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ABSTRACT. This paper is a continuation of our study [9], [3] of quasinilpo-
tent operators in which we obtain some new hyperinvariant-subspace the-
orems for such operators. We also prove a structure theorem about certain
quasinilpotent operators and reduce the hyperinvariant subspace problem for
quasinilpotent operators to a special subcase.
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1. INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert space, and de-
note by £(H) the algebra of all bounded linear operators on H. In [9] and [3] we
modified and extended a technique introduced by P. Enflo in [1] involving some
“extremal vectors” to produce a nontrivial hyperinvariant subspaces (n.h.s.) for
some quasinilpotent operators in £(H). In this paper we introduce a different
construction that leads to the existence of a n.h.s. for some additional classes of
quasinilpotent operators. In particular, if Q € L(H) is a given quasinilpotent
operator, we consider two sequences of projections associated with Q that con-
verge in the weak operator topology (WOT). In certain cases it can be shown that
one of these sequences has a subsequence that converges in the strong operator
topology (SOT), and in these cases we get a n.h.s. for Q. In Section 4 we prove a
modest structure theorem for a special class of quasinilpotent operators. Finally,
in Section 5 we show, using techniques from [5], that the general hyperinvariant
subspace problem for quasinilpotent operators in £(H) can be reduced to a sub-
class that is perhaps more amenable to study. In particular, this produces a new
structure theorem for quasinilpotent operators (Theorem 5.6) that may be useful
in the future.
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2. THE MAIN CONSTRUCTION

As usual, N (Np) will denote the set of positive (nonnegative) integers, and
Z the set of integers. The ideal of compact operators in £(H) will be denoted
by K, and the Calkin map L(H) — L(H)/Kby n. If T € L(H), the spectrum,
point spectrum, and essential (Calkin) spectrum will be written as /(T), o}, (T),
and o (T), respectively, and r(T) will denote the spectral radius of T. As usual,
|IT||e and re(T) will denote the essential norm and essential spectral radius of T.
Finally, we write {T}' = {S € L(H) : ST = TS} for the commutant of T. The
main construction will be presented in several steps, in only the last of which the
quasinilpotence of the operator plays a role.

2.1. DEFINITIONS AND NOTATION. Let T ¢ Cly be an arbitrary quasiaffinity
(i.e., ker T = ker T* = (0)) in L(H) such that ||T|| = 1 (a harmless normalization),
and let E(be the spectral measure associated with the operator T"T*", so

@.1) THT* — / AE™, neN,
0.2
and define
@2 EW=EM(0,A]), EY=E"(0A), 0<A<|T: neN

Moreover, fix an arbitrary 0 < 6 < 1 and an arbitrary unit vector x¢ in X, and
define

(23)  Aw=Au(T,0,x0) = inf{A € [0, |T"7] : |[E™([0,A])x0l > 6}, neN.
Then A, > 0 for n € N (since ker(T*") = (0)) and the space
My = (I — E")YH = EOD (A, | T"PDH, neN,

is a reducing (spectral) subspace for T"T*" such that T"T*"|M,, is an invertible
operator. Thus there exists a unique x, € M, such that

2.4) T"T"xy = (I —EM)xg, neN

namely,

(2.5) Xy = < / %dE(”))xo, n € N.
A 1 T"]2]

We define

(2.6) yn=T"xy, zy= E/(\Zill)xo, n €N,

and fix an arbitrary contraction S in {T}'.
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LEMMA 2.1. With the notation as above, for each n € N we have:
() lxo = Tyall = IE{xoll < 6 < 1;
. 1
(ii) (zn, x0) = HEE\ZL )xOH2 > 0%
(iii) lim sup (A,) /" < #(T)>2.
n
Consequently, if T is quasinilpotent, then (A, )'/" — 0.
LEMMA 2.2. With the notation as above and S any contraction in {T}', we have:
@) [(ST"Yn, T 2n)| = [{Syn, (T*)"zi)| < Nyl [(T*)" 2| < (A /An)'2;
X 1
W) (8 (13 = EX)xo, T'EY T D0)| < (Auya/A0)V/2.

Proof of Lemmas 2.1 and 2.2. All of the projection valued functions A — Eg")
and A — E/(\n_) are clearly monotone increasing (i.e., non-decreasing) and Eg\n_) <
Eg\") forall A € [0,]|T"||?] and n € N. The conclusions (i) and (ii) are consequences
of the fact (cf. [6]) that spectral measures are inner and outer regular, and, as noted
above, since T" is a quasiaffinity, A, > 0 for n € N. Also (iii) is a direct conse-

quence of the fact that A,, < || T"||>. Furthermore, in (iv) only the last inequality
needs proof, and it follows from (2.6) and the calculation

lyal /(T zal|? = (T" T, 200) (T"H(T*) " 20, 21)

(T
:( / de;;)xO / AdEx’gj;[}

(A1 T12] [0.A 1]
1 n+l
/ dEXO X[) n-l—l / dEXO X0
[/\n,HTnHZ] (0,An41]
/\n+1
S, "€ N,

(n)

where Ey, y, is the measure on [0, || T"||?] defined for every Borel set B C [0, || T" 2]
by

27) EWk, (B) = (E™ (B)xg, x0), n €N,
Finally, (v) is just (iv) rewritten using (2.4) and (2.6). &

To continue we need the following elementary and well known lemma.

LEMMA 2.3. If {A, }yen is any sequence of positive numbers, then there exists a
subsequence {n,, } of N such that

(2.8) limsup (M) < lim igf(/\n)l/”.
n

m m

We continue with the basic construction in the form of another lemma.
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LEMMA 2.4. With the notation as established above, let T ¢ Clyy be a quasiaffin-
ity of norm one. Then there exists a subsequence {n, } C N such that (2.8) holds and the
sequerices {E(Anf”)}meN and {Eﬁ?’ﬂ)}mew of projections from (2.2) and (2.3) converge
in the weak operators topology (WOT) to positive semidefinite operator Py # 134 and
Py # 0, respectively. Moreover, if we define

sm= (1yy — E%’Z))xo, tm = T*Eg\'z:’lfl)xo, me N,

then the following are valid:

(A) the sequences {sm } men and {ty }nen are weakly convergent to the nonzero vec-
tors (194 — Py~ )xo and T* Pyxg, respectively, and

(B) the inequality | (Ssy, tm)| < lim irr}f(/\n)l/z” is valid.

Proof. Using Lemma 2.3 and the compactness of the closed unitballin £(H)
in the WOT, one can easily obtain, by dropping down to three successive sub-
sequences, a subsequence {n,} of N such that (2.8) holds and the sequences

{ E(A}ZTZ) }men and { E/(\Z’r'r’:ll) }men converge in the WOT to P, and Py, respectively.
The fact that (1y; — P, )xo and Pyxg are nonzero is a consequence of the inequali-

ties (i) and (ii) of Lemma 2.1. Finally, (B) is a consequence of (2.8) and (iv) and (v)
in Lemma2.2. 1

The results obtained in [9] and [3] followed from Corollary 3.3 in [3] (and
its earlier version in [9]). To see that the present construction yields those same
results, we immediately establish that corollary. Here, for the first time, the
quasinilpotence of the operator under consideration comes into play.

COROLLARY 2.5 ([3], Corollary 3.3). With Q a quasinilpotent quasiaffinity of
norm one in L(H) and the notation as in the above lemmas, let { Ay, } and {By, } be
any doubly indexed sequences of contractions in L(H). Then

lir£n<Q”"' Ak mYnm Q2n,) =0, keN,
and o
1 " nm * —
11$<(W)Bk,mg Y, Q znm> =0, keN.
Proof. We have

A 1/2
Q™ Aty Q" 2z )| < i I11(Q7)™ 2, || < (Z22)
Nm
from Lemma 2.2, and, similarly,
Qnm " " ‘ #\11 )\1’1 +1 1/2
_— m < m < [ ZmT2
(e ) B @ @2 )| < N 1(Q°) "z < (S22 )

so the result follows from the fact that the sequence {A,,,+1/An,, }men converges
to zero. 1
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3. HYPERINVARIANT SUBSPACES

We now begin to use the above construction to obtain some new hyperinva-
riant-subspace results for quasinilpotent operators in £(H). In all that follows,
the notation (Q) will consistently be used to denote the set of all nonzero quasi-
nilpotent operators in £(H). What makes this technique (and its predecessor
from [1]) useful is that sometimes one of the sequences of vectors from (A) of
Lemma 2.4 can be made to converge strongly.

THEOREM 3.1. Suppose that Q € (Q) and note that, without loss of generality,
we may suppose that Q is a quasiaffinity of norm one. With the notation as established in
Lemma 2.4 above, if either of the sequences of vectors {sm } or {t;, } has a subsequence that
converges strongly (which will certainly be the case if either of the sequences {EE\T’”) Ymen
or {Eg’;m :1) Ymen has a subsequence that converges in the SOT), then the operator Q has

anh.s.

Proof. One knows that if {uy },cn and {v, },cn are sequences in H converg-
ing weakly to ug and v, respectively, such that {(u,,v,)},eny — 0 and either
{un}nen or {vn}pen converges in norm, then (ug,vg) = 0. Therefore, since Q
is quasinilpotent, by using the subsequence {1, } from Lemmas 2.2 and 2.4 and
Lemma 2.1(iii), one gets immediately that

<S(1H — PO_)X(), Q*PQX()> =0,

for every contraction S from {Q}’. This shows that ({Q}' (13 — Py )xp)~ is or-
thogonal to the nonzero vector Q* Pyxy and thus is the desired n.h.s. for Q. 1

COROLLARY 3.2. Suppose that Q € (Q), ||Q|| = 1, and with the notation as
(nm)

in Lemma 2.4, either some subsequence of the sequence {1y, — E An

}men or some sub-

n . . . .
sequence of the sequence {EE\ m) }men is monotone increasing or monotone decreasing.
hm
Then Q has an.h.s.

Proof. One knows that monotone sequences of projections converge in the
SOT. 1

THEOREM 3.3. Suppose thatQ € (Q) and that there exists a finite dimensional
subspace M # (0) of H that is invariant for (equivalently, reduces) each member of the
sequence {Q"Q*"},en. Then Q has a n.h.s.

Proof. Without loss of generality we may suppose that Q is a quasiaffin-
ity of norm one. By the spectral theorem, M reduces all of the projections that
are values of any of the spectral measures E ("), Thus we choose a vector x in
M and observe that each vector s, (from Theorem 3.1) belongs to M. Since M
is finite dimensional, the convergence of the sequence {s; }en to (13 — Py )xo
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coming from Lemma 2.4 is norm convergence, and the result follows from Theo-
rem3.1. 1

COROLLARY 3.4. Suppose thatQ € (Q) and that the operators in the sequence
pp P q
{Q"Q*"}, e have a common eigenvector xq. Then Q has a n.h.s.

Proof. Take M = Cxg in Theorem 3.3. 1

This result solves Problem 4.1 of [3]. We will reconsider quasinilpotent op-
erators with this property in Section 4.

THEOREM 3.5. Suppose Q € (Q) is such that Q*Q has a cyclic vector and Q*Q
commutes with QQ*. Suppose also that some Q0 Q*%0 has an eigenvalue of finite multi-
plicity. Then Q has a n.h.s.

Proof. Without loss of generality we may assume that Q is a quasiaffinity of
norm one. It follows from Proposition 3.4 in [12] that the sequence {Q"Q*"},cn
consists of mutually commuting operators and the finite dimensional eigenspace
of Q" Q"0 is a n.h.s. for QX0 Q*%0, and thus reduces all the commuting operators
Q¥Q** k € N. The result thus follows from Theorem 3.3. i

REMARK 3.6. Note that to apply Theorem 3.5, it is not necessary that the
eigenvalue of Q¥ Q*%0 of finite multiplicity be an isolated point of o(QfQ**0).

The following construction shows that we are not operating in a vacuum,
i.e., that there are operators in (Q) other than weighted unilateral or bilateral
shifts to which the above results may apply. Let ((0,1], B, #) be the measure
space consisting of Lebesgue measure on the Borel subsets of the half-open unit
interval, (0,1], and let « € (0,1) be irrational. Consider the invertible, ergodic,
measure preserving transformation T, on ((0,1], B, ) defined by
[ x+a x € (0,1—aqa],
Ta(x) = { x—14+a xe€(1—-a1];
write T,,Ek) for the k-fold composition of T, with itself, and recall the following
result [13].

PROPOSITION 3.7 (Weyl). Suppose ¢ : (0,1] — (0,1] is Riemann integrable,
and « € (0,1) is irrational. Then the sequence of functions

n—1
(0 =2 Y (poTi) (), xcO1 neN,
k=0

1
converges uniformly on (0,1] to the constant function [ ¢dy .
0

For « € (0,1), let U, € £(L*(0,1], B, ) denote the unitary operator de-
fined by

(Ueg)(x) = g(Tu(x)), g€ L*(0,1],x € (0,1].
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Moreover, for ¢ € L®((0,1], B, 1), let M, € L(L?(0,1], B, 1) denote, as usual, the
operator of multiplication by ¢.

THEOREM 3.8. Suppose « € (0,1) is irrational, ¢ is a homeomorphism of (0,1]
ontoitselfand [ In@du = —oo. Then the operator Q = MUy, in L(L*(0,1], B, p) is
01]
quasinilpotent and has the property that the sequence { Q" Q*" },en consists of mutually
commuting operators.

Proof. An easy calculation shows that
QQ" = M,
and a somewhat tedious calculation shows that, with i = goz,

n *n o __
QUQ™ =M, o) (po1@ ) (porin Dy HENS

and

||Q7’1H = || (pOT ) qOOT )) ”((POTDE”*U)H
— lgp(9oT) (9o T -+ (9o T ™) e

Thus {Q"Q*"},en consists of mutually commuting operators. Moreover, since

¢ is a homeomorphism of (0,1] and for each k € N, T,,Ek) has both right and left
hand limits at each point x € (0,1) and one-sided limits at 0 and 1, the product

P(@poT)(@poTP) - (9o T V)
has these same properties. Thus, for each n € N, we may choose x, € (0,1] so
that

lim ¢(x)((¢o Tw)(x)) - (9o T" () = 9p(9oT) - (9o T V) .

X—Xp

To show that Q is quasinilpotent it clearly suffices to show that
1 ny
lim - In | Q"] = ~oo
or, equivalently, that
@1)  timsup { in Jim {p(x)((po T)(x)) -+ (9o T ) (1))} } = oo,
n—oo n

But the left hand side of (3.1) is clearly equal to

. 1 n—1
lim — Zln{(gooT,,Ek))(x)}}.

k=0

X—xn N

(3.2) lim sup {

n—oo

Let M be any positive number. It suffices to show that there exists N; € N such
that foralln > Ny and all x € (0,1],

len{ (poTHF)(x)} < —M.



408 C. Foias, I.B. JuNg, E. KO, AND C. PEARCY

Choose next a monotone sequence ¢, \, 0, and define, for each m € N, the
function ¢, by
¢m(x) = max{@(x), em}.

Obviously, {¢m }men is @ monotone decreasing sequence of Riemann integrable
functions that converges to ¢ pointwise on (0, 1], so by the Monotone Conver-
gence Theorem,

lim /ln(pmdy: /lnq)dy:—oo.
m—00

(01] (0]

Choose Ny € N sufficiently large that for m > Ny,

/ In @pdpu < —2M.
(01]

By Proposition 3.7, the sequence of functions

1 n—1
{C”'NO - E k;]ln{(q)NO © T"(‘k))}}nEN

converges uniformly on (0, 1] to

/ In pn,du < —2M.
01]

Thus there exists N; € N such that for all # > Nj and all x € (0,1], ¢, n, (x) <
—M. Since ¢ < @, this gives us that for all # > Ny and all x € (0,1],

1 n—1
=~ Y Inf(poT)(x)} < —M,
k=0
so (3.1)is valid. 1

REMARK 3.9. The operator Q = UyM, of Theorem 3.8 is amenable to be
studied via the construction of Section 2. Moreover it is clear from the definitions
of ¢ and T, above that 0,(Q"Q*") = @ for all n € N. Thus the only results
of this paper that might be applicable to produce a n.h.s. for Q are Theorem 3.1
and Corollary 3.2. Unfortunately, despite considerable effort, the authors were
unable to decide whether either result is applicable to this operator Q, due to the
difficulty in calculating the sequences of projections {Eg\n,)} and {E(Ar:,) }. Thus we
pose, once again, the following problem.

PROBLEM 3.10. Show that every Q € (Q) such that the operators in the

family {Q"Q*"}, cn all commute with one another has a n.h.s. In this connection,
see Corollary 3.5 and Theorem 5.5.
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4. A STRUCTURE THEOREM

In this section we establish a structure theorem which shows that we can
say more about the operators treated in Corollary 3.4. If M, N € Lat(Q) with
M D N, wewrite, as usual, Q \qo for the compression of Q to the semi-invariant

subspace M O N.

THEOREM 4.1. Suppose Q € (Q) is quasiaffinity. Suppose also that the operators
in the sequence {Q"Q*" },,cn have a common eigenvector wy . Then the subspace N' =
({QYwo)~ isanh.s. for Q, and there exists a (strictly) larger M € Lat(Q) such that
if we write H = N @® (M © N') & M, the corresponding operator matrix for Q has

the form
QWN  Qun Qs
Q = 0 QM@N 0 ’
0 0 Q33
where Q peon 15 a backward weighted shift of multiplicity 1.
Proof. We have, by hypothesis,
(4.1) Q"Q"wo = pnwo, |lwol| =1, n €N,

and since Q is a quasinilpotent quasiaffinity, we know that 0 < p, < [|Q"|*> and
that ()" — 0. Choose now, by Lemma 2.3, a subsequence {jin, }reny C {#n}
such that p,, 11/ ptn, — 0as k — co. We first show that if X is arbitrary in {Q},
then (Xwy, Q*wy) = 0. We write

* 1 * *
[(Xwo, Q*wo) |* = HTKXQ”"Q "kwo, Q*wo)|*

Mg

1 * *
= HTKXQ "o, (Q* ) wg)|?
1y

1
< o [IXIP1Q  wo [ (Q*) ™ awo ||

M

= Mlz||X|2<anQ*”kwo,wo>(Q”k“(Q*)”k“wo, wo)

Mg

1
= — || X[ n pn 1
yi’lk

Hr+1
= = |1X1%,
Py
so we conclude that
4.2) (Xwo, Q*wo) =0, X € {Q}.
Since Q*wy # 0, this proves that A" = ({Q} wg)~ is a n.h.s. for Q. Moreover,

since

4.3) (Xwo, Q" wy) = (Q"Xwy, Q*wp) =0, k€ Ny, X € {Q},
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we see that the (nonzero) cyclic invariant subspace

C:= \/ (Q")"wy

neN

for Q* satisfies C C N'-. We next show that M = N @ C also belongs to Lat(Q),
i.e., that QC C N @ C. An easy computation based on (4.1) and (4.3) (with X = I)
shows that

(Q"wo, Q% wo) =0, jkeN,j#k
and thus that {Q*"w/ || Q*"wp|| } ,en is an orthonormal basis for C. Furthermore,
the computation

k+1
Qk+1Q*k+1wO _ Vﬂz Qk %0,k € No,

together with the fact that Q¥ is a quasiaffinity, gives that

Q( Q*k+1wo ) _ [T HQ*ka” Q*kwo
Qo | e (| Q* Hawol| {|Q*wol|”

which shows, simultaneously, that QC C CVCwy, and that Q¢ = Quen is a
backward weighted unilateral shift of multiplicity one with weight sequence

keN,

{#m [|Q*Fwy | }

He [1Q |

Of course, this also shows that relative to the decomposition H = N & (M o N)
@M1, the matrix for Q is as indicated above. 1

5. AREDUCTION

In this section we will show that the question whether every operator in
(Q) has a n.h.s. can be reduced to that question for a special subclass of (Q).
However we must begin with some preparatory material. If n is any cardinal
number satisfying 1 < 1 < Ry, we will denote by H (") the direct sum of 1 copies
of H indexed by the appropriate initial segment of Ny. Moreover for any T in
L(H) we will denote by T(") the direct sum (ampliation) of 1 copies of T acting
on H™ in the obvious fashion. We recall from [5] that if T7 and T, are operators
in L(H) and there exist cardinal numbers m and n with 1 < m,n < Ng such that
Tl(m) is quasisimilar to Tz(") , then Ty and T, are said to be ampliation quasisimilar
(notation: T; ~ T,). The following is Theorem 2.4 of [5].

PROPOSITION 5.1. The relation ~ is an equivalence relation on L(H). Moreover,

if Ty and T, are operators in L(H) and Ty X Ty, then Ty has a n.h.s. if and only if T,
has an.h.s.
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We will also need a deep theorem of Apostol-Herrero [2], [7] from the the-
ory of closures of similarity orbits of operators. Let us call a Qg in (Q) a universal
quasinilpotent if for every Q in (Q) there exists a sequence {S, } of invertible op-
erators in £(H) such that

(5.1) lim [|$, Q0S5 — QI = 0.

THEOREM 5.2 (Apostol-Herrero). If Qg € (Q) and no (positive, integral) power
of Qo is a nonzero compact operator, then Qg is a universal quasinilpotent.

COROLLARY 5.3. Every Q in (Q) such that Q is not a universal quasinilpotent
quasiaffinity has a n.h.s.

Proof. If Q is not a quasiaffinity then either kernel Q or kernel Q* isann.h.s.
for Q, so we may suppose that Q is a quasiaffinity. If Q" = K € K for some
ng € N, then there are two cases to consider. If K = 0, the kernel of Q is a n.h.s.
for Q, and if K # 0, then Q has a n.h.s. by Lomonosov’s theorem [10]. 1

As a last tool we need a well known fact from Fredholm theory; cf., for
example, Chapter I of [11].

LEMMA 5.4. Let Py be an arbitrary compact, positive semidefinite, quasiaffinity
in L(H) and let { Py }xew be an arbitrary sequence of positive semidefinite operators in
L(H) such that ||Py — Py|| — 0. Then for every € > 0, there exists K, € N such that
forall k > K, re(Py) < € and o(Py) N (g, +00) is a nonempty set consisting of a finite
number of eigenvalues of Py (including Ay = ||Px||), each of finite multiplicity.

The following corollary may be useful in attempts to solve the invariant
subspace problem for operators in (Q), and complements Corollary 5.3 above.

COROLLARY 5.5. Let Q be a universal element of (Q) and let 0 < § < 6. Then
there exists Q = UP (polar decomposition) similar to Q such that

0<|[Ple<o<|P| <4,

and consequently o(P) N (8,0) consists of a finite number of eigenvalues of P , each of
finite multiplicity.

Proof. Let Q1 be a compact operator in (Q) such that ||Q1|| € (,6). Since
Q is universal, there exists a sequence {Sy} of invertible operators in £(H) such
that

1SkQS; t — Qi — 0

and therefore that, if we write Py := (S5;QS; !)*(SxQS, '), then || P — Q; Q1| — 0.
Thus

1P — 1(Q1Q1) 21l = |1l € (6,0),

and since re(Py) — 1(Q7Q1) = 0, the result follows from Lemma 5.4. 1
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Let us denote the class of quasinilpotent quasiaffinities Q in £(H) such that
(Q*Q)'/? has an infinite dimensional reducing subspace M with Q*Q|M com-
pactby (CRQ).

The following is our reduction of the hyperinvariant subspace problem for
quasinilpotent operators.

THEOREM 5.6. Every universal quasiaffinity Q in (Q) is ampliation quasisimilar
to a quasiaffinity Q € (CRQ). Consequently (by Proposition 5.1 and Corollary 5.3), if
every quasiaffinity Q € (CRQ) has a n.h.s., then every Q € (Q) has an.h.s.

Proof. We begin with an arbitrary nonzero quasinilpotent operator Q in
L(H) for which we wish to find a n.h.s., and by virtue of Corollary 5.3 we may
suppose that Q is a quasiaffinity and universal. Choose monotone sequences
{6,} and {6, } of positive numbers tending to zero and satisfying

(5.2) 80 >00>01 >0, > >0, > 05> -

Then, by Corollary 5.5, there exists a sequence {Si} of invertible operators in
L(H) such that, if we write S;QS, ! = Uy Py (polar decomposition), k € Ny, we
have that o(P;) N (&, dx) is a finite nonempty set of eigenvalues of Py, each of

finite multiplicity. Since [|S;QS, U = ||| < & for all k € Ny, the operator
(5.3) Q=P sxQS; ' = P WP € L(HMN).
keNy ne€Ny

Moreover, since for every ¢ > 0, @ can be written as @ = le) P ng), where

M e (Q) and ||Q§2) | < ¢, itis obvious that Q is quasinilpotent. Clearly Q < Q,
so by Proposition 5.1, Q has a n.h.s. if and only if Q does. Finally, from (5.3) we
see that
(5.4) (QQ"?= @D P

kENO

and since ||Px| — 0 and each P has a finite dimensional reducing subspace,
namely, the spectral subspace of Py corresponding to the finite Borel set o(Py) N
(6k, Ok ) from above, we get the desired conclusion.

REMARK 5.7. Note that the spectral projection of the operator (Q*Q)%in
(5.4) corresponding to the Borel set (Jy, dp) is a finite rank projection on the span
of the eigenspaces of Py corresponding to the eigenvalues lying in (o, dp). Thus
(Q*Q)"/2 has a finite dimensional (reducing) spectral subspace.

REMARK 5.8. It is obvious that the quasinilpotent operator Q = U, M, in
Theorem 3.8 has the property that Q*Q = M, has no eigenvalues, so certainly
not every quasinilpotent quasiaffinity belongs to (CR Q). Moreover, it is known
(cf., e.g., Chapter IX of [11]) that not every quasinilpotent operator Q in L(H)
commutes with a nonzero compact operator. Theorem 5.6 naturally brings to
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mind the question whether if S & T and T commutes with a nonzero compact
operator, does S necessarily commute with a nonzero compact operator? The
following theorem shows that the answer is yes.

THEOREM 5.9. Suppose S,T € L(H), S ~ T, and K € K\(0) satisfies TK =
KT. Then there exists K € K\ (0) such that SK = KS.

Proof. By definition, there are cardinal numbers m and n satisfying 1 <
m,n < Vg such that S (m) is quasisimilar to T, Since TK = KT, it is obvious that
there exists a nonzero compact operator K; € LZ(H(")) such that K T = T(”)Kl.
Furthermore an easy calculation shows that quasisimilarity preserves the prop-
erty of commuting with a nonzero compact operator, and thus there is such a
Ko € L(H™) that commutes with S"). Finally, another easy computation shows
that {S("™)}’ consists of all m x m operator matrices (Zij) acting on H(™) in the ob-
vious way such that Z;; € {S}’ for all i,j. Thus (Z;;) = K3 is such a matrix, and
clearly then every nonzero Z;; is compact and commutes with S. i

Theorem 5.9 would seem to indicate that the result established in Theo-
rem 5.6 may be near best possible.
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