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ABSTRACT. Generalized Gaussian estimates (GGEs) are the main tool for the
Lp-extension of Ly-properties of elliptic operators without heat kernel, e.g. op-
erators of higher order and operators with complex or unbounded coefficients.
In this paper, we give several characterizations of GGEs which are important
for the applicability of such Lj-extension results. As an application of these
characterizations, we show a result on the spectral L,-independence of oper-
ators satisfying GGEs.
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1. INTRODUCTION AND MAIN RESULTS

A central (almost) classical tool for extending properties of non-negative
selfadjoint operators —A or, more generally, of generators of semigroups
(e)ier ., from L to L, are so-called Gaussian estimates (GEs). This means that
the e' have integral kernels k;(x, ) satisfying

d(x,
(1.1) [kt (x, )] < vrt(x)*lg(@) forallx,y € Q,t e Ry
t

and some positive radii (7¢)¢cr . Here (Q,d, i) is the underlying metric measure
space of homogeneous type, i.e.

(1.2) vy (x) < Covp(x) forallx € Q,r >0,

vy (x) := u(B(x,r)) for the ball B(x,r) around x of radius 7, and g : Ry¢p — R is
some decreasing function such that & := —log(g) is convex and lim g1f Ktt) > 0.
We will use the Legendre transform h* : R — [~h(0), o] defined by

h*(s) := supst — h(t), seR.
£20
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Indeed, numerous authors showed results of the following type: A satisfies a
given operator property on L, for all p € (1,00), provided A satisfies the property
on Ly and GEs of type (1.1). We want to mention the properties of generating
an (analytic) semigroup [12], [21], having an H* functional calculus [15], [16],
maximal regularity [10], [17], and Riesz transforms [3], [9]; many other references
can be found in the papers we already mentioned. The following result can be
seen as the “heart” of Davies’ perturbation method, a well-known and important
tool for the verification of GEs. It is therefore not really new but the role of the
Legendre transform has never been pointed out before.

PROPOSITION 1.1. Let (€2, u,d) be a metric measure space and A a set of mea-
surable functions ¢ : 2 — R such that

d(x,y) = ZUEOP(X) —¢(y) forallx,y € 0.

Let R be a linear operator having an integral kernel k(x,y) and let v > 0. Then the
following are equivalent:

() |k(x,y)| < e M= forall x,y € O

(ii) e PP ReP? |1 _co < ") forallp € A, p > 0.

Typical examples for the set Aare A = {d(x, ) : x € Q}, A= {¢p € C°(Q) :
|[V¢| < 1} (2 Riemannian manifold) and A = {(x,-) : |x| = 1} (Q c RP).
Applying Proposition 1.1 for the R; = e and I(s) = log(rPg(s)~!), where
D € R, is the standard method to verify estimates of the type

lke(x,y)| < r[Dg(Li’y)) forallx,y € O,t € Ry;
t
see e.g. [1], [8], [11]. Unfortunately, this estimate is a GE of the type (1.1) (and
thus helpful for the L,-extension of Ly-properties of A) only if (2 is of polynomial
volume growth (i.e. v,(x) < CrP for all x € Q2,7 > 0) which is a strictly stronger
condition than being of homogeneous type (1.2). Moreover, there are many im-
portant operators A whose semigroup e’/ does not satisfy GEs. This happens e.g.
for elliptic operators A of order m with measurable coefficients on RP if D > m
[2], [14] or if the coefficients are unbounded [20]. But in many of these cases A
still satisfies so-called Generalized Gaussian Estimates (GGEs) of the following
type [13], [22]:
d(x,y)

(1-3) ”XB(x,rf)etAXB(y,r,) ||Po—>qo < Ory (x)l/q07l/p0g(T)

forall x,y € Q,t > 0, and for some 1 < pp < 2 < go < oo. Note that the
GGE (1.3) for the special case (pg,q0) = (1,00) is equivalent to the GE (1.1); see
Proposition 3.6 below. GGEs allow to extend Lp-properties of A to L, for all
p € (po,qo) (which is in general the optimal p-interval!). We mention again the
properties of generating an (analytic) semigroup [13], having an H* functional
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calculus [6], maximal regularity [5] and Riesz transforms [7], [18]. Hence, extend-
ing L, (2)-properties of A to L,((2) via Proposition 1.1 requires (in general) too
strong restrictions on both (2 and A. This motivates the first main result of this
paper which is a generalization of Proposition 1.1 for GGEs of the “right” type
(1.3) on spaces of the “right” type (1.2).

THEOREM 1.2. Let (0,2, p,d) be a space of homogeneous type and A a set of
measurable functions ¢ : (2 — R such that

(1.4) d(E,F) = sup (inf¢> —sup gb) forallE,F €S
pcA F E
and for some S C A containing all balls. Let 1 < p < g < ocoandy > 0. Let R be a
linear operator and r > 0. Then the following are equivalent:
(i) we have for some/all a, B > O such that x + B = :

”XB(x,r)RXB(y,r)”pﬂq < vr(x)—zxvr(y)—ﬁe—h(d(x,y)r’l) fOT’ all X,y € ;
(ii) we have for some/all a, B > 0 such that o + p = :
||e_p¢v’;‘erﬁeP‘PHqu < ellen) forallp € A,p>0;
(iil) we have for some/all o, B > O such that a + p = y:
||)(Ev$‘erﬁpopﬂq < e MAEF)T) forallE,F € S.

Here the statement is written modulo identification of & (similarly for h*)

and h1, where E(u) := ch(bu) — a for some constants 4,b,c > 0 independent of R
and r.

REMARK 1.3. (i) Proposition 1.1 is the part (i)=-(ii) of Theorem 1.2 for the
special case (p,q) = (1,00) and («, B,7) = (0,0,0). Indeed, in this case, the parts
(i) of Proposition 1.1 and Theorem 1.2 are equivalent; see Proposition 3.6 below.

11

(ii) The implication (ii)=-(iii) of Theorem 1.2 for v = i A= {¢ €

CP(Q) 1 || Vig|lo < 1forj=1,...,m} and the simple case 2 = RP is implicitly
used in [13] where Davies verifies GGEs for elliptic operators A of order 2m on
RP. Note that our hypothesis (1.4) appears in p.147 of [13].

(iii) The same implication (ii)=-(iii) for v = % - %, A= {(x,-) : x| =1}
and Q = RP is implicitly used (for E, F =cubes in RP) in [22] where Schreieck
and Voigt verify GGEs for Schrodinger operators with singular potentials on RP.

(iv) Theorem 1.2 (in its detailed version Proposition 2.1 below) is the central
tool for the optimal extension of GGEs for real times t as in (1.3) to GGEs for
complex times z of the type

_ d(x,y)
HXB(x,rZ)eZAXB(y,rZ)||P0HQO < Urz(x)l/qo Upoc(z)g(Ty)r
forallx,y € Qand z € C; see the proof of Theorem 2.1 in [4]. This extension is of
great importance for many applications of GGEs. For example, the last estimate
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implies directly by Proposition 2.1(ii)
€241 pp—po < CoC(z) forallz € C,.

This [|e*#|,—p,-estimate is optimal for the class of operators A satisfying (1.3)
(take A = App) and crucial for the L,-boundedness of Riesz means of the Schro-
dinger group (e*4),cp; see Theorems 1.1 and 1.3 in [4].

Another application of Theorem 1.2 is the Ly-independence of the spec-
trum of operators R satisfying one of the equivalent conditions (i),(ii),(iii) (for
v = % - %). For (p,q) # (1,00), the first result in this direction is in [22], fur-
ther contributions may be found in [13], [12], [19], [20] and the literature cited in
these works. We take the opportunity to give the following result which extends
several of those we just mentioned. Moreover, the proof shows a nice interaction

between the different parts of Theorem 1.2 (and Proposition 2.1 below).

PROPOSITION 1.4. Let (2, u,d) be a space of homogeneous type and 1 < p <
g < oo. Let R be a linear operator and r > 0 such that

(L5) X8 R lpog < 0r(x) VIV Peh@E0 g gl 2,y € 0.

Then R € £(L,(Q)) forall u € [p, q], and the spectrum of R on L, (Q2) is independent
ofu e [p,gl-

As usual, on L (£2) one considers the unique w*-continuous extension of
R. By the spectral mapping theorem, Proposition 1.4 yields spectral L,-indepen-
dence also for generators A of analytic semigroups (e/4),cg, satisfying GGEs.

COROLLARY 1.5. Let (02, u,d) be a space of homogeneous type and 1 < p <
po < g < oo. Let (e')cr, be a bounded analytic semigroup on Ly, (Q) such that

_ d(x,
HXB(x,rt)etAXB(y,rt) Hpo—ﬂo < Urt(x)l/q Upc?(%) fOT all Xy € O, te R+'

Then, for all u € [p,q), u # oo, the semigroup (etA)te]R+ is bounded analytic on L, (2),
and the spectrum of A on L, (Q) is independent of u € [p,q], u # oo.

Proof. Letu € [p,q],u # oo. Then (etA)te]R+ is bounded analytic on L, (£2)
by interpolation; see e.g. the arguments in [13], [21]. Hence the spectral mapping
theorem o(e!4) \ {0} = e/(4) holds on L, (Q). But ¢(e'4) on L, () is indepen-
dent of u by Proposition 1.4. &

Detailed examples of elliptic operators A whose semigroup (e'4) satisfies
GGEs are given in [22], [13], [19], [20] and summarized e.g. in [6], [4] where oper-
ators of the following types are discussed: higher order operators with complex
coefficients, Schrodinger operators with singular potentials and (more generally)
second order operators with real and singular lower order coefficients.
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2. MODIFICATIONS OF THE MAIN RESULT
For arbitrary spaces of homogeneous type (i.e. without condition (1.4)), one
obtains the following version of Theorem 1.2.

PROPOSITION 2.1. Let (€2, ,d) be a space of homogeneous type. Let 1 < p <
g < ooandy > 0. Let R be a linear operator and r > 0.
(i) The following are equivalent:
(1) We have for (u,v) = (p,q) and some a, p > 0 such that « + p = «y:

123 ery R o < 00(x) 0, () Pe(d(x,p)rY)  forall x,y € Q.
(2) We have for (u,v) = (p,q) and some a, B > 0 such that o« + p = 7:
8,08 RO} x8, llu—o < g(d(By, Bo)r™")  for all balls By, By C 2.
(8) We have for (u,v) = (p,q) and some a, B > 0 such that « + p = 7:

<o (x) @ Plg(k) forallx € O,k e N.

||XB (x,1)

In (1), (2), and (3), one may replace “for (u,v) = (p,q) and some «, B > 0 such
that x + B = 'y " equivalently by “forall p < u < v < gandall &, B > 0 such that
1,1 _1_ 1~
&+ :8 T = q [

p
(ii) If (1) holds then we have for all p < u < v < gand all o, B > 0 such that

1,1 1 1,
a+p—vr=y i

05RO} o < Co ¥ (k+ 1) g (k).

k=0
Here the constants Cyp, Ag = 0 are mdependent ofu,v,,and R, v, g.
(iii) If (1) holds for v = < — = then ,forallu € [p,q], we have R € £(L,(Q)) and
sup ||epd<x")Re*Pd<x" = Rljlyusu — 0 for p\, 0.
xeQ
Here A(x,r,k) denotes the annular set B(x, (k + 1)r) \ B(x,kr). The state-
ment (i) is written modulo identification of ¢ and g, where g(u) := ag(bu)® for

some constants a,b,c > 0 independent of R and .
Note that d(B(x,r), A(x,r,k))r~! € [k — 1,k + 1], i.e. the conditions (2) and
(3) are of a similar type as condition (iii) in Theorem 1.2.

3. PROOFS

Recall that the function h : Ryg — R is convex, hence (h*)* = h by the
Fenchel-Moreau theorem. We extend / to R_ by setting h(—t) := h(0),f > 0. This
extension is convex since / is increasing on R>.
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We use the symbols < and = to indicate domination up to constants inde-

pendent of the relevant parameters. The symbol ~ indicates the validity of < and
.

Proof of Proposition 1.1. Since the operator R has integral kernel k(x,y), the
operator e ??Ref? has integral kernel (x,y) — e P?X)k(x, y)ef?W).
(i1)=-(i): We obtain from (ii) that

Ik(x, y)[e?@W—2() < ) forallx,y e Q,¢p € A,p > 0.
Optimizing with respect to ¢ € A yields
k(x,y)| < " N=pdxy)  forall x,y € Q,p > 0.
Finally, optimizing with respect to p > 0 yields
Ik(x,y)| < e @) — o=hdx)r™)  forall x,y € Q.
(i)=(ii): We have forall ¢ € A,p > 0:
e P?ReP?||; o = sup e PP(x) ‘k(x,y”ew(y)

Xy

< sup oPd(xy) o —h(d(xy)r ") [by (i)]
Xy

< supef ) = er) -y
=0

For operators R without integral kernel, an adaptation of the above proof
(if)=(i) yields the following.

REMARK 3.1. Let (2,2, u,d) be a metric measure space, E,F € 2 and A a
set of measurable functions ¢ : (2 — R such that

d(E,F) = sup (inf4> - sup4>>.
pcA F E
Let1 < p,q < oo, let R be a linear operator and r > 0 such that

le*?Ref?||, . < ") forallg € A,p > 0.

Then [|xeRr|lp—q < e @ED)

Proof. By hypothesis, we have forall ¢ € Aand p > 0:

IXERXEp—q < 11€P? L. (g)lle PP ReP?||pglle |1 (p)
< ep Supg ¢eh(Pr)e*P infp (P

Optimizing with respect to ¢ € A yields for all p > 0:

IXERXFllp—q < oli(or)—pd(E,F)

Optimizing with respect to p > 0 yields:

fh#(d(E,F)rfl)'

IXERXFllp—q < e 1
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LEMMA 3.2. Let (2, u,d) be a space of homogeneous type. Then there exists a
constant Cy > 0 such that

B(x,1)|

C1 | <Cy forallr>0,xe Q,y e B(x,r).

By S e Bl

Proof. This is clear since |B(x,r)| < |B(y,2r)| < Co|B(y,r)| ify € B(x,7). 1

We will use the following notations:

Nprf(x) := 1B PN fllL, B
Nparf(x) := 1B FllL, (Beer)-
LEMMA 3.3. Let 2 be a space of homogeneous type, 1 < p < g < ooandr > 0.

Np,rf( ) < Ny f (%)

CUIflp < INpefllp < Cullfllp-
(111) Let 1 < u < v < oo besuch that 1 —|— T=3 + 2. Then |Npgrfllo < Cillfllu-

In (ii) and (iii) the constant Cq is zndependent of r> 0.

Proof. (i) follows directly from Holder’s inequality.
(ii) A simple calculation using Fubini’s Theorem shows || f||, = || Ny, fl|, for

Ny = ([ 1w ))|)””.

B(x r

the

But on the other hand we have C(; pNWf(x) < Np/,f(x) < C(l)/pNWf(x), where
Cy is the constant in Lemma 3.2.
(iii) Note that we have for K, (x,y) := |B(x,7)] *p/WXB(x,,) (y):

Npqrf(x)F = /Kr(x,y)lf(y)lpdy:Kr(Iflp)(X)-

0]

On the other hand, we have [|Ky(x, -)[|4/p, [|Kr (-, x)[l4/p < Co for all x € (2 and all
r>0:

1K (x, ) lg/p = |B(x,7)~ P/q( / 1dy)p/q 1

B(x,r)

14 \P/1
1K) lgrp = (] 1B dy) ™ <G [by Lemma 3.2].
B(x,r)
Hence the assertion follows from a standard Young-type argument:
1/
1N fllo = 1K) < KAlaspospll L1 lusp) 7

1/
<Co" Ml fllu- u
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LEMMA 3.4. Let (2 be a space of homogeneous type and p, pg,q € [1,00]. Then
we have for all linear operators R, S and all r,s > 0:

IRS[p—q < CO/HRXB(z,r)Hpoﬂq||XB(Z,S)S||PHP0|B(ZrT/\S)|_1dz
0

The constant Cy is independent of R, S and 1, 5.

Proof. Denoting t := r A5, we can estimate in the following way:

(1 RSf) = (R'g,Sf) = [ (Rg)(x) [ oo (0)dzen(x) (S5 (x)dx
(0]

0

= /<ngfXB(z,t)v;15f>dZ [Fubini]
Q

< ||g||q//”RXB(z,t)||P0Hq||XB(z,t)v;15f||PodZ
0

= ”qu’ / HRXB(z,r)Hpoﬂq||XB(z,t)Sprovi(Z)71dZ [t < r, Lemma 3'2]
0

<18l Il [ IRXse ol s Sl Tz [ <sL
0]

Proof of Theorem 1.2. We will use condition (3) of Proposition 2.1 in the proof.
We will show the following implications:

(ii) = (iil) = (i) = (3) = (ii).

(ii)=>(iii): This implication follows directly from Remark 3.1, applied for /*
p

and v} Rv, instead of h and R. From now on we suppose that (2 is of homoge-
neous type. In particular, (2 is of some dimension D > 0, i.e.

(3.1) op(x) < CAPo,(x) forallx € Q,A > 1,7 > 0.

(iii)=-(i): This implication can be seen as follows, using in the second step that
d(B(x,r),B(y,r)) > d(x,y) — 2r and k is increasing;:

X8 RXB(y lp—q ~ HXB<x,r) (U:)(rx) )“R ( U:](g/) )ﬁXB(w) -

< vy (x) Yo, (y) Pe My -2) [by (ii)].

[by Lemma 3.2]
q
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(i)=(3): This implication can be seen as follows:

HXB(x,r) RXA(x,y,k) ” p—q

= / ||XB(x,r)RXB(y,r) ||Pﬂq ”XB(y,r)XA(x,r,k) HPHPUT (y)ildy [by Lemma 3‘4]

< or(x) "0, (y) P e My [by ()]
B(x,(k+2)r)\B(x,(k—1)r)
< vp(x) e MK / o, (y) P dy [ is incr.]
B(x,(k+2)r)
< v, (x) @ HPl ) (4 1)P(B+D) [by Lemma 3.2 and (3.1)].

(3)=(ii): Leta,p > Osuch thata + B = 7. Fix ¢ € A,p > 0,& > 0 and define
-1
w(x) = e PP, Denoting « := (% + 77— zx),qo = (% +9—-—a— [3) S =

e ehk=2) _eth(k=1) > 0,hy(s) := (1 — &)h(s) we will show at first the following
claim:

1/
Nq,(wv“Rvﬁ _1f) = e20r+1f (pr) ( E bk (N o.d0r k)P ) p.
Indeed, this is obtained as follows by making double use of E;g < ePdy):;

Nq,r(wv”‘erﬁw_lf)(x)

= o |

q
< vy (x)* At Z HXm, )Or
k=0
10 = w
< 0 (x)" 1/q=7gpr Z e h(k)HXA xrk)vrﬁLfH [by (3)]
k=0 w "l
<o () Ve Y e MOk er ol f

k=0

< vr(x)”‘_l/q‘VeZpr(sup ekpr_hl(k)) Y e b ||XA(x,r,k)vEf”P

k>0 k=0
o0 1/
< Ur(x)a—l/q*7e2pr+h‘f(m)< Z ka)(B(x,k,)UﬁfH§> ¢ [summ. by parts]
k=1
o B 1/p
< 20r+h(pr) ( Y bek¥|B(x, kr)| p/qOHXB(x,kr)fng) [by 3.1)].

k=1
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Now the proof of (ii) can be finished as follows:
e 2 ot Rofw ™ f]]

~ e*ZPV*h’f(PV) ||Nq,r(wvﬁ‘Rv§w71f) llq [by Lemma 3.3(ii)]

= (X b Mpases?) |, [by claim}

o0 1/p
< ( Z bkkKHNp,qo,ka“g)
k=1

1/
= ( Y bk f II,?) ' [by Lemma 3.3(iii)]
k=1
2 fllp-
Proof of Proposition 2.1. (ii) Let p < u < v < gand «,f > 0 such that a +

B—v= %+ % - % — %. Denoting « := Dp(%Jr'y—tx),/\o = max(x —1,0),K :=

% -1
Y (k+1)g(k),q0 = (% Fy—a— ,B) by := g(k — 1) — g(k) > 0, one obtains
k=0

as in the first part of the implication (3)=(ii) in the proof of Theorem 1.2 (for

p=0iew=1):
/ ad 1/P
Ny (@8 ROEF) < KV (3 bk (N g o))
k=1

Now arguing similarly to the second part of the implication (3)=-(ii) in the proof
of Theorem 1.2 yields

’ d 1/P
fofRof fllo = Ny (@3ReEF) o = KVP' (1 0k) Il = Kilf
k=1

(i) We denote by (1'), (2'), (3’) the “for-all-versions” of the conditions (1), (2), (3).
Note that the implications (1")=-(1), (2)=(2) and (3")=(3) are clear. The implica-
tions (2")=(1") and (2)=-(1) are obvious since d(B(x,r), B(y,r)) > d(x,y) — 2r and
g is decreasing.
-1/2

(3)=(2"): By (ii), applied for g (M — 2) XB,Rxp, and gl/ 2 instead of

R and g, it suffices to show
1/2

1XB (2, XBy RXBy X A, ) I p—g < v,(x)‘"Yg( .

Since g is decreasing, the latter is direct from (i) once we show

B(x,r) N By, ByNA(x,1,k) # D =k > @ iy

Hence suppose a € B(x,r) N By and b € By N A(x,r,k). Then
d(By,By) < d(a,b) <d(a,x)+d(x,b) < (k+2)r.
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(1)=(3’) and (1)=(3): Since v;(x) < v(112),(z) < C(I + 2)Pv,(z) whenever z ¢
A(x,r,1), we can estimate as follows:

IXB(xr) RX A,k
= / HXB(x,r) RXB(z,r) Huﬂv HXB(Z,r)XA(x,r,k) ||MHMUV (Z)ildz [by Lemma 3'4]

< / 0, (x) "0, (2) P lg(d(x,2)r 1)dz [(1") resp. (1)]
(x,(k=1)+7)
<o Y [ 042 Po w0 - 2
lz[k’”*A(x,r,z)
<o) DY (142)PE g1 2) = o () g0k
I=[k—1]+

(iii) First observe that R € £(L,(Q)) for all u € [p,q] by (ii). Letp > 0,x,y € Q
and denote ey := e??(x) Then

Ny (epyRe_py — R)f(x)
< Nyr(epye—py(X)R(epy(x)e—py —1)f)(x) + Nor((epye—py(x) — 1)Rf) ().
We estimate the first term on the right hand side where we use
epye—py(X) <epx and |epy(x)e—py — 1] <epx —1

which follow from the triangle inequality. Our assumption yields

Nq,r(ep,ye—p,y(x)R(ep,y(x)e—py —1)f)(x)

< e, (x)" VP Z SR X Ak (eo(x)e—py — 1)l
< efo,(x) /P Z gk (M — 1) | xp (k1) flp
< Y 4 ()N, (1) f (%) [dim. D],

where ay(p) := e g (k) (k 4+ 1)P/P(eP(*+1) _ 1), The second term on the right hand
side is easier to estimate. We use |e, 6o (x) — 1| < epx — 1 again and obtain

Nyr((epye—py(x) = RF)(x) < (e — 1)NyRf (x)
< (=1 Wngm“MM
ﬁim@wmmm> dim. D],

k=0
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where b (p) := (e — 1)g(k)(k + 1)P/P. Putting everything together, we deduce
forallu € [p,q]:

I (ep,yRe,p,y —R)fllu ~ HNulr(ep,yRe,p,y —R)flu [Lemma 3.3(ii)]
< |[Ngr(epyRe—py — R) fllu [Lemma 3.3(1)]
=

(ak(P) + bk(P)) ||Np,(k+l)eru

o~
Il
o

I\
[1e

(@x(0) + br(0)) [INw, k12 f [Lemma 3.3(i)]

T
(e}

2
agk

(@ (o) + b)) I f llu- [Lemma 3.3(ii)].

T
o

~—

Finally, note that }_(ax(p) + bx(p)) — 0 for p ™\, 0 by dominated convergence and
k

the growth conditionon g. 1

We quote a lemma ([19], Lemma 9) which, for linear operators, reduces the
proof of bounded invertibility to a problem of boundedness. Let E, F, G be Haus-
dorff spaces with E,F — G such that EN F is dense in both E and F, and let
D C ENF be dense for the initial topology induced by the embeddings ENF — E
and ENF — F.

LEMMA 3.5. Let Sg : E — E and Sp : F — F be continuous mappings that
coincide on D. Assume that Sg is continuously invertible and that the restriction of
(Sg)~! to D extends to a continuous mapping T : F — F. Then S is continuously
invertible, and (Sp)~! = T.

Proof. Since D is dense in ENF and E,F — G, we have Sp = Spon ENF

and (Sg)~! and T coincide on ENF. Hence TSy = SrR = Id on ENF. The
density of EN Fin F yields the claim. 1

Proof of Proposition 1.4. By hypothesis (1.5) and Theorem 2.1(ii), we have R €
L(Ly(Q)) for all u € [p,q]. We fix s,u € [p,q], assume that A € pr (R) and
have to show that A € p; (R). By Lemma 3.5 this amounts to showing that
(A — R)_1|Loo,c(0) € £(L,(Q)). We consider only the case s < u, the other case
s 2 u can be seen by simple modifications of our arguments. If A # 0 then

A=R)1=AT+AIRA-R)?

by the resolvent equation, hence it remains to prove S := R(A — R)~! € £(L,(Q)).
Since u € [s, q], it suffices to show for some & > 0:

(3.2) ||efpd(x,vv;/sfl/qsepd(x,.)

ls—g <C forallx € Q,p € [0,¢].

Indeed, the latter means ||e‘P‘Pv:/S_1/qSeP¢||SHq < &M for all pe Ap =0

and for A := {d(x,-) : x € Q},hy(t) := ert — C (i.e. h¥(pr) = o0 - X(e00)(P) +C),
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which implies S € £(L,(Q2)) by Theorem 1.2(ii)=(i) (for S = set of balls in )
and Proposition 2.1(ii). We factor the LHS in (3.2):

|‘e7pd(x/)U}/Sil/qSepd(xl) ||S—>q

< Hefpd(xf)Ui/sfl/qRepd(x,-) HSA{quipd(x'.) ()L _ R)flepd(xf) ||s—>s

(3.3) — ||e*Pd(Xw)vi/sfl/‘iRepd(x,-) lls—qll (A — epd<x,~)Refpd(x,-))fl lomss -

The first term in (3.3) can be estimated uniformly in x € (2 as follows:

”e—pd(x,-)U}/S—l/qRepd(x;) HSHq
< el tn forall =0 [by hyp. (1.5), Prop. 2.1, Thm. 1.2]
<C forallp € [0, [by growth cond. on h].

The second term in (3.3) is uniformly bounded in x € 2 and p > 0 small enough
since (A — R)~! € £(Ls(Q)), inversion is continuous on the open set of bounded
invertible operators on Ls(2) and

sup [P ) Re=PH¥) _ R||s_s — 0 forp \, 0
xe

by hypothesis (1.5) and Proposition 2.1(iii). If A = 0 we simply write R~} =
R((—R)~1)? and argue as before. &

Finally, we prove the equivalence of GGEs for the special case (po,q0) =
(1,00) and GEs. It has already been shown in Proposition 2.9 of [5]; we give the
proof for the sake of completeness.

PROPOSITION 3.6. Let (€2,d, u) be a space of homogeneous type, R € £(L1((2),
and Lo (Q)) have the integral kernel k € Loo(Q?). Furthermore, let g : R>o — Rsg be
a decreasing function and r > 0. Then the following are equivalent:

(i) for all x,y € O we have

_1(d(x,
”XB(x,r)RXB(y,r)”lHoo < vr(x) lg( ( r ]/) );
(ii) for all x,y € Q we have
1, (4% y)
1
kG, y)| < o) g (T2,

Here the statement is written modulo identification of g and g, where g(s) =
Cg((s —2)4+) and C is the doubling constant from (1.2).

Proof. (ii)=(i) We fix x,y € (2 and observe that the operator xp(y,) Rxp
has the integral kernel

yr)

(u,0) — XB(x,7) (u)k(u, Z))XB(y,r) (0).
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Hence we can estimate as follows:

”XB(x,r)RXB(y,r) 100 = Su% XB(x,r) (u)[k(u,v) |XB(y,r) (v)

u,ve

d(u, ..

< sup sup vr(u)*lg(M) [by (ii)]
ueB(x,r) veB(y,r) r

< vr(x)—l§<d(xly)

- ) [d(x,y) < d(u,0) +2].

(i)=(ii) A reformulation of (i) is the following;:

d(x,y))

Sup p ) (1) k(11,2) () () < 0r(x) g (5

u,ve)

for all x,y € Q. Applying this for u = x and v = y yields

()l < o) g (AE)

r
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