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1. INTRODUCTION

Among the analytic triangular AF (TAF) algebras, the Z-analytic algebras are
those admitting an integer-valued cocycle. The purpose of this paper is to explore
the connection between these algebras and dynamical systems.

The work of this paper may be, in a sense, considered a parallel version
for nonselfadjoint algebras to the program of [7] and [5] studying the connec-
tions between zero-dimensional dynamical systems, crossed products, and their
K-theoretic invariants. In some respects, the situation here is simpler: isomor-
phism of standard Z-analytic dynamical systems is equivalent to conjugacy of the
dynamical systems, so notions such as strong orbit equivalence are not needed.
Also, since the K-theory for nonselfadjoint algebras is not well developed, we do
not attempt to discuss K-theoretic invariants. On the other hand, there are com-
plications in the nonselfadjoint situation not encountered in the selfadjoint case.
First of all, the dynamical systems are only partially defined; worse yet, the “dy-
namical systems” may require an infinite sequence of partial homeomorphisms
whose graphs are nested. The algebras to which the dynamical systems are as-
sociated are nonselfadjoint subalgebras of groupoid C*-algebras (cf. [8]), or may
also be viewed as nonselfadjoint subalgebras of generalized crossed products in the
sense of Exel ([3], [4]).
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By a spectral triple (X, P, R) we mean X is a compact space, which in our
setting will always be zero-dimensional, R is a groupoid which is an equivalence
relation on X having unit space X, and P an open subset of R with PUP~! =
R, PoP CP,and PNP~! =X ([17]). P determines a nonselfadjoint algebra
A =A(P) C C*(R) ([8]), which is “triangular” in the sense that ANA* = C(X) C
C*(R). The spectral triples we will study have the property that for all (z,y) € P

the set
{z:(z,2),(z,y) € P}

has finite cardinality. In other words, regarding P as giving an ordering to the
equivalence classes of X, the order type is that of a subset of the integers.

For example, if X is a compact metrix space, ¢ : X — X a homeomorphism,
set

R=A{(z,¢"(x):z e X,neZ}, and P={(z,¢"(z)):z€ X,n >0},

then C*(R) is the crossed product algebra C(X) x, Z, A(P) the semicrossed
product algebra C'(X) x, Z*. Suppose X is zero-dimensional, and ¢ a partial
homeomorphism on X. That is, ¢ is a homeomorphism from dom (¢) to ran(p),
where both dom (¢), ran(p) are open subsets of X. Then, under certain conditions,
C*(R) is an AF algebra, and 2(P) a standard Z-analytic subalgebra. The partial
homomorphism may arise as the restriction of a homeomorphism of X, (the case
studied in [7]) or it may not admit an extension to a homeomorphism.

Returning to our general setting, suppose (X, P, R) is a spectral triple such
that each equivalence classes of X has the order type of a subset of the integers.
In that case it is possible to define a partial mapping ® on X which maps each
point to its immediate successor in the ordering. dom (®) is the set of all points
which have a successor. In general, such a map need not be continuous. Spectral
triples of this kind can arise from nested sequences of partial homoemorphisms,
{¢n tnez. By nested sequence we mean that ¢_, = w;l, n € Z, o is the identity
map, and that the graphs are nested in the sense

F(@n © QDm) C F(Spn+m)7 n,m € Z.

Given a partial homeomorphism ¢ of a zero dimensional space X, under
what conditions is the groupoid R(X, ¢) := {(z,¢"(z)) : v € X, n € Z} an AF
groupoid? We prove that this happens exactly when (X, ¢) is conjugate to (B, ),
where B is an ordered Bratteli compactum and v the Versik map on B. And
this is the case if and only if for any clopen set U containing the complement of
the range of ¢, each x € X belongs to the forward orbit of some point u € U
(Corollary 4.13).

The more general case in which R is the union of the graphs I'(¢,) of a
nested sequence of partial homeomorphims is precisely the case in which R admits
a (continuous) integer valued cocycle. Here, too, we have necessary and sufficient
conditions, given in terms of dynamical systems, for R to be an AF groupoid.

Though our goal initially was to study nonselfadjoint algebras, our approach
leads to some new results in AF algebras and dynamical systems. Our approach,
however, comes naturally from looking at nonselfadjoint algebras. The nonselfad-
joint algebras we study are the strongly maximal subalgebras of AF algebras which
admit an integer-valued cocycle, i.e., the Z-analytic algebras. Theorem 3.1 in Sec-
tion 3 gives various characterizations of Z-analytic algebras (and spectral triples)
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assuming the enveloping groupoid is AF, and an analogous result for standard Z-
analytic algebras is presented in Theorem 3.2. In Section 4 two standard Z-analytic
algebras are shown to be isomorphic if and only if their partial dynamical systems
are conjugate. (There is a corresponding result for semicrossed products and dy-
namical systems; cf. [14].) We return to this theme again in the context of nested
sequences of partial homeomorphisms in Section 5 in which the dynamics may not
be continuous (Theorem 5.3). An example of a Z-analytic semigroupoid which is
not standard is given in Theorem 5.1. This example admits a semi-saturation, and
in the final of Section 5 we consider necessary and sufficient conditions for a nested
sequence of partial homeomorphisms to admit a semi-saturation. Example 5.2 is
one that does not admit a semi-saturation.

2. PRELIMINARIES

We begin this section with a review of terminology for AF groupoids and semi-
groupoids ([15]).

Let 2 be a triangular AF algebra, or simply TAF algebra, with canonical
masa © = AN A", and C*-envelope B. In the spectral triple for 2, denoted
(X,P,R), X is the Gelfand space of the commutative C*-algebra ©, R is the AF
groupoid of 9B, and P is the semigroupoid corresponding to the subalgebra 2. If
v is a matrix unit of 2, or more generally if v is a ®-normalizing partial isometry
in 2, let ¥ denote its support: i.e., v is the support set of v, viewed as a function
on the groupoid R. Thus,

P = U{ﬁ: v is a matrix unit of 2A}.

The sets v, as v ranges over the matrix units of 2, form a basis for the topology
of P. (And the sets ¥, form a basis for the topology of R, as v ranges over the
matrix units of 9B.)

A cocycle (or, more precisely, a real-valued 1-cocycle) on R is a map ¢: R —
R satisfying:

e the cocycle condition: for all (x,y), (y,2) € R, c(x,y) + c(y, z) = ¢(x, 2);

e continuity: c¢ is continuous from R to R.

A TAF algebra 2 with spectral triple (X, P, R) is said to be analytic if there
is a (real-valued 1-) cocycle ¢ such that ¢71([0,00)) = P. We say in this case
that 2 is the analytic TAF algebra defined by ¢, and write 2 = .. 2 is called
Z-analytic if the cocycle ¢ can be chosen to be integer valued.

There is a proper subclass of the Z-analytic algebras, called the standard Z-
analytic algebras. If 20 is any strongly maximal TAF subalgebra of an AF algebra
B, then by Lemma 1.1, [11], there is a sequence {B,,} of finite dimensional C*-
algebras of B, say B,, = é}) My (n k), and a set of matrix units {ei(;lk)} for J B,

k=1 n=1

such that
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where T),(,, 1) is the upper triangular subalgebra of M,,(, ), and & = lim2,, and
B = lim*B,,. Then A is called standard if the embeddings 2A,, — 2,41 can be

chosen to be standard ([13]); i.e., standard embeddings in the sense of Effros ([2]).
Since Z-analytic algebras are defined by means of the existence of an integer-valued
cocycle, it is not obvious from the definition that standard Z-analytic algebras form
a subclass of the Z-analytic. If 2 is Z-analytic with spectral triple (X, P, R), and
hence admits an integer-valued cocycle d, it follows that if x < y are two points in
X belonging to the same equivalence class, then there are at most finitely many
points in the equivalence class between = and y: indeed, the number of such points
can be at most d(x,y). Thus one can define an integer-valued function on d, on
P, called the counting cocycle:

~

d(z,y) = Cardinality of {z € X : d(z, 2) > 0 and d(z,y) > 0}.

It is clear that d satisfies the additivity property for cocycles; however in general it
is not continuous. From [13] it is known that the standard Z-analytic algebras are
precisely the ones for which the counting cocycle is continuous (cf. Theorem 3.2).

DEFINITION 2.1. A partial dynamical system (X, Xinax, Xmin, ¢) is a quadru-
ple where X is a compact metric space, Xmax, Xmin are closed subsets, and
@+ X\ Xmax — X \ Xmin is a homeomorphism. Then ¢ is called a partial
homeomorphism on X. The graph of ¢ will be denoted I',.

In this paper X will always be assumed to be zero dimensional. For n a posi-
tive integer, ¢™ will denote the n-fold composite of ¢, and for n a negative integer,
gog will denote the n-fold composite of ¢ ~!. Also we adhere to the convention that
Y- = idx.

For U C X, we write p(U) to mean ¢(U \ Xnax), and similarly ¢™(U) =
©™(UNdom(¢™)). Since Xpax is closed it follows that if U is open, ¢(U) is open;
and ¢"(U) is open, n € Z.

3. CHARACTERIZATIONS OF Z-ANALYTIC AND STANDARD Z-ANALYTIC ALGEBRAS

We begin with several characterizations of Z-analytic and standard Z-analytic
algebras. For subsets A, B of an operator algebra 2, we will write [A- B] to denote
the closed linear span of the set {ab: a € A, b € B}. Let T be the circle formed
by identifying the end points of [0, 1].

THEOREM 3.1. Let 2 be a strongly maximal TAF algebra with spectral triple
(X,P,R). The following conditions are equivalent:
(i) C*(A) admits a continuous action o of T, with fized point algebra the
diagonal ®, and such that

A = {b eC*(A): /ozt(b)e%im dt =0 for alln > 1}.

(ii) There is a sequence {A(n)}, n > 0, of closed linear subspaces of A
satisfying:
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0) is the diagonal D;

) 2A(
) 2A(n) NA(m) = ():n#m;
c) [A(n) - A(m)] C A(n +m), for all n,m > 0;

(d) é A(n) is dense in .
n=0

(a
(b
(

(iii) A is Z-analytic.
(iv) There is a nested sequence {@y} of partial homeomorphisms of X, with
o = idx, the graph 'y, open in P, n > 0, and such that

P= |_| Ty, (disjoint union).
n=0
Proof. (i) = (ii) Note that a acts on 2. Set A(n) = {a € A : a =
1
J ar(b)e= 2™t dt, for some b € A}. It follows from the definition of 2 that A(n) =
0
(0) for all n < 0. First we show (ii) (a). Since the fixed point algebra of « is the

1
diagonal @, clearly 2(0) D D. Now let a € (0); then, if a = [ a;(b)dt
0

1 1

as(a) = /as(at(b))dt = /as+t(b) dt = /lat(b) dt = a,
0

0 0

where the last equality uses the translation invariance of Lebesgue measure on
T. Thus, the fixed point algebra of «, which by assumption is @, contains 2((0).
Hence, 24(0) =

Next, observe that 2(n) = {a € A : au(a) = e?™"la,t € T}. Indeed, let

as(b)e 2™t dt, b € A. Then, for s € T,

a =

Ot

1 1
as(a) — /as+t(b)e—2ﬂ'int dt = /au(b)e—Qﬂ'in(u—s) du = eQﬂinsa.
0 0

Conversely, if as(a) = e?™"q, a similar calculation shows that a € A(n). Thus,
(ii) (b) is clear, as is (ii) (c).
To show (ii) (d), let w be a continuous linear functional on 2, and suppose

(a,w) =0 forall a € An), n € Z.

Fix b € 2, and consider the continuous function f on T, f(¢) = (a(b),w). By the
characterization of A(n) above, we have f(n) =0 for all n € Z. Thus, f =0, and

hence (b,w) = 0. Since b € A was arbitrary, it follows that w = 0. Thus, €@ 2(n)
neL

is dense in 2. Since by assumption the spaces 2(—n), n > 0, are (0), we have that
P A(n) is dense in A.
n=0
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(ii) = (iii) Condition (c) of (ii) implies that each 2(n) is a closed D-bimodule.
Hence, by Theorem 2.2, [11], 2((n) is spanned by the matrix units it contains. Write

A(n) = U{ﬁ: v a matrix unit in 2A(n)}.

We claim: |J 2A(n) = P.
n=0
Let (z9,y0) € P, and suppose (zo,yo) ¢ 2A(n),n > 0. Define a representation
7 of A as follows: let H, be a Hilbert space with orthonormal basis {£:}zc0(x0)
and define 7 on matrix units by
T(0)E, = {(E)y if (x,y) €V, x € O(xy),

otherwise.
By [9], 7 extends to a representation of 2. By supposition, (7(a)&zy,&y,) = 0 for

a € A(n), hence for a € @ 2A(n). Since @ A(n) is dense in 2, we have that

(m(a)€sy,&y,) = 0 fora € Ql That is 1mp0551b1e since there is a matrix unit v € 2
with (zo,%0) € U, hence (m(v)&4,,&y,) = 1. This proves the claim.

Next, 2(n) NA(m) = 0, for n # m. Indeed, the intersection 2A(n) N A(m) is
open, so if it is nonempty there is a matrix unit v such that v lies in the intersection.
But then v € A(n) NA(m), contradicting (ii) (b).

(b
Define a cocycle d : P — Z, by d(z,y) = n if (z,y) € 2A(n). Then d is
well-defined, and continuous since d=1(n) = 91(71) is open in P. Also, if (z,y) €
S

A(n), (y,2) € Am), then by (ii) (), (,2) € Alm +m). So d(z,y) + d(y,z) —
d(x, z), i.e., the cocycle condition is satlsﬁed on P. Then d can be extended to a
cocycle on R by setting d(y,z) = —n if d(z,y) = n. One easily checks that the
cocycle condition is satisfied on the groupoid R.

(iii) = (iv) Let d be a cocycle for 2 and ¢,, be the partial homeomorphism
on X whose graph I'y,, is d~!(n). It is clear from the cocycle condition that {¢,,}
form a nested sequence and that the graphs I', have the required properties.

(iv) = (i) Write I', =T'y,,. We will define a T action on 2 first by defining

it on matrix units.
N

Let v be a matrix unit in 2; then (by compactness) v = |J I'y, N v, for some
k=0
N € Z. Observe that I'y, is both open and closed in P, so that, setting vy := 'y N7,
each vy is a matrix unit or sum of matrix units in 2. Now set

N
v) = Ze%iktvk, teT.
k=0

Then «; extends by linearity to (the dense subalgebra of) all finite linear com-
binations of matrix units. A short calculation shows that «a; is isometric, so it
extends to an isometric map of 2. By the nested property of the I';,, the au-
tomorphism property a;(ab) = a;(a)as(b) holds for a,b matrix units, hence for
linear combinations of matrix units, and finally for arbitrary a,b € 2. One can
verify directly, or use [11] or [15] to get that «y is the restriction of a star au-
tomorphism of C*(2(). Finally, one notes that the action ¢ — «; is continous in
the pointwise-norm topology; i.e., for each a € 2, the map ¢ — «(a) is norm
continuous. 1
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Recall from [3] that a continuous action « of T on a C*-algebra B is semi-
saturated, if B is generated as a C*-algebra by the fixed point algebra and the
first spectral subspace B(1). (i.e., B(1) = {b € B : a;(b) = e2"ib}.)

THEOREM 3.2. Let 2 be a strongly maximal TAF algebra with spectral triple
(X,P,R). The following conditions are equivalent:
(i) There is a semi-saturated action « of T on C*() with fized point
algebra the diagonal ©, such that

A= {b eC*(A): /at(b)e%mt dt =0 for alln > 1}.
T

(ii) There is a sequence A(n), n = 0, of closed linear subspaces of A satis-
fying
) 2A(0) is the diagonal D;
) ()ﬂm( )= (0), n # m;
c) & ( -A(m)] = ~An + m), for all n,m > 0;

(a
(b
(
(d) @ A(n) is dense in 2A.

(iii) The countmg cocycle d is finite-valued and continuous on R, and
d=([0,00)) = P;
(iv) 2 is a standard TAF algebra;
(v) There is a partial homeomorphism ¢ of X such that the graph T', is
open in P\ A(X), and

P\AX U Ty,
n=1

n

where @™ is the n-fold composite of .

Proof. (i) = (ii) With the spectral subspaces 2(n) defined as in the proof
of Theorem 3.1, the condition that « be semi-saturated implies that 2(n) =
closed span{a; - --a, : a; € A(1)}, n = 2,3,.... In particular, this implies (ii) (c).
Otherwise the proof is the same as (i) = (ii) of Theorem 3.1.

(ii) = (i) Define an action of T on the algebraic direct sum of the 2(n),

n = 0, by
(Z ) Ze%m K where a; € A(n;).

Then « extends to an action of T on @ 2A(n), which is dense 2, hence to an action
nez

of 2. Define oy on A(n)* by ay(a) = e 2™"q, a € A(n)*, n > 0. This gives rise
to an isometric action on 2A*, and hence a star-action of T on the norm-closure of
A + A*, which is C*(2).

(ii) (c) implies that the action is semi-saturated.

(ii) = (v) We use the same notation as in Theorem 3.1. Thus, é\((n) =
U{? : v a matrix unit in A(n)}. By assumption, (1) N2A(0) = A(1) N D = (0),
so that 2(1) N A(X) = 0. So 2(1) is the graph I, of a partial homeomorphism
¢ of X, and the graph I, is disjoint from the diagonal set A(X). Also, repeated

application of (ii) (c) implies that I'y,n = A(n), n > 1. Now as in the proof of
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(ii) = (iii) of Theorem 3.1, Ej A(n) = P, so that Ej A(n) = P\ A(X). Hence,
n=1

n=0 =
U1 Iy =P\ AX).
n=
(v) = (ii) Let 2(n) be the closed linear span of the set {v € 2 : v a matrix
unit, ¥ C T'yn}. We claim that

Fyn NTym =0 for n # m.

Case 1. n =0 < m. Of course if m = 1, it is true by assumption. If
Lym N A(z) # 0 for some m > 1, let (z,z) € Tym N A(z). Then there is a y € X
with (z,y) € 'ym-1 and (y,z) € I'y. But then (z,y) and (y,z) are both in P, or
(z,y) e PNP~! = A(X), so that y = x and (x,z) € ', contrary to hypothesis.

Case 2. 0 < n < m. Suppose (z,y) € I'yn NT'ym. Then ¢™(z) = y and
" (x) = y. But " (x) = @™ " o " (x), so that "™ ™(y) = y. Since by Case 1
the graph of ™~ is disjoint from the diagonal, this is impossible. Thus the claim

is established.
From the claim we have 2A(n) N2(m) = (0) for n # m. Then (ii) (d) follows

from the fact that € (n) contains the algebra spanned by the matrix units of 2.
n=0
(iii) < (iv) Follows from Proposition 2.8 and Theorem 2.9 of [13].

(iii) = (v) Let T'y, = d~'(1). This is open in P and disjoint from A(X). Tt
follows that I'yn = d~*(n), and hence

P=d '([0,00) = | J T,
n=0

so (with 0 = idx), P\ A(X) = {J Ton.
n=1

(v) = (iii) Observe that the condition that I', is open in P \ A(X) implies
that the sets I',» are disjoint and open. Furthermore, the orbit (or equivalence
class) of a point z € X is given by O(x) = {¢"(z) : € dom(p™),n € Z} (where
for n negative, ¢"(x) denotes the n-fold composite of ¢~! at x). In particular,
each orbit has the order type of a subset of Z, so that d is finite on the groupoid
R : c;l\(x, y) = n if and only if y = ¢™(z). Thus the counting cocycle d is finite and
continuous on R, and P = d~1([0,00)). &

Let X be a zero-dimensional compact space and (X,P,R) a spectral triple
defined by a partial homeomorphism (respectively, a nested sequence of partial
homeomorphisms) on X. Then Theorem 3.2 (respectively, 3.1) shows that A(P)
is standard Z-analytic (respectively, Z-analytic) if and only if R is an AF groupoid.
In the next two sections we will give necessary and sufficient conditions for R to
be AF.
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4. ORDERED BRATTELI DIAGRAMS AND PARTIAL DYNAMICAL SYSTEMS

Let V and W be two non-empty finite sets. An ordered diagram from V to W
consists of a partially ordered set F and surjective mapsr: F — W ands: E —V
such that e and €’ are comparable if and only if 7(e) = r(¢’). Sometimes we just
write E for (E,r,s). The elements of V and W are the vertices and the elements
of E are the edges of the diagram.

An ordered Bratteli diagram (V, ) consists of a vertex set

V=VUViU--- (disjoint union of finite sets),
where Vj is a singleton, and
E={(E,,rn,8n):n =1},

where (E,,, T, $p) is an ordered diagram from V,,_; to V,,. If e; € E; with r;(e;) =
Sit1(ei41) for all i, m < i < n, then (e;41,€m+2,---,€n) is a path from V,, to V,,.
Let X = X(V, ) consist of all infinite sequences (e, eg, . ..) of edges with e; € E;
and 7;_1(e;—1) = s;(e;) for all i. For z = (e,)52; € X and n > 1, we will write
xz(n) = ey.

Suppose (V, €) is an ordered Bratteli diagram. For each path p = (e1,es. ..,
..y en) from Vj to V,, let C(p) = {(f1,f2,...) € X : fi = ¢; forall 1 <i < n}.
We give X the smallest topology where each C(p) is open. In this topology, each
C(p) is actually both closed and open (clopen).

PROPOSITION 4.1. X 1is a separable compact metrizable space.

Proof. Each E, is a discrete space, hence metrizable. Let Y = [] E,, with

n=1
the product topology. Therefore, Y is compact and metrizable and X C Y. The
topology of X is equal to that inherited from Y. X is separable because it has a
countable base {C(p) :n > 1,p=(e1,e2,...,en)}. 1

Given an ordered Bratteli diagram (V, &), let Xax to be the set of maximal
paths, i.e., Xyax = {(e;) € X : ¢; is maximal in F; for all ¢}. Similarly, define
Xmin = {(e;) € X : e; is minimal in E; for all ¢}. Since X is compact, it follows
that these sets are always nonempty. Also it is clear that the sets X ax, Xmin are
closed. Now for every (e;) € X \ Xmax, let &k = min{i : e; is not maximal in E;}
and let fr be the successor of e in E. For 1 < i < k, define f; so that
(f1,-+.y fr—1) is the unique minimal path (i.e., each f; is minimal in F;) from
Vo to Vi—1 such that rx_1(fx—1) = si(fr). Finally, let f,, = e, for n > k. Define
a partial mapping ¢ on X by ¢((e;)) = (fi). For z,y € X, we will write z < y if
©"(x) =y for some n > 0. Then < is a partial ordering on X.

Let = (e;) € X and n > 1. Define C,(z) = C(p), where p = (e1,...,€n).
If © = (e;) € X \ Xmax, then for every n > 1, there exists m > n such that
(e1,€2,...,€m) is not maximal. We have p(Ck(z)) = Ci(p(z)) for all & > m.
Since every open subset of X \ Xpax is a union of clopen subsets Ck(x), ¢ is a
partial homeomorphism.
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DEFINITION 4.2. Let B = (V, &, >) be an ordered Bratteli diagram, and let
(X, Xinaxs Xmin, @) be the partial dynamical system constructed above. The par-
tial homeomorphism ¢ is called a Versik transformation, and (X, Xmax, Xmin, ©)
the Versik partial dynamical system associated with 5.

For x € X, let
Oz) ={¢"(z) :n € Z,z € dom "},
Ot (z)={¢"(z) :n =0,z €dom "} ={ye X :y 1,
O () ={¢"(z) :n< 0,z edom ¢"} ={y € X : y < z},

and w'(z) and w™ (z) be the accumulation points of OF(z) and O~ (z).

=T
<z

PROPOSITION 4.3. Let (V,€) be an ordered Bratteli diagram and Xmax,
Xmin, and ¢ as defined above. Suppose U (respectively, V') is a clopen subset
of X containing Xmin (respectively, Xmax). Then we have:

i) U ¢"(U) = X;

n=0
(i) U e(v)=X.

Proof. We prove only (i), as the proof of (ii) is similar. Let € X. If O~ (z)
is finite, then ¢~ "(x) € Xyin for some n > 0. Therefore, x € @™ (Xmin) C ©™(U).
So, we may assume that O~ () is infinite.

We are going to show that there exists a sequence ny < ny < --- such that
@~ ™ (x) converges to some g € Xpin. Choose m such that C,(x9) C U. Then we
have ¢~ " (x) € Cy,(x9) C U for sufficiently large i, and hence x € ¢ (Cy,(x0)) C
" (U).

For each k > 1, let (ef,...,eF) be the unique minimal path from Vj to Vj
such that 7(ef) = r(z(k)). Let 2* € X be the point satisfying z*(i) = e¥ for
1 <i<kand2®(i) = (i) for i > k. Then z* = =) (z) for some n(k) > 0.
Since O~ (z) is infinite, {z* : k > 1} is also infinite. Let x¢ be an accumulation
point of {xk ik > 1}. Then z¢ € Xmin and there exists a subsequence n; = n(k;)
such that ¢~ (z) converges to xg. I

We will be studying the relationship of ordered Bratteli diagrams and partial
dynamical systems. For the rest of this section, we will mainly consider partial
dynamical system satisfying the following conditions:

DEFINITION 4.4. A Bratteli system is a quadruple (X, Xax, Xmin, ) where
Xmax and Xy, are closed subsets of the zero dimensional compact space X, and
©: X \ Xmax — X \ Xmin is @ homeomorphism such that if U (respectively, V) is
a clopen subset of X containing X i, (respectively, Xiax), then

0 U ") = x;

.o oo
@ 0 ¢(v) = X.
Two Bratteli systems (X1, XL X1 o) and (X2, X2, X2, ¢2) are said
to be conjugate to each other if there exists a homeomorphism A : X' — X2 such
that h(X},,) = X2, h(XL, )= X2. ,and hop; = @y 0h.

max max’ min min’
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REMARK 4.5. It will be shown that every Bratteli system is conjugate to
one arising from an ordered Bratteli diagram. This, together with Proposition 4.3,
justifies the above definition.

Since the clopen sets form a base for the topology of X, one could just as
well substitute “open” for “clopen” in the Definition 4.4. However, mostly it will
be convenient to work with clopen sets.

LEMMA 4.6. LetY be a clopen set containing Xmin. Set Z = ¢~ (Y)UX max-
Then Z is clopen andY = o(Z) U Xyin.

Proof. This follows from the fact that ¢|x\ 7 is a homeomorphism from X'\ Z
top(X\Z)=X\Y. 1

Similarly, we have

LEMMA 4.7. Let Z be a clopen set containing Xmax. Set Y = ¢o(Z) U Xin.
Then'Y is clopen and Z = o~ (V) U Xpax-

We note that in the proof of the last two lemmas, the conditions (i), (ii) in
Definition 4.4 are not needed.

PROPOSITION 4.8. Condition (i) in the definition of Bratteli system is equiv-
alent to condition (ii).

Proof. We show (i) = (ii) By Lemma 4.7, we may assume that V = ¢~ 1(Y)U
Xmax for some clopen Y O Xpi,. Suppose (ii) fails to hold. Then there exists
ro € X such that for all k > 0,¢%(x) ¢ V. In particular, ©*(z0) ¢ Xmax, SO
the forward orbit {©*(z¢) : & > 0} is defined. Since V is open, the closed orbit
cl{p*(z0) : k > 0} does not intersect V, and hence w™ (zg) NV = 0.

Let x € w'(xp). Thus there is a sequence 0 < k1 < kg < --- with z =
lim p*» (29). By assumption (i), z = ¢™(y’) for some m > 0, y' € Y. Thus,
y = lirrln @*n=m(y). Since Y is open, there is an n with k, —m > 0 for which

Fn=m(z) € Y. But then ¢*»~™~1(xy) € V. This is a contradiction, and the
proof is complete.

The implication (ii) = (i) is analogous. 1

REMARK 4.9. Note that Bratteli systems do not admit periodic points; that
is, there is no point x € X and positive integer n such that x € dom ¢™ and

¢ (z) = .

Proof. Assume to the contrary there is a periodic point x with period n.
Then the orbit O(z) = {¢/(z) : 0 < j < n} is finite and evidently disjoint from
Xmax- Thus there is a clopen neighborhood Z of X, which is disjoint from O(x).

But by assumption (ii) of Bratteli systems there is a nonnegative integer j with
x € 9 I(Z); e, ¢ (x) € Z, a contradiction.
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4.1. BRATTELI DIAGRAMS FROM PARTIAL DYNAMICAL SYSTEMS. In this section
we will show that any partial dynamical system satisfying (i), (ii) (i.e., a Bratteli
system) is given by a Bratteli diagram. The proof follows Putnam’s construction
n [16].

Suppose (X, Xmax, Xmin, ) is a Bratteli system. Let Y be a clopen subset
containing X, and Z = ¢ 1Y) U Xpax. Define A : Y — Z by

My) =min{k > 0: ¢"(y) € Z}.
By condition (ii) of a Bratteli system, )\( ) < oo for all y € Y. By the compactness
of X, there is an N € ZT such that U v~ "™(Z) = X. Therefore, A(Y') only takes

a finite number of values, say, J; < JQ - < Jpy. Set
Ve =M Jp) CY, and Y(k,j)=¢/ (Vi) forj=0,...,Jx,
and k=1,..., m. Then we have
(1) ijl (k,1) = o(Y);
(2) o(Y(k,5)) =Y(k,j+1), for 0<j < Ji;
(3) U Y(k, Jx) = Z;
k=1
m  Ji ]
4) U UY(kj) =
k=1j=0

It follows from the definition that the sets Y(k,j), 1 <k <m, 0 < j < Ji
are disjoint.
(1) and (2) are clear. To show (3), let z € Z. By assumption (i), U oY) =

X, so there is a smallest nonnegative integer j for which z € 7Y (Y) Set y =
7 (2).
CLAIM. For 0 < (<3, p'(y) ¢ Z.

Suppose to the contrary that for some ¢, 0 < £ < j, ¢*(y) € Z. Note that
©*(y) & Xmax, since ¢*(y) € dom /~¢. Thus, by definition of Z, y; = p(¢*(y)) €
Y, and z = ¢ ~*~1(y;). Since j — £ — 1 > 0, this contradicts our choice of j. This
establishes the claim.

Thus, \(y) = j, so j € {J1,...,Jx}, and hence z € ¢’*(y) € Y (k, Jy) for
some k.

The proof of (4) is similar. Let € X, and let j be the smalllest nonnegative
integer with = € ¢/(Y). Set y = ¢ /(). Then, as in the proof of (3), p*(y) ¢ Z
for0 < €< . Iferk7thensc€Y(k 7)s sinceO<j<J;c

NoTE. The sets Y(k,5), 1 < k < m, 0 < 5 < J; are open and form a
partition of X. Hence, each of them is both closed and open (clopen).

DEFINITION 4.10. We will refer to such a partition as a Kakutani-Rohlin
partition, and to the sets {Y(k,j) : 0 < j < Ji} as a tower.

Let the partial dynamical system (X, Xax, Xmin, ) be a Bratteli system,
and let {Y,,}52; be a nested sequence of clopen sets containing X, such that
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oo o0
N Ye = Xmin. Then N (971 (V) U Ximax) = Xmax- Let {P, 152, be a nested
n=1 n=1
sequence of finite clopen partitions of X such that each Y, is a union of clopen
sets in Pp, n=1,2,..., and \/ P, is a base for the topology of X.

Inductively, construct sequences Q,,, P/, where Q,, is a finite clopen partition
of Y,,, P}, is a finite clopen partition of X as follows: set

=\ V  {e? ik, )N P]: PePi}.

§=0,...,J(1,k) k=1,....m(1)

So Q is a partition of Y7, and each set Y7 (k, 0) is the union of sets Y7 (k,0)NQ
as @ runs through Q. Index these sets Y1(k,0,7), 1 <14 < r(1,k). The sets

H(kvjvz) = @j(yl(k70’i))a

1<k<m(l),1<i<r(l,k),0<j<J(1,k), partition X. Denote this partition
Pi. Let P) ={X}.

Suppose now that n > 1 and Pf,...,P;,_; have been defined so that P is a
refinement of P; and Pl'_l, for1<i<n—1. Set

Q= \{¢ 7 (Yulk,j)NP): PEP, VP, 1,1 << I(nk), 1 <k <m(n)}.

Thus the set Y,,(k,0) is a union of sets Y,,(k,0) N Q, @ € Q,. Index these
sets by Y, (k,0,i),1 < i < r(n,k). Then, let P/, be the partition consisting of the
sets

Yo(k,j, i) = on (Ya(k,0,7)),

1<k<mn),1<i<r(nk), 1<j<J(nk).
Note that since P}, is finer than P, \/ P), generates the topology of X.

THEOREM 4.11. Let the partial dynamical system (X, Xmax, Xmin, ) e @
Bratteli system. Then there is a Bratteli diagram B = B(V,E,>) such that the
Versik partial dynamical system (X', X .o X} in, @) associated to B is conjugate
to (X7 Xmin7 Xma)m 410)

Proof. The Bratteli diagram B to be constructed will have as its vertices the
set
Vi ={Yn(k,0,i) : 1 <i<r(n,k),1 <k<mn)} forn>1

For convenience of notation, define Vj = {¥;(1,0,1)} = {X}. Let n > 1.
For each Y,,(k,0,i) and 0 < £ < J(n,k), if Y, (k,£,4) C Y,_1(K,0,i) for some
1<K <mn-1),1<4¢ <rin—1,FK), we put an edge e from Y;,_1(k’,0,7)
to Y, (k,0,7). We will indicate the correspondence between e and ¢ by j(e) = ¢.
Define s(e) = Y,—1(k’,0,7) and r(e) = Y,(k,0,7). For two edges e1,es with
r(e1) = r(e2), we put e; < eq if j(er) < j(ez). This defines an ordered Bratteli
diagram BV, E). Let (X', X/ .s X}in,¢') be the corresponding Versik partial
dynamical system. We are going to show that (X', X| .., X} .., ¢’) is conjugate to
(X7 XmirnXmaxa 410)

Since Y, C Y,,—1, we have j(e) = 0 for all minimal edges e. Suppose e is
a maximal edge from Y,_1(k’,0,i) to Y, (k,0,i). Let ¢ = j(e). Then we have
Yo (k,£,i) CYn_1(k',0,i) but Y, (k,5,i) NY,—1 = 0 for all £ < j < J(n, k). Since
foreach 0 < j < J(n—1,K), Y, 1(K,7,7) C Y, 1 or Y, 1(K,5,7)NY,_1 =0,
we have Y, _1(K',j — £,9)NY,_1 = 0 for £ < j < J(n,k). On the other hand,
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oY1 (K, J(n, k)—£,9)NY,—1 D o(Ya(k, J(n, k),0))NY, = (Yo (k, J(n, k),3)) #
. Hence, J(n,k) — € = J(n —1,k’), which implies that £ = J(n, k) — J(n — 1,k').

For 1 < m < n,let e, be an edge from Y,,,—1 (km—1,0,%m—1) to Y (kim, 0,4,
then p = (eq,...,e,) is a finite path in B from V; to V,,. For each 1 < m < n,

let jm, = j(em). Define ¥(p) = Y, (ky, Sn,in) where s,, = > jn. Suppose n > 1.
m=1
n—1

Let p' = (e1,...,en—1) and $,—1 = > jm. We have
m=1

V(p) = Yo(kn, sn—1+ Jn,in) = " (Ya(kn, Jn, in))
C* 1 (YVno1(kn-1,0,in-1)) = ¥(p').
Define a map ¢ : X' — X as follows Let ' € X’ be the infinite path 2’ =
(e1,€2,...). Then let {¢p(z')} = ﬂ U((eq,...,ep)). Clearly, ¥ is a homeomor-

phism such that ¥(X};.) = Xmin and V(X o) = Xmax. Let 2’ = (e1,€eq,...) € X'
such that ey is an edge from Yy_q(kg—1,0,4¢—1) to Ye(ke,0,40) and j, = j(eyp) for
all 1 < £ < n. If 2’ is not maximal, let m be the smallest integer such that e,,
is not maximal. Let j/. be the smallest integer j > j,, such that Y;,,(km, J, im) C
Yi—1(kl,_1,0,i,_,) for some &k, 1, i . Since Yy (km, 7, tm) N Yi—1 = 0 for all
jm < .7 < .71/71 and Ym(kmvj;nvim) C Ym—lv we have J;n _jm =1+ J(m_ L, km—1)~
For 1<l <m,jo=J ke)— J(Ef 1,k}) because e, is maximal. Therefore, j;, =

1+J(m—1,kp— 1)+]m—1+2]g Let f,, be the edge from Y,,—1(k},_1,0,4,_1)

to Yo (km, 0,4y, ) with j(f) = ]m Let (f1,..., fm—1) be the unique minimal path

from Vj to Ym 1k, 1,040, _1). Then ¢'(2’) = (f1,--., fms€m+1,€m+2, .. .). For

n
n>m,let s, = >  j,. We have

f=m+1
BN = () ol 3300+ swi) = () ol s+
n=m+1 n=m-+1
=6 ) V(D det smrin) ) = fo@@)}
n=m-+1 =1

It follows that 9o’ = o). 1

REMARK 4.12. Tt follows that for any choice of nested clopen sets Y, with
intersection X .« the ordered Bratteli diagram with corresponding Versik trans-
formation is conjugate to the given partial dynamical system. Thus, the Versik
transformation is independent of the nested sequence {Y,,}.

COROLLARY 4.13. Let (X, Xmax, Xmin, ) be a partial dynamical system.
Then the following are equivalent:
(i) R ={(z,¢™(x)) : x € dom (p™), n € Z} is an AF groupoid;
(ii) the partial dynamical system (X, Xmax, Xmin, @) s conjugate to a Versik
map on a Bratteli compactum;
o0
(iil) for any clopen subset U containing Xmin, | ©"(U) = X;

n=0
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(iv) for any clopen subset V' containing Xmax, U ¢ (V) = X.
n=0
For the next result we will need the notion of equivalence for ordered Bratteli
diagrams from [13] (Definitions 3.4, 3.5 and 3.6); for the reader’s convenience, we
recall the definition here.

DEFINITION 4.14. Let V,W be (finite) vertex sets. Two ordered diagrams
(V,E,r,s),(V,E v, s") are order equivalent if there is an order-preserving bijection
®: F — F’ such that

r(e) =r'(®(e)) and s(e) =s'(P(e)).

Now, let (V,&), W,F) be two ordered Bratteli diagrams. The Bratteli
diagrams are said to be order equivalent if there exist strictly increasing maps

g,h : N — N with g(0) = h(0) and ordered diagrams E;, from V,, to Wy, and F},
from W, to Vj,(,) such that

F;(n) o E,, is order equivalent to Ej(g(n)) © - © Eng1

and

B}y © Fy, is order equivalent to Fygny) © -+ 0 Fyp1.

REMARK 4.15. A contraction of an ordered Bratteli diagram 8 = (V, &) is
another ordered Bratteli diagram (V’, £’) together with a subsequence {ny} of the
positive integers such that V) = V,,, and the edge set Ej, consists of all paths from

Vi

Nk—1

to Vp,, ordered lexicographically.
Another definition of order equivalence of ordered Bratteli diagrams is as

follows: say B = (V,&), B’ = (V',&’) are order equivalent if there is a third
ordered Bratteli diagram B” = (V”,£") such that the contraction of B” to the
even vertices is a contraction of B, and the contraction of B” to the odd vertices

is a contraction of B’
It is easy to see that this definition is equivalent to the one we have given
above.

While we have been viewing ordered Bratteli diagrams as a partial dynamical
systems, one can just as well view them as defining a standard Z-analytic algebra
by viewing the edges as (ordered) standard embeddings, as in [13]. Now it is
known that two semicrossed products are isomorphic if and only if their actions
(i.e., homeomorphisms) are conjugate ([10], [6], [14]). Exel’s generalized notion
of crossed product by a partial action ([3], [4]) allows one to consider standard
Z-analytic algebras as semicrossed products. In this sense, the following theorem
extends the earlier results on semicrossed products.
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THEOREM 4.16. Let (V,E) (respectively (V',E')) be an ordered Bratteli di-
agram, (X, Xmax, Xmin, @) (respectively, (X', X! .., X in,¢")) the Versik partial

max?

dynamical system constructed from the diagram, and A = AV, &) (respectively,
A =W (V' &) the standard Z-analytic TAF algebra defined by the diagram (V, &)
(respectively, (V',E")). Then the following are equivalent:

(i) the Bratteli diagrams (V,&),(V',E") are order equivalent;

(ii) the (X, Xmaxs Xmins @), (X' X} o> Xmins @) Versik partial dynamical
systems are conjugate;

(ili) A is isometrically isomorphic to A';

(iv) A is algebrically isomorphic to A'.

Proof. (i) < (iii) was proved by Power ([13], Theorem 3.7).

(ii) = (iii) To begin, we need the fact that if a strongly maximal TAF
algebra is the inductive limit of a system (2l,,0,), then the spectrum P of 2 is
the projective limit of the spectra of 2,,. It follows in this case that the spectrum
Pofdis {(z,y) € X x X :y = ¢"(x) for some n > 0}.

Suppose (ii) is satisfied, and let ¥ : X — X’ be a homeomorphism which
induces a conjugacy of the two partial dynamical systems. Define ¥ : P — P’,

U, @ () = (V(@), ¥ (2)) = (), 9" ((a)),

2 € X\ Xmax - Then U is a semigroupoid isomorphism, and so by Theorem 7.5 in
15], A, 2" are isometrically isomorphic.

(iii) = (ii) Conversely, suppose there is a semigroupoid isomorphism ¥ :
P — P'. Setting A(X) = {(z,z) : ¢ € X}, note that U(A(X)) = A(X’). Indeed,
if U(z,z) = (a/,y'), then

@ y) = ¥((@,2) o (2,2)) = ¥(z,2) 0 YU(z,2) = (¢',y') o (2", ),
forcing ' = 2’. Thus there is a homeomorphism ) : X — X’ so that U(z,z) =
(¥(z),¢(2)), © € X. Also,
U(z,o(x) = ¥(z,2) 0 U(x, (7)) o U(p(x), p(z))
= ((2),¥(x)) o ¥U(z, p(x)) o (¥(p(2)), ¥(p(x))),

from which W(z, o(z)) = (¥ (x), ¥(p(2))). Since (¥ (x), ¥(p(x)) € P', P(p(x)) =
"’ (¢(x)) for some j > 0. Now j = 0 is impossible, as ¥~ maps A(X’) into
A(X). Now if j > 2, then

(¥(x), 9" (Y(2))) = (W(), ¢’ (W(@))) o (¢ (¥(2)), " (¥ ()))

is the composition of two elements of P’ \ A(X’). Applying ¥~!, we have that
(z,¢(z)) is the composition of two elements of P\ A(z). But this is impossible,
as p(z) is the immediate successor of z. Thus,

U(z, () = ((x), ¢ ((x))), and hence ¢ (1)(x)) = P (p(x)).

In other words, 1 is a conjugacy of the two partial dynamical systems.
(iii) & (iv) was proved by Donsig, Pitts and Power ([1]). 1
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5. NESTED SEQUENCES AND AF ALGEBRAS

In this section, we are going to characterize nested sequences of partial homeo-
morphism that will give rise to AF algebras.
Let 2 be a Z-analytic algebra and B = C*(2). Choose a sequence {%B,} of
r(n)
finite dimensional C*-algebras of B, say B, = @ M,,(, ), and a set of matrix
k=1

units {ei(ij)} for |J B, such that
n=1

(n)
Uy = ANDB, = P Trnnp):
k=1

where T}, (,, 1) is the upper triangular subalgebra of M,,(, ), and & = lim2A,, and
B = lim*B,,. Denote ei(iNk) by ei(Nk). Let (X,P,R) be the associated spectral

triple. Then there exists an integer valued cocycle d on R with d~1([0, o)) = P.
For each n, define a partial homeomorphism ¢,, on X by ¢, (z) =y if d(z,y) = n.
Then {p, }nez is a nested sequence of partial homeomorphisms on X such that

P=|]r,,.
n=0

oo

For n € Z, let X:Illax = X;:Z; =X \ dom ¢y, Xmax = n Xr?lax and Xoin =
n=1

m X;rllin'

n=1

We have
(N ek
Xmin = ﬂ <U61( )) and Xmax = ﬂ (U 67(n(n,)k))
n k n k

Suppose U and V are clopen subsets of X containing X i, and Xp,ax respec-

tively. Then there exists N such that Uél(Nk) C U and Ué;(n]}]]lf,) I CV.Forne?Z,
k k ™

let @, be the restriction of ¢, to D,, = {zx € X : (z,pn(z)) € /e\i(ij) for some i, j}.

Then each D,, is clopen. Let
M = max{d(z,y) : (z.y) € 6", 1 <i,j <m(N,k), 1 <k <r(N)}.

If ¢ > M then the domain of ¢, is empty. This proves the necessity of the
conditions in Theorem 5.2. We first prove the sufficiency of the conditions for a
special case of the theorem.

LEMMA 5.1. Let N = {p,}nez be a nest of partial homeomorphisms on a
compact zero-dimensional space X such that:
(i) Xmin and Xyax are clopen;
(ii) for each n > 1, dom p,, and domy_,, are clopen;
(iil) there exists M > 1 such that dom @, =0 for |n| > M.
Then the groupoid defined by N is AF.



404 JusTIN R. PETERS AND Y1U T. POON
Proof. Define ® : X \ Xpax — X \ Xmin b
D(x) = pr(x) where k =min{n > 1: 2 € domp,}.

We are going to prove that
(1) @ is bijective and
& y) = p_r(y) where k =min{n >1:y € domep_,}.

(2) @ is a homeomorphism.

3 U 0" (Xin) = X = U 0" (Xona).

Proof of (1). Suppose x,y € X \ Xpnax and ®(x) = ®(y). Let
r=min{n > 1:z €domep,} and s=min{n>1:yc domep,}.

So ®(z) = ¢r(x) = ps(y) = ®(y). If r > s, then we have y = ¢p_;5 0 . (z) =
or—s(x). Therefore, z € domp,_¢ and 1 < r — s < r, a contradiction. Therefore,
r < s. Similarly, 7 > s and consequently, r = s. This proves that ® is one to one.

Let y € X \ Xmin and k = min{n > 1:y € domy_,}. Then y = ¢ (z) for
some x € X \ Xpax- Suppose n > 1 and z € dom ¢,,. Then

Y= k() = Pr(P—n 0 on(2)) = (P 0 P—n)Pn(T) = Yr—n 0 Pn(z) € domp_(1_n),
and k —n < k. Therefore, k —n < 0. Hence, n > k and y = &(x).

Proof of (2). Let C be a closed subset of X \ Xy ax. We will show that ®(C)
is closed. Suppose z,, € C and y = ILm ®(z,). By choosing a subsequence if
necessary, we may assume that for so?neocﬁxed k>1, &(x,) = gr(x,) for all n
and o = lim x, € C Ndomyy. Therefore, y = @i(xo). Suppose m > 1 and
zo € dom ;::O Then z,, € domy,, for sufficiently large n. Hence, k¥ < m and
y = or(x0) = ®(x0) € ®(C). Therefore, (C) is closed. Since P is bijective, P(O)
is open for every open set O in X \ Xp.x. The same proof shows that ®~1(0) is
open for any open set O in X \ Xpi,. Consequently, ® is a homeomorphism.

Proof of (3). Since dom ®™ = (), we have

X =X\ domdM = U<I> KXimax)

o0
Hence, X = |J ® " (Xpax). Similarly, X = U D™ (Xmin)-
n=0 n=0
It follows that (X, Xiax, Xmin, @) is a Bratteli system. By construction, this

system generates the same groupoid as that defined by the nest A/. &
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THEOREM 5.2. Let N = {¢n}nez be a nest of partial homeomorphisms on
a compact zero-dimensional space X and R the groupoid defined by N'. Then R
is AF if and only if the following is satisfied:

Given clopen subsets U and V of X containing Xpnin and Xnax respectively,
there exist clopen subsets Y and Z with Xy CY C U and Xpax € Z CV such

that forn > 1, if @, is the restriction of @, to Dy, ={x € X\ Z : pp(x) € X\Y},
Pn = @b, and ¢y = idx, then the system {@,} satisfies the conditions of

Lemma 5.1.

Proof. Suppose N is a nest satisfying the above conditions. Then we can

choose a sequence of clopen subsets U* and V* such that NoU k= X and
k
NV* = Xnax. For each k, applying the condition to U = U* and V = V* we
k
have clopen sets Y* and Z* with (ﬁ%k) and dom {E%k) defined accordingly. Let R*
be the groupoid defined by the nest {@5{“)} Since Ry C Rp41 and R = |J Ry, it
k=1

suffices to prove that each Ry is AF. Since the nest {@%k)} satisfies the conditions

in Lemma 5.1, the result follows. 1

ExXAMPLE 5.3. This is an example of a nested sequence of partial homeo-
morphisms satisfying the conditions in Theorem 5.2 but the counting cocycle on
the associated groupoid is not continuous. Therefore, the corresponding TAF al-
gebra is Z-analytic but not standard Z-analytic. This TAF algebra is isomorphic
to the example given by Donsig and Hopenwasser ([12]).

Suppose X = [] {0,1}. Define a homeomorphism ¢ : X — X by ¢((x,)) =
n=1

(yn), where
0 ifa;=1foralll<ig<n,
Yn=11 ifax;=1foralll <i<n—1andzx, =0,
r, ifxz;=0forsomel <i<n—1.

(¢ is usually referred to as the odometer map.)

For z € X, let Xpax = {2} and Xuin = {@(z)}. Restricting ¢ to X \
Xmax, we have a partial dynamical system (X, Xax, Xmin, ¢), which is a Bratteli
system. The conjugacy class of this system is independent of the choice of x.
Indeed, viewing X as a solenoidal group, given any two points z,z’ there is a

homeomorphism h of X mapping x to 2’ which commutes with ¢, namely h(y) =
y+ x’ — z. It follows that the system with x as the maximal point is conjugate

to the system with z’ as the maximal point. The corresponding TAF algebra is
standard Z-analytic with 98,, = Ms» and 2A,, = Ton.
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Let xg = (0,0,...) and x,, = ¢"(xg) for n € Z. Define

Xronax = ®7

Xpox = {xx 1 k= —2,-1,0},

Xiax = {1 : k= =3,0},

Xl ={xk: —n — 1<k <0,k # —n,—1} for n > 2,
X =@ (X o) forn > 1.

Let pg = idx. For n # 0, let ¢, = ¢"[x\xn . Then N' = {©,}nez is a nested
sequence of partial homeomorphism on X with X = {Xo} and X = {x_1}.
We are going to show that:

(1) N satisfies the conditions in Theorem 5.2;
(2) the counting cocycle d is not continuous.

Proof of (1). Given k > 1 and ¢; € {0,1} for i = 1,...,k, define the k-
cylinder sets

lc1, e, ={x={zp,} € X 12, =¢ for 1 <i <k}

The cylinder sets are clopen and form a basis of the topology of X. Given any
clopen sets U and V with X5, C U and X2 C V), there exists £ > 1 such that
[1,...,1]x CU and [0,...,0]; C V. Let Cy, be the collection of all k-cylinder sets.
Then

pn:{U{Oeck:meﬁg‘gxzw} for n # 0,
X for n = 0.

It is straightforward to check that the condition in Theorem 5.2 is satisfied.

Proof of (2). Let x" = {«}'};>1, where 2 = 1for 1 <i < nand 2z} =0
otherwise. Then each x™ is in dom ¢1 o 1 but x™ converges to x_; € dom g \
(dom g1 0 7). Therefore, d(x™, p2(x™)) = 2 but d(x_1,p2(x-1)) = 1. Hence, d is
not continuous.

Let N' = {¢n }nez be a nested sequence of partial homeomorphisms satisfying
the condition in Theorem 5.2. Define ® : X \ Xjpax — X \ Ximin by

®(x) = pr(x) where k=min{n >1:2 € domy,}

(as defined in Lemma 5.1). In Example 5.3, we have x™ — x_; but ®(x") — xg #
x1 = ®(x_1). Therefore, ® may not be continuous. However, ® turns out to be
very useful in the study of the isomorphism of the associated Z-analytic algebra.
The proof of the following theorem is similar to the proof for the equivalence of
conditions (ii) and (iii) in Theorem 4.16.
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THEOREM 5.4. Suppose N = {¢n}nez and N' = {¢), }nez are two nested
sequences of partial homeomorphisms on X and X' satisfying the conditions in
Theorem 5.2. Then the associated Z-analytic algebras 2 and A’ are isometrically
isomorphic if and only if there exists a homeomorphism ) : X — X' such that
w(XmaX) = Xr/nax! QZ}(Xmin) = Xr/nin a‘nd ¢ ° (I) = (P, ° ’L/}

SEMI-SATURATING A NESTED SEQUENCE. In Example 5.3 there is a single par-
tial homeomorphism ¢ of X (actually in this case a homeomorphism) such that
each ¢, in the nested sequence arises as a restriction of the n-fold composition
©™. A semi-saturation of a nested sequence {¢,} of partial homeomorphisms is
a partial homeomorphism ¢ on X satisfying dom (¢,) C dom (¢™), and for all
x € dom (¢n), on(z) = ¢"(z),n=1,2,....
o0
We note that in the above example, dom ¢ is dense in |J dom ¢,,. For such

n=1
systems we have the following result.

PROPOSITION 5.5. Let {p,}52 o be a nested sequence of partial homeomor-
o0

phism on X such that dom p; is dense in |J domy,. Then the following condi-
n=1
tions are equivalent:

(i) There exists a homeomorphism ¢ on |J dom ¢, such that for alln > 1
n=1
©n = @"|dom ¢,,.
(ii) (a) there exists klim ©1(x®)) for every sequence {x®} in dom ¢, such

that klim x(®) ¢ |J dom ¢p,; and
— 00 n=1

(b) there exists klim 017 (y®) for every sequence {y®)} € range 1 such

o0
that lim y® € |J range @,.
k—o0 1

n=

Proof. Clearly, (ii) follows from (i). Suppose (ii) holds. Let x € |J dom ¢,

n=2

and x®) € dom ¢; such that klim x(*) = x. Then y = klirn ©1(x®)) exists and
—00 — 00

the limit is independent of the choice of {x(®)}. Therefore, we can extend ¢; to a

o0
continuous map ¢ on |J dom p,. It follows from (b) that ¢ is a homeomorphism

n=1

on |J domep,. 1
n=1

EXAMPLE 5.6. Let X = {(%z) i=1,2and n > 1}u{(0,1), (0,2)} C R?,
X1 =X\{(0,1),(0,2)}. Define a nested sequence {p,}52 of partial homeomor-
phism on X by: ¢g = idx; gp%(ﬁ,i)) = (i,z) fori=1,2, gpl(<i,l>) =

(ﬁﬂ), and cp1<<i,2)) = (ﬁ,l) for all k& > 1; ¢2((0,1)) = (0,2) and
a(x) = 3(x) for all x € X; and for k > 2, por 1 = p3 ' and @op = @,
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LI (- S k= (L i ®) = ] k) —
Let x (%71,1) and y (2k71)' Then klingox leIIQle (0,1)
but klim 1(x®)) = (0,1) and klim ©1(y"®)) = (0,2). So there exists no partial

homeomorphism ¢ on X such that ¢, = ¢"|X,, for all n.

This shows that the nested sequence {¢,}2 ; does not admit a semi-satura-
tion. Let (X, Py, R1) be the spectral triple associated with {¢,}22,. We want to
show that (X,P1,Rq) is the spectral triple of a Z-analytic algebra. For this it is
enough to know that R is an AF groupoid.

Define Xpmax = {(0,2)}, Xmin = {(1,1)} and ¢ : X \ Xmax — X \ Xmin

by ¢((0,1)) = (0,2), cp((%,l)) = (%72) and @((%,2)) = (n%rl,l) for all

n > 1. Then (X, Xmax, Xmin, ¢) is a Bratteli system with associated spectral triple
(X, P2, R2). It is easy to check that Ry = Ry. By Theorem 4.11, the quadruple
(X, Xinax, Xmin, @) is conjugate to a Versik transformation of an ordered Bratteli
diagram. The (unordered) Bratteli diagram defines the AF algebra C*(R3) =
C*(R1). Another way to see that R; is an AF groupoid is to apply Theorem 5.2.
Therefore, 2A(P1) is a Z-analytic subalgebra of C*(R1) but 2(P1) is not standard
Z-analytic.
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