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ABSTRACT. We study the continuity of the map Lat sending an ultraweakly
closed operator algebra to its invariant subspace lattice. We provide an exam-
ple showing that Lat is in general discontinuous and give sufficient conditions
for the restricted continuity of this map. As consequences we obtain that Lat
is continuous on the classes of von Neumann and Arveson algebras and give a
general approximative criterion for reflexivity, which extends Arveson’s the-
orem on the reflexivity of commutative subspace lattices.
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1. INTRODUCTION

The invariant subspace theory explores the map Lat, which sends any collection
M of operators on a Banach space X to the set lat M of all (closed) subspaces of
X invariant under all operators T' € M. The set S(X) of all closed subspaces of X
is a lattice with respect to the operations of the intersection and the closed linear
span of the union, and it is evident that lat M is a sublattice of S(X).

If X = H is a Hilbert space then denoting by [E] the orthogonal projection
on the closure of a linear subspace £ C H, we obtain a bijection between S(H) and
the set Proj(H) of all orthogonal projections in B(H). This allows us to transfer
to S(H) the standard operator topologies from B(H). Clearly weak and strong
(as well as o-weak and o-strong) operator topologies coincide on Proj(H), but we
prefer to consider the strong operator topology (s), because Proj(H) is s-closed in
the algebra B(H) of all operators on H. It is easy to see that lat M is s-closed, for
any M C B(H).

It is always possible (though not always convenient) to replace M by the
weakly (or, equivalently, strongly) closed unital subalgebra A(M) of B(H), gener-
ated by M (since lat M = lat A(M)). Thus one can consider Lat as a map from
the set of ultraweakly closed unital operator algebras to the set of strongly closed
subspace lattices.
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We are mainly interested in criteria for the continuity of Lat and conditions
under which a lattice belongs to the image of Lat (or is reflexive, in now standard
terminology, introduced by Halmos ([7])).

To explain what is meant by “continuity”, recall the general notion of the
limit space structure in the set 2% of all subsets of a topological space X. For a
net {Ax} of subsets of X, denote by liminf Ay the set of all points € X which
are limits of nets {z)} with ) € Ay and by limsup A, the set of all points © € X
which are cluster points of such nets. We say that a net of subsets {Ax} of X
tends to a set A € 2%, and write A = 1i)r\nA>\, if liminf Ay = limsup A, = A.

Now the (partial) continuity of Lat means the validity of the equality
(1.1) lat ((Tim A, ) = lim(lat A,)

for all (some) converging nets { Ay} of ultraweakly closed unital operator algebras.
Important special classes of converging nets consist of nets which are downward or
upward directed (the limits are the intersection and the closed hull of the union,
respectively). For upward directed nets {4} the equality (1.1) trivially holds. It
will be shown in Section 3 that there is a descending sequence of weakly closed al-

gebras A,, such that (Jlat A, differs from lat (ﬂ An). Thus, to have “continuity”,

one must impose restrictions. In Section 3 we prove that continuity holds if all
A, are von Neumann algebras or Arveson algebras (ultraweakly closed algebras,
containing masa’s) or are contained in a Bercovici algebra (an algebra, whose com-
mutant contains two isometries with orthogonal ranges). Note that Davidson ([4])
proved the “norm-continuity” of Lat on (and even in) reflexive Arveson algebras.

In Section 4 we apply the results of Section 3 and prove a general “approx-
imative” criterion for reflexivity (Theorem 4.4) which implies immediately the
celebrated Arveson’s theorem ([1]) on the reflexivity of commutative subspace lat-
tices (CSL’s). Establishing a general framework for Arveson’s result was one of
our most stimulating aims.

2. A COUNTEREXAMPLE

We begin by presenting an example which shows that the map sending an operator
algebra A to its invariant subspace lattice lat A is in general discontinuous. We fix
a complex separable Hilbert space H. If H; and H, are Hilbert spaces, we denote
by C1(Hi,Hs2) the space of nuclear operators from H; to He and set Ci(H) =
Ci(H, H).

When considering the relation (1.1) (see Section 1) one should point out
which topology Proj(H) is being endowed with. Note that a hierarchy of topologies
on a set X does not imply the same hierarchy of the corresponding limit structures
in 2%X. Indeed if the topology 75 is stronger than 7, then 7o-liminf Ay C 7i-
liminf Ay and 7o-limsup Ay C 7i-limsup.Ay. But the following result disproves
(1.1) in all possible versions.
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THEOREM 2.1. There exists a descending sequence { A, } 72, of weakly closed
algebras acting on a separable Hilbert space and containing the identity operator

such that
tat () An) # J1at A,

The proof will require several steps.

LEMMA 2.2. There exists a sequence T, By, € HBH dense in HBH such
that the set {xn,yn : n € N} is linearly independent.

Proof. Let H1 and Hs be (non-closed) subspaces of H such that Hy NHs =
{0} and H; is dense in H, ¢ = 1,2. There exist x], € H; and y,, € Hz such that
{z}, ®y,, : n € N} is dense in H ® H. For each n € N choose z,, € H; in such a
way that ||z, — 2} || < 1/n and {z1,...,z,} are linearly independent. Choose a
sequence {y,}52; in a similar way. It is obvious that the sequences {z,,}22; and
{yn}22; have the desired properties. 1

LEMMA 2.3. There exists a dense subspace of C1(C% H) which does not
contain a rank one-operator.

Proof. Let {,}52; and {y,}52; be sequences of vectors in H constructed
in Lemma 2.2. Define operators T,, € C;(C?,H), n € N by letting Tp,e; = x,,
Tnea = yn, where {e1, ea} is the usual basis of C2. Let Uy be the linear span of the
operators Ty, n € N. It is immediate that Uy is dense in C1(C?,H) = B(C?, H).
Suppose that A € Uy is a rank one operator. This means that, for some coefficients

an € C, n € N, the vectors Zanxn and Zanyn are proportional. But this is

n n
impossible since the family {x,,y, : n € N} is linearly independent. &

LEMMA 2.4. There exists a dense subspace of C1(H) which consists of op-
erators of finite rank and does not contain a rank one operator.

Proof. Write H = @ Hj., where each Hj, is isomorphic to C? and let 7, :
k=1

H — H}, be the corresponding projections. Let T}, : C2 — H be the operators
from the proof of Lemma 2.3, T}, , = T,,m, k,n € N, and U be the linear span
of the operators Ty, k,n € N. If T' = 3 oy n Tk and ag,n, # 0, then the
compression of T' to Hy, is a non-zero operator of rank strictly greater than 1.
It follows that rankT > 1. Suppose, on the other hand, that A € B(H) and
(A, Ty ) = tr(ATy ) = 0 for each k,n € N. Since Ty, = T, 7y, it follows that, for
a fixed k, tr((mxA)T,) = 0 for each n € N. Thus 7 A = 0 for each k¥ € N and so
A=0. 1

LEMMA 2.5. There exists a descending sequence {M,,}52, of weakly closed
transitive subspaces of B(H) such that [\ M,, = {0}.
n

Proof. Let U C C1(H) be a subspace which satisfies the conditions of Lem-
ma 2.4, {T},}22; a sequence dense in U in the trace norm and M,, = {A € B(H) :
(Tx, A) = 0,k = 1,2,...,n}. Since the operators Ty have finite rank, the space
M., is weakly closed for each n € N. Since there are no rank one operators in the
preannihilator of M,,, we have that M, is transitive for each n € N. Since U is
dense in C; (H), it follows that (Y M,, = {0}. 1

n
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Proof of Theorem2.1. Let H = H&H, M, C B(H) be the spaces constructed
in Lemma 2.5 and

A X
A”:{(O Ml).XGMn,)\,uE(C}.

{8 2)anec)

and lat (ﬂAn) ={L® M : L, M closed subspaces of H}. On the other hand,

n

Then

lat A,, = {L ®0: L a closed subspace of H}
U{I & L: L a closed subspace of H},

for each n € N, thus lat ( N An> # ) lat A,. 1
n=1

n=1

3. SUFFICIENT CONDITIONS FOR CONTINUITY

We are now going to obtain some partial positive results on the continuity of Lat.
The set Proj(H) will always be endowed with the strong operator topology (s).
In B(H) we consider the ultraweak operator topology (uw). But in order to work
with general nets instead of sequences we should consider the bounded ultraweak
convergence. Thus, if {Ax}rca is a net of uw-closed algebras, then lim)\inf Ax

consists of all operators A for which there exists a bounded net {A)}xea with
Ay € Ay such that Ay —) A ultraweakly and limsup Ay is defined similarly but
with cofinal subnets. Since weak and ultraweak topologies coincide on bounded
sets, our convergence space is suitable for work with weakly closed algebras as well.
In what follows {Ax}rca denotes a net of ultraweakly closed algebras containing
the identity operator.

Some of the results that follow rely on a certain condition on representability
of functionals in a “vector” form. Let z,y € H; by w, 4|A we denote the functional
on an algebra A given by A — (Az,y), A € A. The functionals on A of the form
wz 4| A are called vector functionals.

DEFINITION 3.1. Let M be an ultraweakly closed algebra of operators on a
Hilbert space H. We say that M possesses property (CR) if for each net {¢)}rea of
uw-continuous functionals on M with @) — wy y|M in norm, there exist vectors
Zx,Yr, A € A, such that ||y — z|| =2 0, [[yx — yl| =2 0 and ) = wa, 4, | M.

It is clear that (CR) is equivalent to the following two conditions:

(CR1) each uw-continuous functional on M is a vector functional;

(CR2) for any x,y € H and € > 0, there exists § = §(z,y,e) > 0 such that if f is
an uw-continuous functional on M and [|f — w, | M|| < § then there exist 2/, y’
in H with f = wy |Mand ||z —2'|| <e¢, ly -] <e.
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LEMMA 3.2. ([12]) Every von Neumann algebra with properly infinite com-
mutant possesses property (CR).

QUESTION 1. Does any von Neumann algebra with cyclic commutant possess
property (CR)?

Katsoulis and Trent ([10]) gave a proof of Lemma 3.2 that actually establishes
(CR) for any von Neumann algebra M such that M®M;(C) has cyclic commutant.

Several other conditions, related to (and stronger than) property (CR) can
be found in [2] and [3]. We mention only a remarkable result by Bercovici ([2]).
Let us call an operator algebra M a Bercovici algebra if its commutant contains
two isometries with orthogonal ranges. The following lemma is a special case of
Theorem 4.3 ([2]).

LEMMA 3.3. Ewvery Bercovici algebra possesses property (CR).

Since every properly infinite von Neumann algebra contains two isometries
with orthogonal ranges, Lemma 3.2 is a partial case of Lemma 3.3.

QUESTION 2. Suppose that Ay C M, where M is an algebra with the prop-
erty (CR) and A =Ulm Ay. Is it true that lat A = limlat Ay ¢

We do not know the answer to this question even in the case M is a com-
mutative von Neumann algebra. Some partial results will be presented below. In
particular, we will show that the answer is affirmative if M is a Bercovici algebra.

LEMMA 3.4. Let X and X, A € A, where A is a directed set, be subspaces
of a Banach space Y and X+, XAL be their annihilators in Y*. Consider the norm
topology in'Y and the bounded weak* topology in Y*. If limsup X)J\- C X+, then

A

X C lim)\inf X,

Proof. Let x € X, ||z|| = 1. Since X are normed spaces, to conclude that
x € lim/\inf X, it suffices to show that d(z, X)) — 0. Suppose that this is not

true. Then there exists a subnet Ag C A and € > 0 such that d(z, X)) > ¢ for each
A € Ag. For each A € Ag choose fy € Xy such that |fi(z)| > € and [|fi]| = 1.
There exists a cluster point, say f, for the net {fx}aea, in the weak* topology.
Since limsup X3 € X1, we have f € X*. Thus f(z) = 0. On the other hand,

A
|f(z)] = li}\n |fa(z)] > €, a contradiction. 1

For us, the important case of Lemma 3.4 occurs when Y = Cp, the ideal of
nuclear operators on H; then Y* = B(H). It will be convenient to formulate it
separately. Recall that by X} we denote the preannihilator of a subspace X C
B(H) in Cl-

COROLLARY 3.5. Iflimsup Ay C A then A, C lim)\inf Axl -
A

The following lemma settles the easy part of (1.1).
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LEmMA 3.6. IfAC lim/\inf Ay then limsup lat Ay C lat A.
A

Proof. Let P € limsuplat Ay and A € A. It suffices to show that (Az,y) =0
A

for all unit vectors x € PH and y € P-H. By definition, there exists a bounded
net {Ax}aea, such that Ay € Ay, Ay — A weakly, and a net {P,},ea,, where

Ao C A is a cofinal subset, P, € lat A,, P, —, P strongly. Let C' = sup ||A,],
HEAg

z,=Pux,y, = Plf‘y Then
[(Az,y)| <[((A = Ap)z,y)| + |(Auz, y)|
< (A= Az, y)l + [(Auz,y — yu)| + | (Apz, g,
<((A=A)z,y) |+ Clly — yul + [(Au(@ — 2), yu)|
+ [(Apzp, yu)| < (A= Ap)z,y)|
+Clly —yull + Cllz — -

Since A,, — A weakly we have that [((A — A,)z,y)| —» 0. Thus (Az,y) = 0,
Pelat A 1

REMARK 3.7. It is not difficult to see that the conclusion of the previ-
ous lemma is valid under a weaker condition: A C uw-closure(liminf .4y). In-
deed, we proved that (Az,y) = 0 for A € liminf. Ay. Hence this holds for
A € uw-closure(liminf Ay).

We do not know if lim inf A is uw-closed if all Ay are uw-closed. This forces
us in what follows to consider the case

(3.1) limsup A, C A C uw-closure(liminf A)),

which is more general that the condition A = li/r\n Ay. This will be important in
the proof of Theorem 3.14.

Let £, = lat Ay and £ = lat A. Given a subset N' C Proj(H), we set
Env ={(z,y) e HxH:3 PeN with Pz =2 and Py =0} ([13]).

LEMMA 3.8. Suppose that (3.1) holds and all Ay are contained in an algebra
M with the property (CR). Then &, = liin Er, with respect to the norm in H X H.

Proof. Let (z,y) € & and € > 0. By Lemma 2.2 of [13], we have w, , € A,
whence, by Corollary 3.5, w;, € liminf.4y;. Thus, for any 6 > 0 there exists
Xo € A such that if A > X then there exists fy € Axi with [|w,, — fill < 0.
Suppose that § = 6(z,y,e) of (CR2). Then fi|M = w,, 4, M with |z) —z| <e,
lyn — yll < €. Since fa|Ax = 0, we have that (xx,yx) € E,. This shows that
(z,y) € hm)\infé’gM Er Climinf&p, .

The inclusion limsup £z, C £, can be proved in the same way as Lemma 3.6. I
A

Let £ = liminf £y. It is clear that £ C Proj(H). Note that £ need not be a
lattice.
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PROPOSITION 3.9. Suppose that (3.1) holds and all Ay are contained in an
algebra M with the property (CR). Then the inclusion £z C E¢ holds. If {Ax}rea

is a downward directed net, then
Ugﬁ,\ - SZQ LJ(S'[;A =&r.
A A

Proof. Suppose that (z,y) € EE and L € £ is such that Lz = z and Ly =0.
Let Ly —» L strongly, Ly € L. Then (z,y) = li/{n(gc,\,yA), where z) = Lyz and

yr = Lyy. It is clear that (zx,y») € &z, By Lemma 3.8, (z,y) € &¢.
If {Ax}ren is a downward directed net, then {Ly}xea is upward directed

and £ = U,C,\S. Since £ C L, for each A, we have that (J&z, C €5 The fact
X X

that |J &z, = & follows from Lemma 3.8. 1
X

We next state a “one-point” continuity result. Recall that strongly closed
sublattices of Proj(H) are traditionally called subspace lattices. If £y, A € A, are
subspace lattices on H, we set

1—1im>\infﬁ>\ ={P € Proj(H) : Ve € H 3 P\ € L, X € A, with Pxx — Pz}

and
1-limsup Ly = {P € P(H) : Vo € H 3 a subnet Ay C A and P, € L,,,
A

€ Ay, with P,x — Pz}
We note that (1- limAinf L)t =1- lim)\inf Ly and similarly for 1-limsup. If £ is a
subspace lattice on H for which l—limAinf Ly = 1-limsup £, = L, we say that L is
A

a one-point limit of the net {£,} and write £ = 1- li/r\n L.

THEOREM 3.10. Let A, Ay, A € A, be ultraweakly closed algebras containing
the identity operator and contained in an algebra M with the property (CR). If
1i}\n Ay = A or, more generally, (3.1) holds, then l—liin lat Ay = lat A.

Proof. Set L =lat A, Ly =lat Ay, A € A. Let P € £ and « € H. Then
(Px,Ptz) € ;. By Lemma 3.8, there exist pairs (zx,yx) € &g, such that
(Px, Ptz) = lim(zy,yy). By the definition of the sets ¢, , there exist Py € Ly
such that Pyzy = x) and Pityy = yx. Thus |[PA\Pz — z,| = ||Py(Pz — 2| <
[Pz — x|l —a 0. It follows that PyPx —) Pz. Similarly, Pf‘PJ‘CL’ —y Ptz It
follows that Pxx —» Pz, so £ C 1-liminf L.

Let P € 1-limsup£,. Fix x,y € H with Pz = 2 and Pty = y and let
z =z +y. There exist P, € L,,, u € Ag, Ag C A, such that P,z —, Pz =z and
therefore Pf‘z —, y. Let B € liminf Ay. Then there exist Ay € Ax, A € A, such
that sup ||Ax|| < co and B = uw-1lim Ay. We then have

A

(Bz,y)

It follows that (Axz,y) = 0 for each A € A, which shows that P €lat A= L. 1

(ApPuz, Prz) =0.

= lim
nEAg
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Recall ([13]) that for a set M of projections on a Hilbert space H, the 1-
closed hull of M is M' = {P € Proj(H) : Pxr € Mz Yz € H}. The set M is
called I-closed, if M = ﬂl.

COROLLARY 3.11. Suppose that {Ax}rea is a decreasingly directed net of
ultraweakly closed algebras containing the identity operator and contained in an
operator algebra with the property (CR) and let A= (| Ax. Then

AEA
_—
lat A = U lat Ay .

A€EA

In [13], we posed the question whether every subspace lattice is 1-closed.
Corollary 3.11 shows that an affirmative answer to this question would imply an
affirmative answer to Question 2, for decreasingly directed nets.

Recall ([13]) that a set M of projections is called semistrongly closed, if the
set of all ranges of elements of M is closed as a collection of subsets in 2% (where
H is endowed with its norm topology).

COROLLARY 3.12. Under the assumptions of Corollary 3.11, lat A is the
semistrongly closed subspace lattice generated by lat Ay, X € A.

Proof. Let £y = lat Ay, £L = lat A and Ly be the smallest semistrongly
closed subspace lattice, containing lat .4, for each A € A. By Proposition 3.1 of
[13], reflexive lattices are semistrongly closed, and the latters are 1-closed. From
Corollary 3.11 we have that

1 JR—
LocL=|]Ly CLo = Lo
AEA
Thus Lo =L. 1
Let C be the algebra of compact operators on H.

COROLLARY 3.13. If, under the assumptions of Corollary 3.11, ANC is

dense in A in the ultraweak topology, then lat A is the subspace lattice generated
by lat Ax, A € A.

Proof. Let £y = lat Ay, A € A and £ = lat A. Suppose that P = Ly — L4
where Ly, Lo € Land Ly < Ly. If (ANC)PH C L1H, then (ANC)LoH C LiH and
ALyH C LyH which is impossible because A contains the identity operator. Thus
P(ANC)P # 0 for each interval P of £. By Theorem 2.2 of [15] it follows that
L is compact. Let £y be the subspace lattice, generated by Ly, A € A. Clearly
Lo C £ and thus Ly is compact. From [13], Ly is 1-closed and by Corollary 3.11,
Lo=L. 1

Let K be an infinite dimensional Hilbert space. By E(B(K)) we will denote
the space of all uw-continuous linear functionals on B(K). For each ¢ € E(B(K)),
we let L, : B(K®H) — B(H) be Tomiyama’s right slice map, given on elementary
tensors by L,(B®A) = ¢(B)A, A€ B(H), B € B(K). If A C B(H) and B C B(K)
are ultraweakly closed algebras, then B ® A will denote the ultraweakly closed
subalgebra of B(K ® H), generated by the elementary tensors B ® A, A € A,
BeB.
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THEOREM 3.14. Suppose that the algebras Ay, A € A, are contained in a
Bercovici algebra and A = liin Ay. Then lat A = liin lat A,

Proof. Let K denote a separable infinite dimensional Hilbert space. It is clear
that the algebras B(K) ® A, B(K) ® Ax, A € A, are ultraweakly closed, contain
the identity operator and are contained in B(K) ® M, which is easily seen to be
a Bercovici algebra. We claim that liin(B(lC) ® Ay) = B(K) ® A. Indeed, it is

obvious that all operators T®S where T € B(K), S € A belong to lin&inf B(K)®Ax

which implies the inclusion B(K) ® A C lim)\inf B(K) @ A " Suppose that T, €

B(K)®A,, 1 € Ay (Ao being a cofinal subset of A) and T,, —,, T for some operator
T € B(K) ® B(H). Then, if ¢ € E(B(K)), we have that L,(T,,) —, L,(T). Since
L,(T,) € A, p € Ao, and limsup Ay C A, it follows that L,(T) € A. By

A
Theorem 1.9 of [11], T' € B(K) ® A; hence limsup B(K) ® Ay C B(K) ® A.
A

Applying Theorem 3.10 and Proposition 4.2 (iii) of [13] to the algebras B(K)®
Ay and B(K) ® A, we obtain 1—li)r\n(1 ®lat Ay) =1 ®lat A. Let {e;} and {f;} be

1
orthonormal bases of IC and H respectively and let z = Z —e; ® f;. Take P €
— j

i=1
lat A. Then, for each A € A, there exists Py € lat Ay such that (I ® P)x = 11{11([@

Py)x. This means that Py f; — PJf; for each ¢ € N, and hence Py — P strongly.
In other words, lat A C lin&inf lat Ay. By Lemma 3.6, lat A = liin lat Ax. 1

The following evident consequence of Theorem 3.14 was first obtained in [12].
It is important for applications in Section 4, where only the case M =1 ® B(H)
will be considered.

COROLLARY 3.15. If {Ax}ren is a decreasingly directed net of ultraweakly
closed subalgebras of a von Neumann algebra M with properly infinite commutant

then lat A = Jlat Ay .
A

Now we apply some results of [13]. If £; and L, are subspace lattices acting
on Hilbert spaces H; and Hs, we will denote by £; ® Lo the subspace lattice on
(the Hibert space tensor product) H; @ Hs, generated by all projections of the form
L1 ® Lo, where L; € L;, i =1,2. For a subspace lattice £ C Proj(H), let conv L be
the weakly closed convex hull of L. If A € B(H) is a positive contraction, let F(A)
be the spectral projection of A, corresponding to the set [s,1], 0 < s < 1. Let also
®(L) be the collection of all positive contractions A on H such that Es(A) € £
for each s € [0, 1].

We recall some definitions from [13].

DEFINITION 3.16. Let £ be a subspace lattice and P the lattice of all pro-
jections on a separable infinite dimensional Hilbert space. We say that £ possesses
property (p), if P ® L is reflexive. We say that £ possesses property (c) (respec-
tively, (¢')) if L,(P ® L) C conv L (respectively L,(P @ L) C ®(L)) for each
uw-continuous state ¢ on B(H).
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THEOREM 3.17. Let Ay, A € A, be reflexive algebras such that lat Ay pos-
sesses properties (c') and (p) for each X € A. If A = 1i)r\nA>\, then lat A =

limlat Aj.
A

Proof. We first show that, for any ¢ € E(B(K)),
(3.2) Ly(lat(1 ® Ay)) C @(lat Ay).
Indeed, by formula (3.1), Section 4 of [13],
P ®lat Ay = lat(1 ® alglat Ay) = lat(1 ® Ay),
since A, is reflexive. Now
L,(lat(1 ® Ax)) = L,(P ®lat Ay) C ®(lat Ay)

by (¢). If P € lat. A, we have ] ® P € lat(1 ® A) and so, by Corollary 3.15,
there is a net {Qx}rea of projections such that @, € lat(1 ® Ay), Qx — I ® P.
Setting T = L, (Qx) we have T\ — P and, by the proof of the Theorem of [9],
Ey1/5(T\) —x P. By (3.2), Ey/5(Ty) € lat Ay and so P ¢ 1im/\inf1at.,4>\. Hence
lat A C liminf lat Ay. The validity of the inclusion lim sup Ay C lat A follows from
Lemma 3.6. 1

Theorem 3.17 has two immediate corollaries.

COROLLARY 3.18. Let Ay, A € A, be von Neumann algebras. If A =
1i)r\n Ay, then lat A = li)r\n lat A,.

Proof. By Corollary 4.10 and Proposition 4.17 of [13], the algebras Ay pos-
sess properties (p) and (¢’). The conclusion follows from Theorem 3.17. 1

Recall that by an Arveson algebra we mean an ultraweakly closed subalgebra
of B(H) containing a maximal abelian selfadjoint algebra of B(H).

COROLLARY 3.19. Let Ay, A € A, be Arveson algebras. If A = liinA,\,
then lat A = li;\n lat Ay.

Proof. 1t follows from the proof of Theorem 3.17 that it suffices to prove
(3.2). It was done essentially by Arveson ([1], Theorem 2.1.5). The proof was
coordinate-free in spirit but not in details. A proof of (3.2), completely released
of the separability restriction, can be found in Lemma 22.16 of [5] (there is a
difference in the formulations, but it is not difficult to see their equivalence). &

Recall that the commutant A" of a set A C B(H) is the algebra of those
operators on H which commute with all operators in A. The above results on the
continuity of Lat allow us to establish the continuity of the map A — A’ on the
class of von Neumann algebras.



ON SUBSPACE LATTICES. II. CONTINUITY OF LAT 381

COROLLARY 3.20. If A, Ay are von Neumann algebras and A = liinA,\
with respect to the bounded ultraweak convergence then A’ = liin A’ with respect

to the bounded *-strong convergence.

Proof. Any operator B € A’ is a norm limit of finite linear combinations
ZakPk with Z lak| < 4||B||, where P, € Proj(A’). Since by Corollary 3.18
k k

each projection in A’ is a strong limit of projections in A}, B is a *-strong limit of
a bounded net (By)xca with By € Aj. In other words A’ C %-strong limAinf A

Let B, € A, (1 € Ag € A) form a bounded net that converges *-strongly to
an operator B. For A € Alet A, € A, be a bounded net converging weakly to
A. Then, for all z,y € H,

((BA— AB)a,y) = (BA— A,),y) — (A— A,)Ba,y) + (Aua, (B* - BL)y)

—(Au(B = By)z,y) — 0.

Thus B € A’ that is limsup A’ C A". 1
A

4. APPROXIMATIVITY AND REFLEXIVITY

In this section we look at the equality lat (ﬂA)\) = lat AA‘ from “the reverse
A X

side”, that is, we consider the properties of the union of a directed net of lattices.
For example, the above equality implies that the strongly closed hull of the union
of a directed net of reflexive lattices is (under certain conditions) a reflexive lattice.

One of the obstacles in the work with projection lattices is that the lattice
operations are not completely consistent with the topology. In particular, the
closure of a projection lattice, even in finite-dimensional spaces, need not be a
lattice. Some interesting counterexamples and positive results can be found in the
papers of Gilfeather and Larson ([6]) and Symes ([14]).

Thus, the closed hull of the union of an increasing net of subspace lattices
need not be a lattice. This forces us to distinguish (at least) two types of “ap-
proximativity”. Let us say that a property (Pr) is approzimative, if each lattice

L with £ = |J Ly '7 where {£,} is an upward directed net of lattices possessing
X

(Pr), possesses (Pr) as well. Say that (Pr) is strictly approxzimative, if the fact that
L possesses (Pr) for each A € A implies that the subspace lattice generated by
the union of £y, A € A, possesses (Pr) as well. It is clear that if (Pr) is strictly
approximative, then (Pr) is approximative.

Note also that if a lattice £ is the (strong) closure of the union of an increasing
net {£,} of subspace lattices, then one cannot conclude that A’ ® £ is the closure
of the union of the net {N ® £}, but only that

(4.1) NeL=\/N®L,,
A
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where by \/ NV, is denoted the smallest subspace lattice, containing the union of
A
the lattices N. If the lattices N and Ly, A € A, act on the same space, then

(4.2) Nv(\/g) = \/ WV Ly.

AeA AeA
Identity (4.2) is evident while (4.1) follows from (4.2) and the identities N' ® £ =
W@V el ad V1oL, =10 (\/.cA)
PROPOSITION 4.1. Property (p) is strictly approzimative, hence approxzima-
tive.

Proof. Let {L£,} be an increasingly directed net of subspace lattices, each of
which possesses (p) and let £ be the subspace lattice, generated by their union.
Set Ay = alg Ly, A € A, and A = alg L. Then {A,} is a downward directed net
of reflexive algebras and A = (). A,. Indeed, it is clear that A C Ay for each A.

A

On the other hand, £, C lat (ﬂ.A,\) for each \, whence £ C lat (ﬂA,\). Thus
A A
N Ax Calgl = A.
A
We have

P®£QUP®£,AD =Jlat(1® 4)) =lat(1® A).
A A

The first inclusion in the above chain is obvious. The second equality follows from
the fact that the lattices £y possess property (p); indeed, a lattice M possesses
(p) if and only if P ® M = lat(1 ® alg M) (see identity (2) of [13]). The third
equality follows from Corollary 3.15. On the other hand, P® L is clearly contained
in lat(1 ®.A). We thus obtained that P ® L is reflexive, that is, £ possesses (p). 1

The next result strengthens Theorem 4.9 of [13].

PROPOSITION 4.2. Let L be a CSL, Ny and N the projection lattices of von
Neumann algebras, least one of which is injective and suppose that N commutes
with L. Then the lattice No ® (N V L) possesses property (p).

Proof. Note first that
(4.3) No@N VL) =No@N)V(1®L).
Indeed, we have that
NMo@WNVL =No®1) V(AR WVL)
=M VARIN)VARL) =N @N)V(1®L).

Since any CSL is the strongly closed hull of the union of an upward directed net
of finite lattices, Proposition 4.1 and identity (4.2) allow us to assume that £ is
finite. On the other hand, by Theorem 4.9 of [13], Ny ® NV is a von Neumann
lattice which moreover commutes with 1 ® £. By Theorem 4 of [10] and identity
(4.3), No ® (N V L) is reflexive in this case and the proof is complete.
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It will be convenient to formulate separately some immediate consequences
of the above result.

COROLLARY 4.3. (i) Every CSL possesses property (p).
(ii) The tensor product of a CSL and a von Neumann lattice possesses prop-

erty (p).
(i) If a CSL L commutes with a von Neumann lattice N, then NV L

possesses property (p).

The main result in the present section is the following.

THEOREM 4.4. Let {Lx}xen be an increasingly directed net of subspace lat-
tices possessing properties (p) and (c) and L be the subspace lattice generated by
its union. Then L is reflexive.

Proof. By Proposition 4.1, we have that £ possesses (p) and moreover, as is
seen from its proof,

PoL=JPaL,.
A
If @ € P® L, then there exist projections @y € P ® L) for each A, such that
Q» —x @ in the strong operator topology. It follows that L,(Qx) — L,(Q)
strongly, for each ¢ € E(B(K)). On the other hand, L,(Qx) € conv Ly C conv L
for each A and since conv L is strongly closed, we conclude that L, (Q) € conv L for
each p € E(B(K)). We hence have that £ possesses property (c¢). By Theorem 4.14
and Proposition 4.16 of [13], £ is reflexive. &

REMARKS 4.5. (i) From Proposition 4.1 and the proof of Theorem 4.4 it
follows that the property “(p) and (c)” is strictly approximative. Is (¢) approxi-
mative?

(ii) A less general result than Theorem 4.4, namely if we replace (c¢) by (¢),
follows from Theorem 3.17.

(iii) Theorem 4.4 extends Arveson’s reflexivity theorem for CSL’s ([1]). To
see this, we need only to check that finite CSL’s possess property (c). But, if
L is a finite CSL, every projection @ € P ® L can be written in the form @ =

Z P(E) ® E, where P(+) is a decreasing (in the sense that P(E) < P(F) if
Eca(L)
FB(H)E C alg L) projection valued function defined on the set a(L) of atoms of
L. Hence L,(Q) = Z t(E)E, where t : a(L£) — [0,1] is a decreasing function.
Eeca(L)
Writing each atom of £ as the difference of two projections in L, it is easy to see
that such a sum belongs to conv(L).

QUESTION 3. Is the tensor product of a CSL and a von Neumann lattice
reflexive? In particular, if P, is the subspace lattice of all projections in an n-
dimensional Hilbert space, is Pn, ® L reflexive for each CSL L?

For properly infinite von Neumann lattices the affirmative answer follows
easily from Corollary 4.10 of [13] and Corollary 4.3 (ii) (see also more general
results of Katsoulis ([10]) and Symes ([14]) based on the continuity theorem of

12)).
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