1
(iii) For every relatively dense sequence 1 <k < kg < --- in N,

n
. 1
lim ||— E Th;
n—oo || n
=1

=0.

=0.

For the following known property of totally bounded metric spaces (used e.g.
in the proof of [16], Theorem 4.1) we could not find a reference.

PROPOSITION 9.9. If (2, d) is a totally bounded metric space and € > 0 then
{n € N: there are w1, ..., w, € Q such that d(w;,wi) > € for j # k}

18 bounded.

Proof. Assuming the contrary, for every integer n > 1 there exist w%n), e

...,wén) € Q with d(w§n),w,(€")) > ¢ for j # k. Since the completion Q of Q is
a compact metric space, we get by induction infinite sets N D N7 D Ny D -+,
N; C {n:n > j}, and &1,Ws,... € Q for which _lim w](n) = ;. But then

Njan—oo

d(wj,wr) = kélrrLILOO d(wj(»"),w,(c”)) > ¢ whenever j < k, so the sequence (@;)

has no Cauchy subsequence, in contradiction with the compactness of Q. 1

jz1
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The next recurrence result is done in the proof of [16], Theorem 4.1, but it
goes back to [25] (see also [12], Exercise 4.3.D):

COROLLARY 9.10. Let (Q2,d) be a metric space, T : Q@ — Q an isometrical
map, and w € Q. Then the following statements are equivalent:

(a) the orbit {T™(w) : n € N} is totally bounded;

(b) for everye > 0 there exists a relatively dense N' C N such that d(T"(w), w)
<e forallneN.

Proof. The implication (b) = (a) is straightforward, it holds even if T is
assumed only contractive. Let us now assume that (a) holds and let € > 0 be
arbitrary.

By Proposition 9.9 there exists a greatest integer p > 1 such that there are
ny < -+ <nyp in N with d(T™ (w), T™ (w)) > € for j # k. Since T is isometrical,
we have for every n € N

d(Tn+nj (w), T+ (w)) _ d(Tnj (w), Tm* (w)) >e forj#k

and by the maximality of p it follows that d(7T""" (w),w) < € for at least one
1 <7 <p, that is

d(Tm(w),w) Leforsomen<m<n+n, 1

We notice that if F is a finite set and, for every ¢ € F, (£,,d,) is a metric
space, T, : , — 2, is an isometrical map and w, € Q,, then all orbits {T*(w,) :
n € N}, « € F, are totally bounded if and only if for every € > 0 there exists a
relatively dense A/ C N such that d,(T"(w,),w,) < € for all L € F and n € N.

For it is enough to apply Corollary 9.10 to

0= HQ“ d((wb)L;(pL)L) :mfiXdL(w“pL)7 T = HTL
LeF e F
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