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ABSTRACT. We define the local trace function for subspaces of L? (R™) which
are invariant under integer translation. Our trace function contains the di-
mension function and the spectral function defined in [6] and completely
characterizes the given translation invariant subspace. It has properties such
as positivity, additivity, monotony and some form of continuity. It behaves
nicely under dilations and modulations. We use the local trace function to
deduce, using short and simple arguments, some fundamental facts about
wavelets such as the characterizing equations, the equality between the di-
mension function and the multiplicity function and some new relations be-
tween scaling functions and wavelets.
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1. INTRODUCTION

Shift invariant spaces are closed subspaces of L? (R™) that are invariant under all
integer translations (also called shifts). They lie at the very heart of several areas
such as the theory of wavelets, spline systems, Gabor systems or approximation
theory. Thus, a good understanding of the shift invariant spaces can prove itself
fruitful and give results in each of these areas. The local trace function is a new
instrument for the analysis of shift invariant spaces. It is associated to a shift in-
variant subspace of L? (R") and a positive operator on (? (Z"). And it confirms our
expectations: when applied to a specific case it gives results. Several fundamental
facts about wavelets can be deduced quite easily with the aid of the local trace
function (we mention some of these facts: the equations that characterize wavelets
(Remark 6.1), the equality between the dimension function and the multiplicity
function (Remark 6.3) and some new equations that relate multiscaling functions
to multiwavelets (Theorem 6.4 and Corollary 6.5)). Another nice thing about the
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local trace function is that it includes, as special cases, the dimension function
and the spectral function introduced by M. Bownik and Z. Rzeszotnik in [6] (their
paper was the main source of inspiration for us, several of the theorems and proofs
presented here are just extensions of the theorems and proofs from [6]). To get
the dimension function, just compute the local trace function using the operator
I-the identity on [? (Z™). The spectral function is just the local trace function
associated to the projection Ps, onto the 0-th component (see Proposition 4.14).

The local trace function is based on two main concepts: the range func-
tion introduced by Helson ([9]) for shift invariant subspaces of L? (R") and the
trace function for positive operators on 2 (Z™). The definition of the local trace
functions combines these concepts (see Definition 4.1). Another key fact is a sim-
ple observation regarding the link between the trace function and normalized tight
frames, namely that the trace function can be computed as in its definition but us-
ing a normalized tight frame instead of an orthonormal basis (see Proposition 3.2).
Moreover, the normalized tight frames are the only families of vectors that can be
used to compute the trace (see Proposition 3.5 and Theorem 3.6).

We recall that a subset {e; : ¢ € I} of a Hilbert space H is called a frame
with positive constants A and B if

AlFI2 < ST IF e < BIFIZ f e H.
i€l
If A= B =1 then it is called a normalized tight frame (or shortly NTF).

In this paper we define the local trace function, investigate some of its prop-
erties and apply it to wavelets to obtain, using only short arguments, some known
and some new results. In Section 1 and Section 3 we recall some facts about the
range function and the trace function, respectively. We establish the main proper-
ties of these functions, properties that we need for Section 4 where we define and
study the main character of our paper: the local trace function. Many properties
shared by the range function and the trace function are inherited by the local trace
function: additivity (Propositions 4.9 and 4.10), monotony (Proposition 4.12), nice
behavior with respect to modulation and dilation (Propositions 4.12 and 4.13).

Also, there is a strong connection between our trace function and the Gramian
introduced and effectively used by A. Ron and Z. Shen in [10],[11], [12] (see the
Remarks 3.8 and 4.7).

Another fact that should be noticed is that the local trace function completely
determines the shift invariant subspace: two shift invariant subspaces are equal if
and only if their local trace functions are equal (Proposition 4.11).

Section 5 contains some results about the behavior of the local trace function
with respect to limits. That is, when a sequence of shift invariant spaces has a limit
(which is also shift invariant), in some cases the local trace function of the limit
space is the limit of the sequence of local trace functions. One of the conditions is
that the convergence is in the strong operator topology, but we put restrictions on
the operator (Theorem 5.2); the other theorem is a monotone convergence theorem
(Theorem 5.3) and it works for any positive operator on 1% (Z").

In Section 6, we apply the local trace function to wavelets. Some very sim-
ple arguments lead to important results: the equations that characterize wavelets
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(6.1), (6.2), the equality between the multiplicity function and the dimension func-
tion (Remark 6.3) and the relation between scaling functions and wavelets (rela-
tions (6.9)—(6.11)) are obtained just by writing some local trace function in two
ways.

Before we engage in the analysis of the local trace function, we have to recall
some definitions and theorems.

The Fourier transform is given by

7€) :/f(:v)e*“w'@ dz, ¢eR™
]R'n.

If V is closed subspace of a Hilbert space H and f € H we denote by Py the
projection onto V' and by Py the operator defined by:

Pr(v) = (w|f)f, veH.
DEFINITION 1.1. A closed subspace V of L? (R) is called shift invariant (or
shortly SI) if
W=V, ke Zn,
where T}, is the translation by k on L? (R"):

(Tif)(&) = f(E—k), EeR" feL*R").
If A is a subset of L?(R") then we denote by S(A) the shift invariant space
generated by A,
S(A) =span{Tyxp : k€ Z", p € A}.

DEFINITION 1.2. Let V be a shift invariant subspace of L? (R™). A subset

¢ of V is called a normalized tight frame generator (or NTF generator) for V if
{Thp - keZ' p o}

is a NTF for V.

We use also the notation S(¢) := S({y}). ¢ is called a quasi-orthogonal
generator for S(p) if

{Trp : keZ"}
is a NTF for S(¢) and for all £ € R",
Per |*(€) := ) [@1(€ + 2km) € {0,1}.
kezm

(actually, the second condition is a consequence of the first but we include it
anyway).

Several proofs are available in the literature for the next theorem which
guarantees the existence of NTF generators (see [4], [1], [3]).

THEOREM 1.3.  Suppose V is a SI subspace of L?(R™). Then V can be
decomposed as an orthogonal sum

V=5,
i€N
where @; is a quasi-orthogonal generator of S(p;). Moreover {¢; : i € N} is a
NTF generator for V.

In fact, it is possible to derive a choice for the generators ¢; in Theorem 1.3
directly from the Stone’s spectral multiplicity theorem, as explained in [3].
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2. THE RANGE FUNCTION
In this section we define the range function and state some of its properties. Some

preliminary notations are needed.
The Hilbert space of square integrable vector functions L? ([—, 7], 12 (Z™))

consists of all vector valued measurable functions ¢ : [—m, 7|" — 12 (Z") with the
norm
) 1/2
61 = ([ 161 tc) " <oc.
[_77771—]"

The scalar product is given by

(6] ) = / (D) [ H(E)) 12z dE.

[77"77‘—]71

The map 7 : L? (R") — L? ([—m, x|, 1* (Z™)) defined for f € L? (R™) by

Tf:loma" = B@"), T = (F(E+2%kn)hezn, €€ [-ma]"
is an isometric isomorphism (up to multiplication by 1/(27)"/?) between L? (R™)
and L? ([—m,7]", 12 (Z")).

We will need some variations of these maps because they will make the
formulas nicer. We define Lger (R”, 12 (Z”)) to be the space of measurable vector

valued functions ¢ : R — [?(Z") with the property that @||—x,xjn belongs to
L? ([—m, @)™, 12 (Z™)) and they are periodic in the following sense:

P& + 2km) = A(k)*(¢(€)), € €R",
where, for every k € Z", A(k) is the shift by k on [ (Z") that is

AK)a)(l) = a(l — k), 1€z aci®(2").

The scalar product is defined by the same formula, the integral being taken
over|[—m, 7|™.

The map Tper : L? (R™) — L2, (R™,1? (Z")) is defined by the same formula
as 7T,

~

Tperf :R" = 2 (Z"), Tperf(€) = (f(€ +2km))pezn, € ERY,
but notice that £ is now in R™. Also, observe the periodicity property of Tpe;:
Toer f(§+25m) = A(5)" (Tper f(£)), € €R", s € 2.
DEFINITION 2.1. A range function is a measurable mapping
J : [-m, 7)™ — {closed subspaces of I* (Z")}.

Measurable means weakly operator measurable, i.e. , § — (Py¢)a|b) is measurable
for any choice of vectors a,b € [ (Z™).
A periodic range function is a measurable function

Jper : R™ — {closed subspaces of I? (Z")},
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with the periodicity property
Jper (§ + 2k7) = A(K)” (Jper (§)), K € 2", €R™

Sometimes we will use the same letter to denote the subspace Jpe(§) and
the projection onto Jper(§). In terms of projections, the periodicity can be written
as

Iper (& + 2km) = Mk)* Joer (E)A(K), ke Z" e R"

The next theorem due to Helson ([9]) establishes the fundamental connection
between shift invariant spaces and the range function. The theorem appears in
this form in Proposition 1.5 of [4], the only modification needed is to work with
the whole R" instead of [—m, 7)™ and use the periodicity.

THEOREM 2.2. A closed subspace V of L? (R™) is shift invariant if and only
if
V={feL*R") : Tyerf(E) € Jpex(€) for ae. £ €R"},

for some measurable periodic range function Jper. The correspondence between V
and Jper 15 bijective under the convention that range functions are identified if they
are equal a.e. Furthermore, if V.= S(A) for some countable A C L? (R™), then

Jper(§) = span{Tperp(§) | o € A}, for ae. £ € R".

DEFINITION 2.3. If V is a SI subspace of L? (R™) then Jp,e, associated to V'
as in Theorem 2.2 is called the periodic range function of V.

The first elementary property of the range function that we will need is
additivity. The range function is also unitary in the sense that it preserves or-
thogonality of subspaces. The precise formulation of these properties in given
below.

PROPOSITION 2.4. Let (V;);er be a countable family of mutually orthogonal
SI subspaces of L* (R™) and denote by Jy, the periodic range function of V;. If

V-
il
and Jyv is its periodic range function then
Jv(€) =D Jv. (&), forae R,
iel
where the sum is an orthogonal one.

Proof. Pick some countable ¢; C V; such that {Typ : k € Z™, ¢ € ¢;} spans
Vi. Then it is clear that {Txp : k € Z",p € ¢} spans V, with the notation

¢ = | ¢;. Using Helson’s Theorem 2.2 we can determine the periodic range
il
functions

JV/L'(g) = Spﬁ{%er@(&) tpE ¢z}7 i€l
Jv(§) = span{Tperp(§) © ¢ € ¢},

for almost every point £ € R™. This shows that, if we check the orthogonality of
the subspaces Jy, (§), then we are done.
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To check that these subspaces of [2 (Z") are mutually orthogonal, take two
arbitrary ¢ # j € I and @1 € ¢4, 2 € ¢;. Then, since we are dealing with SI
spaces, Trp1 is perpendicular to o for any choice of k € Z™. Rewriting this in
terms of the Fourier transform, we obtain

0= [ M9 FE@d = [ INTn ) TealO)
R [—m, 7"
For the second equality we applied a periodization. But this shows that all Fourier
coefficients of the map & — (Tp1(€) | Tw2(§)) are 0 so the map itself is 0 which
implies that T,erp1(§) is perpendicular to Therp2(§) for ae. & € [—m, 7™ and
therefore, because of the periodicity, for a.e. £ € R™. Consequently, the subspaces
are mutually orthogonal and the proposition is proved. &

An easy consequence of the additivity of the range function is the following
monotony property:

PROPOSITION 2.5. Let (V;) en be an increasing sequence of SI subspaces of
L? (R™). Denote by
V= U V.

JEN

Then for a.e. £ € R™, (Jy,(§))jen is increasing and

Jv(©) = J W, ©.

JEN
Proof. Let W; be the orthogonal complement of V; in V1, j € N. Then W;
are shift invariant too, V11 = V; ® W; for all j € N and

-1
V=ViaPw, Vi=VuePWw, IleN
JEN 7=0

The proposition then follows from the additivity property stated in Proposi-
tion 2.4. 1

The next proposition can also be found in [9] and [4]. Again the only modi-
fication is that we use the periodic extension of the range function.

PROPOSITION 2.6. Let V be an SI subspace of L* (R™) and Jye, its periodic
range function. Then

%er(PVf)(f) = Jper(g)(lfperf(g))? for a.e. f e R".

DEFINITION 2.7. A subset {e; : i € I} of a Hilbert space H is called a
Bessel sequence with constant B > 0 if

D Kel NP < BIAIP, feH.
il

The next theorem will be extensively used in this paper. Its proof can be
found in [4].
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THEOREM 2.8. Let V' be an SI subspace of L? (R™), Jyer its periodic range
function and ¢ a countable subset of V. {Tpp : k € Z™ ¢ € ¢} is a frame
with constants A and B for V (Bessel family with constant B) if and only if
{Tperp(§) @ @ € ¢} is a frame with constants A and B for Jyer(§) (Bessel sequence
with constant B) for almost every £ € R™.

3. THE TRACE FUNCTION

In this section we recall the definition of the trace function and gather some of its
properties, the main ones and also some others that we will need in the sequel.

DEFINITION 3.1. Let H be a Hilbert space and 1" a positive operator on H.
Then the trace of the operator T is the positive number (can be also co) defined
by

Trace(T) = » (Te;|e;),
iel
where {e; : i € I} is an orthonormal basis for H.

The next proposition shows that the trace is well defined, that does not
depend on the choice of the orthonormal basis, and moreover, it can be computed
with the same formula using a normalized tight frame.

ProPOSITION 3.2. Let H be a Hilbert space, T a positive operator on H
and {f; : j € J} a normalized tight frame for H. Then

Trace(T) = Z(Tfj | fi)-
jed

Proof. Let {e; : i € I} be an orthonormal basis for H.

Trace(T) = Z(Tei le;) = Z(T1/2 | T 2¢;) Z | T2/ 2e]|?

el el iel
_Z;ZJ|T1/2 |f; ij;lTl/2 |f
icl je jeJ i€
=3 D el TP =3 IT A
jed iel jeJ
=Y (TH1f).
jeJ

The following proposition enumerates some of the elementary properties of
the trace. For a proof look in any basic book on operator theory (e.g. [14]).

PROPOSITION 3.3. The trace has the following properties for all a,b positive
operators and \ = 0:
(i) Trace(a + b) = Trace(a) + Trace(b);
(ii) Trace(Aa) = A\ Trace(a);
(iii) if a < b then Trace(a) < Trace(d);
(iv) Trace(v*av) < Trace(a) whenever v is a partial isometry;
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(v) Trace(u*au) = Trace(a) for all unitary u;

(vi) Trace(ax*z) = Trace(xx™*) for every operator x on H;

(vii) Trace(|z|) = Trace(|z*|) for every operator x on H (|z| == (z*z)'/?);
(viii) Trace(P) = dim PH for any projection P in H.

PROPOSITION 3.4. Let P be a projection and {e; : i € I} a NTF for its
range. Then, for any positive operator T, and any vector f € H

Trace(TP) = Z(Tei | e:),
iel
Trace(PyP) = > _[(f|e)|* = ||Pf|*.
iel
Proof. Let {f; : j € J} be an orthonormal basis for the orthogonal comple-
ment of the range of P. Then {e; : i € I} U{f; : j € J} is a NTF for the entire

Hilbert space. Using Proposition 3.2, the formula for Trace(TP) follows.
Particularize the formula for 7' = Py

Trace(PrP) = Y ({es| f)f lei) = Y [(fle” = [PfI.
il iuel
In fact even more is true: the equations of Proposition 3.4 characterize the
normalized tight frames for the range of P. This is described in the next statement.

PROPOSITION 3.5. Let H be a Hilbert space, Hy a closed subspace and {e; :
i € I} a family of vectors from H. The following affirmations are equivalent:
(i) {e; : i €I} is a NTF for Hy;

(ii) for every positive operator T on H,

Trace(T Py, ) = Z(Tei lei);
icl

(iii) for every vector v € H,

Trace(P, Py, ) Z|v|e
i€l

(Note that we do not require in (i) and (iii) that the e;’s be in Hy. This will follow
from the formulas).

Proof. (i) implies (ii) and (ii) implies (iii) according to Proposition 3.5 and
its proof. So we only have to worry about the implication from (iii) to (i). The
hypotheses imply that, if v L Hy, then P, Py, = 0 so v is perpendicular to e; for
every ¢ € I.

Also, for v € Hy,

Do lwled = ol
icl
This shows that all e;’s are in Hy and they form a NTF for it. 1

We can weaken the condition (iii) in Proposition 3.5. The family of vectors
is a NTF for the subspace if it satisfies the NTF condition just for some special
vectors as shown below:
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THEOREM 3.6. Let H be a Hilbert space and {0y : k € K} a total subset
of H (i.e. its closed linear span is H). Let Hy be a closed subspace for H and
{e; : i € I} a family of vectors in H. The following affirmations are equivalent:

(i) {e; : i €I} is a NTF for Hy;
(i) for everyr # s € K and X € {0,1,i = /—1}

(3.1) D16+ A0 €)= | Py (6, + A6 )17
iel
Proof. (i) implies (ii) clearly.
Assume (ii). Take {f; : j € J} a NTF for Hy. Then
(3-2) 1P, (0|17 =Dl f)P, veH.
JjeJ
Take A = 0 and use (3.1) and (3.2):
(3.3) D@ e =D o1 )P, veH.
icl jed
Now take r # s and A € {1,i}. From (3.1) and (3.2):
D (48 T + (8 [ e A8 Tea) + (8, Tea) M3 es) + IN21(05 | ea)]?)

i€l

= D (48 [P+ (8 [ NG T F7) + O TFDMEs | f5) + ARG [ f) )

JjeJ
With (3.3) we can reduce this to
XZ@- |ei)(ds | es) + /\Z (07 [€i)(ds | €:)
iel i€l

:XZ<5T|fJ><6S|f7> +)‘Z<6r|f7><5s|f]>

jed jed
Now take A = 1 and A =4 and the two resulting equation will yield:
(3-4) > (O le)@led =Y (o[ f)(0:15) -
il jedJ

Next we prove that

Do lwledl =" 1ol )7

iel jeJ
holds for all v € S where

S ::{ Z vl Ko C K ﬁnite}.
kEK,
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For this take an arbitrary v = > v, with Ky finite. Then
keKy

Yo lwlenl? =31 > veldlenl

iel i€l keK,

=3 > vk (O | e) (On [ i)

i€l kk'€Ky

= Z Vg Uk’ Z<5k | ei>W

k,k'€Ko i€l

= D> w6 )0 [f;) (with (3.4))

k,k €K jeJ

=D Il

jeJ
To prove the relation for arbitrary v € H, define Ty : S — (2(I), Ty : H — 12(J)
by
Tw=((vle))ier, veS, Tw=(v]fj))jes
Then Ty is a well defined linear operator, ||Tov||2 = ||Pg,v|? for v € H and

|Tyv|| = ||Tov]| for v € S. This shows that ||T1v|? < ||v||? for v € S. Hence, as S
is a dense subspace of H, we can extend 77 to a linear operator T} on H with

|Tyo||? < |jv]|?, for allve H.

We claim that Thv = ((v|e;))ier for any v € H. Indeed, v can be approxi-
mated by vectors v, in S. Then, for each ¢ € I,

(Thw); = lim (Tyv,); = lim (v, | e;) = (v]e;).

n—oo

Also, taking the limit,
I Taol* = | Tp0)|* = | Pl v € H,
and this implies (i). 1

THEOREM 3.7. Let H be a Hilbert space Hy a closed subspace , {0 : k €
K} a total set for H, and {f; : j € J} a NTF for Hy. Let {e; : i € I} be a
family of vectors in H. The following affirmations are equivalent:
(i) {e; : i € I} is a NTF for Hy;
(ii) for allr,s € Hy,

D (e le)(0sle) = (60 £)(0: [ f).

iel jed

Proof. Just examine the proof of Theorem 3.6. 1
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REMARK 3.8. Theorem 3.7 shows that {e; : i € I} is a NTF for Hy if and
only if it has the same Gramian as {f; : j € J}. We recall briefly this notion.
The Gramian was introduced by A. Ron and Z. Shen in a series of papers and
they used it to analyze the structure of shift invariant spaces ([10], [11], [12]).

For a given countable family of vectors {e; : i € I} define the operator
K :1?(I) — H, initially on sequences f = (fi)i;e; with compact support, by

(3.5) K(f)=>_ fie:.
icl
If K extends to a bounded operator (this is the case when {e; : ¢ € I'} forms a
Bessel family), then its adjoint K* : H — [?(I) is given by
(3.6) E*(v) = ((vle))ier, vel®(Z").

Suppose {e; : ¢ € I} is a subset of H and K is defined as in (3.5). The
Gramian of the system {e; : i € I} is G : [*(I) — [?(I) defined by G = K*K.

The dual Gramian of the system {e; : i € I} is G : H — H defined by G = KK*.
Note that

(3.7) (Gflg) = (K"f| K g) =) (flei){gle) = B(f.9).
iel
The trace function involves expressions of the form
Yl len)® =B/, f) = (G 1).
il
We can recuperate the dual Gramian if these expressions are given, because by
polarization

3
B(f,9) = iZikB(f +itg, f+i*g).
k=0

B, as a sesquilinear form gives rise to an operator and this operator has to be the
dual Gramian G. Another fact that is worth noticing is that, if {e; : i € I} is a
NTF for some subspace Hy of [? (Z"), then the dual Gramian G is the projection
onto Hy, Py,. This is because Py, verifies the equation (3.7).

PROPOSITION 3.9. Let (P})jes be a family of mutually orthogonal projec-
tions in a Hilbert space H. Then

Trace <T Z Pj> = Z Trace(TP;),
jeJ jeJ
for any positive operator T on H.

Proof. Consider {e; : i € I;} an orthonormal basis for the range of Pj,
( € J). Then, {e; : i € UI;} is an orthonormal basis for the range of > P;.
JjeJ
The additivity property is now clear, if we use Proposition 3.4. 1
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The next proposition is an easy consequence of the additivity of the trace
mentioned in Proposition 3.9.

PROPOSITION 3.10. Let (P;)jen be an increasing sequence of projections
in some Hilbert space H, P = supP; and T a positive operator on H. Then
JEN
(Trace(T'P;))jen increases to Trace(TP).
ProrosITION 3.11. Let T be a positive operator on a Hilbert space H, P a
projection on H and U a unitary on H. Then

Trace(UTPU™) = Trace(TP).

Proof. Let {e; : i € I} be an orthonormal basis for H such that {e; : i € Ip}
is an orthonormal basis for UPH, with Iy C I. Then {U*e; : i € Iy} is an
orthonormal basis for PH and PU*e; =0 for i € I\ Ip; so

Trace(UTPU*) = Y (UTPU%¢;|e;) = Y (TPU%e;|Ue;) = Trace(TP). i
i€l i€lp

LEMMA 3.12. If H is a Hilbert space, Hy a closed subspace and f € H,
then Trace(PyPy,) < || f||? with equality if and only if f € Hy.

Proof. Let {e; : i € I} be an orthonormal basis for H such that {e; : i € Ip}
is an orthonormal basis for Hy with Iy C I. Then

A1 =D WfledP+ > Kf el

i€l i€I\Io
:Z<Pf€i|€i>+ Z (f |e)]?
i€l i€I\Io
= Trace(Ps Py, ) + Z [(fled).
ISTAV )

Thus the inequality holds and Trace(P;Pp,) = || f||? if and only if (f|e;) = 0 for
all i € I'\ I which is equivalent to f € Hy. 1

LEMMA 3.13. Let H be a Hilbert space, Hy and Hy two closed subspaces.
Then Hy C Hy if and only if Trace(Ps Py, ) < Trace(PsPg,) for all f € H.

Proof. If Hy is contained in Hs then, using Proposition 3.9, the inequality
between the traces is immediate.

For the converse, assume f € H;. Then, by Lemma 3.12, Trace(P;Py,) =
lf11% so || f]I? < Trace(PfPp,). But then, with the same lemma, Trace(PsPp,) =
|| £I|? which implies that f € Hy. As f was arbitrary, the inclusion is proved. 1
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4. THE LOCAL TRACE FUNCTION

DEFINITION 4.1. Let V be a SI subspace of L? (R™), T a positive operator
on [? (Z") and let Jyer be the range function associated to V. We define the local
trace function associated to V and T as the map from R"™ to [0, o] given by the
formula

Ty (€) = Trace (T Jper(£)), € ER.

We define the restricted local trace function associated to V and a vector f in

12 (Z") by
7v,£(§) = Trace (PyJper (€)) (= Tv,p, (€)), € € R,
where Py is the operator on [? (Z") defined by Py(v) = (v| f) f.
PROPOSITION 4.2. For all f € 12 (Z"),
v,1(8) = [Fper () (FIIF,  for ae. & € R™.
Proof. Use the Proposition 3.4. 1

THEOREM 4.3. Let V be a SI subspace of L* (R"™) and ¢ C V a NTF gen-
erator for V.. Then for every positive operator T on 12 (Z™) and any f € 1? (Z"),

(4.1) vr(©) =Y (TThap(€) | Toerp(§)),  for ae. £ € R
pEP
(4.2) (&) =Y [ Tae©)P,  for ae. £ €R™.
pEP

Proof. According to Theorem 2.8, {ZTper(§) : @ € ¢} is a NTF for Jper(§)
for a.e. £ € R™. With the Proposition 3.4 we obtain (4.1). Take T'= Py and (4.1)
becomes (4.2). &

THEOREM 4.4. Let V be a SI subspace of L? (R™), Jper its periodic range
function and ¢ a countable subset of L? (R™). Then following affirmations are
equivalent:

(i) ¢ CV and ¢ is a NTF generator for V;
(ii) for every f € 12 (Z")

(4.3) Z [(f | Tpertp(€) |2 = [|Jper(§ )(f)||2> for a.e. £ € R™;
peP
(iii) for every 0 #1e€Z" and a € {0,1,1},
(4.4) Z |P(€) +ap(& + 21m)|* = || Jper (&) (60 + ady)||?,  for ae. £ € R™.
ped

Proof. (i) implies (ii) just as an application of Theorem 4.3 and Proposi-
tion 4.2. (iii) is just a particular case of (ii), namely f = dp + ad;. So assume (iii)
holds. Then (4.4) can be rewritten as:

> (80 + adt| Tes (ED = || Jper (S0 + ).

pEP
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Now take r # s € Z™ and apply this equation to | = s —r, £ = £ + 27r. A short
computation, that uses the periodicity of Tper and Jper and the fact that A(r) is
unitary, will lead to

D 16+ abs | Ter () = | Jper () (6, + @6,)||*,  for ace. € € R™.
pEP

Now we can use Theorem 3.6 to conclude that, for a.e. £ € R™,

{Toerp(§) = 0 € 0}
is a NTF for Jper(§). And, with Theorem 2.8, (i) is obtained. 1

Applying this theorem to V = L? (R") we deduce the next corollary which
can be found also in [10]:

COROLLARY 4.5. A countable subset ¢ of L*> (R") is a NTF generator for
L? (R™) if and only if the following equations hold for a.e. £ € R™:

S I1BE©P =1,
pEP

S BB +20m) =0, e LM I#0.

pEP

THEOREM 4.6. Let V be a SI subspace of L? (R™), ¢1 a NTF generator for
V and ¢2 a countable family of vectors from L? (R™). The following affirmations
are equivalent:
(i) ¢2 CV and ¢y is a NTF generator for V;
(ii) for everyl € Z™,

> BOB(E+2m) =Y BE)B(E+2m), forae £ R
PEP2 PEP1

Proof. By Theorem 2.8, (i) is equivalent to

(4.5) {Tperp(§) @ ¢ € @2} is a NTF for Jper(§) for ae. £ € R™.

But we know that {7,e¢(§) @ ¢ € ¢1} is a NTF for Jpe(§) (again, by Theo-
rem 2.8). Therefore, using Theorem 3.7, (4.5) is equivalent to:

For every r,s € Z™ and a.e. £ € R",
D 0| Toer ()05 [ Toar(€)) = D (0| Toerp(€)) (05 [ Toerp(€))
pEP2 pEP1
which is exactly
Y BE+2mMPE+2sm) = Y PE+2rm)P(E +28m), s €L",EER™
PED2 PEPL

This implies (ii) and (ii) implies this, because one can take | = s—r, £ = £+ 2rm. 11
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REMARK 4.7. Theorem 4.6 shows that ¢- is a NTF generator for V if and
only if it has the same dual Gramian as ¢;. Recall, that the dual Gramian of
a countable subset ¢ of L? (R") is defined as the function which assigns to each
¢ € R” the dual Gramian of the set {T,erp(§) : ¢ € ¢} (see Remark 3.8 and [10],
[11], [12], [4] for details). The dual Gramian satisfies the equations:

(G(€)d,185) = Y B(& +2mr)B(E + 2s).
pEP

PROPOSITION 4.8. (Periodicity) Let V be a SI subspace, T a positive oper-
ator on 12 (Z"), f € I2(Z™). Then, for k € Z"

(4.6) TV,T(g + 2km) = TV,/\(k:)T/\(k:)*(g)7 for a.e. £ € R™;

(4.7) Ty,7 (€ +2k7) = Ty (§), forae. €R",
where \(k) is the unitary operator on 12 (Z™) defined by (A(k)a)(l) = a(l — k) for
all ez, a €12 (Z™).

Proof. The periodicity of the local trace function is a consequence of the
periodicity of the range function. Indeed, by Definition 2.1, we know that for a.e.
& € R” and every k € Z7™,

Tper (€ + 2km) = A(K)" Jper (E)A(K)-
Apply this in the definition of the local trace function and use Proposition 3.11:
v, (€ + 2km) = Trace(T Jper (§ + 2km)) = Trace(T'A(k)* Jper (§)A(K))
= Trace(/\(k)T)\(k)*Jper(f)) = Tv,,\(k)T,\(k)*(f)~
Since A(k)PrA(k)* = Pyyf, (4.7) follows from (4.8).

PROPOSITION 4.9. Let V be an SI space, T, S positive operators on 1% (Z"),
fel?(zm):
(i) 0 < 7vr() oo, 0< Ty <%
(i) Tv,r4s = Tv,r + Tv,8;
(iii) TV AT = >\7'V,T7 A > 0;
(iV) TVNf = |)\‘2Tv7f,)\ e C.

Proof. Everything follows from Section 3. &

PROPOSITION 4.10. (Additivity) Suppose (V;)ier are mutually orthogonal
ST subspaces (I countable) and let V.= @@ V;. Then, for every positive operator T

icl
on 1% (Z") and every f € I (Z"):
(4'8) TV, T = ZTV“T’ a.e. on R™;
icl
(4.9) TV, = ZTVi’f, a.e. on R"™.

iel
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Proof. Let J; be the periodic range function of V;, ¢ € I and J the periodic
range function of V. The range function is additive (proposition 2.4) so

J() =) Ji(§), ae onR"
iel
Also the trace has additive properties (Proposition 3.9) and these imply the addi-
tivity of the local trace function expressed in (4.8). Again (4.9) is just a particular
case of (4.8). 1

PROPOSITION 4.11. (Monotony and injectivity) Let V, W be SI subspaces.
(i) V.C W if and only if T7vr < Twr a.e. for all positive operators T if
and only if Tv.y < Tw.¢ a.e. for all f €12 (Z").
(ii) V =W if and only if Tv.r = Tw,r a.e. for all positive operators T if
and only if Tv.y = Tw,¢ a.e. for all f €1 (Z").

Proof. (i) It is clear that the first statement implies the second; just use the
additivity property for the SI spaces V and W © V. The third statement is just a
particular case of the second one. So the only interesting implication is from the
third statement to the first one.

Let Jy and Jy be the corresponding periodic range functions for V and W.
The hypothesis implies, according to Lemma 3.13, that

Jv (&) C Jw(), forae &R

and this implies in turn that V' C W (just look at Theorem 2.2).
(ii) is a consequence of (i) by a double inclusion argument. 1

For a € R™ we define the modulation of f € L? (R") by
M,(f)(x) = eI f(z), xeR™

The local trace function behaves nicely under modulation. This is expressed in
the next proposition.

PROPOSITION 4.12. (Modulation) Let V' be a SI subspace and a € R™.
Then M,V is a SI subspace and for all positive operators T on 1? (Z™) and all
vectors f € 12 (Z"™):

(4.10) T, v,r(&) = 1vr(§ —a), forae &€ R

(4.11) T, v,f(§) = v (€ —a), forae {cR™

Proof. The modulation and the translations satisfy a commutation relation:
for k € Z" and ¢ € L? (R"),

TeMap(z) = 1o R oz — k) = e IR ML Tip(2), = eR™

This relation shows that M,V is shift invariant.
Now take a NTF generator ¢ for V' (it exists by Theorem 1.3). Then, as M,
is unitary,

{MaTkSD P S ¢}
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is a NTF for M,V. Using the commutation relation and the fact that e {¢1*) are
just constants of modulus 1, we see that

{Tk'Ma‘P tpE (b}

is a NTF for M,V . Therefore we can safely use Theorem 4.3 and compute:

v (€) = Y (TToer (Ma) (€) | Toer(Ma) (€)).-

pEP

But

ToerMop(€) = (Map (€ + 26m))kezn = (B(E — a+ 2km)) 0 = Tper (€ — 0),
and (4.10) follows with (4.11) as its consequence. 1

The dilation by an n X n non-singular matrix A is the unitary operator on
L? (R) defined by

Daf(x) = |det A|Y?f(Az), xeR" fe L*(R").

We will consider only matrices A which preserve the lattice Z™, because in this
case D4V is shift invariant whenever V is.

ProOPOSITION 4.13. (Dilation) Let V' be a SI subspace and A an n x n
integer matrix with det A # 0. Then DAV is shift invariant and, for every positive
operator T on [% (Z™) and every vector f € I? (Z"):

(4.12) .vr(€) =Y Tv.osrp, (A) 7N (€ +2dm)), forae £ €R™,
deD

(4.13) avs(€) = Y Tvps (A7 (€ + 2dm)),  for ae. £ € R,
deD

where D is a complete set of representatives of the cosets Z™ /A*Z"™ and Dy is the
linear operator on 12 (Z") defined by

_Jal), ifk=d+ A%, n 2 (.
(Dga)(k) = {0’ otherwise, keZ acl*(Z").

Proof. The dilation and the translation satisfy the following commutation
relation which can be easily verified:

TeDa = DATay, keZ".

This shows that D4V is shift invariant.

We can decompose V' as the orthogonal sum V = € S(¢;), where ¢; is

icl
a quasi-orthogonal generator of S(p;) (see Theorem 1.3). Since D, is unitary,
DAV = @ DaS(p;) and, using the additivity property of the local trace function
iel

(Proposition 4.10), it suffices to prove the formula (4.12) just for the case when
V = 5(p) with ¢ quasi-orthogonal generator for S(¢). We will assume this is the
case.
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From the commutation relation we see that, if £ is a complete set of | det A|
representatives of the cosets Z"/AZ", then

{DaTip : L€ L}

will span D4V by translations.
For | € L, consider

¢l (5) = %cr(DAn(p) (E)

= (|det A" DA (€ + 2km))eH(ATD T (E42km) | z>)k -
e n

For d € D define ¢4 € L2, (R™,[? (Z")) by

per

09 = { AN €2k, ik d AT

0, otherwise,

 B((AN) L + 2dm) + 2xD), it k = d + A*l, with [ € Z",
0, otherwise,

= Da (Tpeartp((A™) 1€ + 27d))) -

Then ¢;(§) and ¥4(&) are related by the following linear equations:

h(6) = (A Dl det A|~1/2 Z e i((A) " 2md | Dapa(8).

deD

Since the |det A| x |det A| matrix
(| det A| /2 HADT2md [y

is unitary, it follows that {¢4(§) : d € D} and {¢;(§) : | € L} span the same
subspace of 12 (Z™), namely Jp,v (€) (use Theorem 2.2).

¢ is a quasi-orthogonal generator so Per|@|? is a characteristic function that
is || Zper(§) 12 (zny is either 0 or 1, and as Dy is an isometry, [|1q(£)|i2zn) € {0, 1}.
Also ¥4(€) and g (€) are perpendicular when d # d’ and, in conclusion {14(€) :
d € D} is a NTF for Jp, v (§). Therefore we can use these vectors to compute the
local trace function (Proposition 3.4):

pavr(€) = D (Tha(€) | a(€))

deD

= Y (TDa (Tperp((A7) (€ + 27d))) | Da (Tperp((A™) 71 (€ + 27d))))
deD

= Y ADiTD4 (Tperp(A) 7 + 27d))) | Tperp((A) (€ + 27d)))

deD

= > vy (A7) (€ + 2md)).

deD

This proves (4.12). (4.13) follows from (4.12) because Dy PfDy = Pp:y. 1
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As we promised, the local trace function incorporates the dimension function
and the spectral function defined by M. Bownik and Z. Rzeszotnik in [6].
Recall that for a shift invariant subspace V of L? (R"), its dimension function
is defined as
dimy (§) = dim J,er (€), £ € R,

where Jpe; is the periodic function associated to V.
The spectral function introduced in [6] is defined by

ov (€ +2km) = || Jper(§)0k]?, € € [-m,7]" k € 27,

n 17 if k= la n
where 8, € 12 (Z"), 8, (1) = {07 othorwise, £ € 2™

For a similar treatment of the dimension function, using the Gramian the
reader can also consult [13].

PROPOSITION 4.14. Let V' be a SI space.
(1) TV, = dlIl’lV
(11) TV750 =0y.

Proof. Let Jyer be the periodic range function of V:

Tv,1(€) = Trace(IJper (§)) = dim Jper (§) = dimy (€).
For ¢ € [, 7)™, by Proposition 4.2,

7,60 (€) = [ Jper (€)d01* = o/ (€).

If k € Z™ then, using the periodicity of the local trace function stated in Proposi-
tion 4.8,

V.50 (€ + 2k7) = Ty A3 (€) = Tv.5, (€) = [[per()0k[|* = ov(€).

5. CONVERGENCE THEOREMS

In this section we study the behavior of the local trace function with respect to
limits. More precisely, we consider the following question: if (V});en is a sequence
of SI subspaces of L? (R™) such that Py, converges in the strong operator topology
to Py for some SI subspace V', what can be said about the convergence of the local
trace functions ry;, 77

We begin with a lemma and then give some useful partial answers to this
question.

LEMMA 5.1.  Suppose (V;);jen and V are SI subspaces of L* (R™) such that
Py, converges in the strong operator topology to Py. Then for any f € L? (R")
and any A >0

17, () (Tper F(€)) = Tv (€)(Tper f ()] A€ converges to 0 as j — oo,
[—A,A]"

where Jy,; and Jy are the corresponding periodic range functions.
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Proof. We can consider A = m because then the result is obtained using the
periodicity of the range function. With Proposition 2.6,

Jv; () (Tper f(€)) = Tper (Py; [)(E), € €R™
And then

/ 19V, (€) (Tper £ (€)) — Tv (&) (Tper f(€))1* €

[_77777]”

_ / | Toer(Py: £)(E) — Toor(Py £)()] dé

[_71'771—]”
= 2m)"[|Pv,f — Pv fllZ2@ny) — 0, asj—oo. W
THEOREM 5.2.  Let (Vj)jen and V be SI subspaces such that Py, converges

to Py in the strong operator topology. Then, for any bounded measurable set E
and every f € 1? (Z")

/|ij £(€) — v s (E)]dE — 0, s j — oo
E
Proof. Let Jy, and Jy be the corresponding periodic range function. We can
assume E = [—7, 7|™ because then the result is a consequence of the periodicity of
the local trace function (Proposition 4.8) and we can assume also || f|] = 1. Using
Lemma 5.1 for a g € L? (R") with Tg(¢) = f for all £ € [—7, 7], we have

0= lim / 1y, (€)F — T (€) ]2 de
j—o0

[=7,m]™

Stimsup [ 1A (O] - v O o

T mae
= limsup / |T\1/J/2f(€) —Té/?(g)‘zdf

J [_Trvﬂ—]n

1.,
> 1 hr_nsup / \TVj,f(f) - Tv,f(f)|2 d¢

J—00
[_71—,71-]71

1 2

> e ([ @) @l ae)
[_ﬂ-’ﬂ-]n

where for the third line we used Proposition 4.2, for the fourth we used the fact

that 7v,¢, 7y,  are less then || f||* = 1 (Proposition 4.9 (i)) and for the last one we

used Holder’s inequality. 1

THEOREM 5.3.  Let (V) en be an increasing sequence of SI subspaces of
L? (R™),



THE LOCAL TRACE FUNCTION OF THE SHIFT INVARIANT SUBSPACES 287

T a positive operator on I (Z™) and f € 1> (Z™). Then, for a.e. £ € R, 1y, 1(£)
increases to Ty, (&) and Ty, (§) increases to Ty 5(§).

Proof. The monotony is a consequence of Proposition 4.11.

Again, we denote by Jy, and Jy the corresponding periodic range function.
By Proposition 2.5, (Jv; (£));en is increasing and

v (&) = v, (9,
JEN
for almost every £ € R™.
Apply now Proposition 3.10 to our situation to conclude that

TV,T(E) = Trace(TJV(ﬁ)) = jli>n<>10 TI‘&CG(TJVj (f)) = jli>nolo TVj,T(f)-

The second statement is a particular case of the first. 1

6. WAVELETS AND THE LOCAL TRACE FUNCTION

We reserved this section for applications of the local trace function to wavelets.
Throughout this section A will be an n x n dilation matrix (i.e. all eigenvalues A
have |A| > 1), and A preserves the lattice Z" (i.e. AZ™ C Z").

REMARK 6.1. The local trace function can be used to obtain the charac-
terization of wavelets (see [5] or [7]), namely:
A set U= {y' ... 9L} is a NTF wavelet (i.e. the set

X(0):={D\Tyy! : jeZ kezZ le{l,...,L}}
is a NTF for L? (R™)) if and only if the following equations hold for a.e. £ € R™:

(6.1) SN WPATye) =1,
PYEW j=—00

(6.2) YD B(AVOD(ATY (§+25m) =0, s € LM\ ATZ"
PET 5220

The argument used here will be the same as the one used in [5], the only
difference is that, instead of the Gramian, we employ the local trace function.
Here is a sketch of the proof: it is known (see [8]) that X (¥) is an affine NTF for
L? (R") if and only if the quasi-affine system X9(¥) is a NTF for L? (R"). Recall
that _

XU V) :={¢.) : j€Z,keZ"1€{l,...,L}},

with the convention

Fon(@) = {D;Tkw_(:c), ' if j >0,k € Z",
» |det A[I/2Ty, D%ap(z), if j < 0,k € Z".

This can be reformulated as
{Pho 13 <O0U{l, 1 j>0,reL;}
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is a NTF generator for L? (R") (here £; is a complete set of representatives of
Zr AT,

Now use Corollary 4.5, and all one has to do is a computation. The compu-
tation is done in Lemma 2.3 in [5] and one obtains, for a.e. £ € R™,

YooY WAy ©) =

eV j=—00

tany-mp((A")7™(€)) =0, peZ",p#0,
where

=3 ATV OR((A*) (€ +2sm), EER" s €L\ A'L"

$ev j>0
and m = max{j € Z : (A*)~Jp € Z"}. This leads immediately to the equivalence
0 (6.1) and (6.2).

Another observation is that, if we know that the equivalence “X(¢) is a NTF
for L? (R™) if and only if (6.1) and (6.2) hold”, then the argument above also shows
that the affine system X (v) is a NTF for L? (R™) if and only if X9(¢) is a NTF
for L2 (R™).

THEOREM 6.2. Let ¥ = {4',... oL} be a semiorthogonal wavelet, i.e. the
affine system

(DT - jE€Z ke ¢ € U}
is a NTF for L? (R™) and W; L W; for i # j, where
W, =span{ D)\ Tytp : k € Z",¢ € ¥} = D’ (S(¥)), jeZ,
V=D
1<J
Then:
(i) The set

{|det AP/?T}, D)3 = j < 0,k € Z™}

is a NTF for V.
(ii) For ¢ € ¥, j > 1 and £ € R™, denote by fw(é) the vector in 1? (Z")
defined by

FLE) (k) = DA™ (€ +2km)), ke
Then, for almost every £ € R™, the set
{fi©:jz1yev}

is a NTF for Jy,(£), where Jy, is the periodic range function of Vp.
(iii) For every positive operator T on 12 (Z"), every f € I (Z™) and almost
every £ € R",

(6.3) Vo, (€ Z Z qup |f¢ ),

YET j=1
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(6.4) @ = 3| 3 dtarye + 2km) |

YeW j=1 kezZn

Proof. (i) follows, as we mentioned before, from the equivalence between
affine frames and quasi-affine frames (see [8] or Theorem 1.4 in [5]) and the or-
thogonality relations given in the hypothesis.

(i) If we compute the Fourier transform of |det A|’j/2D2jz/J for j > 0 we
get ((A*)?€) and (ii) is obtained from (i) and Theorem 2.8.

(iii) The fact asserted in (ii) shows that we can use the vectors fi} to compute
the trace and the resulting formulas are exactly (6.3) and (6.4). 1

REMARK 6.3. Another fundamental fact from the theory of wavelets can
be obtained with the aid of the local trace function: the dimension function
equals the multiplicity function (see [15]). Let’s recall some notions. Consider
U= {!, ... 9L} a semi-orthogonal wavelet (as in Theorem 6.2). We keep the
notations for V; and W;. The dimension function associated to W is

Dy(&) = > 3 ST WP(A) (€ + 2km)).

KEZM hEW j>1

The definition of the multiplicity function requires a little bit of harmonic
analysis (for details look in [3] or [1]). The subspace Vj in invariant under trans-
lations by integers (shift invariant). So one has a unitary representation of the
locally compact abelian group Z™ on Vj by translations. The Stone-Mackey the-
ory shows that this representation is determined by a projection-valued measure
which in turn is determined by a positive measure class on the dual _group AL
and a measurable multiplicity function my, : Z®» — {0,1,...,00}. Z" can be
identified with [—m,7]". In our case, the measure is the Lebesgue measure, so the
determinant is the multiplicity function my;. The beautiful result is

(6.5) Dy(§) =my,(§), &€ [—ma]".

We use the local trace function to prove it. First, if we use the equation (6.3) with
T = I, the identity on I% (Z"), we obtain

(6.6) dimy;, (§) = 7v,,1(§) = Dw(§), €€ [-m,a]".

To equate the local trace function with the multiplicity function we use a result
from [2]: if

Sj = {56[_’”77‘—}” : ng(&)?]}v ]€N7]>1
then there exists a NTF generator {¢; : j > 1} for Vj such that

S

5 _ Jxsi(§), ifi=7,
(67) . @z‘pj (f + 2]{“77) - { 0’ if ¢ 7& ]

We can use Theorem 4.3 for T' = I and we have for a.e. &:

T0,1(6) = Y (Toer s ()| Toertps () = D Y 1357(6) = D x5, (€)-

ji=1 j=1kezn j=1
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Therefore

(6.8) dimy;, (§) = 7v;,1(§) = my, (), & € [-m, 7"

Consequently the multiplicity function and the dimension function are just two
disguises of the local trace function at T = I.

The next theorem gives the equations that relates scaling functions (i.e. NTF
generators for V) wavelets.

THEOREM 6.4. Let ¥ = {¢',... v} be a semi-orthogonal wavelet as in
Theorem 6.2. Let ® be a countable subset of L? (R™). The following affirmations
are equivalent:

(i) @ is contained in Vy and is a NTF generator for Vy;
(ii) the following equations hold for every s € Z™,

(6.9) 3 ST DAVOD(AY (€ +25m) = S FEP(E + 28m),

pev 21 pED
for a.e. £ € R™.
Proof. Use Theorem 4.6 and Theorem 6.2. 1
COROLLARY 6.5. Let W = {y! ... ¥T} be a semi-orthogonal wavelet as in

Theorem 6.2 and ® a NTF generator for V. Then
(6.10) STP© =D 18P (AT = Y 1817(€),  ae. on R™.

Ppew ped pED

For all s € 2"\ A*Z",

(6.11) 3" BODE + 25m) = = 3 BEP(E + 25m),  a.e. on R
Ppew ped

Proof. For (6.10), take s = 0, write the equation (6.9) for & and (A*)~1¢,
and substract the first from the second. For (6.11), substract equation (6.9) from
equation (6.2). 1
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