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ABSTRACT. For every invariant subspace M in the Hardy spaces H? (FQ),
let V., and V4, be multiplication operators on M. Then it is known that
the condition V,V;; = V,;V. on M holds if and only if M is a Beurling type
invariant subspace. For a backward shift invariant subspace N in H?(I'?), two
operators S, and Sy, on N are defined by S, = PvL.Pn and Sy, = Pn Ly Pn,
where Py is the orthogonal projection from L*(I'?) onto N. It is given a
characterization of N satisfying S,S;, = S;,S. on N.
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1. INTRODUCTION

Let I'2 be the 2-dimensional unit torus. We denote by (z,w) = (el?,e'?) the
variables in 2 = T', x I',,. Let L? = L?(I'?) be the usual Lebesgue space on I'?
with the norm || f[j2 = ([ |f(e'?,e!¥)[2dfde/(27)%)}/2. The space L? is a Hilbert
T2
space with the usual inner product. For f € L2, the Fourier coefficients are given
by
f f(ew’ eicp)efinaefimgo do ng
fln,m) =+

@) = (f,z"w™).
Let H? = H%(I'?) be the Hardy space on I'2, that is,

H>={felL?: f(n,m)=0ifn<0orm< 0}
For f € H?, we can write f as

oo o0
f= Z Pa; ;2'w!,  where Z la; ;| < oo.

i,u=0 i,j=0
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Let P be the orthogonal projection from L? onto H?2. For a closed subspace M of
L2, we denote by Pj; the orthogonal projection from L? onto M. For a function
€ L™, let Lyf = f for f € L?. The Toeplitz operator Ty, on H? is defined

by Tyf = PLyf for f € H? Tt is well known that T}, = Tj. It holds that
Tt Tym = TymTh for n,m > 1. A function f € H? is called to be inner if
=1 on I'? almost everywhere. A closed subspace M of H? is called invariant

f

if zM C M and wM C M. In one variable case, an invariant subspace M of
H?(T') has a form M = qH?(T), where ¢ is inner. This is the well known Beurling
theorem ([2]). In two variable case, the structure of invariant subspaces of H? is

more complicated; see [1], [9], [11].
Let M be an invariant subspace of H2. Then T (H?© M) C (H?>© M) and
T(H*>© M) C (H> © M). We call a closed subspace N of H? to be backward

shift invariant if 7;N C N and T;N C N. If N is a backward shift invariant
subspace of H?, then H? © N is invariant. There are studies of backward shift

invariant subspaces of the unit circle I'; see [3] and [12].
Let M be an invariant subspace of H? and ¢ € L™. Let Vi be the operator
on M defined by Vi, = PyLy|M. Then V, = T, and V = Vz on M. In [8],

Mandrekar proved that V.V = V*V, on M holds if and only if M is Beurling
type, that is, M = qH? for some inner function g; see also [4], [9], [10].

In this paper, we study a similar type problem on a backward shift invariant
subspace N of H?. For 1) € L, put

S¢:PNL¢|N on N.

Then we have S:Z = SJ and ST = T on N. Our purpose is to characterize
backward shift invariant subspaces N which satisfiy the condition S,S;, = S5,

on N. Recently, this problem was studied in [5] and [6]. Our theorem in this paper

is the following complete characterization.

THEOREM 2.1. Let N be a backward shift invariant subspace of H? and
N # H?. Then S,S}, = S S, on N holds if and only if N has one of the following

forms:

(1) H? S q(2)H?;

(ii) H? O qo(w)H?;

(iii) N =(H?0 q:1(2)H?) N (H? © q2(w)H?);
(

where q1(z) and ga2(w) are one variable inner functions.

N
N
N

In Section 2, we prove our theorem as a continuation of the study of [6]. In

Section 3, we study the above problem from another point of view.

Let H%(T',) and H?(T',,) be the Hardy spaces on the unit circle I' in variables
z and w, respectively. We think that H*(T',) C H? and H?(T,,) C H?. In [6] it is
proved that, if S, S = SX S, and N # H?, then either (H?> © N)N H*(T,) # {0}
or (H?© N)N H?(T',,) # {0} holds. We prove the following.
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THEOREM 3.1. Let N be a backward shift invariant subspace of H? and
M = H? S N. Suppose that M N H?*(T,) # {0}. Put MNH?(T',) = q(2)H*(T,),
where q1(z) is an inner function. Put M=Mo q1(2)H?. Then the following
conditions are equivalent:
(i) 5257, = 55,S:;
(i) TM C M;
(iii) either M = {0} or M = g2 (w)(H? & q1(2)H?) holds for some inner
function gz (w) € H*(T);
(iv) either M = q1(2)H? or M = q1(2)H? + q2(w)H? holds.

Theorem 3.1 follows from Theorem 2.1 without difficulty. We also give a
proof of Theorem 3.1 without using Theorem 2.1. Since Theorem 2.1 follows from
Theorem 3.1, this means that we give two different proofs of Theorem 2.1. In the
forthcoming paper [7], we study backward shift invariant subspaces N satisfying
S.S% # SiS. and S,257, = S;5%. In [7], both ideas will be used effectively.

2. PROOF OF THEOREM 2.1

To prove our theorem, we need some lemmas. The following two lemmas are
proved in [6].

LEMMA 2.2. Let N be a backward shift invariant subspace of H? and M =
H? S N. Then the following conditions are equivalent:
(i) 8.8 =8x8S.;
(ii) SwS; = SiSw;
(iii) (M ©zM)o (M N H?*(T,)) C (MNH*T,)) ®wM;
(iv) (MowM)o (MNH?*(T,)) C(MnH?*T,)) ®zM.

LEMMA 2.3. Let N be a backward shift invariant subspace of H? such that
N # H?. Let M = H*©N. If S,S; =SS, holds, then either MNH?(T,) # {0}
or M N H*T,) # {0} holds.

LEMMA 2.4. Let ¢1(2) and g2(w) be one variable inner functions. Then
M = q1(2)H? + go(w)H? is an invariant subspace of H?.

Proof. We need to prove that M is closed. Since
H? © ga(w)H? =Y ¥2/(H*(T') © q2(w)H? (L)),
j=0

H? & ga(w)H? is z-invariant. Then q;(2)(H? © go(w)H?) L g2(w)H? and
M = q1(2)H? + q2(w)H?
= q1(2)((H? © g2 (w)H?) @ g2(w) H?) + go(w) H*
= (q1(2)(H? © g2(w) H?)) ® ga(w) H>.
Hence M is closed. 1
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Proof of Theorem 2.1. Put M = H> © N. Then M is an invariant subspace.
Suppose that (i) holds. Then M = ¢;(z)H?, so that M © wM = ¢,(2)H?*(T,)
and M N H?(T,) = q1(2)H?*(T',). Hence (M & wM) o (M N H*T,)) = {0}. By
Lemma 2.2, S, S} = S S, holds. Similarly if (ii) holds, then S,S} = S S..

Suppose that (iii) holds. By Lemma 2.4, we have M = q;(2)H? + ¢z (w)H?.
Then we have

(2.1) 01(2), ¢2(w) € M.

If either ¢1(z) or go(z) is constant, then we have M = H?, so that N = {0}.

In this case, trivially 5,5} = 5% S, holds. Hence we may assume that both of
q1(2) and go(w) are not constant functions. We have M N H%(T,) = q1(2)H?(T,),
M N H?*(T,) = qg2(w)H?(Ty,), and

(2.2) M & zM C q1(2)H?*(Ty) + q2(w)H?(Ty,).
By Lemma 2.2, it is sufficient to prove
(2.3) (M & zM) 6 qo(w)H*(Ty) C q1(2)H*(T.) ® wM.

Let
(2.4) fe(MozM)e g(w)H?*(Ty,).
Then by (2.2),
(2.5) f=a@)h(w) +g(whs(w), hi(w),ho(w) € H*(Ty).
By (2.4), f L zM. Since ga(w)hy(w) L zM, we have

@1 (2)hi(w) L 2(q1(2)H? + g2 (w) H?).

Since q1(2)h1(w) L zqi(z)H?, we have q1(2)hi(w) L zqa(w)H?. Since q(z) is
not constant, ¢qy(z) £ 2" for some n > 1. Since qy(2)hy(w) L z"go(w)H?(Ty),
we get hy(w) L ga(w)H2(Ty). Hence qi(2)hi(w) L go(w)H%(Ty,). By (2.4),
f L ga(w)HA(Ty). Therefore by (2.5), ga(w)ha(w) L ga(w)H?(T,). Thus we

get ha(w) = 0. Let hy(w) = hi(0) + wh)(w), where h}(w) € H*(T,). By (2.1),
q1(2)h} (w) € M. Hence we get

f=a)h(w) = ﬁ1(0)CI1(Z) + q1(2)whl (w) € q1(2)H*(;) & wM.

Thus (2.3) holds. Therefore S,S} = S .S, holds.
Next, we prove the converse assertion. We may assume that N # {0}.

Suppose that S,S; = 555,. By Lemma 2.3, we may further assume that M N
H?(T,,) # {0} holds. In this case, we shall prove that N has either the form (ii)
or the form (iii). Similarly, if M N H?(T',) # {0} holds, then we can prove that N

has either the form either (i) or (iii).
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By the Beurling theorem ([2]),
(2.6) M N H*(Ty) = g2(w)H*(Ty),

where ¢o(w) is an inner function. By Lemma 2.2,

(M © 2M) © go(w)H?*(Ty,) C (M N H*(T,)) ®wM.

365

Put

(2.7) Ko= (Mo zM) S q2(w)H?*(Ty,).

Then

(2.8) Ko C (MNH*T,) ®wM

and

(2.9) Ko L (2M @ go(w)H*(Ty)).

We have

(2.10) g2(w)H? = g2 (w)H?*(T) ® 2qo(w)H?.

By (2.6), we have gz2(w) € M. Then zgs(w)H? C zM. Hence, by (2.9) and (2.10),

(2.11) Ko L go(w)H?.

We also have

(2.12) g2 (w)H? = i@szQ(w)HQ(Fw).
20

Then

(oo}
M=) "92(M e zM)
7=0

= Z (Ko @ ga(w)H?(T)) by (2.7)
i=0

= (EoFirra) o (00 1)

2 g (;@ZJKO) by (2.12).

Hence
e .
(2.13) M = g(w)H? @ (Z@ZJKO).
=0

Since (2.8) holds, it occurs one of the following three cases:
Ky = {0}, Ko CcwM, and K ¢ wM.
Case 1. Ky = {0}.
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In this case, by (2.13) it follows that M = go(w)H?. Therefore N = H? ©
M = H? & qa(w)H?. Hence (ii) holds.

Case 2. Ko C wM.

In this case, we shall prove that Ky = {0}. Let F' € K. By our assumption
of Case 2,

(2.14) F=uwf, feM.

We shall prove that

(2.15) [ € Ko.
We have
<f, g (w)H? ® i@zjKo> = <wf, w(q2(w)H2 &3] i@zjKo)>
j=1 j=1

_ <F,z<§®zj1wKo>> by (2.11) and (2.14)

=0.

The last equation follows from the facts

z(Z@zjfleo) CczM, FeK, and Kyl zM.
j=1

Then by (2.13), we have (2.15). Hence F € [ w™Kj holds, so that F = 0.

n=1
Case 3. Ko ¢ wM.
In this case, by (2.8) it follows that M N H%(T,) # {0}. By the Beurling
theorem,

(2.16) M N H*T,) = q(2)H*(T.), where qi(z) is inner.

By (2.8) again, Ko C q1(2)H?*(T.) ® wM holds. Let G € Ky. Then G =
q1(2)ho(2) ® why, where ho(z) € H*(T,) and hy € M. We have

(2.17) G = ho(0)q1(2) @ 2q1(2)ha(z) ® why  for some hy(z) € H(T.).

By (2.16), we have ¢;(z) € M. Hence zq;(2)ha(z) € zM. Then by (2.9), G L
2q1(2)ha(2) holds. Therefore by (2.17), zq1(2)h2(z) = 0, so that G = ho(0)g1(z) ®
why holds. Thus we get

(218) G = (loql(Z) @®why, hy € M.
Here we shall prove that

(2.19) hy € K.
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Since gz (w) € M, M = qa(w)H?>® (M ©qa2(w)H?). Put hy = b, ©hY € ga(w)H?* @
(M © g2(w)H?). Then we have G = agq1(2) ® wh) ® whf. Since wh) € g2(w)H?,
by (2.11) wh} L Kj holds. Since G € Ky, we have hf = 0. Thus we get

(2.20) hy L go(w)H?.
We have
(2.21) q1(z) L w(z@zjKo).
j=1
Since w(z@zjKo) C zM, G € Ky, and Ky L zM, we have
=1
(2.22) G L w(Z@ZjK()).
j=1

Then we have
<h1§j@m> (whs,w (f;@zam»
j=1 j=1
= (¢

—apq1(z (Z@ZJKO)> by (2.18)
=0 by (2.21) and (2.22).

Hence hy L ZGBZJKO Therefore by (2.13) and (2.20), we get (2.19).
i=
Applymg (2.18) and (2.19) infinitely many times, we have

G =3 0 = (s (Z% w') € qi(z)HA(T.).
=0
Hence Ko C q1(2)H?(Ty), so

Z@zjKo C qi(2)H?.
3=0

Therefore by (2.13), M C qi1(2)H? + g2(w)H?. By (2.6) and (2.16), we have
q1(2),q2(w) € M. Then q;(2)H? + go(w)H? C M. Thus we get M = q1(2)H? +
q2(w)H?. Hence N = (H? © q1(2)H?) N (H? © q2(w)H?). 1

COROLLARY 2.5. Let N be a backward shift invariant subspace of H? and
N # H?. Let M = H>© N. Then S,S!, = S!S, holds if and only if M has one
of the following forms:
(i) M = q(2)H?;

(i) M = go(w)H?;
(iii) M = q1(2)H? + ga(w) H?;
where q1(z) and gz2(w) are one variable inner functions.
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3. ANOTHER PROOF OF THEOREM 2.1

Let N be a backward shift invariant subspace of H? and M = H2© N. Then M is
an invariant subspace. Let ¢;(z) be an inner function in H2(T',). In this section,
we assume that

(3.1) q(z)H* C M and MnNH*(T.)=q(2)H*(T,).
Then ¢;(z)H? C M. Put

(3.2) M =MoSq(z)H?.
Then
(3.3) H2cq(z)H>* =M &N

and M is w-invariant. The following is the main theorem in this section.

THEOREM 3.1. Let N be a backward shift invariant subspace of H? and
M = H?& N. Suppose that M N H*(T,) # {0}. Put MNH?(T',) = q1(2)H*(T.),
where q1(z) is an inner function. Put M=Mo q1(2)H?. Then the following
conditions are equivalent:

(i) S:8y = 55,5:;

(i) TM C M;

(iii) either M = {0} or M = g2 (w)(H? © q1(2)H?) holds for some inner
function g2 (w) € H*(T);

(iv) either M = qi(2)H? or M = q1(2)H? + q2(w)H? holds.

To prove our theorem, we need to study the properties of M.

LEMMA 3.2. Let fe M. Then we have the following:
(i) Trf € M if and only if f € wM;
(ii) Txf L M if and only if f € M ©wM.

Proof. (i) Suppose that 1)\ f € M. Put

(3.4) F=Y % fi(2), fi(z) € H*(T.).
j=0
Then
(3.5) Z®wj_1fj (z) € M.
j=1

— — S ) — —
Since wM C M, it follows that Y ®w’ f;(z) € M. By (3.4), we have fo(z) € M.
j=1

Then by (3.1),

fo(z) e MO H*(T.) C M N H*T.) = q(2)H*(T.).
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Then by (3.2), fo(z) L M. Thus we get fo(z) = 0. Hence, by (3.4) and (3.5),
f € wM holds. The converse is trivial.
(ii) follows from the fact that 705 f L M if and only if f L wM. 1

We denote by P; the orthogonal projection from H? onto H? © qi(2)H?>.
Then we have a Toeplitz type operator Q. on H? © q;(z)H? such that

(3.6) Q.:H?>cq(2)H?*> f — P (T.f) € H> & q.(2)H?.

Since zM C M, by (3.2) it follows that Q.M C M. By (3.3), Q. has the following

matrix form:

_ M
(3.7) Q- = (3 PMgle) om H*oq(z)H> = | &
: N

Since H25q;(2) H? is backward shift invariant, it follows that 70 (H?©q1(2)H?) C
H?5q(2)H?. Since TN C N, the operator T}, on H2Sq;(z)H? has the following

matrix form:

M
) 0
(38) Tw = (PN%HM S ) on H2 S QI(Z)H2 = )
w w N
Put
(3.9) A=PoT.IN and B = PyT}|M.

LEMMA 3.3. We have the following:
(i) T:Q. = Q.T: on H? © q1(2)H?;
(11) TyQ. = Q. Ty on H?&5 Q1(z)H2.

Proof. Let f € H>© q1(2)H?. Put
(3.10) if =fi @ f2 € (H*© qi(2)H?) & qu(2)H.
Then Q. f = f1. Hence T;5Q. f = T.\ f1. On the other hand, by (3.10) we have
20 f=Tyzf =Tofi + Ty f2

Since T q1(2)H? C q1(2)H?, then T} fo € q1(2)H?. Since T f1 € H? © ¢1(2)H?,
by the above we have Q.1 f =T fi. Thus we get T0:Q, = Q,T,;.

Since Ty, (H? © q1(2)H?) C H? © ¢1(2)H?, similarly we have T,,Q. = Q.,T,,
on H*© qi(z)H?. 1
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LEmMA 3.4. 5.5} =SS, holds if and only if BA = 0.

Proof. By Lemma 3.3(i), T:Q. = Q. T on H>Sq;(2)H?. Then by (3.7) and
(3.8), we have BA+ S5S, = 5.5). Then S,S! = S5 S, if and only if BA=0. 1

THEOREM 3.5. Let N be a backward shift invariant subspace of H? and
M = H? S N. Suppose that M N H*(T,) # {0}. Put MNH?(T',) = q1(2)H*(T,),
where q1(z) is a one variable inner function. Put M = M © q1(2)H?. Then the
following conditions are equivalent:

() 5.8, =S58
(i) Mo{feM:T:fe M} CwM;
(iii) T*M C M.
Proof. (i) < (ii) By Lemma 3.4, condition (i) is equivalent to BA = 0. By
(3.3), (3.9), and Lemma 3.2(i), we have that
ker B={feM:T*fe M}=wh.
We denote by [ran A] the closed range of A. Let A; = P=T,.Py on M @ N. Then
we have [ran A] = [ran A4,]. Since A} = PyT; Py, we have
ker A = N@&{feM:TfeM}.
Then
[ran A] = [ran 4] = (M ® N) o ker AL = M o {f € M : T*f € M}.
Therefore, it follows that BA = 0 if and only if
Me{feM:T'feM}cCwhM.
Thus we get (i) < (ii).
(ii) = (iii) Suppose that

(3.11) Mo{feM:T'fecM}cCwhM.
Since {f € M : T*f € M} is a closed subspace, by (3.11) we have
(3.12) MowMcC{feM:T:fe M}
Since wM C M, we have
(o)
(3.13) M=) "%w/ (Mo wM).
=0

To prove (iii), let f € M. Then by (3.13),

f= ijgj, where g; € M o whl.
=0
Since T3 T,, = T,,T7 on H?, by (3.12) we have
Tif =Y wTig;eM.
=0

(iii) = (ii) is trivial. ®
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For a one variable inner function ¢(z), put ¢*(z) = z(¢(z) — q(0)).

LEMMA 3.6. Let q1(z) and g2(z) be inner functions. Then we have the fol-
lowing:

(D) T:q1(2) = ¢7(2) and g7 (= ) L qu(z)H*(T2);

(i) if qi(2)H? ( 2) G q2(2)H?(T2), then the smallest closed T -invariant
subspace of H?(T',) containing q2(2)H*(T.) © q1(2)H?(T,) is equal to H?(T,)O
@ (2)H*(T2);

(iii) the closed subspace generated by T:"qi(z), n=0,1,2,..., it is equal to
H2(T,) © q1(2)H?(T,).

Proof. (i) Trivially T q:1(z) = ¢;(2) holds. For h € H?(T',), we have

(01(2), q1(2)h) = (T q1(2), a1 (2)h) = (q1(2), 2q1(2)h) = (1, zh) = 0.

Thus we get (i).

(ii) Let L be the smallest backward shift invariant subspace of H?(T',) con-
taining qo(2)H2(T,) © q1(2)H*(T,). Then L C H*T.) © qi(2)H?*(T,). Let
f € H2(T',) © qi(2)H?(T',) such that f 1 L. Since H*(I',) © L is invariant,
28 f 1 L for k > 0. Hence

Ff L g(2)H*(T,) © qi(2)H*(T,) for every k > 0.
Since q2(2)H?*(T',) C L@ q1(2)H?(T,), we have f L qo2(2)H?(T',). Hence
f L 2"(qa(2)HA(T,) © qi(2)H?(T,)) for every k > 0.

Since ¢a(2)H%(T,) © q1(2)H?(T,) # {0}, we have f = 0. Thus we get L =
H2(T,) © q1(2)H*(T,).

(iii) Let F be the closed subspace generated by T:"qi(z),n > 0. By (i),
E C H*(T,)oq(2)H?(T',) and E is a backward shift invariant subspace of H2(I‘z).
Then H?(T',)©E = q3(2)H?(T';,) for some inner function q3(z) and ¢ (2) H*(T,) C
q3(2)H2(T,). If q1(2) H? (Fz) = Q3(Z)H2(FZ) our assertion holds.

Suppose that q1(2)H*(T'>) @ qs(2)H*(I'). Put qa(2) = q1(2)/g3(2). Then
q4(2) is a nonconstant inner function, and ql( ) = q3(2)qi(2) + q1(0)g5(2). We

have g;(2) # 0, so that ga(=)qi(2) L gs(=)H*(T.). By (), a3(2) L gs(z ) 2(T2).
Hence qi(z) [ q3(z)H?*(T',). Since q¢i(z) € E, E }J q3(z)H*(T',). This is a
1

contradiction. Hence we get our assertion.

Proof of Theorem 3.1. First, we shall prove our theorem using Corollary 2.5
and Theorem 3.5.

(i) & (ii) follows from Theorem 3.5.
(i) = (iv) follows from Corollary 2.5.
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(iv) & (iil) If M = ¢1(2)H?, then M = {0}. Suppose that M = q;(2)H? +
q2(w)H?. Then
M = qi(2)H? + g2(w)(q1(2)H? ® (H? © q1(2) H?))
= q1(2)H? + go(w) (H? © q(2) H?).
Since H? © q1(2)H? is w-invariant, we have
M = qi(2)H? © g2(w)(H? © q1(2) H?).

Thus we get M = q2(w)(H? & q1(2)H?).

The converse assertion is not difficult to prove.

(iil) = (ii) is easy.

Here we give another proof of (ii) = (iii) without using Corollary 2.5. We may
assume that M # {0}. By condition (ii), we have T7M C M. Then TXM L N,
so that M L zN. Hence by (3.3) and (3.6),

(3.14) Q.N C N.

Since M # {0} and wM C M, MowM # {0} holds. Let f € M & wM. Then by
(3. 3) and Lemma 3. 2(11) we have T0% f € N. Hence T TS f =TT, f € N. Since

T*M C M T:f € M holds. Hence by Lemma 3.2(ii) again, T f € M e wM
holds Thus we get

(3.15) TH(M ©wM) C M o wb.

By (3.2), we have f € M and zf = f1 + fo € M@ql( YH?. Then by (3.6),
we have Q.f = f1 € M. Since Trf € N, by (3.14) and Lemma 3. 3() we have

T:Q.f =Q.Trf € N. Then by (3.3) and Lemma 3.2(ii), Q. f € M & wM holds.
Thus we get

(3.16) Q.(M o wM) C M & wh.
We define the operator W on M to q1(z)H? by

(3.17) W. = Py T. = T. — Q..

Then by Lemma 3.3(ii),

(3.18) W.T, = T,W. on M.

Then wWZM = WZ(wJ\AJ/) C WZM Hence we get

(3.19) wW.M c WM,

where WZM is the norm closure of the space WZM. Since M L ql(z)H27 M L
2q1(2)H? holds. Then by (3.17), we obtain

W.M C qi(2)H? © 2q1(2)H? = q1(2) H*(T',,).
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Hence g, (z)WZM C H%*(T,), so that by (3.19) and the Beurling theorem,

(3.20) 71 (2)W.M = go(w)H?*(T)

for some inner function gz (w).

Let f € M ©wM and g € M. Since Q.M C M, by Lemma 3.3(ii) we have
Q.wM C wM. Then by (3.16), Q.f L Q,wg holds. Since zf L zwg, by (3.17)
we have

0= <zfa zwg> = <sz 2] sza szg S2) sz9> = <sza szg>~

Then W, (M & wM) L W.(wM). Hence by (3.18), we get

W.(M & wM) L wW,M.
Therefore by (3.20), we obtain
W.(M & wM) C W.M & wW.M = [g1(2)g(w)),

where [q1(2)go(w)] is the linear span of q(2)ga(w). If W.(M & wM) = {0}, by
(3.16) and (3.17) it follows that z(M © wM) C M & wM. Then z"(M & wM) C
M © wM for every positive integer n. Since M © wM # {0}, we have that
(M © wM) [ qi(2)H? for some n. These contradict with (3.2). Thus there
exists fy in M © wM such that

(3.21) W.fo=aq(z)g2(w) and a#0.
Since zfy = Q. fo + W. fo, we have

fo=TIQ:fo +TZW.fo
=T7Q.fo + aqi(2)g2(w) by (3.21) and Lemma 3.6(i).

Hence by (3.15) and (3.16), it follows that ¢f(2)g2(w) € M & wM, n > 0. By
Lemma 3.6(iii), we obtain

(3.22) g (w)(H?(T.) © q1(2)H*(T.)) € M & wh.

We shall prove that

(3.23) M & wM = go(w)(H3(T,) & q1(2) HA(T,)).
Let
(3.24) Fe(MowM)o gw)(H* () © q(z)H*(T.)).

Let i,j be nonnegative integers. Since go(w)(H?(T',) © q1(2)H?(T.)) is invariant
for the operator 17,
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T2 (g2(w)(H*(T2) © qu(2) H*(T2))) € qa(w)(H*(T2) © qu(2)H*(T2)).

Since M © wM L w”(M@ wM) for every positive integer n, by (3.22) and (3.24)
we have

W F L T (go(w)(H*(T.) & 1 (2) HA(T'2)))

and

F Luw T (ga(w)(H?(T2) © qi(2)H?(T))).
Hence
(3.25) wF 1L Z'go(w)(H*(T2) © q(2) H*(T-))
and
(3.26) F 1L Z'w go(w)(H*(T2) © q1(2) H(T2)).

Since g2(w)(H?(T,)©q1(2)H*(T,)) is invariant for the operator @, similarly
we have

(3.27) w F 1L QL(q2(w)(H*(T2) © q1(2)H*(T>)))
and

(3.28) F L QLge(w)(H*(T.) © q1(2)H(T2))).
By (3.6),

Q%(g2(w)(H*(T2) © u(2) H*(T2))) = PL(2"g2(w)(H?*(T2) © qu(2)H*(T2))).

Since M L ¢1(2)H? and wiF € M, by (3.27) and (3.28) we have

(3.29) W F L 2 gy (w)(H*(T.) © g1 (2) HA(T.))
and
(3.30) F L 2w’ ga(w)(H?*(T,) © qi(2) H*(T.)).

Since M # {0}, by (3.2) q1(2) is not constant. Hence H?(T',)©q;(2)H?(T,) # {0}.
Therefore by (3.25), (3.26), (3.29), and (3.30), we get F' = 0. Thus we get (3.23).
By (3.23), we obtain

(oo}

M =3 2w (M & wM) = ga(w)(H? & q1(2) H). ¥

J=0



BACKWARD SHIFT INVARIANT SUBSPACES IN THE BIDISC. 1T 375

The following is a consequence sufficiently interesting in its own right.

COROLLARY 3.7. Let q1(z) be a nonconstant inner function. Let L be a
closed subspace of H?> © q1(2)H? and L # {0}. Suppose that wL C L, Q,L C
L, and QL C L. Then, there exists an inner function go(w) such that L =
g2(w)(H? © q1(2)H?).

Proof. We note that Q* = T on H?Oq(2)H?. Put M = L®q;(z)H?. Then,
by our assumption, M is an invariant subspace and ¢;(z)H?(I',) C M N H?(T,).
Put M N H*T,) = q3(2)H?(T'.), where g3(z) is inner. Then ¢;(2)H?*(T',) C
q3(2)H?(T,).

Suppose that q;(2)H?(T'.) # g3(2)H*(T.). Let L; be the smallest closed
subspace of H(T',)oq;(2)H*(T,,) Contalnlng q3(z)H?*(I'.)6q1(z)H?(T,) such that
T#Ly C Ly. By Lemma 3.6(ii), L1 = H*(T',) © q1(2)H*(T,). Since M NH*(T,) =

g3(2) H*(T2),
g3(2)H*(T2) © q1(2)H*(T2) C L.

Since T L = Q%L C L, we have L; C L. Hence we have

H?6 qi(2)H? =Y ®wiLy € L C H* & qi(2)H>.
=0

Therefore, L = H? © q;(z)H?. Thus, we get our assertion.

Suppose that ¢1(2)H?(T,) = q3(2)H?(T',). We have L = M © q1(2)H>.
By our assumption, 7L = Q%L C L. Then by Theorem 3.1, we have L =
q2(w)(H? © q1(2)H?) for an inner function ga(w).
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