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ABSTRACT. Let F' be a bounded analytic function on the unit disc D having
values in the space L(H) of bounded operators on a Hilbert space H. The
Operator Corona Problem is to decide whether the existence of a uniformly
bounded family of left inverses of F(z), z € D, guarantees the existence of a
bounded analytic left inverse of . When H is infinite dimensional, in general,
the answer is known to be negative. Some sufficient conditions (on values
and/or functional properties of F') are given for the answer to be positive.
The technique uses the tensor product slicing method and the Grothendieck
Approximation Property.

KEYWORDS: Operator Corona problem, Bézout equations, tensor product,
slicing, Grothendieck Approximation Property, Nevanlinna type
meromorphic pseudocontinuation, Sz.-Nagy-Foias model spaces.

MSC (2000): 30D50, 47A56, 39B42, 46B28, 30D55.

NOTATION

X,Y are Banach spaces. H,Hi,Hs,... are separable Hilbert spaces. L(X,Y)
denotes the Banach space of bounded linear operators from X to Y, and L(X) =
L(X,X). On L(H;1,Hz), we write SOT for the Strong Operator Topology, and
WOT for the Weak Operator Topology. For any H, we denote by id the identity
operator on H. DD is the open unit disc of the complex plane, D = {z € C : |z| < 1},
and T the unit circle, T = {z € C: |z| = 1}. We denote by p the Lebesgue measure
on T. Hol(D, X) is the space of all X-valued analytic functions on D. H>(X) is
the Banach space of X-valued bounded analytic functions on D equipped with the
supremum norm, and H*® = H*(C). C(K, X) is the Banach space of X-valued
continuous functions on K, where K is a compact subset of C, equipped with the
supremum norm.
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1. INTRODUCTION

The operator corona problem is a tentative to generalize the famous Carleson
corona theorem ([6]) to operator valued functions. It was raised by Sz.-Nagy in
1978 in the following form ([25]).

Let F € H®(L(H1,Hz)) satisfying ||F(2)x| = d||z|| for every x € H; and
every z € D, where § > 0 is a constant. Does there exist G € H*™(L(Hz,H1))
such that G(z)F(z) = id for every z € D?

This problem is of great interest in control theory, as well as in the operator
model theory and in the study of the invariant subspace problem. It is also re-
lated to the study of submodules of H*>° and to many other subjects of analysis.
Obviously, the condition required on F', usually called the corona assumption, is
necessary. It means the existence of a uniformly bounded family of left inverses of
F(z), z € D. The question is whether this condition is sufficient for the existence of
a bounded analytic left inverse of F'. If it is, we say that the corona theorem is true
for F. In general, the answer to Sz.-Nagy’s question is known to be negative (see
in [27]). But in some specific cases, it is positive. In particular, Carleson’s theorem

n
saying that any scalar Bezout equation Y g;f; = 1 is solvable with {g;}?; C H*®
i=1

as soon as {fi}", C H™ satisfies Y |fi(2)]? > &2 for every z € D, with § > 0,
i=1

means that the answer is positive when dimH; = 1, dim Hy = n < oo. This the-
orem was called the corona theorem because of an equivalent formulation in the
maximal ideal theory; see Section 2. More generally, the answer to the Sz.-Nagy
question is positive as soon as dim H; < oo (see [26] and [22] for dim H; = 1; see
[12] for dim H;, dim Ha < 00; see Vasyunin’s theorem in [20] for the general case).

When F € H*®(L(H)) with dim H = oo, we need to make some additional
assumptions for the corona theorem to be true for F'. In this paper, some sufficient
conditions are given in terms of approximation by functions with finite dimensional
ranges. This approach is based on the Bochner-Phillips-Allan-Markus-Sementsul
theory of central projections which generalizes the maximal ideal theory (see Sec-
tion 2). We deal with the problem in the following more general form.

Let X be a unital Banach algebra with unit 1, and F € H*>(X) such that
there exists a left inverse G, of F(z) for every z € D, satisfying sup |G| < oo.
zeD

Does there exist G € H>®(X) such that G(z)F(z) =1 for every z € D?

We start deriving from the theory of central projections that the corona
theorem holds for functions in a subalgebra of H*(X) defined as the following
tensor product,

H* @ X =span{f(-)z: fe H®, z € X},

where span stands for the closed linear span in the uniform norm topology; see
Theorem 2.2. Next, we want to recognize functions in H*° ® X. First we notice
that every F € H>® ® X has a relatively compact range in X. Then we focus on
the problem whether H> ® X coincides with Hgy,, (X),

HY (X)={F € H*(X): F(D) is a relatively compact set in X}.

comp
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If X satisfies the Grothendieck approximation property (AP), then H® @ X =
H. . (X). More generally, if F/(D) is relatively compact and satisfies (AP) in X,

comp

then FFe H* ® X.
Using a scalarisation (left slicing) method we prove the two following basic

properties. First, we show that H* ® X and HZ, (X)) are equal for every dual

comp

Banach space X if and only if H> satisfies (AP). The latter property represents
a delicate question which seems to remain open. Secondly, if X = (X,)* and
the scalarisation map of F, ¢ € L(X,, H®), defined by (¢r(u))(z) = (F(2),u),
u € X, z € D, maps the unit ball of X, into a relatively compact set satisfying
(AP) in H*®, then F € H*® ® X.

From these properties we deduce for example that the corona theorem is

true for functions having a relatively compact range and, either being *-weakly
(or WOT) Nevanlinna pseudocontinuable with sparsed singularities in C\ D (see

Theorem 5.14), or having the “same operator structure” for all values F(z), z € D
(e.g. Toeplitz valued functions (Theorem 6.3), or functions subordinated to a fixed
structure (Theorem 6.11)).

Speaking on other possible approaches to the Operator Corona Problem, we
first mention that in the Hilbert space setting the left Bezout equation G(z)F(z) =
id, z € D, is equivalent to the right one F,(z)G.(z) = id, where F,(z) = F(z)*, z €
D. For right Bezout equations, there is a general Arveson-Sz.-Nagy-Foias-Schubert

theorem saying that it is equivalent to the left invertibility of the corresponding
(operator valued) Toeplitz operator T(z,y~ on the Hardy space H?(Hy), that is to
the condition

| Ty fll 2 (1) = 1P (Fe)* fll 2 (1) = 0l f Lz

for every f € H?(H;p). In this language, the assumption of the corona theo-
rem, |[F(2)z] > 0||z||, © € Hi, see (2.2) below, is now equivalent to say that
Ty kol 52(15) = Olk2|| 22,y for every z € D and every x € Hy, where k.
is the reproducing kernel of the Hardy space H?, k.({) = ﬁ We refer to [20],
[23], [28], [3] for further details, references and results obtained by this approach
(mostly related to estimates of the left inverses for matriz valued functions F').

The paper is organized as follows. In Section 2, we explain that the corona
theorem is true for H* ® X. In Section 3, we study the spaces H>* ® X and
H (X)), in particular their relations with the (AP) in X. In Section 4, we use

comp

the scalarisation map to examine functions from H*° ® X and Hg,,,(X) from the

point of view of their boundary behavior. Sections 5 and 6 are devoted to general

examples of functions satisfying the corona theorem.
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2. CORONA THEOREM, BEZOUT EQUATIONS AND THE TENSOR PRODUCT H* ® X

Let A be a unital commutative Banach algebra, and suppose that A is a function

algebra on a set M. This means that the elements f € A are functions on M

and the functionals f — f(m), m € M, are bounded homomorphisms of A. It is

well-known that M is dense in 9(.A), the maximal ideal space of A, if and only if
n

any Bezout equation ) g;f; =1 (where 1 denotes the unit of A) is solvable with
i=1

n
91,92, -->9n € A whenever fi, fa,..., fn € A are such that Y fi(2)? > 62 > 0
i=1

for every z € M. The latter property, when it is true, is usually called the
corona theorem for A and M. 1t is of interest to know whether a similar “corona
theorem” holds for matrix valued, or even operator valued functions fi, fo,..., fn
with matrix entries in the algebra A. This tensoring passage (from scalar functions
to matrix or operator valued functions) can often be justified by using the following
theorem (in fact, a special case of the theory referred to S. Bochner, R. Phillips,
G. Allan, A. Markus and A. Sementsul; see [2] and [19] for the history and more
details).

Let 2 be a unital Banach algebra with unit 1, and Z its center. Let A be a
closed subalgebra of Z, and B a closed subalgebra of 2(. We denote by A ® B the
following subalgebra of A,

A@B:CIOS{kabk n>=1, fr €A b EB}.
k=1
Let ¢ € M(A). Suppose that there exists a constant C' such that

|3 ctm| < o 3 |
k=1 k=1

for every n > 1, every f1, fo,... € A and every by, ba, ... € B. Then we can define a
bounded multiplicative projection P, from A® B onto B by the following formula,

Pap(éfkbk) = ;@(fk)bk~

THEOREM 2.1. In the above notation, suppose that M is a dense subset of
IM(A) such that P, is defined for every o € M and sup ||P,| < co. For F € A®B,
peM

the following are equivalent:
(i) F is left invertible in A ® B;
(ii) the family {P,(F),p € M} is uniformly left invertible in B, that is,

Vo e M,3b, € B such that b,P,(F) =1 and sup ||b,| < oco.
peM

For example, let X be a unital Banach algebra with unit 1 and let 2 =
Ca(X) = Hol(D, X) N C(D, X) be the vector valued disc algebra. Set A = Cyp :=
CA(C) (where f € Ca is identified with f(-)1 € Ca(X)) and B = X (constant

functions). It is well-known that 9(Ca) = D, and it is easy to see that Ca(X) =
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Ca ® X (the Fejer polynomials of F tend to F' in Ca(X)). As a corollary to
Theorem 2.1 we get (following G. Allan) that the corona theorem is true in Ca (X),
that is, F' € Co(X) is left invertible in Ca (X) if and only if

(2.1) Vz €D, 3G, € X such that G,F(z) =1 and sup ||G,|| < 0.
z€D

As already mentioned in the introduction, in the case when X = L(H),
property (2.1) can be written in the following way,

(2.2) 30 > 0 such that ||F(2)x| > d|jz||, VzeD, Ve eH.

From Carleson’s corona theorem we also know that D is dense in 9(H>°).
Applying Theorem 2.1 to A = H*(X), A= H* and B = X we get the following
theorem.

THEOREM 2.2. Let X be a unital Banach algebra and F € H* ® X. Then
F is left invertible in H*(X) if and only if F satisfies property (2.1).

Theorem 2.2 is an improvement of Allan’s result on Ca (X) mentionned above,
as H*° ® X is a larger subalgebra of H°°(X) in which the corona theorem is true
(more precisely, if dim X = oo then CA(X) G H*® X G H*(X)). In what follows,
we study under which conditions a function F' € H*°(X) belongs to H>* ® X. We
will examine two types of such conditions: properties of the values of F (see
Sections 3 and 6), and properties of its boundary behavior (see Sections 4 and 5).

3. THE SPACES H*® ® X AND HSS,  (X)

comp

We start fixing the notation and basic facts on vector valued functions.

SPACES OF MEASURABLE FUNCTIONS. For p, 1 < p < oo, the following spaces are
defined:

LY(X)={F:T — X : F uniformly (norm) measurable and ||F(-)|x € LP},
L?(X)={F:T — X : F weakly measurable and ||F'(-)| x € L},
P (X*)={F:T — X*: F xweakly measurable and ||F(-)|x € L},

LP(L(H)) ={F : T — L(H) : F WOT-measurable and ||F(-)||x € LP}.

For measurability definitions, see Chapter 3 of [16]. Recall that F' € L{;(X) is
always almost separably valued. Besides, it is well-known that if X is separable,
then L?(X) = LY(X) (the Gelfand-Pettis theorem; [16]). On the other hand
LP(L(H)) # LY, (L(H)) as soon as M is infinite dimensional. For F € L{;(X),

13,(X), L2-(X*) or L(L(H)), the LP-nomm of Fis | F|l, = ( [ |F(€)[” du(€))”
T
if 1 < p < oo, and ||Fllec = esssup||F(§)] if p = oco. All the spaces L{;(X),
T

LP(X), LY.(X) and LP(L(H)), p > 1, are Banach spaces.
P(z,£) will denote the Poisson kernel,
1— |z
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If FF e LE(X), LL(X), Ly« (X*) or L*(L(H)), the Fourier coefficients F(k), ke,

and the harmonic Poisson extension F' of F' are given by the usual formulas. For
instance,

(32) F:) = [ PEOF© O, €D,

T
where the integral is defined in the norm, weak, weak-+ or WOT sense, depending
on the case. It is well-known that F'(z) tends to F'(§) nontangentially for almost
every £ € T in the norm topology if F € L{;(X) (the converse is also true when X
is the dual of a separable Banach space); it tends to F'(£) in the SOT if X = L(H).

On the other hand, for functions from Ll (X), F(z) may have no boundary limits
in any sense.

SOME SUBSPACES OF L9P(X). If f € L* and x € X, then it is clear that
F = f(-)z € LF(X). Now we consider the space generated by all such functions,

L>* @ X :=spany{f(-)r: fe L>® ze€ X,n>1} =closy |J (L‘X’@X),
n>1 n

where L* Q) X = { S fixi: fi € L®,x; € X} C LY (X), and spany and closy
n i=1
stand respectively for the closed linear span and the closure in the uniform norm
topology. In particular, L™ ® X C L¥(X).
Note now that if F' € L (X) and F(T) is almost relatively compact in X,

which means that there exists ¢ C T, p(o) = 0, such that F(T \ o) is relatively
compact in X, then F € L (X). Let

L, (X):={F € LY (X) : F(T) almost relatively compact in X}.

comp
So, Lsmp(X) C L (X). The proof of the following property is standard.
PropPOSITION 3.1. L&, (X) = L®®X. In particular, Lgs,,,(X) is a closed

subspace (subalgebra if X is a Banach algebra) of LY (X). Moreover, L3, (X) #
LYy (X) if dim X = oo.

Now, we pass to H*(X). If X,Y are two Banach spaces in duality, the
duality product from X x Y to C will be denoted by (-,-)xy.

RIGHT SLICING. The right slicing mapping comes from the tensor product theory
(see e.g. [17]). Here it is adapted and simplified for our purposes. For n > 1, let
H*QX = {F €H™(X):F =Y fien, (fi)i—y C H®, (@1)f_y C X},

" k=1
and let H>*@),X be the algebraic tensor product of H> and X, H*Q,X =

U (H *RX ) 7 will denote the bounded pointwise convergence, that is, for

n>1 n

(F)nz1 € H*(X),
lim ||F,(z) — F(2)]| =0, VzeD

. n— 00
(3.3) T En = F 94 Gup || Fyloo < oo

n=1
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Clearly the 7-limit F' must be in H*°(X). Furthermore, H*@),X is 7-dense in
H>(X) because the Fejer polynomials of F' € H>(X) are T-convergent to F.
Recall also that in the scalar case, the 7-convergence coincides on H* with the
weak-* convergence induced by the duality L>° — L. Denote by H>® = L'/H! the
predual of H* for this duality, where H* = zH! = {f € L' : f( ) =0, Vn > 0}.
Functions in L' will be identified with their class in H>® = L'/H!. The duality
form can be written as (f, g) goe g = [ f(£)g(€) du(€) for f € H®, g € HZ®.
T

LEMMA 3.2. Let p € H®. The map

lo: H*Q,X — X, > fozk — > (fr @) o 1z Tk
k=1 k=1
is well defined, linear and bounded from H*@Q,X to X. Furthermore, it is T-
continuous and can be continuously extended up to a bounded linear map I, from
(H*(X),7) to X. For every F € H*®(X) and every ¢ € H°, we have ||l (F)|| <

el

Proof. First, we can see that ||l,(F)|| < |l¢|lu for every F € H*Q),X
and every ¢ € HX. Indeed, let (f;)"; € H*, (x;)’, C X. Then, for every
heH!,

Zw(zn: kak)

Z/fk (o +h)(©)ax du(€)
k=13,

k=1

zn:fk,
/ka )i ) o+ @) du(e).

Therefore ||l,(F)|| < ||Flloll¢ + h|j1 holds for every F € H*@,X. Hence, ,
is well defined, linear and bounded from H*®@), X to X. Now we show that [,
is 7-continuous. Let (F},),>1 C H*,X be a sequence which 7-converges to a
function F € H*@, X. Forn > 1 and ¢ € H®, set T, () = l,(F,). Then T,

is a continuous linear map from H® to X, and ||T,|| < [|[Fulleo < C. If p € HX,
then lim T.(¢) = T(p), where T(p) = ng(F). Indeed, this is the case for ¢ =

P(z, ) for a fixed z e D, where P(z § ) stands for the Poisson kernel (see formula
(3.1)), because T, (P( fF ) du(é) = Fu(z2) and T(P(z, -)) =
)-

F(z). Moreover, by the Hahn- Banach theorem, lin{P(z, -) : z € D} is dense in
H2°. Applying the Banach-Steinhaus theorem we get lim T,,(¢) = T'() for every

¢ € H. The continuity of [, : (H"o@aX, 7') — X follows. The 7-density of
H>*@®, X in H>*(X) completes the proof. &

For ¢ € HZ°, the map [, defined in Lemma 3.2 is called the right slicing map.
When F admits boundary values almost everywhere (e.g. when F' € H*(L(H))
or F' € HF(X), see below) then [, (F) is given by the formula

(3.4) o (F) = / F(€)p(@) du(e),
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where the integral is defined in the same sense as the boundary values. The
following lemma can be proved by a standard argument. By o(X,Y) we denote
the weak topology induced by a set Y C X*.

LEMMA 3.3. Let F € H*®(X). For every ¢ € H® and every u € X,,
<lga(F)aU>X,X* = <(<F(')7U>X,X*)a<p>H°°,Hg°-

Therefore, the map ¢ — 1, (F) from (H®,o(H®, H™)) to (X, 0(X, X)) is contin-
uous. Moreover, clos,(x x ) {lo(F) : ¢ € HX, [|p||ge < 1} = conv{F(z) : z € D},
where conv stands for the norm closed convexr hull in X .

THE SPACES H°(X), H* ® X AND HS®

oomp(X). First, we make some remarks
on the subspace H(X) of H*(X) consisting of functions having nontangential
limits almost everywhere on T for the norm topology of X. When X is an ar-
bitrary Banach space, the boundary values of F' € H*(X) do not need to exist
in any sense. Nevertheless the Fatou theorem works for X = L(H) (existence of
SOT boundary values almost everywhere) or X = (X,)* with X, separable (exis-
tence of weak-+ boundary values almost everywhere). Moreover, when boundary
values of F' € H*(X) do exist in a particular sense, then F' coincides with the
harmonic Poisson extension of its boundary values defined in the same sense, see
formula (3.2). For F' € HF(X), it is clear that the boundary values define a
function from L{P(X), and thus we get

HE (X) = H*(X) N Ly (X).
In particular, HP(X) = H*(X) if X is a separable dual space. In a more
general situation, it may happen that H3®(X) # H*(X). For instance, H (co) #
H>(cp), where ¢ is the space of scalar sequences tending to zero, and H® (L(H))
# H°(L(H)) if dimH = oo (consider F(z) = diag(1, z, 22, 23,...)).
Now consider the subspace H>* @ X of H*(X) generated by H*@Q), X,

H™ ® X = closge(x)H* @, X.

This space was already introduced in Section 2. We have seen that the corona
theorem is true for functions from H*°® X, and that makes this subspace of special
interest. The following subspace of H>(X) also turns out to be of interest,

H (X)) ={F € H®(X) : F(D) is a relatively compact set in X}.

comp

LEMMA 3.4. (1) H® ® X and HZ, (X) are closed subspaces of H*®(X),

and Banach subalgebras of H*(X) if X ispa Banach algebra. Always H® @ X C
H((:)c?mp (X) .

(ii) Bvery F' € HZ,,,(X) has norm boundary values in X almost everywhere
on T; this means that HZS,, (X) C HE (X).

(1) HESp(X) = Libm(X) 0 HE(X) = Lup(X) 1 H®(X).

(iv) CA(X) CH* ® X.

(V) If dim X < oo, then HZS, (X) = HE(X) = H¥(X) = H® @ X. If
dim X = oo, then HZ, (X) # H(X).

(vi) If X = (X.)* is separable then HF(X) = H*(X). On the other hand,
if H is an infinite dimensional Hilbert space then HG (L(H)) # H™(L(H)).
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Proof. The proof of (i) and (ii) consists in a standard use of compactness,
the separability of spanF'(D), and the scalar Fatou theorem. For the nontrivial
inclusion of (iii), take F' € Lg5,,,(X) N H>(X) and use the Poisson formula (3.2)
to obtain that F(D) C conv(F (T \ o)), where o C T is chosen in such a way that
p(o) = 0 and F(T \ o) is relatively compact. This implies that F' € Hg,,,(X).

The less obvious statement from (v) and (vi), namely that Hgy,, (X) # Hi (X)
for dim X = oo, can be proved using the Jones-Vinogradov interpolation operator

(see [20], Lecture 8). 1

THE APPROXIMATION PROPERTY (AP). It is still unknown whether HZ5,  (X) =
H>*®X for every X. Below, we link this equality with the classical approximation
property for X and prove its equivalence to some other finite rank approximations.

Recall that a Banach space X has the approzimation property, (AP) in short,

if every compact subset K of X satisfies the following:
(3.5) Ve>0, 3T € L(X), rank T < oo, such that | Tz — 2| <e, Vz € K.

A (relatively) compact subset K of a Banach space X satisfies (AP) in X if (3.5)
holds. See [18] for basic facts and references on (AP).

PROPOSITION 3.5. Let F € H. (X). If F(D) satisfies (AP) in X, then

comp

F e H®® X. In particular, if X satisfies (AP), then HS, (X) = H® ® X.

comp

Proof. Let € > 0 and let T' € L(X) be a finite rank operator such that
N

|IT(F(2)) — F(2)|| <e, V2 € D. Write T'= Y (-, a})x), where {z;}1_; C X and
k=1

N
{; Y, € X*. Then T(F(2)) = > (F(2),z})xy for every z € D. For 1 < k < N,
k=1
set fr = (F(-),z5). Then f; € H*. Therefore the function z — T'(F(z)), z € D,
belongs to H>* ® X and so does F. 1

Many Banach spaces satisfy (AP), e.g. the space C(K) of continuous func-
tions on any compact set K, the LP(Q, v) spaces, 1 < p < oo, the Schatten classes
Sp(X,Y), 1 < p < oo, where X et Y are any Banach spaces with a Schauder
basis. Nevertheless there do exist some (even separable) Banach spaces not satis-
fying (AP) ([11], [8]), and it is also known that L(H) does not satisfy (AP) when
H is infinite dimensional ([24]). The problem whether the space H> satisfies (AP)
seems to be open. In what follows, we exhibit some subspaces of L(H) and H>
satisfying (AP) and relate them to the operator corona problem. Note that in the
proof of Proposition 3.5, the operator T needs not to be defined on entire X, but
only on span (F'(D)). As long as T takes values in X this is still the same property
as (AP) for F(D) in X (because of the Hahn-Banach theorem). Sometimes we will
restrict ourselves to such a finite rank approximation T : span (F'(D)) — X, also
calling it (AP). But first, we mention a simple metric property of a compact set K
in a Banach space X which guarantees that K satisfies (AP) in X. The following
approximate numbers (K, n) will be used,

e(K,n):= inf supdist(z, L),

dim L=n ,ci
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where L denotes a finite dimensional subspace of X. Compactness of K implies
that (K, n) decreases to 0 as n tends to oco. The following proposition gives a
rate of decrease of e(F'(D),n), F' € Hgy,,(X), which guarantees that F' belongs
to H* ® X.

PROPOSITION 3.6. Let K C X be a relatively compact set. If e(K,n) =
o(ﬁ), n — oo, then K satisfies (AP).

Proof. The following result is due to D.R. Lewis (see [31], p. 116): for any
Banach space X and any n-dimensional subspace Y of X, there exists a projection
P € L£(X) such that PX =Y and ||P| < v/n. Now, for n > 1, choose an n-
dimensional subspace L,, of X such that sup dist(z,L,) < 2¢(F(D),n) and a

zeF (D)
projection P, from X onto L, such that |P,|| < /n. Given x € K, there exists
y € L,, such that ||z — y|| < 3¢(K,n), and consequently,

|z = Poz|| < [z = yl| + [ Paz — yll < 3(1 + v/n)e(K,n)
as P,x —y = P,(x —y). Therefore, K satisfies (AP). 1

4. SCALARISATION

In this section the subspaces HSS,, (X)) and H* ® X are characterized by func-

comp
tional properties in H* by using a scalarisation process (which corresponds to the
left slicing in the tensor product theory). In the case of operator valued functions,
the membership of F' in HSS, (L(H)) or in H>* ® L(H) is characterized by proper-

comp

ties of the scalar functions (F(-)z,y) € H*, 2,y € H, and in some cases even by
properties of the matrix entries (F'( - )e;, e;) of F' with respect to some orthonormal
basis (e;);>1 of H. Then the functional language is used to compare approxima-
tion properties in X and H*°. Later on, these results will be used to show that
some block diagonal functions from Hgy,, (L(H)) actually belong to H> @ L(H)
(see Section 6), and that some pseudocontinuable functions from Hgy,, (X) also
are in H* ® X (see Section 5).

Only the case when X is a dual space, X = (X,)*, is treated here. Note
that the operator case fits into this setting as L(H) is the dual space of the space
of trace class operators, L(H) = (S1(H))*, in the trace duality. In all this section
the duality product (-,-) corresponds to the (X, X,) duality. B, stands for the
closed unit ball of X,.

Let F € H*(X). We define a scalarisation map ¢p € L(X., H®) by

¢r(u) = (F(-),u), u € X..

PROPOSITION 4.1. The map ® : F — ¢p is an isometric linear operator
from H>®(X) onto L(X., H™®).

Proof. The linearity is obvious. The following equalities show that & is
isometric.
l¢pll = sup [l¢p(u)]| = sup sup [(F(2),u)]
u€B, u€B, z€D

= sup sup [(F(z),u)| = sup [|F(2)|| = | F||-
z€D ue B, zeD
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To see that ® is onto, let ¢ € L(X,, H*®). Then, for every z € D, the map
u — (¢(u))(z) is a continuous linear functional on X, and hence there exists a
unique F'(z) € X = (X,)* such that (¢(u))(z) = (F(z),u) for every u € X,. It
remains to show that the map z — F(z) belongs to H*>°(X). First we see that F
is bounded, because
I1F(2)[l = sup [(F(2),u)| = sup [(¢(u))(2)] < sup [[¢(u)]lec = [[¢]],
u€B, u€E B UE B

for every z € D. Furthermore, (F(-),u) = ¢(u) € H™ for every u € X,. In par-
ticular, F' is weak-* analytic, and therefore analytic. Consequently, F' € H*(X),
and it is clear that ¢ = ¢pp = ®(F). 1

CHARACTERIZATION OF HS® (X)) AND H*® ® X. F(X,Y) denotes the space of

comp
bounded finite rank operators from X to Y, and S (X,Y’) denotes the space of
compact linear operators from X to Y.

PROPOSITION 4.2. Let F € H*®(X). The following are equivalent:

(i) F € Hegnp (X);

(i) ¢F € Soo(Xs, H™).

Proof. We show that (i) implies (ii). The fact that (ii) implies (i) can be
proved in a similar way. Let ¢ > 0. Choose a finite e-net {F(z;)}’_; of F(D)
in X. For every i, 1 < i < p, define h; : u — (F(z;),u) = ¢r(u)(z;), and
h:u— h(u) = (hi(u), ha(u),...,hy(u)), where u € X,. Then h; is a bounded
linear functional on X, ||hi|| < ||F(2:)|| < ||F|lco- Take the uniform norm on CP?,
Moo = sup ||, A € CP. As h(B.) is bounded in C? we can take a finite e-net

1<i<p

{R(u;)}i=; of h(B.) in CP. Now we show that {¢r(u;)}]_; is a 3e-net of ¢r(B.)
in H*®. Let ¢p(u) € ¢p(By) and z € D. Let 4,5, 1 < 4,57 < ¢, be such that
|F(2) — F(2)| < e and ||h(u) — h(u;)|lec < e. Then
0r(u)(2) = ¢r(u;)(2)|

< [or(u)(2) — or(u)(zi)| + [or(u)(2:) — dr(u;)(2i)| + [0r (u;)(2i) — dr(u;)(2)]

= [(F(2) = F(zi),u)| + |hi(u) = hi(u;)| + [(F(zi) = F(2), uz)|

<IFE) ~ F)l+ & +IF() - PR < 3e.
Therefore ||pr(u) —¢r(uj)lleo < 3¢ and {pp(u;)}i_, is a 3e-net of pp(B.) in H>.
Hence, ¢ (B,) is relatively compact in H>®. 1

Now we come to a characterization of H* ® X. The following lemma is
obvious.

LEMMA 4.3. Let F € H®(X). The following are equivalent:
(i) F e H*®X;

(ii) ¢F has finite rank less or equal to n.
Furthermore, if E is a closed subspace of H®, then F € EQ X if and only if ¢F

has finite rank less or equal to n and Im¢p C E.

THEOREM 4.4. Let F € H>®(X). Then F € H*® ® X if and only if ¢r €
closF(X., H*®), where clos stands for the norm closure in L(X,, H*).

Proof. 1t is straightforward from Proposition 4.1 and Lemma 4.3. 1
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If F € H*® ® X and the mapping ¢ takes values in a closed subspace F of
H®°, then the natural question arises whether F' € E ® X. The answer is yes if £
is a complemented subspace of H°, since one can simply project approximating
functions from H> @), X onto E®X. Later on, we prove that the same conclusion
is true for E satisfying (AP). But for a general E C H*, we do not know the

answer.
The following corollary is a consequence of Theorem 4.4 and the Grotendieck
characterization of (AP); see [18].

COROLLARY 4.5. The following are equivalent:
(i) H*® X = HZ

comp

(ii) H*™ has (AP).

(X) for every dual Banach space X ;

The question whether H> has (AP) has been studied by J. Bourgain ([4]),
J. Bourgain and O. Reinov ([5]), G. Pisier ([21]), and others. Although this ques-

tion is still open, in our setting, some conditions on F' € Hgy,, (X) can be given
which make the compact operator ¢r a limit of bounded finite rank operators.
For instance, the following proposition is an elementary consequence of the dual-

ity reasoning.

PROPOSITION 4.6. Suppose X is a bidual, X = (X,)* = (X.)*™, and let
F e H®(X). If X.x has (AP) and ¢p € Seo(X«, H®) is weak-+ continuous, then
FeH*®X.

Now we consider the scalarisation in the case of operator valued functions.
It is well-known that L(H) = S7 and S; = S% with respect to the standard trace
duality,
(A,B) = Tr(AB) = Y (ABey, e,),

n>1

where (e,,),,>1 is any orthonormal basis of H. Using some standard properties of Sy
(see e.g. [14]), we obtain the following proposition (to compare with Theorem 4.11

below).

PROPOSITION 4.7. Let F € H*®(L(H)). The following are equivalent:
(i) F € Hnp, (L(H));

(i) {{(F()u,v) s u,v € H, |lul]| = ||v|| = 1} is relatively compact in H>.

SCALARISATION AND APPROXIMATION PROPERTY IN H°. In view of Proposi-
tion 4.2 and Theorem 4.4, in the case when X is a dual space we can use (AP)
in H* rather than in X; see Proposition 4.8. In the case of an operator valued
function F' € H*(L(H)), we show that, in general, the approximation property for
the set of matrix entries Mp = {(F(-)e;, e;)}; j>1 with respect to an orthonormal
basis (e;);>1 of H does not lead to F' € HZ,, (L(H)).

comp
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PROPOSITION 4.8. Let X be a dual Banach space, X = (X,)*. Let F €
Hs o (X). If ¢r(B.) satisfies (AP) in H* then F'€ H* ® X. If X = L(H), it
is sufficient that the set {{F(-)u,v) : u,v € H, ||u|]| = ||v]] = 1}, or even the family
{(F(-)xj,xi)}ij>1, satisfy (AP) in H*, where (x1),>1 s a dense sequence in the
unit sphere of H.

Proof. Let E be the closed linear span of ¢r(B,) in H* (in the case when

X = L(H), E coincides with the closed linear spans of {(F(-)u,v) : w,v €

H, ||ul| = |jv]| = 1} or {(F(-)xj,zi)}ij>1)- If ¢p(B,) satisfies (AP) in H™,

then for every € > 0, there exists a bounded finite rank operator T : £ — H*°

such that [|[Tor(u) — ¢r(u)]|ew < € for every u € B,. In particular, Top be-

longs to F(X,, H*®) and [|[T¢r — ¢F|lecoc = sup || Tor(u) — (F(-),u)| < e. Thus,
u€ B,

or € F(X,, H*®) and from Theorem 4.4 we get F € H* ® X. 1
COROLLARY 4.9. If F € HZ (X) with X = (X.)*, and ¢r(Bs) C E,

comp

where E is a closed subspace of H* satisfying (AP), then F € E® X.
Indeed, we can choose the approximation operator T' taking values in F.

REMARK 4.10. In Corollary 4.9 the assumption I € Hg,  (X) is essential.
Indeed, there exists F' € H*(L(H)) such that ¢p(B.) C Ca but F € Ca(L(H)) =
Ca ® L(H). For example, we can take F(z) = diag ((2"),>1) € L(¢?). Let
(eén)n>1 denote the canonical basis of ¢?. Then, for T € S;, we have ¢p(T) =

S 2(Ten,e,) and . |(Ten, en)| < 0o. Thus ¢p(T) € Ca. But F & Ca(L(£?)),
n>0 n2=0

and even F ¢ HF (L((?)).

So, in the case when X = (X.)*, we have seen that F' € HZ, ,(X) belongs
to H*® @ X as soon as F(D) satisfies (AP) in X or ¢p(B,) satisfies (AP) in
H®. Nevertheless, these two properties are independent of each other in the
following sense (see [30] for the proof). If X does not satisfy (AP), then there
exists F' € Hgy,, (X) such that F(D) does not satisfy (AP) in X but ¢p(B.)
satisfies (AP) in H*°. On the other hand, if H> does not satisfy (AP), then there
exists F' € H>® ® (> (and hence, F(D) € (AP)) such that ¢5(B.) does not satisfy
(AP) in H*.

Now we consider the question on how to express the membership of F' in
H* @ L(H) or in HS,,,(L(H)) in terms of the set of its matrix entries Mpr =
{fij}i j>1 with respect to an orthonormal basis € = (e;);>1 of H, fi; = (F/(-)e;, €;).
We show that it may happen that M p satisfies (AP) in H> but F' ¢ Hgy,, (L(H)).
On the other hand, if Mg satisfies a stronger approximation property, called the
complete approzimation property (CAP), then F' € H>® ® L(H), see Theorem 4.13
below.

THEOREM 4.11. Let ' € H*®(L(H)). In the notation above, for n > 1,
F e H*®QL(H) if and only if rank {f;; : 4,7 > 1} := dim(lin{f;; : 4,5 > 1}) < n.

n
On the other hand, if dimH = oo, there exists F € H®(L(H)) such that Mg is
a relatively compact set satisfying (AP) in H>, but F' ¢ Hgy,, (L(H)).
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Proof. F € H>* @ L(H) if and only if rank ¢ (B,) < n (see Lemma 4.3).

Thus, if F € H>® Q) L(H) then rank {f;; : i,j > 1} = rank{¢p(e; ® ¢;) : 4,5 >

1} < n, where e; ® e; stands for the rank one operator (e; ® e;)x = (x,e;)e;,
x € H. Conversely, let P, be the orthogonal projection onto lin{e; : 1 < i < n}.
For every A € Si, P, AP, tends to A in Sy and P,AP, € lin{e;®e; : 1 <i,j < n}.
Therefore, ¢ (P, AP,) tends to ¢pr(A) in H* and ¢p(P,AP,) € lin{¢r(e; ®e;) :
1<4,j <n}Clin{gr(e;®e;) 14,7 > 1}. Thus, if rank {¢r(e;®e;) : 1,5 > 1} < n,
then rank ¢pp(B,) < n.

Now we take e to be the canonical basis of (2, and A = (a;;); j>1 € L(¢?)

k
the Césaro operator defined by Az = <i > acl) , @ = (z)k>1 € 2

=1 E>1

1 0

11

P

3 3 3 0

A=
11 1

By the Schur test ([15]), A is a bounded operator on £2; indeed,
Vi1, Y a7y <%,

1<
S0
, 1 M
i>1

where M is a constant. On the other hand, A is not compact. Indeed, take
Ty = ﬁ(l,l, ...,1,0,0,...), n > 1; then [|z,|| = 1 and (x,),,>1 tends weakly to
0 whereas ||Az,| > 1. Let P, € L({?), n > 1, be as above, and Q,, = id — P,.
Define A, = @,—1A. Then we choose a Carleson sequence (A,),>1 C D, and
(@n)n>1 € H* a sequence of interpolating functions (¢ (Ax) = dpk, Vn,k > 1)
such that Y |¢n(2)] < C for every z € D (see Section 5 below for definitions and

n>1
references). Set F(z) = on(2)A,, 2 € D. Then F € H*®(L(¢?)). Consider
n>1
the family of matrix entries {fi;}; j>1 of F'. We have f;;(2) = > @n(2)(An)s; for

n>1
every i,j > land every z € D. Let N > 1. If i+j > 2N, then 0 < (4,);; < % for
every n > 1 and || fij[oc < $. The set {f;; : i + j < 2N} being finite, we deduce
that {f;; : 4,7 > 1} is a relatively compact family in H>.
Now suppose that F'(D) is relatively compact. As F(\x) = A, the sequence
(Ag)k>1 must have a norm convergent subsequence. But (Ag)gp>1 tends SOT
to 0 because nlirlgo|\an|| = 0 for every x € (%, Then (Ay);>1 must be norm

convergent to 0. As ||A — Py A|| = ||Ag||, we deduce that the sequence of finite



A TENSOR PRODUCT APPROACH TO THE OPERATOR CORONA PROBLEM 193

rank operators (PyA)g>1 is norm convergent to A, which is a contradiction to the
non-compactness of A.

Moreover, the set {f;; : 4,7 > 1} satisfies (AP) as it is contained in T'(¢*°)
which satisfies (AP); here T € L(¢>°, H*) is the interpolation operator associated
with (¢x)k>1, it is an isomorphic embedding of £°° into H*® (see Lemma 5.7). 1

Now we define a stronger approximation property for the family of matrix
entries of F' € H*(L(H)), which guarantees that F' € H>* ® L(H). M,, denotes
the space of n x n matrices with scalar entries. M, (FE) stands for the space of
n X n matrices with entries in F, where FE is a closed subspace of H>°. The space
M, (E) embeds canonically into H*(M,,). We endow M,,(F) with the norm
I - oo induced by H>(M,).

DEFINITION 4.12. Let K be a relatively compact subset of H*, and F =
spange K. The set K satisfies the complete approximation property (CAP) in
H® if for every € > 0 and every C > 0, there exists T € L(E, H*) such that

(4.1) rankT < oo and  [[(T'® In)(#45)ij=1 = (#ij)ij=illee <&

for every matrix (<pij)2j:1 with {¢;; : 1 < 4,7 < N} C K and ||(80ij)ﬁj:1‘|oo <
C, n > 1, where the operator T ® I,, € L(M,(E), M, (H*)) is defined by
(T ® In)(@ij)ij=1 = (Tpij)i j=1-

THEOREM 4.13. Let F' € H*(L(H)) and Mp = (fi;)i j>1 its matriz in an
orthonormal basis € = (en)n>1- If {fij : 1,5 = 1} is a relatively compact family
satisfying (CAP) in H*, then F € H*® ® L(H).

Proof. Set E = spango{fij 14,5 = 1} and C = ||F||co. Then ||(f¢j)?7j:1||oo

< Cforeveryn>1. Lete >0and T € L(E, H®) satisfying (4.1). Let z,y € H,

x =) xje;,y =y yie;. Then (F(-)z,y) = > ;¥ fi; belongs to E. Moreover,
j=1 i=1 ij=1

TF( )z, ) — (F(a,y) = 5 a;5(Tfi; — fi;) and

i,5=1

| 32 @ — £ =0T © LGt~ Gyl G0

2,7=1
<SIT @ In)(fig)ij=1 = (fig)i =1 ool 2l Tyl <ell]l -

Then [ T((F(-)a,5) — (F(-)2,5)llc < ele]llyll for every @,y € H. Therefore
the set {{F'(-)z,y):x,y € H, ||z|| = ly|| = 1} = ¢r(S1,.) satisfies (AP) in H*,
and from Proposition 4.8 we deduce that ' € H>* ® L(H). 1

REMARK 4.14. The (CAP) is a restricted version of the operator approz-
imation property (OAP) which was introduced by Effros and Ruan ([10]). The
(OAP) is formulated in terms of tensor products L(H;) ® L(Hz). As H*™ em-
beds isometrically in the space L(H?) of bounded operators on the Hardy space
H?, the (CAP) coincides with the restriction to H> @ L(£?) of the (OAP) for
L(H?)® L(¢?).
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5. THE CORONA THEOREM FOR WEAKLY PSEUDOCONTINUABLE FUNCTIONS

In this section, we use the scalarisation results of Section 4 to obtain some explicit
sufficient conditions for the left invertibility of a function F' € H*(L(H)). To this
end, we exhibit some subspaces of H> satisfying (AP) and defined in terms of
pseudocontinuable functions appearing in the theory of Hardy spaces HP, 1 < p <
oo (see [20], Lecture 2). The proofs are based on the free interpolation techniques
(see [13], [20]). We first give some general information.

SUBSPACES OF H°°(X) DEFINED BY MINIMAL SEQUENCES. For (fy)p>1 C H®,
we define the following property (P) and write (fi)g>1 € (P) if

(P) (fr)k>1 is a uniformly +-minimal sequence, and sup Z |fr(2)| < o0.
z€D
k=1

Recall that a sequence (fg)r>1 C H* is uniformly *-minimal if there exists a
bounded sequence (¢y)r>1 C L' such that (f;, ;) gee g = 6;; for every i,j > 1.
We refer to Section 3 for definitions of duality, 7-topology (see formula (3.3)) and
x-convergence in H>.

For (fx)i>1 € (P), we define

LUz, X) = {3 fuwn s (@r)iza © X, sup ]| < oo}
>t k=1

and L£(X) = H{L((fx)k>1,X) : (fi)r>1 € (P)}-

LEMMA 5.1. Let (fu)k>1 € (P). Then L((fx)k>1,X) is a T-closed subspace
of H*(X).

Proof. Let F = % frxr € L((fe)k>1,X). As sup Y |fu(2)] [z < oo,
k>1 z€D k>1

the series defining F' is 7-convergent. Therefore, L((fx)r>1,X) C H>®(X). To

see that L((fx)r>1,X) is 7-closed, we take a sequence (Fy,),>1 C L((fr)r>1,X),

T-convergent to some F € H®(X). Let (¢x)r>1 C L', sup |l¢kll1 < oo, such that
k>1

(fi,0j) Hoo Hoo = 045 for every 4,5 > 1.
From Lemma 3.2, if G = ) fiyx, sup|lyr]| < oo, we have lwk(G) =
k=1 >1

> (fi(2),¢k)y; = yr for every k > 1. On the other hand, we know that for
jz1

fixed k, (lp, (Fn))n>1 converges in X due to the continuity of l,,. Set x, =
lim I, (Fy,). Using Lemma 3.2 again, we obtain |z4|| < |¢r| e sup [|Fyl|, and

n—00 n>=1

therefore sup [|z|| < oco. Thus, G = > fray belongs to L((fx)r>1,X) and it is
K>1 K>1

clear that (F},),>; is 7-convergent to G. Therefore, ' = G € L((fx)r>1,X) and

L((fr)k>1,X) is T-closed. 1

EXAMPLE 5.2. For every Carleson sequence (Agx)r>1 C D (see below for
the definition), there exist interpolating functions (fi)g>1 C H*, fr(X\;) = 0k,

Vj,k > 1, such that sup ) [fx(z)| < oo (see [13]). In particular, (fx)r>1 € (P). I
2€D k>1
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For (fr)r>1 € (P), we denote by Leomp((fx)r>1,X) the following subspace
of ‘C((fk)kélaX)a

ACcomp((fk?)k>17 X)

= { Z frar s (Tr)k>1 C X is a relatively compact sequence in X},
E>1

and further we set Leomp(X) = (U{Leomp((f)e>1,X) : (fi)r>1 € (P)}.
LEMMA 5.3. Leomp(X) CH® @ X.
Proof. Let F = 3 fraxr € Leomp((fr)r>1,X). Let € > 0 and let u be a map
k=1

in N* with a finite set of values, say k1, ko, ..., kp, and such that ||z — x| <€
for every k > 1. We set

G:kaxu(k)zzp:< Z fk)xuj-

k>1 J=1  kwu(k)=k;

According to property (P), ( > fk) € H® for every j, 1 < j < p. Thus,
Eu(k)=k;
G € H* @ X. On the other hand, HF Glloo <sup D |fr(2)| |l2x — 2wl < Ce
2€D Ek>1

P
where C'=sup Y |fx(2)|. Therefore, F € H*® X. 1
2€D E>1

n
In fact, Loomp(X) is a dense subset of H* ® X because finite sums > frzg
k=1
with {fk}k 1 C H*® and {x}}7_; C X, n > 1, belong to Leomp(X) and are dense
in H*° ® X

PROPOSITION 5.4. Let F € L(X). The following are equivalent:

(i) Fe H* ® X;
(i) F' € H5p (X);
)

(ili) F € Leomp(X).

Proof. Clearly, (i) implies (ii). Lemma 5.3 means that (iii) implies (i).
It remains to prove that (ii) implies (iii). Since F € L(X), there exists a se-
quence (fr)r>1 satisfying (P) such that F' € E((fk)k>1,X). Let (¢)r>1 C L,
sup ||k |1 < oo, satisfying (fi, ;) ne ne = d0;; for every 4,j > 1. As in the proof
E>1
of Lemma 5.1 we have {,, (F)) = xj, for every k > 1. According to Lemma 3.3,
x), € Cconv{F(z) : z € D}, where C' = sup{||px|g= : k > 1}. Since conv{F'(z) :
z € D} is compact, we get F' € Leomp((f)r>1,X). 1

PSEUDOCONTINUABLE FUNCTIONS. Recall that a function f € HP, 1 < p < oo,
is Nevanlinna pseudocontinuable (p.c. in short) if there exists a function f, €

Nev(C\D) = {g/h: g,h € H“(C\D)} such that f(&) = f.(§) for almost all £ € T
(nontangential limits). Here, H* ((C \ D) denotes the space of bounded analytic
functions in C\ D. We refer to [20], Lecture 2, for the theory of pseudocontinuable
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functions. If a pseudocontinuation exists, then it is unique, and we can classify
p-c. functions in terms of their pseudocontinuation. Indeed, every inner function
0 € H* is p.c., and has a pseudocontinuation 6, given by the Schwarz reflection,

0.(z) = = L = 2 € C\D. In particular, (6,)~' € H>*(C\D). Let f be p.c.,

and f, = { its pseudocontinuation, g,h € Hoo(@ \ D). We can suppose that
lim g(z) = 0. Let h = 601hy be the inner-outer factorization of h, and set

|z]—o00

0(z) = 61(%), z € D. Then § € H> is inner and 6, = é. Thus f. = #0., where
g,hy € H® (@ \ D), h; outer. In this case, we say that f has a pseudocontinuation
with singularities subordinated to 6. If moreover f € H*, then f. = ¢10., where
g1 € HOO((E \' D), lim g;(z) = 0. We say that f has a purely meromorphic

|z|—o0

~
wll=

[

pseudocontinuation if # = B is a Blaschke product.
For every inner function § € H>, we denote by PC() the vector space of
p-c. H*® functions with singularities subordinated to 6,

PC(O) = {f €H®: f, = g0, gc H®@C\D), lim g(z) = o}.

|z| =00

Note that the meromorphic pseudocontinuation of f € PC(B) can have poles only
at points <, where ) is a zero of B, with at most the same order of multiplicity.
For an inner function § € H*, we set

K = H® NOH™ = H® N Ky,

where H*® = ZH> and Ky = H> ©0H? = H?>N@H? is a coinvariant subspace for
the shift operator on H?2.

LEMMA 5.5. Let 8 € H*® be an inner function. Then:
(i) PC(0) = Kg°;
(i) Kg° is a *-closed subspace of H;
(iii) 4f B is a Blaschke product, B = ] big‘"), §>: E(An)(1 — |An]) < oo,
n=1

n>1
where by(z) = ‘—;\\l()\ —2)(1 = X2)~%, then
1

7,@377,
G- 3)

where span, stands for the x-closed linear span in H>.

Ky = span*{

Proof. (i) is clear because a function g € H* (@\ﬁ) satisfies ‘ l‘im g(z) =0

if and only if g € H*. Property (ii) comes from the formula K& = [ Kerp,,
n>0

where ¢, (f) = [ f(§)B(£)&" du(§), f € H*®, n > 0. For the proof of (iii) see [20],
T

Lecture 2. 1
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REMARK 5.6. If f € K§° has a pseudocontinuation f., then f and f, not
only have the same nontangential limits on T, but also they extend to an analytic

function on C \ {% HP WS 0(9)}, where o(6) denotes the spectrum of 6 (see [20]).
In particular, if # = B is a Blaschke product, then f € K2 can be extended to an
analytic function on C \ clos {% :B(\) = 0}.

LINEAR FREE INTERPOLATION. Our main source of subspaces of H* satisfying
(AP) is provided by linear free interpolation operators in H*. The following
lemma recalls a well-known result on this subject (see [13], Chapter VIII, Sec-
tion 2). Recall that a sequence A = (X,),>1 of distinct points in D is a Carleson
(interpolating) sequence (A € (C)) if

(®) inf{|Bx, (An)| :n > 1} =0 >0,
where By = % and B = [] by, is the Blaschke product associated with A.
" n>1

LEMMA 5.7. Let A = (A\n),>1 C D. Suppose that there exists a bounded
linear operator T : £*°(A) — H® realizing interpolation on A, that is (T'a)|A = a
for every a € £°(A). Then A € (C) and the range T((>°(A)) of T is a closed
subspace of H™ isomorphic to £>°(A), thus satisfying (AP) in H.

COROLLARY 5.8. Let X = (X,)* be a dual Banach space, and F € H*(X)
such that ¢p(Bx) C T(L*(A)), where A C D, A € (C), and T is an interpolation
operator for A. Then F' € H*® ® X if and only if F' € Hgy,, (X).

Indeed, this is a direct consequence of Lemma 5.7 and Proposition 4.8.

It is not easy to distinguish subspaces of the form T'(¢*°(A)) with some
T and some A € (C) among all subspaces of H>. Several constructions exist
for interpolation operators; see [13], [20], [29]. But only one of these operators
fulfills the properties we need. The following lemma is inspired by a result of
G.M. Airapetyan ([1]).

LEMMA 5.9. Let A = (An)p>1 CD. The following are equivalent:
(i) there exists T € L(£*°(A), H®) such that (Ta)|A = a for every a €
0°(A), and T(¢>°(A)) = K, where B = [] by, is the Blaschke product with the

n>1
zero set A
(ii) A € (C) and (F), where (F) stands for the uniform Frostman condition,
1—|\u)?
(F) sup A < 0.

EeT n>1 |§ - )\n|

REMARK 5.10. It is clear that the uniform Frostman condition (F) is stable
with respect to finite union. Notice also that a sequence A € (F) is always “tangent
to T”, more precisely there is at most a finite number of points of A in every Stolz
angle. It is also known that a Frostman sequence is a finite union of Carleson
sequences. On the other hand, if (6,),>1 is a sequence of distinct real numbers
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tending to 0, then there exists a sequence A = (\,),>1 C D, with \, = rpeifn
such that A € (C) and (F) (where (ry,),>1 tends to 1 fast enough).

Proof of Lemma 5.9. First we show that (i) implies (ii). We know that
H>®|A = ¢£>°(A) implies A € (C). Notice that the interpolation operator taking
values in K% is necessarily unique, because if fi, fo € K%, and fi|A = faA,
then (f1 — f2) € BH>® N K¥ = {0}, thus fi = fo. Moreover, for every finitely
supported sequence a = (a(A,))n>1 € £°°(A) we have

1—1|M\)? By, (2
Ta(z) = ) a() 1_|7L B; ((A )), z €D,
n>1 n n\7T

_ B _ XAy _B
where By, = ba Indeed, - )\”Z = N

Ta € K. Now, as T is bounded, we have

L= Dl 1By, (2)
sup{[Ta(2)] : flalloo < 1} = 30 ——22L 2
1A B, O)

5 1 5
€ K because ;—— € H>, thus

<G,

for some constant C' > 0. It is known (see [20]) that for A € (C), there exists
61 > 0 such that
|B(2)| = 01 inf{|bx, ()| : n = 1},

for every z € D (generalized Carleson condition). Let 0 < e < 1. We set
0. =D\ ( U{zeD: by (2)] < 5}).
n>=1

Choosing & small enough, we can suppose that the hyperbolic discs {z € D :
by, (2)] < e}, n = 1, are mutually disjoint. Then |By, (z)| = |B(z)| > d1¢ for
every z € 2. and every n > 1. Therefore,

1—1|\.]? |B 1— A2
LB B o s~ 1D
[1— X.z| [Bx, (An)] =1 11— A\,z|

n>1

for every z € Q., and we have

1—A
SO,
1 11— A\nz| 518
For every finitely supported unimodular sequence (€,)p,>1 C C (len| = 1 for a
finite set of n, and &, = 0 elsewhere), we have
1— A% |2
(5.1) et <2
51— Az d1€
for every z € Q.. It is clear that, by continuity, (5.1) holds for every z € T. Taking
2
the supremum over (e,),>1, we get that Slgr) 21 1‘1)‘)\7;” < 5% for every z € T.
z n>

Now we show that (ii) implies (i). We check that the series

1—|A|? By, (2)
D e WA AW
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is *-convergent in H> for every a € ¢*°(A). Indeed, taking z € D and a finitely
supported sequence b = (by),>1 and applying the maximum principle, we obtain
< (sup

1= Dl Ba(2) P
’;bn 1— X,z By, (M) n>1 |B>\ ><\C\P Z nC\)Hb”m

Taking the supremum over such b, ||b]|o < 1, we get the absolute convergence of
the series and a uniform upper bound for the partial sums, and hence the weak-*
convergence in H>. Set

Ta(z) = Z a(Ay)

n>1

1- |)‘n|2 B (2)
Ml n , € I°°(AN).
1~z B () ()

Then T is an interpolation operator acting from ¢>°(A) to K (see Lemma 5.5).
Moreover, T is bounded according to the previous uniform bound. Finally, if
f € K%, then T((f(An)n>1) € KF and T((f(An)n>1) coincides with f on A.

From the uniqueness mentioned above, we get that f = T'((f(An)n>1). Thus
T(>®A) =K. 1

COROLLARY 5.11. Let A = (Ap)p>1 C D be such that A € (C) and A € (F).
Then the map Pp defined on H*® by

|)\| B, 00
Py f = glf war R WU AR

is a bounded linear operator. Moreover, Pg coincides with the “Riesz projection”
onto Kg, that is Ppf = f for every f € Kg and Ppf =0 for every f € BH*®
(equivalently, Pg = BP_B where P_ : L> — H? s the orthogonal projection,).

Consequently, H* = K% + BH®™ (topological direct sum). 1

COROLLARY 5.12. Let B = Blé, where B, By, B are Blaschke products with
By =B, A€ (C) and A € (F). Then K = K5, + B1K%.

Indeed, let f € K. According to Corollary 5.11, we can write f = f1 + fo,
where f; = Pp, f € Kg and, since K§ C Kg, fa € Bi1H* N (H* N BH>) =
B K 959. Moreover such a decomposition is unique.

.. d())
We say that the divisor d(\), A € D, of a Blaschke product B = /\1;[11» by
is a Frostman divisor if sup d(\) < oo and the support of d satisfies the uniform
€D
Frostman condition (F).

COROLLARY 5.13. Let B = ] bf\l(A) be a Blaschke product having a Frost-
€D

N
man diwisor d. Then B = [] By, where By, = By, , o € (C) and (F), and
k=1

(5.2) Ky =Ky + B1Kg, + -+ B1By--- By 1 K3, .
Hence K¢ satisfies (AP).
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Indeed, according to Vinogradov-Goluzina lemma (see [20]) the support of d
is a finite union of sets, say A1, Aa,..., A, C D such that Ay € (C) and (F). Let
N

M = supd()\). Then there exists (di)Y_, such that d = 3 di, where N < nM
AED k=1
and dy, is the indicator function of a sequence oy, C D satisfying oy € (C) and (F).

Setting By = B, , we prove the first assertion. Now we show (5.2) by induction
on N. Set B = By---By and let f € K. According to Corollary 5.12 we have
Ky =Kg —FBlK%O. We get the result by applying (5.2) to B. 1

THEOREM 5.14. Let B = ] bi()‘) be a Blaschke product having a Frostman
Aeh
divisor d. Assume that one of the following two conditions is satisfied:

(i) F € H®(X), with X = (X.)* a dual Banach space, and ¢pr(B.) C K%,
where ¢ stands for the scalarisation map of F (see Section 4).

(ii) F € H®(L(H)) and Mp C K%, where Mp = {(F(-)ej,e;) 1 1,5 > 1}
is the family of matriz entries of F with respect to an orthonormal basis (e;);>1
of H.

Then F € H, (X) if and only if F € H*® ® X.

comp

Proof. Under condition (i), the result follows from Corollary 5.13 and Propo-
sition 4.8. Condition (ii) implies condition (i). Indeed, we know that Kg is -
closed, see Lemma 5.5. It remains to prove that ¢r(A) € span, {(F(-)e;,e;) :
1,7 = 1} for every A € S;. Let € H, and let P, be the orthogonal projection
onto lin{e; : 1 <4 < n}. The sequence (hj,),>1 defined by hj,, = (F(-)P,x,e;)
tends to (F'(-)x,e;) *-weakly for every j > 1. Thus (F(-)z,e;) € Kg. Applying
the same process to y, we obtain that (F(-)x,y) € K. If A = > (-, xr)ys,

k=1
S ekl - lyg]l < oo, then the series ¢pp(A) = > (F(-)xk, yr) is norm convergent,
K>l E>1
and hence ¢pp(A) € KF. 1

COROLLARY 5.15. Let F' € HZ,,,(L(H)) satisfying condition (ii) of Theo-

rem 5.14. Then there exists G € H*®(L(H)) such that GF = id if and only if
|E(2)x|| = d||z|| for every x € H and every z € D, where § > 0 is a constant.

6. FUNCTIONS SUBORDINATED TO A FIXED STRUCTURE

In this section, we are mainly concerned with the case X = L(H), dimH = oo.
The case when dim’H < oo is clear; see Lemma 3.4. On the contrary, if dimH =
00, L(H) does not satisfy (AP) and we do not know whether H> ® L(H) and
H ., (L(H)) coincide. Nevertheless, some subspaces of L(H) do satisfy (AP),

comp
and we obtain that the corona theorem is true for functions in Hgy,,,(L(H)) with
values in some special subspaces £ of L(H). Note that even if £ is a subalgebra,
the left inverse will not necessarily take values in £. However, this is the case if
€ is a unital C*-algebra (A € £ = A* € £). Indeed, under assumption (2.2) we
get that G(z) = (F(2)*F(2))"'F(2)* is a bounded (nonanalytic) left inverse of
F(z), and if € is a C*-algebra, then G(z) € £. Consequently, if £ is a C*-algebra
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satisfying (AP), every F' € Hg,,, () = H® ® & satisfying condition (2.2) has a
left inverse in H® ® £.

COMPACT VALUED FUNCTIONS. Recall that S, = S (H1,Hz), the space of
compact operators from H; into Hy, satisfies (AP). In particular, Hgs,,,(Seo) =
H*® ® Sx.

From this equality we deduce the following two results. The first one refers to
the setting of Fuhrmann-Vasyunin’s theorem (see [20], Appendix 3, and references
mentionned therein).

PROPOSITION 6.1. Let Hy and Ho be two Hilbert spaces with dimHq, < oo.
Then every I € HZ,,,(L(H1,Hz)) satisfying condition (2.2) has a left inverse in

H> @ L(Hz2,H1). In particular, if dimHe < oo, then every F € H*®(L(H1, H2))
satisfying (2.2) has a left inverse in H*(L(Hz, H1)).

Proof. The second assertion is an obvious consequence of the first one, be-
cause then F(D) is a bounded set in a finite dimensional space. When dim Hs = co
we can reduce the problem to the case where F' € H*°(L(H)). If dim H; = dim Ha,
we can identify H; and Hsy. In the general case, let F € H™(L(H1,Hs)) satisfy-
ing (2.2). Condition (2.2) implies that dim H; < dim Hz, and we can assume that
Hy C Hz. We denote by Hi the orthogonal complement of H; in Hy. Let Hs be
another infinite dimensional Hilbert space. We set H = Hs @ H3 (hilbertian sum)
and we define Fy on D by

Fo(2)|[H1i=F(2), Fo(2)|Hf @Hs=U

for every z € D, where U is a constant unitary operator from Hi @ Hsz onto Hs.
Then Fy € H*(L(H)) and

[Fo(z)(uadvaw)|® = F(z)u+ U +w)|® = [|F(2)ul® + |U(v + w)|?
> P (|Jull® + v e wl®) = 8 ludv® w|?

for every u € Hy, v € Hi-, w € Hz (we assume that § < 1).

First we show that Fy is left invertible if and only if F' is left invertible.
Suppose that Fj has a left inverse Gy € H*(L(H)). Then Go(2)Fo(2)(z & 0) =
x @O0 for every z € D and every « € Hy, thus G(z) = P, Go(2)|H2 is a left inverse
of F(z) for every z € D, and G € H*(L(H2,H1)). For the converse, assume that
F has a left inverse G € H®(L(H2,H;1)). We define Gy on D by

G()(Z)ng = G(Z), G0(2)|H3 = U_l7

for every z € D. Then Gj is a left inverse of Fy in H(L(H)).
Further, if F € H, (L(H1,Hz2)) and dimH; < oo, then F' has compact

comp

values, that is FF € H (Soo) = H® ® Se. Consequently, Fy € H* ® L(H), and

comp

we deduce from Theorem 2.2 that Fy has a left inverse Gy € H* ® L(H). Then
G = Py, Go|Hs is a left inverse of F', and G € H*® ® L(Ha, H1). |
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PROPOSITION 6.2. Let £ be a subspace of L(H) generated by the identity
operator and the space S of compact operators. If F' € HS, (L(H)) and if F

takes values in €, then F € H® ® €. If moreover, F satisfies condition (2.2) then
F is left invertible in H® ® £.

Proof. This is an immediate consequence of the (AP) for So and the fact
that £ is a C*-algebra. 1

It would be interesting to generalize the above result to those functions in
H(L(H)) with any Fredholm values (necessarily of constant negative index in
view of (2.2)).

TOEPLITZ VALUED FUNCTIONS. For general facts about Toeplitz operators, we
refer to [20], Appendix 4. We denote by P, the Riesz (orthogonal) projection
from L? = L*(T) onto the Hardy space H?,

Py (0 F)F) = 3 Fwzt,
keZ k>0

For ¢ € L = L*°(T), the Toeplitz operator T,, with symbol ¢ is the bounded
linear operator defined on H? by T,u = Py (¢u), u € H2. We will use the following
well-known properties of Toeplitz operators:

(a) [|Tp|l = |l¢lloo for every ¢ € L.
) | STey||_ <K+ 1170,
g o0 ig

every compact operator K. In particular, T, € Su if and only if ¢ = 0.

for every finite family {¢;;} C L> and

We denote by T the closed subspace of L(H?) consisting of all Toeplitz
operators.

THEOREM 6.3. Let F € H,,(L(H?)) be such that F(z) € T~ + S for

every z € D. Then F € H*® @ L(H?). In particular, if F satisfies condition (2.2)
(with H = H?), then F is left invertible in H® @ L(H?).

Proof. The map ¢ + T, is an isometric isomorphism from L* onto Tre. In
particular, T« satisfies (AP) because L> does. From the properties of Toeplitz
operators mentionned above, we deduce that T~ N So = {0} and that the map
T,+ K — T, is a norm 1 projection from T + So onto Tr~. As both T and
Soo satisfy (AP), the same holds for Tp« + So. Therefore,

HZ (Tre 4+ Seo) = H® @ (Tr= + Sao) C H® @ L(H?),

comp
and we can apply Theorem 2.2 to F'. 1
REMARK 6.4. If A € T~ + So satisfies ||Af|| = §||f| for every f € H?,
0 > 0, A is not necessarily a Fredholm operator with index 0, even if A is Fredholm.

Moreover, T, 4+ Ss is not an algebra. In particular, if a left inverse of F' exists,
it does not necessarily take values in Tpe + Soo.

Using a theorem by L. Coburn ([7]) it is easy to deduce the following corollary.
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COROLLARY 6.5. Let F € HZ, (L(H?)) be such that, for every z € D,
F(z) € AlgTery, the norm closed algebra generated by Te(ry (Toeplitz operators
with continuous symbols). Then F € H* @ AlgTe(ry. In particular, if ' satisfies

condition (2.2), then F has a left inverse in H> ® AlgTe(r).

The above results can be generalized to Toeplitz operators with matrix sym-
bols; see [9] for the generalization of the required properties. It is also worth
mentioning that a function F' € H*(Ty) has a left inverse in H*> (T ), but
not necessarily in H> (T ), as soon as it has one in H°(L(H?)). This follows
from the easy to check fact that the standard averaging projection P from L(H?)
onto Tpee is semi-multiplicative in the sense that P(AT,) = P(A)T, for every
A € L(H?) and every ¢ € H®; see for example [20]. However, the above property
is no longer true for F' € H>® (T ).

FUNCTIONS SUBORDINATED TO A FIXED MATRIX STRUCTURE. Here we are inter-

ested in functions in H*°(L(H)) having a matrix block decomposition associated

to a fixed map in the following sense. Let H = @ H,, be a hilbertian decomposi-
n>1

tion of H, and A € L(¢?) with the matrix A = (a;;); j>1. Then F € H*(L(H)) is

subordinated to A if F" has the following block structure, F' = (a;;Fij); j>1, that is

F(z)x = @ > ankFur(z)zy for every z = ( &b xn> € H and every z € D, where

n>1k2>1 n>1
F,; € H®(L(H;,H;)) for every i,j > 1, and sup ||Fi;|lcc < co. Note that the
i,521
condition sup ||Fj;||ec < 0o does not guarantee that F' € H°(¢?) if no assumption
4,521

is made on A; see Lemma 6.10 for a sufficient condition.

First, we treat the case of block diagonal functions ((ai;); j>1 = (0ij)ij>1 =
id), then we analyze a more general case. The following technical lemma is easy
to prove.

LEMMA 6.6. Assume that H = @ Hy, and let F € H*(L(H)) be a block
n>1
diagonal function, F = diag(F, F,...), where F,, € H>®(L(H,)) for every n >

1. Then the scalarisation map ¢p € L(S1, H™®) can be identified with ¢p €

L(gl((SI(Hn))nBQvHOO) deﬁned by ¢F((An)n>1) = 2>: ¢Fn(An) for every se-
nz1

quence (An)p>1 € (*(S1(Hn)n>1), that is, such that A,, € S1(H,,) for everyn > 1,
and Y ||AlL < oc.

n>1

PROPOSITION 6.7. Let X,,, n > 1, and Y be Banach spaces, and let ¢ €

L(gl((Xn)TLZl)vY) be deﬁned by ¢((An)n21) = Z ¢n(An)7 where A,, € L(X’I’HY)
n>1

for everyn > 1. Then:

(i) ¢ is a compact operator if and only if the operators ¢,, n > 1, are
simultaneously compact, that is, if |J ¢n(Bx) is relatively compact in Y, where

n>1

B, stands for the closed unit ball of X,, for adequate n.
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(ii) ¢ is in the closure of finite rank operators if and only if the operators
On, n =1, are uniformly norm approximable by simultaneously compact operators
with uniformly finite rank, that is, if for every e > 0 there exists N € N such that
for every n > 1, there exists vy, € L(X,,Y) satisfying

rank ¥, < N,

[én —¥nll <e

U ¥n(By) is relatively compact in'Y.
n>1

Proof. The proof of the first part is standard. Let us focus on the second
one. We denote by F := ]:(él((Xn)n>1),Y) the space of bounded finite rank
operators from él((Xn)n>1) intoY. Let ¢ € F and ¢ > 0. Let ¢» € F be such
that ||¢ — ¢|| < e. We set ¢, = ¥|X,, for every n > 1. Then ||¢, — || < € and
rank 1, < rankty < oo for every n > 1. Clearly, we have |J ¥,(B.) C ¥(Bx)

n>1
which is relatively compact because ¢ € F.

For the converse, fix ¢ > 0. Let N € N and v¢,, € L(X,,,Y), n > 1, satisfy

the three conditions mentioned in part (ii). Every 1, can be written in the form

N
Yn = Z< i ’:L,k‘>y;l,k:)
k=1
where {y;k}kNl CY, {B oy € Xpand (-,-) = (-,-)xx+ As E =
Lin{B,, , <k < N} is a finite dimensional subspace of (X,,)*, we have F =

(E.)*, where E can be identified with X,,/E |, with B, ={4A€ X,,: (4,B) =0
VB € E} According to Auerbach’s lemma (see [31]), we can choose a normalized
basis of ' whose biorthogonal family is a normalized basis of E*. Thus7 up to
replace N by dim E, we can suppose that || B;, ;|| = 1 for every k € {1,..., N}, and
that there exists {A/, k}k 1 C E* satisfying ||A ke, =1and (A ;, B) ) = 0
forevery j,k € {1,...,N}. E, is finite dlmensmnal, and therefore reflexive. In par-
ticular, £* can be identified with E,, and [|A] ,|lE, = inf{HA;l,k +A||1:A€E}
for every k € {1,...,N}. Consequently, there exists {4} , : 1 <k < N} C X,
such that ||A] |1 < 2 and (A7 ;, B,, ;) = ;5 for every ],k € {1,...,N}. Set

n_]’
Bk = |47 kW By, ks Ang = ”AW 1o and Yo = HA” i+ Then
N
wn = Z< Ty B’I’L,k‘>y’n,k'
k=1
Foreveryn > 1, {ynk : < N} C Yp(By). Indeed, A, 1, € B, and ¢, (A 1) =

<An’k,Bn,k>yn’k = UYnk for every k € {1,...,N}. As | ¢n(B.) is relatively
n>1

compact in Y, we can take in {y, x : n > 1, 1 <k < N} afinite 5-net {g;};_,;. For
n, k > 1, we denote by j(n, k) € {1,..., p} an integer such that ||y, x —Uj(n.k)lloc <
- We set

N p

Un = { Bak) i) = <w ( > Bn,k>>§j'

k=1 Jj=1 k:j(n,k)=j
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Clearly, ¢, € L(X,,Y) for every n > 1. Moreover, |[th, — 1| < &, thus |¢n —
Y|l < 2e. Let ¢ € LI ((Xn)n>1),Y) be defined by ¥((An)n>1) = > ¥n(An),

n>1
(An)n>1 € *((Xp)n>1)- Then |¢ — ¥|| < 2¢ and it remains to show that ¢ € F.
But ¢,(X,) C Lin{y; : 1 < j < p} for every n > 1, thus ¢(¢*((Xy)n>1)) C
Lin{y; : 1 <j < p} and ¢ is of finite rank. Thus ¢ € F. 1

THEOREM 6.8. Let H = @ H,, and let F € H*(L(H)) be a block diagonal
n>1
function, F = diag(Fy, Fy,...), where F, € H>®(L(Hy)) for every n > 1.
(1) The following are equivalent:
(i) F' € Hegp(L(H));

(i) U {{(Fn(-)u,v) : u,v € Hy, Jul| = ||v]| = 1} is relatively compact
n>1

in H>:
(i) U &, (Bx) is relatively compact in H*.
n>1
(2) The following are equivalent:
(i) Fe H*® ® L(H);

(i) inf supdist(F,, M ® L(H,)) = 0, where M denotes any finite
dim M <00 >

dimensional subspace of H;
(iii) for every e > 0 and every n > 1 there exists 1, € L(S1(H,), H>®)
satisfying
sup rank ¥,, < o0,
n>1
o, — ¢ull <,

U ¥n(By) is relatively compact in H.
n>1

Proof. The first assertion follows from Lemma 6.6, Proposition 6.7 and Propo-
sition 4.7. For the second one, the fact that (i) and (iii) are equivalent comes from
Lemma 6.6 and Proposition 6.7. The proof of the equivalence (i) < (ii) is similar
to that of Proposition 6.7. 1

COROLLARY 6.9. Let F' € H>®(L(H)) be a block diagonal function, F =

diag(f141, f2Aa,...), for some Hilbertian decomposition of H, H = @@ H,, with
n>1
(fa)n>1 € H®, sup ||fallec < 00, and A, € L(H,), |A|| =1, Vn > 1. The
n>1
following are equivalent:
(i) F € H*® ® L(H);
(i) F € Hegnp (L(H));
(iii) (frn)n>1 ds relatively compact in H*>.

Indeed, we apply Theorem 6.8 with F,, = f, A,. If F € HZ,,,(L(H)) then
U {{En (- )u,v) « lull = ol = 1} = g {fn(Anu, v) = lull = [lo]| = 1}
n=1

n>1
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is relatively compact in H*. Therefore (fy), > is relatively compact in H* and

e((fn)nz1,N) = dimiﬁf—N 51;12 dist(fn,, M) — 0
=N >

as N — oo (where M is a subspace of H>). We have N i]r\l/[f sup dist(F,,, M ®
im M <oo n>1

L(H,))=0and F € H* ® L(H).

It is worth mentioning that for the block diagonal functions of Corollary 6.9
the corona theorem is always true, that is, condition (2.2) implies the existence of
a bounded analytic left inverse, even for functions not in H* ® L(H).

Now we are interested in a more general case, namely functions subordinated
to a bounded matrix with positive entries. We start with a lemma justifying such
a definition. Then we treat the case of scalar (i.e. one dimensional) blocks. In the
case of the operator blocks, a similar generalization as for block diagonal matrices
can be given.

LEMMA 6.10. Let H = @ H, and F;; € H®(L(H;,Hi:)), i,j > 1,

n>1
sup [|[Fyjllec = C < o0. If A = (aij)ij>1 € L({?) satisfies a;; > 0 for every
i,j>1
i,j = 1, then the function F subordinated to A, F = (a;i;jFi;); j>1, belongs to
H*>(L(H)).

Proof. Let z = ( ) zn) € Hand z € D. Then F(2)z = @ > ai; Fij(2)zj,

n>1 i>15>1
thus
2 2
1Pl = 30| Y auFie] <023 (X aullesl) = A )52
i1 j>1 i1 j>1
< AR Y s = AP el
izl

and therefore, F' € H>(¢?). 1

THEOREM 6.11. Let A = (a;;); j>1 € L({?) satisfying a;; > 0 for every
i,j =1, and let (fij); j>1 C H™ be a relatively compact family. Then the function
F subordinated to A, F = (a;;fij)ij>1, belongs to H® @ L((*). In particular, if
such a function F satisfies condition (2.2), then F is left invertible in H™(L(£?)).

Proof. Let € > 0, and let ()0, be a finite e-net for (fi;); > in H>*. We
define u to be a map from {¢ > 1} x {j > 1} to {1,..., N} such that ||f;; —
@u(ij)lloe < € for every i,7 > 1. Then |a; fij(2) — aiju,j)(2)] < €aq; for every
1,7 2 1 and every z € D. Now we define G by the following matrix representation,

N
G = (@ijPui,j))ij>1, then G € H>®(L(0?)), |F -Gl < ellAl| and G = Y o1 Ag,
k=1

where Ay, has the matrix representation Ay = (az(‘f))i7,j>l with agf) = a;; if k(i,j) =

k and agf) = 0 otherwise. In particular, we have 0 < agf) < ayj for every i,5 > 1
and every k € {1,...,N}, thus A, € L({?), G € H*®Q® L({?) and therefore

FeH>®®L({?). 1
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EXAMPLES 6.12. (i) Every F € H>(L(¢?)), F(z) = (fij(2))ij>1, having a
finite number of nonzero diagonals and satisfying condition (2.2) is left invertible
in H>°(L(¢?)). Indeed, this case corresponds to A = (a;;);;>1 with a;; = 1 if
li — j| < N and a;; = 0 otherwise.

(ii) More generally, Theorem 6.11 applies to matrices A = (a;;); j>1 Wwith
positive entries such that 3 a;; < C for every ¢ > 1 and ) a;; < Cs for every

i>1 i>1
izL '

In the setting of Example 6.12 (i), the corona theorem is always true for diag-
onal functions, even for F not in H*®®L(¢?). But for F having at least two nonzero
diagonals, we do not know a better result than that of Theorem 6.11. On the other
hand, this example can be considered as a particular case of functions subordi-

N
nated to a fixed Toeplitz operator with a polynomial symbol ¢ = > az¢¥, with
k=—N
ap # 0 for every k, —N < k < N. A slightly more general example occurs when
we consider a general Toeplitz matrix A = T, = (a;_;); j>0 With non-negative
entries (T, is bounded if and only if ) ar < o0). It would be interesting to
kEZ
know whether the result is still true for functions “subordinated”, in a sense, to

an arbitrary Toeplitz operator.
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