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ABSTRACT. Let (G, G+) be a quasi-lattice ordered group and T+ the corre-
sponding Toeplitz algebra. First, we show that for G+ C E C G, the natural
C*-morphism v#%+ from 7+ to T% exists if and only if £ = G4 - H™!,
where H is a hereditary and directed subset of G4. Next, if E is a semi-
group, then necessary and sufficient conditions for a representation of 7% to
be faithful are obtained. By applying these results, diagonal invariant ideals
of T9+ are characterized, conditions under which 7%+ contains a minimal
ideal are established, and finally, in the case when F is a semigroup and G
is amenable, it is shown that 77 has the universal property for covariant
isometric representations of E.
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1. INTRODUCTION

1.1 HisTORY. In the past twenty years, Toeplitz algebras or Wiener-Hopf C*-
algebras on various generalized Hardy spaces have been a subject of intense study.
One way to study these algebras is using the groupoid approach (see [3], [7], [13]
and [20]). When the underlying group is abelian, the theory of Fourier analysis
on abelian groups may be applied, as was shown by G. Murphy in his series of
works. For example, as an extension of the classical Toeplitz algebra associated
with the ordered group (Z,Z.), Murphy constructed a universal Toeplitz alge-
bra related to an abelian partially ordered group, and proved that this universal
Toeplitz algebra is equal to the usual Toeplitz algebra when the underlying abelian
group is totally ordered (see [8]). However, there are some abelian groups which
are not partially ordered but are instead quasi-partially ordered. One way to
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describe the associated algebras in the latter case is to consider suitable quasi-
ordered groups containing the given quasi-partial ordered groups, and to use their
associated Toeplitz algebras. This approach, successfully initiated by E. Park in
[14], has been generalized in [18] to the case of non-abelian quasi-partially ordered
groups. In the non-abelian case, one may also consider Toeplitz algebras on quasi-
lattice ordered groups. These Toeplitz algebras were first studied by A. Nica in
[12]. Later M. Laca and I. Raeburn rephrased them as crossed products of abelian
C*-algebras by semigroups of endomorphisms (see [6]).

In conclusion, we mention two previously established facts about Toeplitz
algebras on quasi-lattice ordered groups which have bearing on our present work,
and in fact play an important role in our main results. Let (G,G) be a quasi-
lattice ordered group and 7%+ be the corresponding Toeplitz algebra (for precise
definitions, see Section 2 below). First, in [12] it is shown that 7%+ contains a
dense *-algebra 7 °°(G ), which has a universal property for the covariant isomet-
ric representations of Gy, and when G is amenable, 7+ also has such a universal
property. Second, in [6] a necessary and sufficient condition for a representation
of TG+ to be faithful is given (also see Corollary 3.6 below).

1.2 STATEMENT OF RESULTS. In this paper, we study Toeplitz algebras associ-
ated with both quasi-lattice ordered and quasi-lattice quasi-ordered groups. Let
(G,G4) be a quasi-lattice ordered group. First, in Section 2 we show that for
G, C E C @G, the natural C*-morphism v#¢+ from 7%+ to T exists if and
only if E = Gy - H™!, where H is a hereditary and directed subset of G (see
Theorem 2.12). The bulk of the work involved in proving this theorem lies in
establishing the reverse implication. Briefly, this is accomplished by finding some
natural covariant isometric representations of G which induce *-morphisms on
T°°(G4). Then we show that these s-morphisms are bounded, and so they may
be extended to C*-morphisms on 7%+ which happen to coincide with the natural
morphisms.

Next, in Section 3, we examine faithful representations of Toeplitz algebras.
In the case that (G, E) is a quasi-lattice quasi-ordered group, a necessary and
sufficient condition for a representation of the Toeplitz algebra 77 to be faithful
is obtained (see Theorem 3.5). The main idea here is to combine the previously
mentioned result concerning natural morphisms with the techniques developed by
Laca and Raeburn in [6]. In fact, one of the main results of [6] (Theorem 3.7)
appears as a special case of our result.

In the remainder of the paper, we apply the results mentioned in the previous
paragraphs to certain topics. As a first application, in Section 4 we consider
diagonal invariant ideals of the Toeplitz algebra 7C+ associated with a quasi-
lattice ordered group (G,G4). Formerly, diagonal invariant ideals of Toeplitz
algebras on ordered groups were studied in [17], and it was proved there that
when the underlying group is abelian, an ideal is diagonal invariant if and only if
it is invariant in the sense described in [11]. Replacing ordered groups by more
general quasi-lattice ordered groups, we characterize diagonal invariant ideals in
terms of induced ideals (Theorem 4.4), and we realize certain induced ideals as
the kernel of C*-morphisms 7%+ (Proposition 4.10). While we manage to clarify
diagonal invariant ideals successfully in terms of induced ideals, one big problem
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concerning induced ideals still remains to be solved in the future (see Remark 4.5
below).

In Section 5, we study minimal ideals in the Toeplitz algebra 7%+ associated
with a quasi-lattice ordered group (G,Gy). We prove that any minimal ideal of
TG+ can induce a minimal invariant ideal of DS+ and vice versa, where D&+
is the diagonal C*-subalgebra of 7¢+. This correspondence will be shown in
Proposition 5.2. In the particular case when (G,G4) is an ordered group, we
will show that 7C+ contains a minimal ideal if and only if there exists a minimal
non-trivial quasi-ordered group containing (G, G). Also, in light of recent work of
M. Laca, we can get another view of the minimal ideals in terms of the topological
structure of Q (see Proposition 5.8).

Finally, in the setting of quasi-lattice quasi-ordered groups, in Section 6 we
study the universal property of the Toeplitz algebras. In particular, in the case
when E is a semigroup and G is amenable, it is shown that 7F has the universal
property for covariant isometric representations of E, thus providing nontrivial
generalizations of results stated in [12], [16] and [19].

2. THE NATURAL MORPHISMS BETWEEN TOEPLITZ ALGEBRAS
ON DISCRETE GROUPS

In this section we establish necessary and sufficient conditions for the existence
of certain natural morphisms between Toeplitz algebras on discrete groups. To
begin, we list some relevant definitions regarding these Toeplitz algebras.

Let G be a discrete group and {0, : g € G} be the usual orthonormal basis
for (?(G), where

(1 ifg=h,
0g(h) = {O, otherwise;

for g,h € G. For any g € G, we define a unitary operator u, on ?(Q) by
ug(8y) = dgp, for h € G. For any subset E of G, let £?(E) be the closed subspace of
(%(G) generated by {d, : g € E}; the projection from ¢?(G) onto ¢*(E) is denoted
by p”.

DEFINITION 2.1. The C*-algebra generated by {TgE = pPugp? 1 g € G} is
denoted by TF and is called the Toeplitz algebra with respect to E.

Next we recall some facts about quasi-lattice ordered groups stated in [5], [6]
and [12].

Let G be a discrete group, and G4 a semigroup of G such that G N Gjrl =
{e}. There is a partial order on G defined by = < y & x~'y € G4, which is left
invariant in the sense that, if z < y, then zx < zy for any z,y,z € G.

DEFINITION 2.2. (G, G4) is said to be a quasi-lattice ordered group if every
finite subset of G with an upper bound in G has a least upper bound in G .

Equivalently, (G,G4) is a quasi-lattice ordered group if and only if every
element of G having an upper bound in G4 has a least such, and every two
elements in G4 having a common upper bound have a least common upper bound
([12], Section 2.1).



224 JOHN LORCH AND QINGXIANG XU

DEFINITION 2.3. Let (G, G4 ) be a quasi-lattice ordered group and H C G ..
H is said to be hereditary if for any z,y € G4, x < y € H implies that x € H; and
H is said to be directed if any two elements of H have a common upper bound in
H ([12], Section 6.2).

Many examples of quasi-lattice ordered groups are given in ([12], Section 2.3).
For instance, ordered groups (see Example 4.8 below) are quasi-lattice ordered, and
so are direct products of quasi-lattice ordered groups. Further, for certain posi-
tive parts G4 and certain hereditary and directed subsets H of G, the product
G, - H~! is a semigroup of G. In this case (G,Gy - H~!) becomes a quasi-lattice
quasi-ordered group (for a formal definition, see Definition 3.1). We present two
examples.

EXAMPLE 2.4. Let (G1,G14) be a quasi-lattice ordered group and (G2, G2+ )
an ordered group. Set G = G1 x Ga, G; = G14 X Goy and H = {e} X Gaoy,
where e is the identity of G;. Then H is both hereditary and directed, and
G, -H ' =Gy, x Gy is a semigroup of G.

ExAaMPLE 2.5. Let (G,G4) be a quasi-lattice ordered group such that G is
abelian. For any go € Gy \ {e}, let H={t € G4y : dn e N buch thatt < g}
Then H is hereditary and directed, and since G is abelian, G, - H ! is a semigroup.

DEFINITION 2.6. Let (G,G4) be a quasi-lattice ordered group. For any
s,t € G4, if they have a common upper bound in G4, let o(s,t) denote their least
common upper bound. Let B be a unital C*-algebra and V' a map from G, to B.
V is said to be an isometric representation of G, if it satisfies the following three
conditions:

(i) V() = 1;
(i) V(9)*V(g) = 1 for any g € G4;
(i) V(g)V(h) = V(gh) for any g, € G

Moreover, V is said to be covariant if for any s,t € G4,

V(s)V(s)" - VOV()" = {2)/7(0(5, t)), i)ftfle?rvlvite,have a common upper bound,

Let
T=(Gy) = span {T+ (T )" 1 g, h € G}

Then T>°(G4) is a dense unital *-algebra of 7¢+ ([12], Section 3.2). By [12] we
know that 7°°(G ) has a universal property for covariant isometric representations
of G4. More precisely, for any unital C*-algebra B, and any covariant isometric
representation V : G4 — B, there is a *-representation 7y from 7°°(G4) to B
such that my (TgGJr) = V(g) for any g € G1. Generally speaking, such a map my
may fail to be bounded. However, if 7y is bounded, then the Toeplitz algebra
TC+ also has a universal property for covariant isometric representations of G .
Now we turn to our study of natural morphisms. Throughout this portion of
the section, (G, G ) denotes a quasi-lattice ordered group. We follow the notations
as in [6] and [12]. For any x € G, it is easy to show that x has a upper bound in
Gy if and only if x € G4 'G_T_l, and when = € G - G;l, it’s least upper bound in
G, will be denoted by o(z). More generally, for any subset A C G4, if A has a
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upper bound in G, then it’s least upper bound in G will be denoted by o(A).
When z € G - G5!, 27! also belongs to G - G1', and if we let 7(z) = 2710 (),
then it is easy to show that o(z) = 7(z71), o(z7!) = 7(2) and = = o(z) - 7(z) 7 .
To simplify the notation as in [6], for any pair z,y € G, if they have no common
upper bound in G, then let o(x,y) = co and TZ = 0 for any E C G. Thus by
([12], Section 2 and Section 3), we know that

o(z)

G G . _
(21) ’I‘GJr = T, T‘r(;:—)—l’ ifxe G+ . G_,’_l,
’ 0, ifad Gy -G

and if z,y € G4, then
G G G G G
(22) T, -Ty* =1 and (T5+-T,%) - (T, -T,5) =T0 Tk o

PROPOSITION 2.7. Let (G,G4) be a quasi-lattice ordered group and E a
subset of G such that G G E. If there is a C*-morphism yBG+ TG+ - TF
satisfying &G+ (TgGJ’) = Tf for any g € G, then there exists a hereditary and
directed subset H of G such that E =Gy - H™ 1,

E.G+ is a unital C*-morphism, by (2.1) and (2.2) we know that

TE _ TUE(GE) 'szx)*l’ ifreGy- G;1>
“ 0, if v ¢ Gy -G

Proof. Since 7y
(2.3)

and if z,y € G4, then

(2.4) TP -TF =1 and (TF-TF)-(T) T 1) =Tl Tatey 1

For any x € E, since TF §. = 8, # 0, by (2.3) we know that z € G - G;l. It
follows that £ C G - Gjrl. Let

H={z:2€Gy, v '€ E}.

Observe that H # {e}. In fact, since G G E, there exists x € E, z = o(x) -7(x) "}

such that 7(z) # e. By (2.3) we have Ta(w)Tsz),I(Se =6, #0,s07(z)"t € E.
We now prove that H is both directed and hereditary. For any z,y € H,

equation (2.4) implies Tﬁz’y)T(f(Ly),lée =9d, # 0, so o(z,y) € H, therefore H is

directed. Furthermore, given any z,y € G4 with z <y € H, since

T = (104 = (19T, ) =18, 17

Y= y*lx x— 1

we know TyE_1 = Tf_lgCTf_l. It follows that TyE_lef_lée = 5y71 2 0, which implies
that x € H, and thus H is also hereditary.

Finally we prove that £ = G, - H~!. For any z € E with x = o(x) - ()71,
equation (2.3) implies 7(z) € H, therefore E C G4 - H~'. On the other hand,
since Tf,lTwE =1 for any « € G4, we know that xy € F for any x € G4 and
y€ E,s0Gy-ECE. Inparticular, G, -H ' CE. 1

Now we work toward proving the converse of Proposition 2.7, culminating in
Proposition 2.11 and Theorem 2.12.
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LEMMA 2.8. Suppose (G, G) is a quasi-lattice ordered group. Then for any
re€GLandy € G, xly e Gy - Gjrl if and only if x,y have a common upper
bound in G4. Furthermore, if they have a common upper bound in G4, then

olzly) =27 o(z,y) and T(x7'y) =y to(z,y).

to(z,y))-

Proof. If x,y have a common upper bound in Gy, then 71y = (2~
(y'o(x,y) ' € Gy -GN

On the other hand, suppose that z 7'y € G4 - G;'. If 27y = gh™%, g,h €
G, then x < yh. Since z € G, we know that yh = x - (x~yh) € G.. Obviously
y < yh, so yh is a common upper bound of z and y.

Now suppose that = and y have a common upper bound in G.. We prove
that the displayed equations in Lemma 2.8 hold. For any z € G, if z > 271y,
then rz > y and xz > x, so 2z > o(z,y), it follows that z > 2o (x,y). Therefore
o(x7ly) > 27 to(x,y). On the other hand, it is clear that 270 (x,y) > o(z1y),
hence 2o (z,y) = o(z71y). Since 271y = o(x71y) - 7(x~ty) !, we know that
T(a"ly) =y lo(z,y).

LEMMA 2.9. Suppose (G, G4.) is a quasi-lattice ordered group, H a hereditary
subset of G4, and E = G, - H='. Then for any x € G - G_T_l, x € E if and only
if T(z) € H.

Proof. Suppose z € E and write x = gh~!, where g € G and h € H. Since
7(x) = 27 1o(x), we obtain 7(z)"'h = o(x)"lg, and furthermore o(z) 19 € G
as x < g. We conclude that 7(x) < h, and thus 7(z) € H since H is hereditary.
On the other hand, if 7(z) € H, then clearly x € E as x = o(z)7(x)" 1. 1

LEMMA 2.10. Let (G,G4) be a quasi-lattice ordered group, H a directed and
hereditary subset of Gy, and E = Gy - H™'. Then V : G, — TF defined by
Vig) = TgE for any g € G, is a covariant isometric representation of G .

Proof. Since G4 - E C E, the first three conditions of Definition 2.6 are
trivially satisfied. It remains to prove the covariance property

EmE EmE _ mE E
LT Ty Ty = Too ) Lo(ay)

for any z,y € G4+. It suffices to prove that for any x,y € G4+ and z € E, if
TQEETf_1 ~TyETyE_152 = §,, then x,y have a common upper bound in G and that
E E _
Totwu Totoy) 10 = 0=
First, suppose that xz,y € G4,z € E such that TfoE,l -TyETyE,léz = 0,.

Then by Lemma 2.8, o(y, ), 0(x, z) € G4 with
2 to(y,z) € H and 2z 'o(x,z) € H.

Since H is directed, o(z 1o (z, 2),2 to(y, 2)) € H.
We now show that o(z,y) € G4+ and that

oz lo(z,2), 27 o(y, 2) = 2 ta(o(x,y), 2).

Let u = o(z7'o(x,2),2 o (y,2)). Then u > 2o (x,2), so zu > o(x,z), hence
zu € G4 and zu > z. Similarly, zu > y, so zu is a common upper bound of
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x,y and z, and therefore o(z,y) exists in G. Furthermore, zu > ( (z,v), 2), s
u >z 1o(o(z,y),z). On the other hand, obviously we have u < 2~ to(a(z,y), z),
sou=z"to(o(z,y),2).

Finally, since o(z,y) and 2 have a common upper bound zu and (o (x,y)~12)
= 2*10( (x y) z) € H, by Lemma 2.9 we have o(x,y) "'z € E, and thus it follows
that TF 0, =0, 1

o(z,y) Ury) !

PropOSITION 2.11. Let (G,G4) be a quasi-lattice ordered group, H a di-
rected and hereditary subset of G, and E = G4 - H™'. Then v¥C+ exists as a
C*-morphism.

Proof. By Lemma 2.10 and the universal property of 7°°(G4), we know
there is a x-morphism my : 7°°(Gy) — TF such that 7y (TG+ TGJr ) =TFTE, for
any g,h € G4. The proof of the proposition is accomplished in two steps: First,
we prove that my is bounded, therefore its domain of definition can be extended
to 7G+. Then we show that the extension of my agrees with vG+.

To show that 7y is bounded, we verify that for any T' € T (G), ||[7v(T)| <
IT]]. In fact, it is enough to show that for any n € N, \; € C, g;,h; € G4,
i=1,2,...,n, the following inequality holds:

Z NS+ TG*

i=1

\

EmE
iTgi Th; !

Let T = Z Ai TGJrTG*. For any ¢ > 0, there exists some & € (?(E) with finite

=

support such that ||| =1, and [|7y (T)[| < [[my (T)E|| +e. Let £ = 3 ppdy, with
p=1
pup € Candl, € Eforp=1,2,...,m. Set
F={l,:p=1,....m}U{h;'l,:hy'l, e E;i=1,....,n,p=1,...,m}.

Then F is a finite subset of F, so it can be rewritten as F = {x1,z2,..., 2}
with 7(xz;) € H for any j = 1,2,...,k. Since H is directed, we know gy =
o(r(x1),7(x2),...,7(zx)) € H with the property that

(2.5) lpgo € G+ and  h; 'l,g0 € G4 for any h;'l, € F.
Therefore, we know that for any pair (7, p),
(2.6) hi'l, € E if and only if h;'l,g0 € Gy.

In fact, if h;llp € FE, then h;llp € F, so by (2.5) we have h;llp go € G4. On the
other hand, if h; 'l, go € G4, then h;'l, € G4 - gy CG,-H ' =E.

Now let n = > p1p01,4,- Then n € £2(G4), |In|| = [[£]| = 1, and by (2.6) we
p=1

obtain

1= (it ) - [(§p 7:) -on
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Therefore
[mv (D) < llmv (T)Ell +e=Tnll +e < T +e.

Since ¢ is arbitrary, |7y (T)| < ||T||, and hence 7y is bounded.
Next, we prove that the extended C*-morphism 7y : T¢+ — TF satisfies
Wv(T;]UGJr) =TF for any = € G, therefore ¥+ = my,.

First we note that for any z,y € H,
ety = lo(z,y) - (v lole,y) Tt € Gh G
It follows that E- E~' = Gy - G}, soif x ¢ G4 - G1', then TF = 0 = TF+.
On the other hand, if z € G - G;l, we prove that (2.3) holds, therefore
TF =TE, TE, = my (TS5 TS ) = mv (T9+).

2 = TowT; o)L @)1
Clearly, (2.3) holds if and only if the following property holds:
For any z € G4 - G;l and y € E, vy € E implies that 7(x)"'y € E.

So it remains to prove that the above property holds. In fact, if x € G - Gjrl and
y € E such that zy € E, then 7(y) € H and 7(xy) € H. Let gy = o(7(y), 7(xy)).

Then

(2.7) go € H and ygo € G4, zygo € Gy.

By (2.7) we know that 7! < ygo € G4, so 7(z) = o(x™!) < ygo, it follows that
T(@) 'y €Gygg CGL-H ' =E.

We may combine Propositions 2.7 and 2.11 to obtain the following theorem.

THEOREM 2.12. Let (G,G4) be a quasi-lattice ordered group, and suppose
E is a subset of G such that Gy C E. Then v¥%+ . TG+ — TF exists as a

C*-morphism if and only if there is a directed and hereditary subset H of G such
that E =G, -H™ L.

3. THE FAITHFUL REPRESENTATIONS OF TOEPLITZ ALGEBRAS
ON QUASI-LATTICE QUASI-ORDERED GROUPS

The faithful representations of Toeplitz algebras on quasi-lattice ordered groups
and on quasi-ordered groups are studied in [6] and [16], respectively. The purpose
of this section is to extend certain results stated in [6] and [16] to the setting of
quasi-lattice quasi-ordered groups, with the purpose of using these new results in
the sequel. The key point here is to replace the trivial subgroup {e} C G, (as in
[6]) by some semigroup H contained in G.
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DEFINITION 3.1. Let (G,G.) be a quasi-lattice ordered group, H a hered-
itary and directed subset of G, and E = G, - H~!. If E is a semigroup of G,
then (G, E) is referred to as a quasi-lattice quasi-ordered group.

Before proceeding with the results of this section, several preliminary remarks
are in order.

First, examples of quasi-lattice quasi-ordered groups are given in Exam-
ples 2.4 and 2.5.

Second, when (G, E) is a quasi-lattice quasi-ordered group with £ = G -
H~' E is also denoted by Gy, and we put G% := Gy N Gﬁl. Observe that
(G\Gu)-GY C G\ Gpy. Also, using Lemma 2.9 and the fact that H is hereditary,
it follows that G = H-H~', Gy N G;l = H~', and that H is a semigroup.

Third, Theorem 2.12 guarantees that the surjective C*-morphism ~&#G+
exists, so if we let

T°(Gy) =span {T7" TS 1 g, h € G} =909 (T>(Gy)),

then 7°°(Gy) is a dense *-subalgebra of 7¢#
Finally, let M = G4 or Gy, and

DM = Span{TgMTg]‘{1 cge G

Note that DM is a unital commutative C*-subalgebra of 7. Denote by D%
the C*-subalgebra of B(f?(G)) consisting of all the operators having diagonal
matrix relatively to the canonical basis. It is well-known that there exists a linear
and contractive map 6% : B(f?(G)) — D% determined by the following rule:
The idealized matrix of §%(T') (relative to the canonical basis) is obtained from
the one for T by replacing with zero all the entries which are not situated on
the principal diagonal. By Sections 3.3 and 3.6 of [12] we know that DM =
{T € T™ : T has diagonal matrix} (relative to the canonical basis for £2(G)), and
OM = G| TM is a faithful bounded linear map from 7% onto DM satisfying

MypMgpn y _ J TMTM, if g =h,
oM (TMTM,) {07 o h
for any g,h in G.

LEMMA 3.2. (cf. Lemma 3.9, [12]) Let (G,G4) be a quasi-lattice ordered
group. Let {L(t) : t € G4} be a family of projections of a unital C*-algebra B
satisfying L(e) = 1 and

L(s)L(t) = L(o(s,t)), ifs andt have a common upper bound,
10, otherwise.

Then for any finite subset F = {t1,ta,...,tn} of G4, any A1, Aa,..., A, € C, we
have

Zn:/\jL(tj)

= max{

pIRY

JjEA

0#£AC{L2,. 0} [ L) - H(I—L(tk));ﬁo}.

jEA k¢A
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(Note if A = F, then the product [[ L(¢;) - [] (1 — L(¢x)) should be un-

jeA kgA
derstood as [] L(t;), and if for every 0 # A C {1,2,...,n}, [T L(¢;)- ] (1 -
JEF jEA k¢ A
n
L(ty)) =0, then Y X\;L(t;) =0.)
j=1

LEMMA 3.3. Let (G,Gg) be a quasi-lattice quasi-ordered group such that
H # G4. Suppose that B is a unital C*-algebra and 7 is a unital C*-morphism
from DG — B. Let L(t) = W(TtGH’lf?) for any t € G. Then 7 is faithful if
and only if
H (L(a) — L(t;)) #0  whenever a € G4 and a™'t; € G4 \ H.

=1

Proof. First, assume that 7 is faithful. For any a € G4 and any t1,t2,...,t,
€ G satisfying a='t; € G4 \ H, note that ti_la ¢ Gy and so Tfﬁéa = 0. Thus
it follows that . '

(H(TGGHTGG_I{ - Tt?HTt€¥)>6a =3, # 0,
i=1 ¢
and then the faithfulness of 7 leads to the desired conclusion.

Now we turn to the reverse implication. To show that m is faithful, it is
sufficient to prove that 7 is isometric, or equivalently, to prove that ||7(z)| >
|z|| for any # € D%# (because m is a C*-morphism, it is contractive). Since
Span{TgGH Tgci’{ g € Gy} is dense in DE# | it reduces to prove that, for any finite
subset F' = {t1,t2,...,t,} of G4 and A1, Ag,..., A, € C, the following inequality
holds:

By Lemma 3.2, it suffices to prove that for any non-empty subset A of F',
IT2) - TT(=Ltt) #0  whenever [[ TS TS - [ (1 - thHTtC;’f) #0.

jEA k¢A jEA T keA

n

n
SONTEATE <Y A L(t)
J

j=1 j=1

The argument is now broken into two cases. In the first case, suppose A = F'.

It T] 78#TC% + 0, then F has a upper bound in G4 and [] TC#T% =

jEF J tj JEF 3J tj

Tﬁ’;)Tﬁg),l. Choose any = € G4 \ H. By hypothesis L(o(F)) — L(o(F)x) # 0,
so L(o(F)) # 0.

In the second case, suppose A # F. Suppose that
T=[r5rrer - [ - 15 TS) #o.
JEA I pga *

Then A has a upper bound in G and Tﬁi)ToG(Z)—l : k];[A(l - Tf:” Tg’f) # 0.
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For any ¢t € F'\ A, if A and ¢ have no common upper bound in G, then
TS TSR (1= TFTE) = TSH TS

(At o(A)—1 o(A) L o(A) -1
otherwise,
G G GG G G G G
Tg(%Tg(H) (=T HTrIl{) T (Z)Ta(g) To’(g t)Ta(fx t)-1
G G Gu
*Tg(fx) (1*Ta(3)—1a(,4 t)T(a(A)—la(A,t))—l) T oc(A)-1°

SoT = TC'EH)T (4)-1 In the case when o(A,t) =00 forany t € F'\ A, or

Gy G G G
T= H TU(Z Tg(i) 1 Ta(A th, )Ta(A )~ 1)

m

G G G G
=T - H“‘To&)—lam,tm>T(of’A>—1a<A,tki>> 1) Ty

=1

TC# =1, in the latter case T # 0 if and only if

Since T (A) T =

G G
LI = T35 s Tty soaa ) 7 0
i=1
which in turn happens if and only if
o(A) to(Aty,) € GL\H foranyi=1,2,....m
But then by hypothesis we know that

ITze) JJa- =[] — L(o(A,ty,))) #0. 1

jeA k¢ A i=1

COROLLARY 3.4. Let (G,Gg) be a quasi-lattice quasi-ordered group such
that H # G4. Suppose that B is a unital C*-algebra and 7 is a unital C*-
morphism from T€" — B. Let V(t) = n(TC") and L(t) = ﬂ(TtGHTtCi’f) for any
t € Gy. Then n|D%# : DG4 — B is faithful if and only if
H(l — L(t;)) #0 whenever t1,ta,...,t, € G4 \ H.

i=1

We now state the main result of this section. The proof follows the same lines
as Lemma 3.3 in [6] or Theorem 2.4 in [16], and an application of this theorem
will be given in the proof of Proposition 6.7.

THEOREM 3.5. Let (G,Gg), B, 7,V (t) and L(t) be as in Corollary 3.4. Then
7 TG4 — B is faithful if and only if, for any finite collection g,,,G.ys-- -Gy,
€ Gy \ H, Gy,,902r- 90, € GY \ {e}, and Xo,\1,..., N\, € C, the following

inequality holds:
L(g15) <)\0 JFZ)\iV(go, > H L(g15) H

=1 j=1

Mol <

Note When H reduces to {e}, the preceding theorem simplifies to the main
result of Section 3 of [6].
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COROLLARY 3.6. (cf. Theorem 3.7, [6]) Let (G,G.) be a quasi-lattice ordered
group, B a unital C*-algebra and m a unital C*-morphism from TS+ — B. Denote
by V(t) = n(TE") and L(t) = W(TtGHTﬁff) for any t € Gy. Then 7 is faithful if
and only if for any finite collection g1,¢s,-..,g9n € G4 \ {e},

II (- Lig)#o.

j=1

4. DIAGONAL INVARIANT IDEALS OF TOEPLITZ ALGEBRAS
ON QUASI-LATTICE ORDERED GROUPS

In this section we study diagonal invariant ideals of Toeplitz algebras. Specifi-
cally, we characterize diagonal invariant ideals in terms of induced ideals (The-
orem 4.4), and we realize certain induced ideals as kernels of the C*-morphisms
vE-G+ (Proposition 4.10).

Throughout this section, (G, G, ) denotes a quasi-lattice ordered group. By
an ideal of 7¢+ we mean that it is non-trivial, proper, closed, and two-sided.

Let I be an ideal of T¢+. Since the quotient morphism 7 : 7¢+ — 7+ / I
is not faithful, by Corollary 3.6 there exist g1,92,...,9n € G4 \ {e} satisfying

IT (1 —W(Tﬁ*TgCiﬁ)) =0, or equivalently ] (1 —Tﬁ*Tng) € 1. Thus every ideal
i i=1 i

I meets D+ nontrivially. Let K (I) be the ideal of 7¢+ generated by

{ ﬁ(l - T;_"*Tgc?[) L g € Gy \ {e}, ﬁ(1 - T9§+Tgii+l) el }
i=1 i=1
Then for any ¢1,92,...,9n € G+,
(4.1) ﬁ(l - T£+T;’:ﬁ) eK() < ﬁ(1 - Tg+Tgf,t) el.
i=1 ' i=1
S}ilncg .;( (I)CI : tlk(u(elf)orward part of (4.1) holds. The other direction follows from
the definition o .

LEMMA 4.1. Let (G,G4) be a quasi-lattice ordered group and I an ideal of
TG+, Then

10 D% =TNT=(Gy)N DG I = K(I)n D%+

Proof. First we note that since 7°(G,) - T*(G4) = 7°°(G+) and since
DG+ NT>=(G,) is dense in D+, INT°(G,) N DG+ Il is also an ideal of D%+.
Let

Ji=INDC%, J,=INT>(G,)NDG+II and Js3=K(I)nDC+.
Obviously Ja, J3 C Jy, and by (4.1) we know that for any s1, $2,...,8, € G4,

@2) [Ja-181%%) e i & [ -1S 1) € Jo & [ -TS+T) € Js.

i=1 i=1 i=1
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Let m : TG+ — TG+ /I be the quotient morphism, and Fl‘DG‘*' : DG+ —
DG+/J1 the restriction of m;. Similarly define o, 73 and FQ‘DG+,7T3’DG+.

For any t € G4, let L;(t) = m(Tf*TﬁY). Since Ja, J3 C Jy, there are two
C*-morphisms Ag; : DG+/J2 — DG+/J1 and Az : DG+/J3 — DG+/J1 such that
A -m{DG+ = 7r1|DG+ for i = 2,3. Observe that for g € G4, A1 Li(g) = L1(g).

We achieve the desired result showing that the mappings A;; are injective.
Specifically, given ¢1,...,9, € G4 and Aq,..., A\, it suffices to show that

> AeLa(gr) > AeLa(gr) > AeLs(gx)
k=1 k=1 k=1

We proceed to use Lemma 3.2 to verify (4.3). For any g € G4, t1,ta,...,t, € G4,
and ¢ € {1,2,3}, let

(4.3)

T, = Li(g) - [T (1 = Li(tr))-
k=1

Then

n

T=m(T8) - [ (1= Li(g olg, ) - m(TL5).
k=1

Since Tgciﬁ TgG+ =1, we know that

=

Ty #0 [ (1-Li(g " o(g,tr))) #0
k=1
n a. Gy
g H (1 - Tg*1o‘(g,tk)T(gfla'(gatk))fl) ¢ Jl.
k=1

Now, by (4.2) we know that T} # 0 if and only if T; # 0 for ¢ = 2 or 3, and thus
(4.3) holds by Lemma 3.2. Therefore, both Ay and Ag; are injective. 1

DEFINITION 4.2. Let (G, G4) be a quasi-lattice ordered group.
(i) An ideal I of 7%+ is said to be diagonal invariant if 0%+ (I) C I.
(ii) For any s,t € G4, define ay, : DY+ — D% by
agi(x) = (TS+TCT) - - (TE+T )

for any x € D%+,

(iii) For any ideal J of D%+, put

IndJ = {T € T : as(0°+(T*T)) € J,Vs,t € Gy }.

Ind J is called the induced ideal associated to J.

We make several observations concerning this definition. First, since span(/.)
= I, I is diagonal invariant if and only if 6+ (1) C I, where I, is the positive
part of I. Second, Ind J is indeed an ideal of 7¢+, and in fact the induced ideals
are diagonal invariant ([12], Section 6). Furthermore, if J = I N D%+, where [ is
an ideal of 7+, then Ind J can be simplified as

(4.4) IndJ = {T € T : 6%+ (T"T) € J}.
Finally, observe that if I is diagonal invariant, then I C Ind(I N D%+).
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LEMMA 4.3. Let I be an ideal of T¢+. Then

K(I)=Ind(INDG+)NT>(G4) I C 1.

Proof. First we prove that Ind (I N DG+)N7T>(G4)II' C I. Since I is
closed, it is sufficient to prove that Ind (I N DE+) N 7>(G,) C I. Let S €

T>(Gy),S = > Sy, with o; # z; when ¢ # j and
i=1

Sz, € span{TgC’UfThG_J’1 cg,he Gy, gh b =2} fori=1,2,...,n.
Now, since
(Sﬂh + SI])*(SL + SIJ) + (sz - SIJ)*(S% - SI]) = 2(‘9;15961 + S;] S$j)7

it follows that (Su, + Sz,)"(Se; + Sa,;) < 2(57, 92, + 57,5, ), and thus
(4.5) S*8 < ont <Z S;;ini) ="~ 19%+(5*9).
1=1

Furthermore, if S € Ind (I N D%+), then §%+(S*S) € I, and hence by (4.5) we

know that S € I.
Next we show that K(I) = Ind (I N DE+)NT>(G4)I. By the definiton

of K(I), one readily concludes that K (I) C Ind (I N DG+) N7T>°(G4)IIl. On the
other hand, by Lemma 4.1 and the first part above (replace I by K(I)), we have

Ind (I N D%+) N T>(G4) 'l = Tnd (K (I) N D% ) N T>(G4)I C K(I).

Therefore, K(I) =Ind (I N DG+)NT(Gy)lll.

THEOREM 4.4. Let I be an ideal of T¢+. Then I is diagonal invariant if
and only if there exists some ideal R of T¢+ such that

(4.6) Ind (RN DG+)NT(G ) C T CInd(RN D).

Proof. Suppose that I is a diagonal invariant ideal of 7¢+. Then, we obtain
by Lemma 4.3 and the observation immediately preceding it

Ind (I N DG+ )NT>(G,)I' C I CInd(INDY).

Suppose there exists some ideal R of 7%+ such that (4.6) holds. Then by
Lemma 4.1 we know that for any x € I,

0%+ (x*z) € RN D% = RNT>(G) N D+ I
CInd(RNDC+)NT>(Gy)II C 1.

So I is diagonal invariant. &
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REMARK 4.5. (i) One may wonder whether Ind (I N DG+) N7 (G4 )l =
Ind (I N D%+) for every ideal I of T¢+. If equality always holds, then by Theo-
rem 4.4 I is diagonal invariant if and only if I = Ind(I N D%+). In other words,
the induced ideals are in fact the totality of all diagonal invariant ideals of 7+,

Note that equality does hold in the special case when G is amenable. For, if G
is amenable, then by Proposition 6.1, [12], we know that Ind(I N D%+) is the ideal
of T+ generated by I N D%+. Then Lemma 4.1 implies Ind(I N D%+) C K(I) =
Ind (I N DE+)NT>(G, )N so Ind(I N DE+) =Ind (I N DG+) N T(G ).

(ii) The maximal induced ideals were recently studied by M. Laca, see Propo-
sition 4.3, [5].

We now turn to study reduced ideals of 7¢+. First we give the definition.

DEFINITION 4.6. An ideal I of 7%+ is said to be reduced, if T]
i=1

€ I for any ¢1,92, ..., 9n € G4 implies there exists g;, such that 1—T£;TQG_J§ el
ig

G G
(-1 T

ExAaMPLE 4.7. Let (G,G4) be a quasi-lattice ordered group and (G, E)
a quasi-lattice quasi-ordered group such that G4 gE =G, -H' Let I =
Ker %G+ where the existence of v#G+ is guaranteed by Theorem 2.12. Then I

is a reduced diagonal invariant ideal of 7¢+. In fact, for any g1, g2,...,9n € G4,
n

it ( Ima- T!ngE,l))ée = 0, then there exists g;, such that g;, € H. Since E is a
i=1 i

semigroup, we know that 1 — T £o TgE,1 =0, so I is reduced. Moreover, since

i0
(4.7 YECH (9% (z*z)) = 0F (v¥C (z*2)) for any z € T,
it follows that I is diagonal invariant.

EXAMPLE 4.8. Recall a pair (G,G4) is called an ordered group, if G is
a discrete group and G a semigroup of G, such that Gy N G;l = {e} and
G=G,U G_T_l. Since G is totally ordered, any ideal of 7¢+ is reduced.

LEMMA 4.9. Let (G,G4) be a quasi-lattice ordered group and I a reduced
ideal of TC+. Let

G
E={g:9€G, such that1— TgfngG+ eI}.
Then (G, E) is a quasi-lattice quasi-ordered group.
Proof. Let H= G, N E~!, or equivalently,
H={g:g¢€ Gy, such that 1 — Tf+Tng1 eI}

First we show that H is directed and hereditary. Corollary 3.6 and the fact that I
is reduced imply H # {e}. Let m be the quotient morphism from 7+ — T+ /I.
Then for any g € G4, g € H if and only if w(Tf*)w(Tngl) = 1. Let g1,90 € H.
The fact that 7 is multiplicative together with (2.2) gives

- GG GympGiy G G
1= W(TlerTgftTg;Tg;t) N 7T(Tﬂ(;rl,92)Ta(;1,gz)*1)’



236 JOHN LORCH AND QINGXIANG XU

which implies o(g1,92) € H, and so H is directed. Now if z,y € G such that
xz <y € H, then

G G * * G
(4.8) w(T5) (1,5 (T2 ) m(T ) = (T ) m(T)%) = 1.
Multiplying by ’/T(TxG,t) on the left and by 7T(T1G+) on the right gives
(4.9) a(T,) - m(TEh )" =1.

By (4.8) and (4.9) we know that 7T(T1G+) . W(Tffl) =1, and so « € H. Therefore
H is hereditary.
Next we show that £ = G - H~!. For any g € G, and h € H, using the

facts that T;ﬁlT,?* = T_(,GJr and TﬁﬁTf* =1, we obtain

T(T ) w(Tot ) w(Tot ) w(T7) = 1.

Since 7T(ThG+)7T(T}?j1) = 1, we know that W(T}gfl)ﬂ(Tgitl) =1,ie,gh ' € E, so
G, -H ' CE. Also, for any € E, z must be in G - G;l, otherwise Tf* =0,
which implies that 1 € I, which is a contradiction. Then by (2.1) we know that

w(TSH TS ) (TS TS ) =1,

m(x) T o(z)~! o(z) “r(z)~!
or equivalently,
T(T) - (TS -) = 1.
Therefore, 7(x) € H, so z = o(z)r(z) ' € G4 - H~L.
Finally we show that H~!-E C E, which implies F is a semigroup of G. For
any he HC Gy and g€ E,

n(T35%,) - w(Th ) = w(T%) - (T ) - m(Ts) - m(TE ) m(T%) - m(TE) = 1.
Therefore h"'g € E,so H'-ECE. 1
PROPOSITION 4.10. Let (G,Gy) be a quasi-lattice ordered group, I a reduced
ideal of T%+, and E = G4 - H™' as in Lemma 4.9. Then Ind(I N D%+) =
Kery#:G+,
Proof. First we prove that K (I) = K (Ker y#:¢+). In fact, since I is reduced,
K (I) is generated by {1 —TS,GJr Tng1 : g € H}. Similarly, since Ker %+ is reduced
and EN Gjrl = H!, K(Kery®¢+) is also generated by {1 — Tf*Tng :g€ H}.
Therefore K (I) = K (Kery#:¢+).
Next since 67 is faithful, by (4.7) we know for any = € T+,
(4.10) ¥z € Kery? %+ < 09+ (2*z) € Ker v+,
By Lemma 4.1 and (4.10), we know that for any z € T+,
z € Ind(I N D) & 0%+ (z*x) € IN D%+ < 0%+ (z*z) € K(I) N D%
& 0%+ (z*x) € K (Ker 7E7G+) N D%+ & 0% (z*z) € KeryP%+ N DY+
& 0%+ (2 z) € KeryP% & o'z € KeryP%+ o o € KeryP0+.

Therefore, Ind (I N D%+) = Kery5:¢+. 1
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REMARK 4.11. Let (G, E) be a quasi-lattice quasi-ordered group and I an
ideal of 7%+ such that Ker yE:G+ N7 (G )l C I C Kery® &+, Then by (4.10)
we have Ind (Kery®:¢+ N D%+) = Kery®¢+ thus I is diagonal invariant by
Theorem 4.4. Moreover, for any g1, 92,...,9,» € G4,

n
(1- T£+T§t) ereJ0- T£+Tg(jj) € Ker 26+,
1 i=1

—.

2

It follows that I is also reduced. Applying Theorem 4.4 and Proposition 4.10, we
obtain the following corollary:

COROLLARY 4.12. Let (G,G4) be a quasi-lattice ordered group, I an ideal
of TG+. Then I is reduced and diagonal invariant if and only if there exists some
quasi-lattice quasi-ordered group (G, E), such that Kerv2:G+ N T (G ) C T C
Kery%:C+.

5. THE MINIMAL IDEALS OF TOEPLITZ ALGEBRAS
ON QUASI-LATTICE ORDERED GROUPS

In this section we study minimal ideals of Toeplitz algebras. Specifically, in the
case that (G, G ) is an ordered group, we characterize the existence of a minimal
ideal in 7%+ in terms of the existence of a minimal quasi-ordered group containing
(G,G). Further, we show that these minimal ideals are “almost” kernels of some
natural morphisms between Toeplitz algebras. This extends the results of [8] and
[19] to the non-abelian setting. Finally, we discuss the situation when (G, G ) is
a quasi-lattice ordered group, studying minimal ideals in terms of the topological
space {2 consisting of all directed and hereditary subsets of G .

As in Section 4, throughout this section all ideals are intended to be non-
trivial, proper, closed, and two-sided.

DEFINITION 5.1. ([12], Section 6]) Let (G,G4) be a quasi-lattice ordered
group. An ideal J of D%+ is said to be invariant if o, ¢(J) C J for any s,t € G,
where oy 4 : DY+ — D%+ is defined by () = (TE*T)EJ{) T (TSGJthCiY)* for
any € D%+,

As stated in Section 4, any invariant ideal J of D%+ induces an ideal Ind J
of 79, where IndJ = {T € TC+ : %+ (T*T) € J}.

PROPOSITION 5.2. Let (G,G.) be a quasi-lattice ordered group. Then TS+
contains a minimal ideal if and only if D+ contains a minimal invariant ideal.
Furthermore there is a correspondence between these two minimal ideals, which
can be stated as follows:

(i) If I is the minimal ideal of T+, then I N D%+ is the minimal invariant
ideal of DG+ .

(ii) If J is the minimal invariant of D+, then IndJ NT (G4 )I'l is the
minimal ideal of TC+.
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Proof. Let I be the minimal ideal of 7¢+. Corollary 3.6 implies that 1N D%+
is not trivial, therefore it is an invariant ideal of D+. Since I is minimal, we
know I C IndJ for any invariant ideal J of D%+. So for any = € I N D%+,
r*r = 0%+ (x*z) € J, therefore x € J. It follows that I N D%+ is the minimal
invariant ideal of DE+.

On the other hand, let J be the minimal invariant ideal of D%+. Then for
any ideal I of T¢+, J C I N D%+, so

IndJNT>(G)I CInd (INDE+)NT=(Gy)II C 1.
Therefore, Ind J N 7°°(G )"l is the minimal ideal of 7¢+. 1

DEFINITION 5.3. ([18], Section 1) Let G be a discrete group, E a semigroup
of G such that e € E. If G = EUE ™!, then (G, E) is called a quasi-ordered group.
Further, (G, E) is said to be non-trivial if ENE~! # {e}.

REMARK 5.4. (i) When ENE~! = {e}, then the quasi-ordered group (G, E)
is an ordered group. On the other hand, if (G, G4 ) is an ordered group and FE is
a semigroup of G such that G, C E, then (G, E) is a quasi-ordered group.

(ii) For any two quasi-ordered groups (G, E1) and (G, E3) with E; C Es, by
Proposition 1.4 of [18] we know that the natural morphism y%2-%1 exists.
(iii) Let (G, G4 ) be an ordered group. For any g € G4 \ {e}, let

Gr= (] G,
9€G1\{e}

where G is the semigroup of G generated by G4 and g~'. If Gr # G, then
(G, Gr) will be the minimal non-trivial quasi-ordered group containing (G, G).

PROPOSITION 5.5. Let (G,G4) be an ordered group, and G as in part (iii)
of Remark 5.4. The following are equivalent:
(i) TG+ has a minimal ideal;
(ii) There is a minimal non-trivial quasi-ordered group containing (G,G4);
(i) Gr # G4
Proof. Assume that 7%+ has minimal ideal I. Observe that I must also be
reduced. Thus, by Lemma 4.3 and Proposition 4.10, we know that

I=Ind(INDE+)NT>(Gy )l =KervyE-G+ N To(G,)I
for some non-trivial quasi-ordered group (G, E).

Let (G, M) be any non-trivial quasi-ordered group such that G4 C M. For
any ¢ € F,

1- Tffﬂf* € Kery®% n7°°(G,) C I C KeryMG+

since I is minimal. So 1 — TfflTéV[ =0, that is, x € M and therefore £ C M. So
(G, E) is the minimal non-trivial quasi-ordered group, and hence (i) implies (ii),
which in turn implies (iii) by part (iii) of Remark 5.4.

Now, for (iii) implies (i), suppose that Gr # G.. For any ideal I of 7+,
there exists a non-trivial quasi-ordered group (G, E) such that

KeryE:G+ N T (Gl =Ind (I N DG+)NT(G4)I C 1.

Since YFCF 0 4Gr Gt = ~F.G+ e know that Ker y¢7:C+ C Kerv#: ¢+, and thus
Kery¢r .G+ N7 (G )l is the minimal ideal of 7¢+. u
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Throughout the rest of this section, (G, G ) is a quasi-lattice ordered group.
We now clarify minimal ideals in terms of invariant subsets of €2, where

O ={A: Ais a hereditary and directed subset of G }.

When endowed with the topology inherited from {0,1}%+ by identifying subsets
of G, with their characteristic functions, {2 becomes a compact Hausdorff space,
and a net {A,} converges to A if and only if x4, (f) converges to xa(t) for any
t € G+ ([12], Section 6).

Let DG+ be the maximal ideal space of DG+, For any v € ZA)G+, let

A, ={t:te Gy, such that (T TOH) = 1.

Then A, € , and by Proposition 6.2 of [12] we know that A : D% — O, A(y) =
A, is a homeomorphism. Moreover for any t € G4, A((-0;,0:)) = [e,t] = {s €
G4 : s < t}, and the subset {[e,t] : t € G4} is dense in .

Since DG+ = Q, naturally we can identify D+ and C(f) in the sense that
for any x € D%+ and A € Q, z(A) = (A‘l(A)) (z). In particular, (TtG+ Tﬁf)(A) =
xa(t) for any t € G4 and A € Q.

Now because D+ 22 C(Q), every ideal of D+ corresponds with a closed
subset of 2, and when the ideal is invariant, the closed subset should also be
“invariant”, which can be defined as follows:

DEFINITION 5.6. (Section 6 in [12] or Sections 2 and 3 of [1]) For any t € G+
and A € Q, let

0, (A) = [e, tA] 2 {y € G4 : Ja € A, such that y < ta}.

A subset K of  is said to be invariant if 0;(K) C K and 6,(Q\ K) C Q\ K for
any t € G4.

REMARK 5.7. (i) It is easy to check that 6;(A4) € Q for any t € G4 and
AeQ Foranyt e Gy, let Q, ={B € Q:te B}. Then Q is a closed and
open subset of €2, and if {; is endowed with the induced topology, then 6, is a
homeomorphism from © onto Q; with inverse given by 6, '(B) = {t o (t,b) : b €
B} ([5], Proposition 2.2).

(ii) The proof of Theorem 3.7 from [5] implies that if K is an invariant subset
of Q, then its closure K will also be an invariant subset of .

(iii) By Proposition 3.2 of [5] we know that a closed subset K of €2 is invariant
if and only if the associated ideal I = {x € D%+ : 2(A) = 0,VA € K} is
invariant. So D+ contains a minimal invariant ideal if and only if Q contains a
maximal closed invariant proper subset.

For any A € Q, let
S(A) = {0;} 06, 00 0;1 06y, (A) : whenever 9;1 is meaningful}.

Note when s, or t, equals to e, ;! or 6;, will be the identity morphism. S(A) is
the smallest invariant subset of €2 containing A.
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PROPOSITION 5.8. Let (G,G4) be a quasi-lattice ordered group. Denote by

M) ={A: S(A) # Q}. Then Q contains a mazimal closed invariant proper
subset if and only if 0 # M(Q) C M(Q) # Q.

Proof. Suppose I' is maximal closed invariant proper subset of 2. For any
A €T, we have S(A) CT =T # Q, and so M(Q) # 0.

Next, for any A € M (), S(A) is a closed invariant proper subset of €2, so
A€ S(A) C S(A) CT, therefore M(2) CT # .

Now suppose that § #= M(Q) C M(Q) # Q. Forany A € Q, ¢t € G4 and
s € A, we know that S(6;(A)) = S(A) = S(0;1(A)). It follows that M(Q) is an
invariant subset of 2, which implies that M () is a closed invariant proper subset
of .

Now let K be any closed invariant proper subset of 2. For any B € €, if
B ¢ M(Q), ie., S(B) = Q, then B ¢ K. Therefore K C M(2), so in this case
M(Q) = M(Q) is in fact the maximal closed invariant proper subset of Q. &

REMARK 5.9. (i) For any s,t € G4, 0,([e,t]) = [e, st], so S([e,e]) = {[e, ] :
t € G4}. Since S([e, €]) is dense in €, [e,t] ¢ M(Q) for any ¢t € G.
(ii) If [e, €] is open, equivalently, [e,t] is open for any t € G (since 6; is a

homeomorphism), then {[e,t] : ¢t € G4} = |J {[e,t]} is open, so Q\ {[e,?] : t €
teG4

G} is the maximal closed invariant proper subset of . By Proposition 6.3 from

[12] we know that in this case the minimal ideal of 7G+ equals to the ideal of

compact operators on £?(G.).

6. THE UNIVERSAL PROPERTY OF TOEPLITZ ALGEBRAS
ON QUASI-LATTICE QUASI-ORDERED GROUPS

In this section, we study the universal property of Toeplitz algebras. Previous
work on this topic may be found in [8], [12] and [19] in cases when the underlying
groups are abelian ordered groups, quasi-lattice ordered groups and quasi-ordered
groups, respectively.

Throughout this section, (G,G4) is a quasi-lattice ordered group, H is a
hereditary and directed subset of G, and E = G - H~! such that (G, E) is a
quasi-lattice quasi-ordered group. We also assume that {e} ; H ; G4. Since the
natural morphism v#:@+ is a surjective C*-morphism, 7°°(E) = span {TQET,{E_1 :
g,h € G} is a dense *-algebra of 7F. In this section, we will prove that 7°°(E)

has a universal property for the covariant isometric representations of E. In the
particular case when G is amenable, we prove that 7F also has such a universal

property, and we clarify a particular covariant isometric representation of F, see
Proposition 6.7.
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PROPOSITION 6.1 (cf. Proposition 3.2, [12]) The operators {TEXTE, : s,t €
G4} are linear independent in the sense that, if
Z)\jTSIfTﬁl =0 with T£1 Tf:l #+ TSiTﬁl whenever j1 # ja,
- J J1 J2
J
then A\j =0 for all j.

Proof. Let E° = ENE~' = H-H~'. For any s1,52,t1,t2 € G4, it is easy
to show that T;‘:Tt? = Ts]th]j:l if and only if ] 'ty € E® and s1t] " = sot; L.

Now suppose there exist A1, Aa, ..., A, € C'\ {0} such that %: )\jTSIth]j:l =0
with the property that Tsffl Tﬁl #* szTtb:l whenever j; # jo. Since F = {j :
J1 J2

j=1,2,...,n} is finite, there exists jo, such that tj_ltjo € F implies tj_ltjo € E°
for all j = 1,2,...,n. Since (ijrth'il)&tjo — 0 and Xy, # 0, we know that
J J

there must be some k, such that ¢, 't;, € E and sit; ' = sjotj_ol. Therefore,
TSEkT E = TSE, TE .. which is a contradiction. 1
t, Jo tjo

DEFINITION 6.2. Let B be a unital C*-algebra and V' : G; — B a covariant
isometric representation of G4. If V(¢)V(g)* = 1 for any g € H, then V is said
to be a covariant isometric representation of E.

PROPOSITION 6.3. Let V : G4 — B be a covariant isometric representa-
tion of E. Then there is a natural x-morphism wy from T>(E) to B such that
my (TETE ) =V (s)V(t)* for any s,t € G4.

Proof. First we prove that my is well-defined. More precisely, for any s1, so,
t1,ty € G4 such that tl_ltg € E° and sltl_l = 52752_1, we prove that V(s1)V (t1)* =
V(sa)V(ta)*. Put z = sltt_l = 52t2_1. Since z = sltl_1 < s1, it follows that
s1 =o(x)a and t; = 7(x) a for some a € G. Similarly, there exists some b € G
such that so = o(z)b and ty = 7(x)b. Let t] 'ty = hihy ' for some hy,hy € H.
Then tlhl = tzhg, SO

V(a)V(a)" = V()" [V(r(@)V(a)V(a)'V(r(x))]V(r(2))
" )

V)V () ]V (r(a

I
S S S S S S

Therefore,
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By Proposition 6.1 we know there is a linear operator m from 7°°(E) to B, such

that
Wv(ZAjTth?1) - Z)\JV(SJ)V t
J J

for any A\; € C and s;,t; € G4. Obviously, my preserves the *-operation, and
the proof will be finished if we show that 7y (TSJth]”:1 . TSb;Ttb:l) =Ty (Tthb:l) .
1 2 1

ﬂv(TthI’:l) for any s;,t; € G4, i = 1,2. Suppose a = sit] ‘o(ty,s2), b =
2
tasy to(ty, s9) € G4 U {oco}. By Section 3.2 from [12] we know that
TETE TET = T0 T,
so it is sufficient to show that
V(s))V(t1)* - V(s2)V(ta)* = V(a)V(b)*.
Suppose first that ¢; and s have a common upper bound in G, then by (2.4),
Vi(s1)V(t1)"V (s2)V (t2)*
(VE)V () V(s2)V(s2)")V(s2)V (t2)*
V(o(t1,s2))V(o(t,52))"V(s2)V(t2)"
V)V (it ot 52))V (53 o (t,82)) V (s2)"V(s2)V (t2)*
S1 \% t 10(t1,82))V(82_10'(t1, 82))*V(t2)*

»
—

<

~
-

A/\/—\/—\/—\
V)
—_

—_ — — —

On the other hand, if ¢; and sy have no common upper bound in G, then
again by (24), V(tl)*V(Sg) = V(tl)*(V(tl)V(tl)*V(Sz)V(SQ)*)V(Sg) = O 1

Note that by Proposition 6.3 we can define, as in Section 4, [12], a universal
C*-algebra C*(G, E) for such a pair (G, E). Also, the morphism my discussed

above may not be bounded. However, the following theorem indicates that if G is
amenable, then 7y may be extended as a C*-morphism from 7% to B.

THEOREM 6.4. Suppose that G is amenable. Then for any covariant iso-
metric representation V : G4 — B of E, there is a C*-morphism my from T to
B such that my (TETE,) = V(s)V(t)* for any s,t € G.

Proof. Since G is amenable and (V, B) is also a covariant isometric represen-
tation of G4, by Section 4 from [12] we know there is a C*-morphism 6y : 7%+ —
B such that 0y (T. G*TG+) =V (s)V(t)* for any s,t € G. Since Kery#%+ is re-
duced, by Proposition 4.10, Remark 4.5 and Lemma 4.3, we know that Ker &+

is generated by {1 — G*TGJr g € H}. By assumption V(¢g)V(g)* = 1 for any

g € H, so Kery®:¢+ C Ker6y. Therefore, my : TP — TG+/Ker'yE’G+ V.Bis
bounded. 1
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We now construct a particular covariant isometric representation of E. Let
E'=ENE-'=H-H !and G; = (E\E°)U{e}. Then since E-(E\ E°) C E\E°
and (E\ E°) - E C E\ E°, we know that G is a semigroup. Let K (¢>(G1)) be
the ideal of compact operators on ¢2(G1).

First we show that K (¢2(G1)) € TY. Let T € B({*(G;)) such that T'S =
ST for any S € TC1, we prove that T = X for some A\ € C, therefore 71 is
irreducible. In fact, for any ¢t € Gy \ {e}, TthlT(Se = TTtCil1 0 = 0,50 Tdo = A\0e
for some A € C. It follows that 76, = TTgGHXi = TgGlTée = Adg4 for any g € Gy,
so T = A. Choose any x € H \ {e}, then obviously 1 — TfngCG}1 is a projection of
rank one. Since 7 is irreducible, we know that K (¢2(G1)) C TC1.

Next define V : G4 — T /K ((3(G1)) by V(g) = [T<"] for any g € G
Note G4 - (G1\ {e}) € E-(E\ E°) C Gy, V is an isometric representation of
G.. Obviously, V(h)V(h)* =1 for any h € H, so V will be a covariant isometric
representation of F if for any g,h € G,

(6.1) (TS T ) - (T ) = Tath m Tatomy -1 € K ((Gh)).

LEMMA 6.5. Suppose that H is infinite. Then equation (6.1) holds if and
only if for any x,y € G with x 'y € G -G;l, either T(x~ty) € H oro(z1y) €
H.

Proof. First, we note that (E\ E°)-E C E\ E° and E-(E\ E°) C E\ E°.
This will be used frequently in the proof.

Let us suppose equation (6.1) holds. Then for any z,y € G, with 271y €
G4 - G3', we show either 7(z7'y) € H or o(z~'y) € H. In fact, if it is not true,
then by Lemma 2.8 we know that 1o (z,y) € G+ \ H and y~to(z,y) € G4 \ H.
Soo(x,y) =x-(x7to(z,y)) C E-(E\E®) C E\E°. Choose {hy,ha,...} C H\{e}
and let 2, = o(x,y) - h,' forn € N. Then z, € (E\ E°)-H'! C E\ E° C G;.
Let
(6.2 T = (L) (T T = T30 ) Ty
Then T'§,, = 4,, for any n € N, so T ¢ K(¢*(G1)), which is a contradiction.

We now prove the sufficient part. For any z,y € G4, let T be as (6.2).
We prove T € K(¢*(G1)). Note if ,y have no common upper bound in G,
then for any z € Gy C E, (TS T1) - (TS T1) 6. = 0, otherwise, (TETE,) -
(Tfo,l) d, = J,, which by Lemma 2.10 implies that x,y should have a common
upper bound in G;. So in this case T' = 0.

Now suppose that =,y € G4 have a common upper bound in G4. By as-
sumption, either 7(z~1y) € H or o(z~'y) € H. Since

G1G1 pG1G1 _ pG1pG1 pGrpGa
T T T TS, = T T T T,

and o(z,y) = o(y, z), without loss of generality we may assume that 7(z~1y) € H.
We prove that T is contained in K (¢*(G1)) by showing that 7'6, = 0 for all but
finitely many q € G;.

First, we observe from Lemma 2.8 that
(6.3) T =TT TAT — T T _

zo(z=ly) (= ty) "ty
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Also, given ¢ € E \ EY, the facts that £ - (E\ E) C (E\ E°) and o(z~1y) -
T(a7ly) "t =27y imply

(6.4) @'y ly e ENE ¢y 'qe E\E? and 7 'g € E\ E°.

From (6.3), (6.4), and the fact that G; = {e} U (E \ E°), we see that if T, # 0,
then ¢ € {yr(z71y),y,x}. Therefore T is compact. I

LEMMA 6.6. For any finite subset F' of G4 \ H, there exists some element
x € F, such that for any g € F and h € H\ {e}, g~'ah™' ¢ E\ E°.

Proof. We prove this property by induction. If F' just contains one point,
then since (H \ {e})"' NGy = 0, we know in this case, the conclusion holds.
Suppose this property holds for any subset of G4 \ H with n —1 elements (n > 2).
Let F ={g1,92,...,9n} be any subset of G \ H with n elements. First we note
that if there exist two elements x,y in F such that 2~ 'y € E°, then by induction
we know there exists z € F'\ {x}, such that g712h=1 ¢ E\ E° for any g € F\ {z}
and h € H\{e}. In particular, y~t2h=! ¢ E\E?, sox 12h™! = (a7 1y)-y~t2h71 ¢
E\ E°. For, if y='2h~! ¢ E, then 27 '2h~! € E* - (G \ E) C G\ E; otherwise,
y~lzh™t € E° so x7'2h7! € E°. E° = E°. Therefore, we may assume that
x7ly ¢ E° for any z,y € F.

Case1 (n—1:0). g5 g1 ¢ E,95'91 ¢ E,...,9, 91 ¢ E. In this case, if we
choose = = g, then since (G \ E) - E° C G \ E, the conclusion holds.

Case 2 (n—2:1). g5'q1 ¢ B, 95'01 ¢ E,...,g9,201 ¢ E, g7'q1 € E.
By assumption g; ‘g, ¢ E (otherwise, g; 'g, € E°), and moreover since E is a
semigroup, g, ‘g, ¢ E (otherwise, g5 'g1 = (g5 '9n)(9;,'91) € F, a contradiction).
Similarly, g5 'gn ¢ F,...,9, 19n & E. By Case 1, the conclusion holds.

Case 3 (n—3:2). g5'q1 ¢ E,g3'1 ¢ E,...,9.%01 ¢ E, g, g1 €
E, g.'g1 € E. In this case, g7 'gn1 € F, 95 gn-1 & E,..., 9. 09n_1 ¢ E.
If g;'9,-1 ¢ E, then reduces to Case 1; otherwise reduces to Case 2, so the
conclusion holds.

Casen—1(1:n—2). g5'g1 ¢ E,gg_lgl €FE,...,9, 91 € E. By the former
process, it can eventually reduce to Case 1, so the conclusion holds. &

PROPOSITION 6.7. Suppose that G is amenable, H is infinite, and condition
(6.1) is satisfied. Then the induced C*-morphism my : T¥ — T [ K ((*(G1)) is
injective.

Proof. By Theorem 6.4, there is a C*-morphism 7y : 7 — 'TGl/K(Z2 (G1)),
such that 7y (TETE,) = [TSGthGfl] for any s,t € G4+. Let us first show that
7y (TE) = [TS1] for any 2 € E. In fact, since E- (E\ E°) C E'\ E°, we know that

for any z € E, T — T, T -y € K(£2(Gh)). By Proposition 2.11, we know

that TF = TE, T, 1, so mv (TF) = [T, T 2] = [T5].
Next in order to show that 7y is injective, by Theorem 3.5, we need to verify

that for any finite collection g,,,9,,, -+, 9,,, € G+ \H, Go1Goss-- - 9o, € E°\{e},
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and Ag, A1, ..., A, € C, the following inequality holds:

glj <)\O+Z)\2V(gm > H gl] H

j=1 i=1 Jj=1

|>\O X

It is equivalent to show that

)\< in T+E|,
ol <, inf T K

where
7= [T (-1872) (n+ onze ) [L 0 - 7578,
j=1 ’ i=1 j=1

Let F={0,,,92,--->91,,} € G+ \ H. By Lemma 6.6 we know there exists z € F,
such that g~ 'zh~! ¢ E\ E° for any g € F and h € H \ {e}. Since F is finite, but
H\{e} is infinite, we can choose a countable infinite subset {h, : p € N} C H\{e}
such that for any g € F, g~'zh,' ¢ G1. Let 2, = zh, ! for p € N. Then

17501 = e, T 0= 270 (S A )|
= YooNion
- o+ oA I 0

j=1

= /\O(smp + Z Ailégoﬂmp

G1G1
T!hj Tg—,l ):| 5901“1)
1j

> |)‘0|u

where ¢’ € {1,2,...,n} such that gfjlgoymp ¢ Gy for all j = 1,2,...,m. So for
any k € K(?(Gy)),

(T + k)G, )l Z 1T (G, )l = 1R, )| = [Ao] = (1~ (0a,)I-

Since d,, — 0 weakly in £2(G1), by the compactness of k we know that [|k(d,, )| —
0. It follows that for all k € K (£2(G1))

1T + K[| = sup {|[(T"+ k) (0z,)[| : p € N} = [ol,

50 [Ag| < inf 1T+ k|l n
kEK(£2(G1))

REMARK 6.8. A special case of the preceding proposition was obtained in
Theorem 3.2, [16], which can be understood as follows:

Suppose that G is abelian, then by Lemma 6.5 we know that (6.1) holds if
and only if, for any z € G, - G_T_l, either 7(z) € H or o(z) € H, if and only
if Gi-G;' = EUE™'. Moreover if (6.1) holds, then for any » € G - G}',
T € K(*(Gy)), where T = TS — TUG(;)TTC’E;) .. For, if 7(x) € H, then for any
z € Gy \{e}, 7(z)"tz € Gy, so TG, = 0, therefore T € K({*(Gy)). If, however,
o(x) € H,then T* € K({*(G1)),s0 T € K(€2(G+)). So in this case, if the induced
C*-morphism 7y exists, then it is surjective. Therefore, by Proposition 6.7, we
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know if G is abelian, H is infinite, and (G - G;l,E) is a quasi-ordered group,
then the induced C*-morphism 7y : 79 — T /K, (2(G4), is an isomorphism.
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