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ABSTRACT. We show that the complete lattice of R-valued sup-preserving
maps on a complete lattice G of projections of a von Neumann algebra M,

is isomorphic to some complete lattice MY of extended spectral families in

M, provided with the spectral order. We get various classes of (not necessar-
ily densely defined) self-adjoint operators affiliated with M as conditionally

complete lattices with completion M% extending the Olson’s results. When
M is the universal enveloping von Neumann algebra of a C*-algebra A, and
G the set of open projections, the elements of MY are said to be extended

g-upper semicontinuous, generalizing the usual notions. The g-upper regu-
larization map is defined using the spectral order, and characterized in terms
of the above isomorphism. When A is commutative with spectrum X, we

give an isomorphism IT of complete lattices from R* into the set of extended
self-adjoint operators affiliated with M. By means of I, the above charac-
terizations appear as generalizations of well-known properties of the upper

regularization of R-valued functions on X. A noncommutative version of the
Dini-Cartan’s lemma is given. An application is sketched.
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1. INTRODUCTION

The spectral order has been first considered by Olson ([15]), and next ap-
pears in various contexts ([3], [4], [13]). In noncommutative topology, and by
means of spectral projections, L.G. Brown defines a notion of semicontinuity for
self-adjoint operators in the universal enveloping von Neumann algebra A” of a
C*-algebra A, the so-called g-semicontinuity; the usual notion for bounded func-
tions on a locally compact Hausdorff space X is recovered by taking A commuta-
tive with spectrum X. Brown observes that in general, the g-lower semicontinuity
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is not preserved by strongly increasing nets ([6], pp. 905). However, since the g-
semicontinuity is defined spectrally, it is natural to work with it by considering
the spectral order, and particularly the fact that the self-adjoint part of a von Neu-
mann algebra provided with this order is a conditionally complete lattice; as an
immediate consequence, the above drawback disappears since the join for the
spectral order of any bounded family of g-lower semicontinuous operators is g-
lower semicontinuous. It is easy to see that for A completely c-unital, the open
projections can be equivalently defined via the spectral order in place of the usual
one; moreovet, each g-lower semicontinuous operator is the join of some set in the
self-adjoint part of A, where A is the unitization of A. So, the g-semicontinuity
seems to behave particularly well with the spectral order. We then can hope to ex-
tend somewhat more involved properties of functions related to semicontinuity
and order.

The aim of this paper is to extend to general C*-algebras, the essential prop-

erties of the upper regularization map f +— f defined on the set R™ of [—o0, +00]-
valued functions on X, where f denotes the least upper semicontinuous function
greater than f. In fact, these properties will be generalized even in the commuta-
tive case.

In order to handle the case where f takes infinite values, we introduce in
Section 2 the notion of extended self-adjoint operator affiliated with a von Neu-
mann algebra M (Definition 2.1). Let P denote the set of projections of M, and
G C P be a complete lattice containing the identity operator, and in which the
joins coincide with the joins in P. The set M% of extended self-adjoint operators
x satisfying E]x AL € G for all reals A, provided with the spectral order is then

a complete lattice. More precisely, Theorem 2.3 gives an isomorphism ¢¥ of par-
tially ordered sets between M% and the complete lattice Sup(G,R) of R-valued
sup-preserving maps on G, provided with the usual order on functions (we shall
write simply ¢ when G = P). As a direct consequence, M% N M is a condition-

ally complete lattice (recovering the Olson’s result with G = P) for which ./\/l% is
a completion. Other conditionally complete lattices are obtained by requiring the
extended spectrum to be in a given set (Corollary 2.4).

In Section 3, we take M = A" and G the set of open projections. The ele-
ments of A%g are said to be extended g-upper semicontinuous, generalizing the
usual notions. Since A%g is a complete lattice, we can define the g-upper regu-
larization ¥ for any x € AZ in a natural way (Definition 3.1). The map x — ¥
is a closure operator which extends the one defined by Akemann on projections
(Proposition 3.2); it is then characterized in terms of ¢ and ¢¥ in Theorem 3.3,
and Theorem 3.4 looks like a Dini-Cartan’s lemma.

In Section 4, we prove that the two above theorems are not only formal ana-
logues of classical results for functions, but true generalizations. For this purpose,
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we study in detail the case where A is commutative with spectrum X. Theo-

rem 4.2 gives an isomorphism of complete lattices I from R™ into A% satisfying

all the required properties, and in particular IT(f) = II(f) for all f € R™. Then,
taking A commutative in Theorem 3.3, the properties of the upper regularization
map are recovered by restriction on the image of IT and using the above equality
(Corollary 4.4). The Dini-Cartan’s lemma is obtained as the commutative case of
Theorem 3.4 (Corollary 4.5).

In Section 5, the properties of the g-upper regularization map are used to
obtain a noncommutative version of a basic result in large deviation theory.

1.1. NOTATIONS AND BACKGROUND MATERIAL. Throughout the paper, A is a
C*-algebra considered as a C*-subalgebra of its universal enveloping von Neu-
mann algebra A”. A projection p € A” is open if there is an increasing net in the
positive part of A converging strongly to p. A projection p € A” is closed if 1 — p
is open, where 1 is the unit of A”. A closed projection p is compact if there is a
positive x € A such that p < x. The join of any set of open projections is an open
projection. Let x be a self-adjoint operator on some closed subspace of the uni-
versal Hilbert space, and affiliated with A”. Then, x is g-upper semicontinuous if
E]"ioo, Al is open for all reals A, where {E} : A € R} is the spectral family of x ([6],
[14]).

A complete (respectively conditionally complete) lattice L is a partially or-
dered set (poset) in which every subset (respectively bounded subset) S has a
join \/E'S, and a meet AL S. Let L’ C L be two complete lattices, and S C L'; by
convention, we write \/ S for \/L' S. An isomorphism of posets is an order preserv-
ing injective map with order preserving inverse. Let L be a complete lattice, and
L' C L. In general, the joins or meets in L’ do not coincide with the ones in L,
even when L' is a complete lattice; however, VE'S > VLS for any S C L’ having
ajoinin L’. A map v : L’ — L between complete lattices is sup-preserving if
Y(VS) = V{v(x): x € S} forall sets S C L’; the image of such a map is a com-
plete lattice in which the joins coincide with the joins in L; the set Sup(L’,L) of
such maps is a complete lattice. Any surjective isomorphism of complete lattices
is sup-preserving. We refer to [5] and [11] for more details.

2. COMPLETE LATTICES OF EXTENDED SELF-ADJOINT OPERATORS

We introduce here the notion of extended self-adjoint operator. By means
of suitable isomorphisms, we identify complete lattices of such operators with
complete lattices of sup-preserving maps (Theorem 2.3). The generalization of
Olson’s results is a direct consequence (Corollary 2.4).
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DEFINITION 2.1. Let M be a von Neumann algebra acting on some Hilbert
space H, and P the set of its projections. An extended self-adjoint operator x affil-
iated with M is a continuous from the right family {E} : A € R} C P. The
extended self-adjoint part of M is the set My; of all such operators provided with
the spectral order: x < yif Ey > EK for all reals A. The spectrum of x is the set
o(x) of reals A such that EX__ # EY_ foralle > 0. The extended spectrum o (x) is

A+te
the set o(x) to which is added —co (respectively +c0) if 0 # A E3 (respectively
AER

1# \ E3). Anelement x € My is bounded if o(x) C [—a, a] for some real a.
AER

The above definition of the spectral order extends the one for bounded self-
adjoint operators; this order coincides with the usual order on P and on commut-
ing elements of M ([15]).

Let us introduce some notations. For any x € Mg and all reals a < b, we

putEr .= y\</h Ep Bl = B o N (L= E3), By = EFA(L—ED), B L =

1—-EXEX =1—EF

[a,4-00[ |—o0,a(

defined by Ef\*”l =Ef ,andE " = Ef‘_A o] for all reals A. For any sets G C P

and L C R, we denote by M% the set of elements x € M such that E]"_oo ALE g

for each real A, and or(x) C L. We shall omit the symbol G when G = P.
Then, x € M)_, ;o if and only if there exists a self-adjoint operator Ty on

some closed subspace H, C H; note that E}(H) = E/{X(Hx) for each real A; in
particular, T_y = —Ty and o(x) = o(Ty). By Lemma 2.2, it is easy to see that
x € M|y, if and only if Ty is positive; in other words, M|y ;] = {x € Mg :
VA < 0,E} = 0} is the extended positive part of M in the sense of Haagerup
([12], Theorem 1.5); x € My if and only if Hy = H, that is My is the set of self-
adjoint operators on H affiliated with M; x is bounded if and only if Hy = H
and Ty is bounded, that is the bounded part of M is the self-adjoint part of M.
In the rest of the paper, we identify x with T for any x € M)_, ;-

. The elements x + al and —x in Mg are respectively

LEMMA 2.2. Let ¢ : My — R” defined by (x)(p) = inf{A € R: p < E}}.
For each x € Mgy, p € P,and Ay € R, the following properties hold:
(a)

(2.1) sup{A € R:Ve > 0,pEfy . # 0} < ¢(x)(p).

If (x)(p) is finite, then the equality holds, the L.H.S. is a maximum, and the RH.S. is
a minimum; if moreover p = E} , then p = Ef;:(x)(p) and P(x)(p) = min{u € R :
p = Ei} Ifp(x)(p) > —oo, then ¢(x)(p) = inf{A € o(x) : p < EX}, which is a
minimum if P(x)(p) is finite.

(b) Ag € o(x) if and only Z'fl[J(x)(Ei{o) = Ag. Moreover, o(x) = @ if and only if
P(x) is { —o0, +oo}-valued.

(c) The following statements are equivalent:
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(i) x € M.
(ii) 47(x)|7)\ {0y s real-valued and bounded.
(iii) tp(x)lp\{o} is o (x)-valued and bounded.

(d) Forany G C ‘P and each x € M%, P(x)(p) = inf ¢(x)(q).
q2pa€y
(e) y(x + Apl) = (x) + Ao, and 1/’(}\0")\73\{0} = Ao¢(x)|p\{0} if moreover
Ao = 0and x € M.

Proof. (a) Let [ and r denote respectively the L.H.S. and R.HL.S. of (2.1). Since
{E} : A € R} is continuous from the right,  is finite implies p < E} and r is a
minimum. Suppose that ¥ < [. There exists a real A such thatr < A < [ and

pE]"}FS At # 0 for all ¢ > 0, which implies p £ E}_, for all ¢ > 0, and the con-
tradiction if r = —oo; if r is finite, then p < Ef < E}_, for ¢ sufficiently small

gives the contradiction; thus, (2.1) holds. Suppose that 7 is finite. If | < r, then
x = 0 for some g9 > 0, and p < Ef_, (since p < Ej, ) contradicts

pE]r—so,r+so] r+€g
the definition of r; thus I = r; if | is not a maximum, then pE]xFSO l+eg] = 0=
pE}"r —eorteo] for some g9 > 0, and p < E}_ | (since p < Ey) contradicts the defini-

tion of r; if moreover p = E"O, then
P(x)(p) =min{p e R: p<E.} <inf{p € R:p=E;} <A,

which implies p = Ej ), hence #(x)(p) = min{y € R: p = Ej}. The last
assertion is a direct consequence. The proofs of (b), (c), (d) follow easily from (a),
and are left to the reader. 1

When L C R has a bottom element 0;, we define 1/Jg : M% — LY by
¥ (x)(p) = inf{A € o(x) : p < Ex}if (x)(p) > —oco (where ¢ is the map
of Lemma 2.2), and ¢¥ (x)(p) = 0 otherwise. Since ¢gu{7m}(x) = ¢(x)|g forall
x € M% by Lemma 2.2, we have in particular 1/)% = 1; we then shall omit the
symbol G (respectively L) when G = P (respectively L = R).

THEOREM 2.3. Let G C P be a complete lattice containing 1 in which the joins
coincide with the joins in P, and let L C R be a nonempty compact set. Then,

(a) Mg is a complete lattice.
(b) 1/1% is an isomorphism of complete lattices from M% onto Sup(G, L).

— Gy—1
(c) For each v € Sup(G,R) and each real A, we have Eg\w A N\ E!, where
u>A

E, =V{p € G:v(p) < u} for each real .

Proof. First step: the case L = R. Let v € Sup(G,R). For each real y,
we define the projection E;, = VV{p € G : 7(p) < u}. Then, E, < E;, when

M1 < pa, and the family {E A= A E;, A€ R} is a continuous from the right
u>A

family of projections in M. For each A, y, e in R with A —& < u < A, we have
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Ex—e S Ej < Ej_sothat Ej o, = H\</A E, € G. Put¢9(y) = {Ex: A € R}

and get a map ¢Y : Sup(G,R) — M% Note that for each x € M%, the following
properties hold:

p< Ef/()g(x)(p) for all p € G with 9 (x)(p) € R (by Lemma 2.2).

(ii) wg(x)(E]{oM[) < A for each real A ( tpg(x)(E]’i
X € M% ).

Letx = {E} : A € R} € M% and {p; : i € I} C G. Since 9(x) is clearly
increasing, we have wg(x)( V pi) > sup 9 (x)(p;), and to prove the converse
iel i€l

o, /\[) is well defined since

inequality, we can assume sup ¢9 (x)(p;) € R. By (i), p; < E;g foralli € I,

p () (p0)

. i) w9 ) g
andso V pi By, oo BY @ 7OV 1) <0 O E g, g0 050

< sup 99 (x)(p;) + e for all ¢ > 0, so that wg(x)( V pi) < sup 99 (x)(p;) and
i€l . i€l i€l
$9(x) € Sup(G,R).

We will prove thaty = (9 0 ¢9 () forall v € Sup(G, R). Lety € Sup(G, R),
p€Gand ¢9(y) = {E,: A € R}.

We first show that y(p) = ¢9 0 ¢9()(p). We can suppose 7(p) < +oo,
which impliesinf{A € R: p < E;} < +oc0. Let A € Rsuchthat p(Ey,. —E)y_¢) #
Oforalle > 0. Then p £ E)_,, and therefore p £ E} . whichimpliesy(p) > A —¢
forall e > 0. Thus, y(p) = A, and y(p) = ¥9 0 ¢9(y)(p) by Lemma 2.2.

We show now that y(p) < ¢9 0 $9(7)(p). Suppose that (p) = +oo and

9 0 ¢9(v)(p) < +oo. Then, p < E, < y/>\/\ E,, for some real A with y(Ej;,) < p,

which gives the contradiction. Thus, y(p) = +co implies ¥ 0 $9(7)(p) = +oo.
Suppose that 9 0 ¢9(7)(p) < ¥(p) < +oo, and note that y(p) € o(¢9(7))
(otherwise, there exists ¢ > 0 such that E,(,) . = E, ()¢ let j1, pp such that

v(p) —e < w1 < 7(p) < p2 < 7(p) +¢ and obtain E,(,)_, < E;, < Ej, <

E. (p)+e Which implies E, = E; ;but p < E;,, and 7(E},) < p1 implies p £ Ej, ,
which gives the contradiction). By Lemma 2.2, we have p(E, ()¢ — Eq(p)—¢/) =0

for some ¢ > 0, with Ey(p)+e — Eq(p)—e # 0. Since p < E’y(p)%, < Ey(p)4er, We
getp < E, ()¢ Choose pwithy(p) — ¢ < u < y(p) and obtainy(p) < v(E},) <
1, which gives the contradiction. Thus, y(p) < 9 0 $9 (7)(p).

We prove now that 9 is injective. Let x; and x; in M% such that v =
X

9 (x1) = 99 (x2). If rY(E]xioo,/\-&-s[) > —oo, then ’Y(E}ioo,/\+s[) € R and for each real
Aand € > 0, we have

Ex1 < EXZ . < Ex2
]—oo,Ate[ ,Y(E]Eoo,)w»e[) = FAte
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by (i) and (i), which gives E}! < E}* by right contlnulty, since E)' < E}? if
'\/(E]xlOo /\+£[) —o0, in any case we have E}' < E}?, and by symmetry E}' = E
We have proved that ¢ is a bijection from M% to Sup(g, R), and (c) holds;

(a) and (b) will follow once proved that l[)g is a poset isomorphism. Let x; and x;
in M% Suppose that 9 (x;) < 9 (x,). For all reals A and & > 0, we have

1Pg(x1)( } oo/\+€[) lpg(xZ)(Efcioo’/\+5[) <A+e
by Lemma 2.2 applied to 1 (x2). If 9 (x1) (E2 —oo, then E;? < EY!

oo rel) = oo re] S
and Ey? < Ey!. If ng(xl)(E]x2ooA+€[) > —oo, then by Lemma 2.2 applied to ¢9 (x1),

there is some real A’ such that E]’(2 o) re] S < Ej}and ¢9(x;) (E}xzoo /\+s[) = A’, which
implies
X X X
B2 ortel SEVSEL i

and E* < E}! by right continuity, i.e. x; =< x. Suppose that x; < x and
9 (x2)(p) < ¥9(x1)(p) for some p € G. By Lemma 2.2, there exists a real A
such that p < Ef\z and

(22) 99 (x2)(p) <A < 99(x1)(p).
Since x; =< x, we have p < E}? < E}' and ¢9(x1)(p) < A, which contradicts
(2.2); thus x; < x5 implies 9 (x1) < 1,bg (x2). The theorem is proved when L = R.

Second step: the general case. Put L. = L U {—co}. Since the nonempty
joins in L coincide with the nonempty joins in R, Sup(G,L_) C Sup(G,R), and
since any set in Sup(G, L_) has a join (which is the join in Sup(G,R)), Sup(G, L)
is a complete lattice; consequently, (¢9)~1(Sup(G, L)) is a complete lattice. For
each ¢ € Sup(G,L_), v = $Y9(x) for some x € M% by the preceding case. Let
A € o(x). By Lemma 2.2 (b) and (d), we have

A= _inf y(x)(q) = _inf ¢9(x)(q),

q=>E}q€6 q=>E}.q€6
so that A € L since 9(x)(q) € L. If +o0 € o(x), then 9 (x)(1) = p(x)(1) =
+00 € L. It follows that o;(x) C L—, hence (y9)~1(Sup(g,L_)) C MY . Since
1pg(x)|g\{0} = P(x) g\ j0} is og(x)-valued for each x € MY by Lemma 2.2, we
have ¢9(MY ) C Sup(G,L-), so that (lpg)’l(Sup(g,L,)) = MY . Therefore,
(a) and (b) hold for L_ since 1/1% l[J‘ MO It remains to prove the case where
—oo ¢ L. Put Sup(G,L_) = {y € Sup(G,L_) : Vp # 0,7(p) € L}. Itis easy
to verify that the map A : Sup(g L_)" — Sup(G, L) defined by A(y)(p) = v(p)
for p # 0 and A(7y)(0) = 0r is a surjective poset isomorphism with converse map
A () (p) = v(p) for p # 0and A1 ()(0) = —oo; in particular, Sup(G,L_)" is
a complete lattice. Note that 1pg = Ao 1p‘gMg. For each x € Mg, 1pg(x)|g\{0} is
L

L-valued, and so $9(x) € Sup(G,L_)" since $9(x) € Sup(G,L_). Conversely,
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each v € Sup(G,L_)" has the form v = ¢Y(x) for some x € Mgf; but x €
M% since Y (x) 16\ {0} 18 L-valued. Therefore, 1l)|gMg is a poset isomorphism onto
L

Sup(G,L_)"; M% is then a complete lattice, and z,bg an isomorphism of complete
lattices as a composition of such maps. This proves (a) and (b) for L. 1

In [15], M.P. Olson has shown that the self-adjoint part of M (i.e., Mg N M)
is a conditionally complete lattice, in which the joins and meets of a bounded set
{x; : i € I} are given respectively by the first and second equality of (b). These
results are recovered in the following corollary by considering the bounded part
of M] o] witha = —o0, b = +o0,and G = P.

COROLLARY 2.4. Under the same hypotheses as Theorem 2.3, we have:
(a) Any isomorphism from L onto R induces an isomorphism from ./\/lg onto /\/lg If

L = [a,b] witha,bin R, then ./\/l] ab)’ ./\/l] ol M[ o bl and their respective bounded parts
are conditionally complete lattices, in which the nonempty joins and nonempty meets

coincide with the ones in Mg In particular, ./\/lf is a completion for ./\/l ol MY
MY

[oob]!
a,+c0)’ and for their respective bounded parts.
(b) For any set {x; : i € I} C Mg and each real A,

Vierxi _ Xi Nierxi __ Xi Ai xz Xi
EAEI _/\E/\' EAEI _/\VE#’ E] - \/E —o0,A["
icl u>Aiel iel

(c) For each x € Mg,

x= Axval=\/xAbl=\/ A(xabl)val)= A \/ ((xAbl)Val).

aeR beR beRacR aeR beR

My ={1-p:pegl

Proof. (a) Any isomorphism h from L onto R induces an isomorphism from
Sup(G, L) onto Sup(G,R) defined by h o y(p) for all v € Sup(G,L) and p € G;
the first assertion follows then from Theorem 2.3. Now, suppose L = [—o0, +0c0].
For each bounded subset S C MH%, AS and \/ S exist in M% withx < AS =<
VS =< y for some x and y in MY, that is (x) < P(AS) < P(VS) < ¢(y)

by Theorem 2.3. Then, A E;\\S = A EXS =0and V E//\\S =V E)\{S =1,
A€R A€ER A€R A€R

and the second assertion holds for Mg Replace /\/lg by Mg N M in the above
proof, and get A S € Mg NMand VS € ./\/lg N M since for any z € /\/lf z €
M§ N M ifand only if (z z)p\ jo} is real-valued and bounded by Lemma 2.2, this
proves the second assertion for Mg{ N M. The other cases are proved similarly
by noting that A € o(z)\{+0o} if and only if ¢(z)(p) = A for some p € P\{0},
and 400 € og(z) implies 1(z)(1) = +oco. The last assertion follows by noting
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that when it exists, the top (respectively bottom) element of any of the mentioned
lattices coincides with the one of M%

(b) Let A €R. Since l[J(xl')( /\ Ex’) <Aforalli € I, wehave ¢ ( z\e/l X; ) ( lé\l Ef\i)
< A, and so 4/\1 Ef\" < (EVieI x;)# for all 4 > A by Theorem 2.3, which implies
A Ey < E}{ig; ii, and the first equality holds (the converse inequality is obvious).
Séﬁne z € Mgby E2 = A V E;/, and note that E5 > \ Ey’,and E5 < V E}/

u>Aiel iel iel
for all reals 4 > A. Then, EA’EIX’ >V E)\ is equivalent to A E/\’Elx’ >V E
iel u>A icl

and E}/l\ie’xi > '\E/I E;f implies EQ’“X’ > Ej3, that is é\l x; = z, and the second
1 1
equality holds. For each y < A and each i € I, we have by the second equality,

Bl <Ep = AVEIS N VEISVEL

v>piel u<v<Aiel icl

so that

V VB = VE = VBT = Bl

ielu<A i€l u<A
and the third equality holds.
(c) By (b), we have Eﬁv"l = Ejif p > a, and Eﬁval = 0if u < a, which
implies
1
(2.3) E{l\ueR xval _ /\ \/ Effval _ E;i,
v>paeR

and the first equality holds. Since E;""* = EJ if y < b, and E}""! = 1if y > b, we
get

(24) E\/beR xAbL /\ Ex/\bl Ex
beR

and the second equality holds. Put y = x A b1, and get by (2.3) and (2.4),

EIYbeR(AueR(yvul)) — /\ E/\aeR yval) /\ Ey _ EX
beR beR

so that the third equality holds. The last one is proved similarly since (x A b1) V
al = (xVal) Abl.

(d) Clearly ¥|{1_,.pegy is injective with values in Sup(g, {0,1}). Let v €
Sup(G,{0,1}). Define py = V{p € G : y¥(p) = 0} and note that pg € G with
¥(po) = 0. Foreach p € G, (1 — po)(p) = 0if and only if p < pp if and only if
7(p) =0, hence (1 — po) = 7y and (1. cq) is surjective. 1§



100 HENRI COMMAN
3. EXTENDED Q-SEMICONTINUITY AND Q-UPPER REGULARIZATION

In this section, we take M = A’ the universal enveloping von Neumann
algebra of a C*-algebra A, and G the set of open projections. We define the g-
upper regularization map, and study its properties via the isomorphisms ¢ and
ng (Theorems 3.3 and 3.4). These ones look like noncommutative versions of
well-known properties for functions; we will show in the next section, that there
are true generalizations, and not only formal similarities.

Note that x € Aiigoo 4 oof (respectively x € A%g N A”) if and only if x is a un-
bounded (respectively b(,)unded) g-upper semicontinuous operator in the sense
of [14]. Since A%g is a complete lattice by Theorem 2.3, we can give the following
definition.

DEFINITION 3.1. Let x € A%. Then, x is extended g-upper semicontinuous

(respectively extended g-lower semicontinuous, extended g-continuous) if x € A%g

ng
(respectively —x € A%g, x € A%g and —x € A%g). The element ¥ = \"'® {y €
A%g ty = x} is the g-upper reqularization of x.

The closure of a projection p € P has been introduced in [1] as the least
closed projection greater than p; it coincides with p as shows the next proposition
(note that Af{’g 1 is the complete lattice of closed projections by Corollary 2.4).
Moreover, the meet in A% of any family of extended g-upper semicontinuous
operators is extended g-upper semicontinuous, so that x < X, and the map x — x
is then a closure operator on A%. The next proposition following easily from
Corollary 2.4, the proof is left to the reader.

PROPOSITION 3.2. Forany S C A%g, if the meet of S exists in one of the follow-
ing lattices: Afég, A]’lég N A", A’{’ngl}, A, AN A", Af{lo,l}' then it exists in any other
containing S, and coincides with the meet of S in A%g.

The following theorem gives various characterizations of the g-upper regu-

larization map, in terms of ¥ and l/Jg. We will prove in Corollary 4.4 that they are
generalizations (even in the commutative case) of well-known characterizations
of the upper regularization of R-valued functions on a locally compact Hausdorff
space.

THEOREM 3.3. Foreach x € A% and each p € P, the following properties hold:

(i) x is the unique extended q-upper semicontinuous operator y satisfying
3.1) P9 (y) = p(x)g;

(i) ¥ =V{y € Az ¢(y);g = () g}
(i) p(x)(p) = _inf y¢(x)(q).
q9=p.q€g
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Proof. Let x € A%. Since the join in P of any family of open projections
is an open projection, Y(x)|g € Sup(G,R), and (ng)*l(lp(x)w) € A%g by The-
orem 2.3. Put xy = (1/)g)’1(1/1(x)‘g). By Lemma 2.2 (d), we have ¢(xo)(p) =

inf _(x9)(q) for all p € P, and since $9(xq)(q) = ¥(x)(q) for each g € G, it

72pacg
follows that i (xo)(p) = ¢(x)(p), i.e. xo = x by Theorem 2.3. Forall z € A%g with
z > x, we have ¢9(z) = ¥(z)g = ¢P(x)|g, and so (p9) Loy (z) = z = xp. We
then have xy = X so that

(3.2) P9 (@) = 9(x)g,
and ¥ satisfies (3.1). If y € A%g satisfies (3.1), theny =y = (ng)_l(lp(y)‘g) =
(lpg)_l(lp(x)‘g) = X by (3.2), and (i) holds. Putz = \{y € A% YW =
$(x)g} By Theorem 2.3, (2)(q) = sup{y(y)(q) : ¥ € Ag ¥(¥)ig = ¥(x);g},
so that ¢(z)|g = (x)|g, which gives z = X by (i). Apply (3.2) to z, and get
z = z by definition of z since z = z, which gives (ii). For each p € P, ¢(¥)(p) =
>inf G #(x)(q) by Lemma 2.2 (d), and since ¢ (X)|g = 9(x)|g by (i), (iii) holds. &
q=zp.q€

The following theorem is a noncommutative version of the Dini-Cartan
lemma ([9]), as will establish Corollary 4.5. Suppose A unital, and let (x;);c; be a
decreasing net (with respect to the spectral order) of bounded g-upper semicon-
tinuous operators satisfying A x; = 0. Since ¢(x)(1) = ||| forallx € AN A

el

1€
by Lemma 2.2 (a), (3.3) with p = 1 gives inf lx;|| = 0. If moreover each x; = p;
[£S]

is a projection (and thus a compact one), we get p;; = 0 for some iy € I, and we
recover a well known result of Akemann ([1], Proposition II. 10).

THEOREM 3.4. Let (x;);cs be a decreasing net of extended q-upper semicontinu-
ous operators. Then, for all compact projections p commuting with all the EY' (i € I, A €
R), we have

(33) ¢(Axi)(p) = infy(x) (p).

iel iel

Proof. By means of an increasing homeomorphism from [0, 1] onto R (which
is a surjective isomorphism of complete lattices), we can suppose {x; : i € I} C
A/[é)%] by Corollary 2.4. Put x = /\ x;, and let p € P. Clearly, ¢(x)(p) <

igflp(xi)(p). Suppose P(x)(p) <s < 1nf1p( ;) (p) for some real s. Then,

(3.4) infilA e R:p<E}} <s< mfmf{/\ eR:p<E}}

and so there exists areal A < s such that p < E}. Since E. V A Ex’ by
]A-+°o[ u>Aiel Jiteo]

Corollary 2.4, we have p A A E oo = =O0forall u > A, hence p A A\ E =0

o] =

i€l iel
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X,‘O
[s, 400
= 0 if moreover p commutes with all the Ef\i. But (3.4)

by taking u < s. If p is compact, then p A E = 0 for some x;;, ([2], Proposi-
Xi
fsotoo]

implies p ¥ E. and the contradiction. 1§

tion 1.1.2), that is pE

4. AN OPERATOR-THEORETIC REPRESENTATION FOR R*

The aim of this section is to prove that the properties of the g-upper regular-
ization map given in the preceding section generalize the classical ones; that is,
properties for functions on X must be recovered by taking A commutative with
spectrum X in Theorems 3.3 and 3.4; this will be obtained in Corollaries 4.4 and
4.5. For that purpose, we need to represent any R-valued function on X as a true
operator in such a way that this representation (say I1) coincides with the known
notions of g-upper semicontinuous operators (bounded or unbounded), and sat-
isfies I1(f) = II(f); this is achieved in Theorem 4.2, where moreover IT is an
isomorphism of complete lattices enjoying good properties (see (ii), (iii)).

Let Cp(X) be the C*-algebra of continuous functions vanishing at infinity
on a locally compact Hausdorff space X, and A its universal representation. The
set of all (respectively open, closed) subsets of X is denoted by P(X) (respec-
tively G(X), F(X)). The set of R-valued (respectively, [—oo, +oo[-valued) up-
per semicontinuous functions on X will be denoted by YSC(X,R) (respectively,
USC(X,[—o0, +00[)), and its R-valued bounded part by USC (X, R)y,.

Let us recall some basic facts. Let M; be the set of regular probability mea-
sures on X. For each y € Mj, we define 7, : L*(X,u) — B(L*(X,u)) by
(7. (f)g)(t) = f(t)g(t) (where B(L?*(X, 1)) denotes the set of bounded linear op-

erators on L?(X, ), and put 1, = @ - Then, A" is the strong

peM;
closure of 75 (Co(X)) in B(Dem, L%(X,u)), and 7te(f) is g-upper (respectively
g-lower) semicontinuous if and only if f is upper (respectively lower) semicontin-
uous; in particular, a projection p € A” is closed (respectively open, compact) if
and only if p = 714 (1y) for some closed (respectively open, compact) set Y C X.
Moreover, E;* ) = &) EZ" ) for each fe N L%®X,u)and each real A. The

peMy peM;
map 9% : YSC(X,R) — Sup(G(X),R) defined by p9X)(f)(G) = sup f(t) is
teG

a bijection with converse map (9X))~1(y)(t) = inf{y(G) : G € G(X),t € G}.
Since for all fi, f» in USC(X,R), fi < f» if and only if p9X) (1) < p9X)(f,),
$9(X) is a surjective isomorphism of complete lattices. Let ¢ : Sup(G(X),R) —
Sup(G, R) be the surjective isomorphism of complete lattices which is defined by

¢(7)(me(16)) = 7(G).

PROPOSITION 4.1. Let A be commutative with spectrum X.

7T (e}
”\ﬂ;«emlL (Xp
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(a) The map (p9)~L o ¢ o p9X) is the unique isomorphism of complete lattices IT'
from USC(X,R) into A%g which extends 7ta |y sc(x,r), and satisfies for each a > 0,
and each f € USC (X, R) bounded from above,

(4.1) IT(fV —a) = IT'(f) V —al,
and for each f € USC(X,R) bounded from below,
4.2) IT(f Na) =IT(f) Aal.

(b) Foreach f and 1y in () L®(X, i), we have o 7tq,(f) (7 (1y)) = sup f(¢).
peM; teY
Proof. Let fand 1y in () L*(X, u), and suppose
ueM;

Ao =sup f(t) > sup{A € o(7e(f)) : Ve >0, 7T:B(1y)EM eAte] #0}.

tey
Since f(t) € o(mg(f)) for all t € X, we have Ay € o(7e(f)), and so there
exists g9 > 0 such that 77 (1y) ]Ao(fe)g Noteo] = = 0. Since g (1ly) < E;ﬁg) for all

e > 0, we have g (1y) < EAOEQ. This implies p(1y) < p(lyngrcn,—e,)) for all

W € My, giving a contradiction if we take y = J;, the Dirac measure at ty € Y,
with Ag — f(ty) < €o. Suppose now

sugf(t) <sup{A € o(rt(f)) : Ve >0, n@(ly)Eﬁei(g)Aﬂ] #0}.
te

There exists A’ € o(7g(f)) such that sup f(t) < A/, and e (1y) £ Em’ for all
tey

e > 0. Foralle > 0, there exists h = {h, : p € Mi} € @ L*(X,u) such that

peM;
(h, n@(ly)h> (I, E5 Py, and so (e, e (1) ) 12000 0y > Ot B3 D) 2 )
for some y’ € ;. Equivalently,
Wy P) > W (L papreey [ ),
which gives a contradiction with ¢ satisfying sup f(t) < A’ — ¢. We then have

teY
sup £(1) = sup{A € o7 (f)) : Ve >0, o (1) EY) L # 0,
te
thatis sup f(t) = Y o e (f) (I15(1y)) by Lemma 2.2, and (b) holds. In particular,
tey

for each f € USC(X,R)}, and each G € G(X), we have

9oy N(f)(ma(1c)) = ?uclf;f(t) = o7t (f) (0 (16)) = 99 0 10 (f) (s (16))
€

(the last equality follows from Theorem 3.3), that is (9)~1 o ¢ o p9(X)(f) =

715, (f) by Theorem 2.3, hence (¢9) " o ¢ o p9(X) extends 7 USC(X,R), it is clearly
an isomorphism of complete lattices, which moreover satisfies (4.1) and (4.2)
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since it is surjective with (%)~ o ¢ o p9(X)(a) = al for each real a. Let IT' :
USC(X,R) — A%g be an isomorphism of complete lattice (not necessarily sur-
jective) extending 7 /50 (x R),, and satisfying (4.1) and (4.2). In the rest of the
proof, and in absence of explicit mention, the meets and joins of extended g-upper
semicontinuous operators are taken in A%g. Note that for each ¢ € USC(X, R)
bounded from above,

N\ mo(gV—a)= A IT'(g)V —al =1II'(g)
LIGR+ QER+
n/(usax,ﬁ))
= A Ir'(gv—a)= N\ IT'(g)V—al =IT'(g)
aeR, aeR L

(the first equality follows from (4.1), and the second one from Corollary 2.4 (c)),
hence

T(USC(X,R))
(4.3) N\ 7e(gV —a) = A IT(gV —a).
acRy acRy

Note also that for each G € G(X),

@d) (N me(zv-a))(me(lc) = inf 4 (me(s v ~a)(ms(1c))

acRy

= inf sup(gV —a)(t) =supg(t)

a€R e teG

(the proof of the first equality is similar to the proof of Theorem 3.4: suppose
(A melgv-n)(re(le) < inf 99(ma(gV —a)) (e (1c)), take the fam-
+

acRy
ily {mg(gV —a) : a € Ry} in place of {x; : i € I}, replace p by 74 (1), and
get by commutativity, e (1¢). /\ Egiffo\f 9 = 0, which implies g, (1g) <

\/ E?&B(g\/*a) _ E?&B(gvs)
aeR4
from (b) and Theorem 3.3 (i)). Let f € USC(X,R),andnotethat f = \/ A ((f

beRy acRy
Ab) V —a) with (f A b) bounded from above. Since ¥ o I’ is sup-preserving as

and the contradiction. The second equality follows
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isomorphism of complete lattices, we get by (4.3),

p9oIT' (USC(X,R)) I (USC(XR))
porr(H= (A AV -a)
beR, acRy
$9oIT (USC(X,R))
=V ¢ A me((fAb)V-a)

beRy acRy

>V 0( A me((fAb)v-a)),

beR acRy

and by (4.4) for each G € G(X),

45 oIl (f)(ma(lc)) > sup inf sup((fAD)V —a)(t)

beR, 1Rt e

= sup sup(f Ab)(t)
beR, teG

= sup f(t) = (¢ 0 99X (£)) (70 (16))-
te
On the other hand, for each real a > 0,

ool (f) <yl oIl (fv —a) <99 ( \/ IT'(fV—a)nb1)

beRy

=V ma((fV-a)ab)) =V ¢oma((fV—a)Ab)

beR beR

(the second inequality follows from Corollary 2.4 (c), and the first equality from
(4.2)), which gives foreach G € G,

(46)  y9oIl'(f)(me(1c)) < inf sup sup((f Ab)V —a)(t)
a€R+ peR, teG

= ?lelgf(t) = (oM () (ma(1c)).

By (4.5) and (4.6), IT' = (9)~1 0 ¢ 0 p9(X), which proves the uniqueness, and (a)
holds. 1

The following theorem shows that R™ can be seen as a complete lattice
in A%, containing A%g as a complete lattice isomorphic to USC(X,R). In this
identification, the g-upper regularization coincides with the usual upper regu-
larization. By (4.11) and (4.12), the unbounded g-lower semicontinuous oper-
ators in the sense of [14] correspond to the | — oo, +-o0]-valued lower semicon-
tinuous functions on X, and f is R-valued (respectively R-valued, bounded R-
valued) continuous if and only if II(f) is an extended (respectively extended
with o(IT(f)) C R, bounded) g-continuous operator.
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THEOREM 4.2. Let A be commutative with spectrum X. The map II : R - A%
defined by

@ ofH=A(V A-a V  me(p+a)
a€R A—acRy FC{f>A} FeF(X)
satisfies the following properties:

(i) I1 is an isomorphism of complete lattices, and for each f € R™ and each real U,
we have

(4.8) Eﬁfﬁo[ = A V e (1F),
A<p FC{f>A} FEF(X)
B =V V()

A>p FC{f>A} FEF(X)

Moreover, for each real a,

49) I(fva)=I(f)val= \/ (A—a) \ 7o (1p) +al,
A—a€Ry FC{f=A},FEF(X)

and

(4.10) II(f Na) =II(f) Nal.

() I, g o(xX0) = T
(iii) Mysexr) = (9o p o9 X, In particular, My sexr) s an isomorphism
of complete lattices onto A’Rg Moreover,

(4.11) —f €USC(X,R) = —II(f) € A
and
(4.12) fEUSC(X,[—00,+o0|) = II(f) € Af’gmm[

(iv) TI(f) = II(f) forall f € R™.
V) o IT(f) (e (1)) = stugf(t)for all f € R and all G € G(X).

Proof. We first show that for each f € R~ and each real a,
(4.13) I(fva)=\/ (A—a) \/ 7o (1p) +al.

A—acRy FC{f>A} FeF(X)
Leta € R, and suppose that for some real a’ > 4,

’v"( V (A-a) V 77@(1F)+ﬂ'1)

A—a'€Ry Fc{f=A},FeF(X)

\%‘1/’< \V (A—a) \/ n@(lp)—i-al).

A—acRy Fc{fvazA},FeF(X)
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By the sup-preserving property of ¢, and using Lemma 2.2 (e), we get a projection
p € A”\{0},areal Ay > a,and a closed set [y C {f Va > Ay} such that

(4.14) sup (A —a) V (e (1F)) (p)

A—a'€Ry FC{f=A},FeF(X)
< (Ao —a)y(rta (1)) (p) +a—a'.

Since (e (1p))(p) € {0,1} for any F € F(X) by Lemma 2.2 (c), the L.H.S. in
(4.14) is positive, which implies (775 (1f,))(p) = 1 and Ag > a’ > a. Therefore,
Fy C {f > Ao}, and by taking A = Ag and F = F in (4.14) we get the contradic-
tion. By Theorem 2.3, we then have for each real a’ > 4,

(4.15) V (A-=4d) \/ e (1p) +4a'1
A—a'eRy FC{f>A},FEF(X)
=V (A-a) \/ e (1F) +al,
A—acRy Fc{fvazA} FeF(X)
hence
(4.16) V (A=d) \/ e (1F) +4a'1
A—a'€R Fc{fvazA} FeF(X)
=V (A=a) \/ e (1) +a'1
A—a'eRy FC{f>A} FeF(X)
=V (A-a) V 7o (1¢) +al
A—aeRy Fc{fvazA} FeF(X)
=V (- me(lp)+al
A—acRy FC{f>A} FeF(X)
=V (A-a \V 7o (1p) 4+ al
A—acRy Fc{fvazA} FeF(X)

(where the second inequality follows from (4.15), and the last one from (4.15) with
a’ = a), and so

(4.17) /\( \/ (A—d) \/ n@(lp)—i-a’l)

a'>a A—a'eRy Fc{fVvazA},FeF(X)

=\ (A-a) \/ 7 (1F) + al.

A—acRy Fc{f=A} FeF(X)

On the other hand, for each real ' < a, we have
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(4.18) V (A-a) \/ e (1p) +4'1

A—a'eRy Fc{fvazA},FeF(X)
=(V (-a) V 7 (1p) +a'1)
a'<A<a Fc{fvazA} FeF(X)
v ( (A —d) \/ 7o (1p) + a’l)
A>a Fc{fvazA} FeF(X)
—alv ( (A—a) \/ 7o (1F) + a’l)
A>a FC{f2A},FEF(X)
- al\/( (A—a) \/ n@(lp)+a1)
A>a FC{f>A} FeF(X)
= (A —a) \/ e (1p) +al,
A—acRy FC{f2A},FEF(X)

where the second equality follows by noting that {f Va > A} = X fora > A and
{fvaz=A}={f > A} for A > a. Then, (4.13) follows from (4.17) and (4.18). By

(4.13) we get Ef(fv”) = A A Eﬁa(lp) A EO

p—a p—a
A>aFC{f>A},FEF(X) A-a

for each real y, so that

(4.19) Vu<a, EpUY0—o,

On the other hand,

Ef(f) AV A A Egi(lF) ANEC_,

v>jaeR A>a FC{f>A},FeF(X) "

“AVA A EEaR,

v>pav A>a FC{f=A},FeF(X) "

= 3
| @&

>

—

and since A A E}S, 1) A EY_, is constant for all reals a and v with

A>aFC{f>A},FEF(X) A-a
a < v, we obtain

(4.20) Yu=>a, E;;[(f) — /\ /\ ET(FB(lF) — EH(f\/a).
A>a FC{fzA}FeF(X) *°

Since Eg(f)val = Ef(f) for u > a and Ef(f)val = 0 for u < g, the first equality in
(4.9) follows from (4.19) and (4.20), and the second one from (4.13). Take y = a in
(4.20) and get

(4.21) END = A A 1 7 (15),
A>p FC{f>A},FeF(X)
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which is equivalent to the second equality in (4.8). By (4.21) we have
1
EDc=VIA A 1-m)
vi<v V<A<V FC{f>A}FEF(X)

< A 1— 7 (1p) < BV,
Fc{fzv},FeF(X)

so that
11 11(f) 1(f) oIl
B = VEL <V A ieman< VEY =B,
v<p V<HEC{f2v},FEF(X) v<p

which is equivalent to the first equality in (4.8). By (4.21) we get

(4.22) Vuza, ESUM -1
and
423)  Vp<a, ESUM = A A 1— 7 (1p)

A>uFC{fAa=A},FeF(X)

= A A 1— (1) = BV,
a>A>pu FC{f>A},FeF(X)
Since Eg(f)mﬂ = E;](f) for y < a and E;](f)mﬂ = 1for u > a, (4.10) follows from

(4.22) and (4.23). Let f and gin R™. Suppose II(f) < II(g) and f(x) > Ag > g(x)
for some x € X and some real Ag. Then, IT(f V Ag) — Al < ITI(gV Ag) — Apl by
(4.9), which implies ¢ (IT(f V Ag) — Apl) < ¢(II(gV Ag) — Apl) by Theorem 2.3,
and

p(V 0-x) VO me(p)

A—=AoeRy FC{f=A} FeF(X)

<¢( V(A=) V ﬂ@(lF))

A—AgeR4 Fc{g=A},FeF(X)
by (4.13) and Lemma 2.2 (e), that is for each projection p € A”,
(4.24) sup (A=2Ag)  sup (7 (1F))(p)

A—=AoeRy FC{f>A} FeF(X)
< sup  (A—Ag) sup ¥(ma(1r)) (p)-
A=AgeR, Fc{g=A},FeF(X)

Take p = 7 (14,)) in (4.24), and get the contradiction by considering in the L.H.S.

any A €]Ag, f(x)[and {x} C {f > A} (indeed, ¥(p)(p) = 1 gives A —Ap > 0in

the L.H.S., but ¢(7a(1F))(p) = suplpngyy(t) = O forall F C {g > A} and
tex

all A > Ag by Proposition 4.1, which gives 0 in the R.H.S.). Therefore, IT(f) <
I1(g) implies f < g, and since the converse implication clearly holds, IT is an
isomorphism of complete lattices and (i) holds.
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Since 7t (1if20)) = E[/\ J(rf)[ for each f € yeli L*(X, u), we have for each

f eUSC(X,R), and each real a < tm}f(f(t),
€

)=\ (K-a \ e (1p) + al

A—acRy FC{f=A}FeF(X)
=V (A —aERY) 4a1 = mo(f),
A—acRy

where the first equality follows from (4.13), and the last one from Proposition 4.1

by noting that f = V(A —a)1;4>p) + a; this proves (ii).
A—acRy

Let f € USC(X,R). For each real b, we have
(4.25) II(f Ab) =II(f) Ab1 = A ((IT(f) Ab1) Val)

aeR
= NI((fAb)Va)) = N\ 7a((fAD) Va),
aceR aeR
where the first equality follows from (4.10), the second one from Corollary 2.4 (c),
the third one from (4.9) and (4.10), and the last one from (ii) since (f Ab) Va €
USC(X,R)yp. Therefore, IT(f ANb) € A%g as the meet in Az of a family of g-upper
semicontinuous operators. Since I1(f) = \/ II(f Ab) by (4.10) and Corollary 2.4
beR

(c), and since

vaer, B =\ BV =\ BV = BT,

|—oo,v|
v<A <A v<A

E]Iz (OJ:)) A[ 1s an open projection, hence II(f) € A%g. We then have shown that

My sexm is an isomorphism of complete lattices from USC(X,R) into A%g,
which extends n@‘u SC(xR),, and satisfies (4.1) and (4.2); by Proposition 4.1,

\U SC(XR) = = (p9) "1 o ¢ 0 p9X) and the two first assertions of (iii) hold. Since
for each real a,

(426) \/ Ef\j(f) — \/ Ei—[(f\/”) — \/ Eﬁ\_[(fv”/\)‘)
AER AER AER
=\ EpUY =y II(1irvacay)
AER AER
=V () < Ty, o pay) <T0x) =1,
AER
II(f) € AE’QOO o] implies U {f < A} = X; but the first inequality in (4.26) is in
AER

fact an equality (otherwise, by Theorem 2.3, there is some real Ay and some projec-
tion p € A"\{0} satisfying (¢ o IT)(1{s<p,3)(P) > (Y o IT) (1, 1<a}) (p); since
II(ipcp,y) and IT(1 _ (r<ay) are projections by (ii), we get (o IT) (11111 ) (p)
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= 1thatis p < II(11<pp1), and (Yo IT)(1yy, ,(r<ay) (p) = O thatis the contradic-
tion p - I1 (1U enlf< A}) = 0), so that the converse implication holds, which gives
(4.12). Let — f € USC(X, R). By (4.9), (4.10), (ii) and Corollary 2.4, we get

= AV -I{(frb)va)= N\ \ H((—f A—a)V —b) =II(—f),
beRacR beRacR
which gives (4.11).
Let f € R*. Clearly, IT(f) < TI(f) =< I1(f), and by (i) and (iii) there exists
g € USC(X,R) such that IT(f) = Il(g) and f < g < f, hence ¢ = f, and (iv)
holds.
We have for each f € R* and each G € G(X),

Yo II(f) (e (1)) = p o II(f) (M (16)) = 9 o II(f) (ma(15))
=99 o II(f) (710 (1)) = fggf(t),

where the two first equalities follow from Theorem 3.3, the third one from (iv),
and the last one from (iii). Thus, (v) holds and the theorem is proved. 1

We recover in the following corollary the fact that the spectrum X of a com-
mutative von Neumann algebra is stonean, since this is equivalent to say that the
set of R-valued continuous functions on X is a complete lattice.

COROLLARY 4.3. Let A be a commutative W*-algebra with spectrum X. For
each faithful representation 7t(A) as a von Neumann algebra, there is an isomorphism of
complete lattices from the set of R-valued continuous functions on X onto 7t(A)g.

Proof. Since 7t preserves the usual order, by commutativity 7t restricted to
the self-adjoint part of A is a poset isomorphism (with respect to the spectral
order). We then can identify (as lattices) the self-adjoint part of A with the one of
7(A). On the other hand, also by commutativity, A is a von Neumann algebra
acting on the universal Hilbert space. By definition, x € Agif {E} : A € R} C A,
that is x € Ag if and only if x AblV —al € A for all reals a and b, i.e. x is
extended g-continuous, and the result follows from Theorem 4.2 (note that in
general, x is extended g-upper (respectively g-lower) semicontinuous if and only
if (x Ab1) V al is bounded g-upper (respectively g-lower) semicontinuous for all
reals a and b). 1

The following characterizations (i")—(iii") of the upper regularization map
are well known ([8], [16]). When A is commutative, they are recovered as partic-
ular cases of Theorem 3.3.

COROLLARY 4.4. Let A be commutative with spectrum X, f € R¥and Y C X.

The properties (i)-(iii) of Theorem 3.3 with x = II(f) and p = I1(1y) are respectively
equivalent to:
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(") f is the unique ¢ € USC(X,R) satisfying

(4.27) supg(t) =sup f(t) forall G € G(X);

teG teG

(i) f=V{geR" :supg(t) =sup f(t) forall G € G(X)};

teG teG
(i) p(I1(f))(I1(1ly)) = sup f(t) = inf  su
PUL)(IT(y) = sup () = inf - sup ().
Proof. By (iii) and (iv) of Theorem 4.2, (i) is equivalent to state that IT(f)
is the unique extended g-upper semicontinuous operator I1(g) (for some g €
USC(X,R)) satisfying

(4.28) YI(I1(g)) (7 (16)) = Y(IT(f)) (71e(16)).-

The L.H.S. and R.H.S. of (4.28) are respectively equal to sup g(t) by Theorem 4.2
teG

(iii), and sup g(t) by Theorem 4.2 (v), which gives (4.27). Put Yy = {g € R®

teG
¥G € g(X), Supg( ) = Supf( )} and Yy = {y € AR : ¥(¥)ig = $(*)ig}-
Sincey € YH( f 1f and only 1f ye YH( ) by Theorem 3.3 (i), we have by Theorem
4.2 (iii), V Yir(py) = V(Yir() OH(R ))- Moreover, \/ Yr5) € Ypp(p) N H(RX) since
VY € YH(f) hence

=X

N S II(R —X
(4.29) V Vi) = Vi) = V™ Oy n 1R,
Then,
—X

@30 (R =) =\ Yugy = V'™ 10(vy) = 11\ vy),

where the first equality follows from Theorem 4.2 (iv), the third one from (4.29)
and the equivalence I1(g) € Yyy(y) if and only if ¢ € Yy (given by Theorem 4.2
(v)), and the last one by Theorem 4.2 (i). Then, (4.30) is equivalent to f=V Yr by
Theorem 4.2 (i), that is (ii) < (ii’). Note that

I(USC(XR))

H(f)zn(\/ /\(ﬁb)w): \/ n(/\mb)w)
beR acR beR aeR
> \/ H( /\(ﬁb)m) —\/ A\ II((FAD) Va)
beR acR beRacR

=\ A UI(f) Abl)Val =II(f)

beRacR
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(the third equality follows from Proposition 3.2, the fourth one from Theorem 4.2,
and the last one from Corollary 2.4); in particular,

IT(USC(X,R)) 7 7
(4.31) \/ H( /\(f/\b)\/a) —\/ A TI((fAD) Va).
beR aceR beRaeR

Moreover, for each F € F(X), we have

¢( A\ I((FAD) V) (ma(1e)) = inf g o IT((FAL) V a) (e (1))

acR
(4.32) = inf sup((f Ab) Va)(t) =sup f(t) Ab
a€R 4 teF
where the first equality is proved as the first equality in (4.4), and the second one
follows from Proposition 4.1 (b). The L.H.S. of (iii) with p’ = V e (1F) is
FCY,FeF(X)
YUII(F)(p) = woII(f)(p)) = sup  ¢olI(f)(me(1F))
FCY,FeF(X)
= sup ypoll( \/ A(FAb)Va)(ma(le)
FCY,FeF(X) beR aeR
IT(USC(X,R)) 7
= swp (V1 AFabVa))(re(s)
FCY,FeEF(X) beR aeR

= sup gV ATH(FAL) V) (ma(lp))

FCY,FEF(X) beR acR

= sup supy( A\ I((FAD)Va)) (e (1r)) = sup f(£),

FCY,FeF(X) beR a€R tey

where the fifth equality follows from (4.31), and the last one from (4.32). The
R.H.S. of (iii) with p’ is

S el = inf o $ell(f)(ne(le))
" 6oy, Geg(x)lpoﬂ(f)(”@(lc)) cgylgefg(x) sup p f(t)
B Gayl(r;lefg(x) o4 pf(H)= Dyré‘ég(x) poII(f)(ma(16))

= __inf  poll(f)(q) = y(II(f))II(1y)),

q>H(lY)/G€g

where the third and fifth equalities follow from Theorem 4.2 (v), and the fourth
one from (i’). Since the last equality is exactly (iii) with p = IT(1y), all the expres-
sions appearing in (iii) and (iii") are equal. 1

The commutative case of Theorem 3.4 is exactly the Dini-Cartan lemma, as
shows the following.
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COROLLARY 4.5. Let A be commutative with spectrum X, and (f;)icy be a de-
creasing net in USC(X,R). The conclusion of Theorem 3.4 with x; = II(f;) for all
i € I, is equivalent to
(4.33) sup inf fl( ) = infsup f;(t) for all compact K C X.

tek 1€ i€l ek

Proof. Note first that for each i € I, II(f;) is extended g-upper semicontin-
uous by Theorem 4.2. By commutativity, we have to show that for each compact
set K C X, (3.3) with p = 7, (1k) is equivalent to (4.33). The L.H.S. of (3.3) with

p = me(lk) is

Al TUSC(X,R))
p(ATT()) (e (1) (/\Hﬂ)n@(lK)):tP( A () ) (7 (16)
iel iel
= ¢(11( Af)) (o 1)) = supint (),

where the first equality follows from Proposition 3.2, the second and third equal-

ities follow from Theorem 4.2 (iii), and the last one from Corollary 4.4 (iii). By

Corollary 4.4 (iii"), the R.H.S. of (3.3) with p = 7o (1k) is inflp(ﬂ(fi))(n@ (1)) =
1€

infsup fi(t).

iel ek

5. AN APPLICATION TO NONCOMMUTATIVE LARGE DEVIATIONS

Let (ya) be a net of Radon probability measures on a locally compact Haus-
dorff space X, let (t,) be a net in |0, +-oo[ converging to 0. Recall that () satisfies
a large deviation principle with powers (t,) if there exists a upper semicontinu-
ous function f on X such that

lim sup po (F)'* < sup f(x) < sup f(x) < liminf y, (G)'™
x€eF xeG

forall F € F(X), G € G(X) with F C G ([8], [10]). Such a principle implies that
for each x € X with f(x) < 1, there exists an open set G containing x such that
1a(G) converges exponentially fast to 0, with the rate of convergence controlled
by —log f; we call f the governing function.

Let (wa) be a net of states on a C*-algebra A. The following definition is
a noncommutative version of the above one: indeed, if A is commutative with
spectrum X, then (wy) is a net of Radon probability measures on X, z = g (f)
for some bounded upper semicontinuous function f, and for each p = g (1y)
with Y open or closed, we have by Proposition 4.1 (b),

¥(2)(p) = o e (f)(ma(ly)) = Sl;l;f(X)-
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DEFINITION 5.1. We say that (w,) satisfies a large deviation principle with
powers (ty) if there exists a g-upper semicontinuous operator z (called the govern-
ing operator) such that

(5.1) limsup wu(p)"* < (2)(p) < $(2)(q) < liminfeou ()"
for all closed projections p, and all open projections g with p < g.

We refer to [7], where basic properties of classical large deviations have been
extended to the noncommutative context; in particular, we proved that a govern-
ing operator is uniquely determined.

The results of the preceding sections allow us to obtain equivalent defini-
tions without reference to semicontinuity; the following proposition is a noncom-
mutative version of Proposition 2.3 of [8].

PROPOSITION 5.2. The following statements are equivalent:
(i) (wa) satisfies a large deviation principle with powers (ty).
(ii) There exists a sup-preserving map <y on the set of open projections such that for
each closed projection p, and each open projection q with p < g,

lim sup w, (p)'* < () < liminfw,(q)™.

(iii) There exists x € A’

01] such that for each closed projection p, and each open

projection q with p < q,
(5.2) lim sup wa(p)t“ < P(x)(q) < liminfw,(q).

If (i) holds, then the governing operator z is given by z = \/{x € A”qy) : x satisfies
(5.2)}. If (ii) holds, then (i) holds with governing operator (¢9)~1(+y). If (iii) holds with
x, then (i) holds with governing operator X.

Proof. (i) = (ii) = (iii) is clear by Theorem 2.3 and Theorem 3.3 (i) and
(iii). If (iii) holds with x, then 9 (%)(q) = ¢¥(%)(q) = ¥(x)(q) forall g € G by
Theorem 3.3 (i) and (iii), and since ¥(X)(p) = q>ipan€g1p(x) (9) by Theorem 3.3
(iii), we get (5.1) with z = ¥, i.e., (i) holds with governing operator x. The equiv-
alences and the last assertion are proved. Assume now that (i) holds, and put
z = \/AN[Orl]{x € A”jq) : x satisfies (5.2)}. Since {x € A”[gy) : x satisfies (5.2)}

is bounded and nonempty, we have z = \/A%{x € A" : x satisfies (5.2)} by
Corollary 2.4 (a). Since ¥ is a surjective isomorphism of complete lattices, it is
sup-preserving and so (z) satisfies (5.2); hence ¢(z) satisfies also (5.2) by The-
orem 3.3 (i), which implies z = z, and (i) holds with governing operator z. If
(ii) holds, then by Theorem 2.3 and Theorem 3.3 (iii), (i) holds with governing
operator (¢9) ().
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