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1. INTRODUCTION

The first construction of an operator without non-trivial closed invariant
subspaces is due to P. Enflo. The example of that so-called, transitive operator
has been produced in 1976 but got published only by 1987 [3]. In the meantime,
different operators have been constructed by C. Read in [5], [6], and [7] and a
simplification of the Enflo’s example has been published by B. Beauzamy [2].

Although the mentioned examples provide us with the negative answer to
the general invariant subspace problem, there is a vast number of related ques-
tions that remain unanswered. Existence of a topologically simple Banach alge-
bra, of a transitive operator on a reflexive Banach space, or of a positive transitive
operator are among such questions.

This paper is devoted to the modification of the example of C. Read. Our
example is based on the construction from [8] and acts on /1. The matrix of the
operator consists of blocks which are defined in an inductive manner. In [8] both
the length of the m-th block and the value of entries in it depend on previous m —
1 blocks. In our paper we fix the structure of the matrix from the very beginning
and only the entries of the matrix will be defined inductively.

Another modification that we make in this paper concerns the relations be-
tween entries of the matrix of Read’s example. Every m-th block of Read’s con-
struction is partitioned into 4m smaller blocks. Among those, m contain the same
entry which is essential for the proof. We eliminate this dependence from the ma-
trix. Hence, our operator yields more degrees of freedom. Needless to say that
all the other properties from [8] are preserved.
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All proofs replicate the corresponding proofs of C. Read, though because
we avoid working with specific coefficients, they seem simpler than the original.

2. TRANSFORMATION MATRIX

In this paper all operators under consideration will be continuous linear
maps from a Banach space X = [; into itself. We consider X as the norm closure
X = (coo, || - |l1) of the space of finite number sequences cyy endowed with ;-
norm.

DEFINITION 2.1. Let (f;){, denote the unit vector basis of X. For each n >
0, X, will denote the linear span span{f; : i =0,...,n —1}.

Let |p| denote the sum of the absolute values of the coefficients of the poly-
nomial p. Let us agree that pairs of non-negative integers (m,n) with m > n are
ordered so that (m,m) < (m,m—1) < (mym—2) < --- < (m,2) < (m,1) <
(m+1,m+ 1) for every m. Next we define an increasing sequence iy, , by

U = 1 Ujj = 161, + Unn

where the pair (i, j) is the successor of (m, n) in the linear order introduced above.
This sequence partitions the set of natural numbers into the blocks [, 1614, +
un,n) NN which we will refer to as block (m, n). Every such block we consider as
a disjoint union of four “intervals":

Umn, 8Umn) NN,

[ =

[z)mﬂ’l [81/{7}1 ns 8umn + Up n) ﬂN

[3)"1/” [Sum n + Un,n, 12um ;1) N N and
[4)m,n [121’{111 nr 16um n + Up n) N N

Any transitive operator must be a “right shift" on a proper collection of vectors.
We continue by defining that sequence of vectors (¢;);, using the standard basis

(fi):

1. Ifi € [1)mu ori =0, we set
fi = Fe;.
2. Ifi € [2),n, We set

3. Ifi € [3),n, We set

4. Ifi € [4)m,n, we set

fi = Gi [H‘V(‘riél,)rlel - ei—sum,n]'
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Sometimes, to emphasize what group and interval the number i is in, we will be
using additional sub/super indices. For instance, if i € [1),,,, we may use the

notation Fl(m) , instead of just F;.

Assummg that non-zero F-, G-, and H-coefficients are defined, we may
write f; = Z Ajjej uniquely, for each i € Z7T. Since A;; is never zero, this lin-

ear relat10nsh1p is invertible. So the ¢; exist and are unique. In addition for each
n we have

span{e; :i=0,...,n—1} =span{f;:i=0,...,n —1} = X,.

Our construction is based on the order in which the coefficients are chosen
and on the rate of their growth.

The rate of growth of the coefficients is governed by the functions N, (m, n)
and Nj(m, n). The former regulates the intervals [1),,, and [2),,, and the latter
sets the rate of change on [3),,, and [4),,»,. The properties of N; and N;, we will
derive during the proof process and then will summarize in Theorem 6.2. To this
end we assume that both functions are at least 2.

The values of N,(m,n), Ny(m,n), and the coefficients for the block (m,n)
are determined in the following order:

Na(m,n) — Géu)mn - Gfgizn,nﬂ o Gf(ii)m,nﬂtn,rl -
LA T e

— Np(m,n) — G%zifmn - Gglmwl e G%Lm,ﬁun,n—l -
8ty iy n - Fézz)n,n+u;1,n+1 - Fl(i)‘m,nfl Hr(f,)n

In setting the values of any number in this linear diagram we are free to use every
number which is already defined. Using this principle we continue by defining
the values of the coefficients.

For fixed m, the first coefficient of all (1, *) blocks we set by
1) G2 =m

B8umm *

to guarantee that we will “return” to ey with increasing precision. That is, to have

2 ||f 8Blm,m || 1
|\H;S1,2n€8u,,m — el = ﬁ’n’,m =
Notice that for n < m we have (n,1n) < (m,n) and the number of elements in
[2)mn is Uny. This allows us to set G-coefficients in [2),,, equal to the corre-
sponding coefficients from [2),, ,:
2.2) c? .—g®?

immn i—8Up,n+8un”
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The first coefficient of [4),,, we set by
4
(2.3) Gian,,, 7= Ny(m,n).

If i and i 4 1 belong to the same interval of the block (1, 1), the correspond-
ing F- and G-coefficients are set by:

(2.4) EY n = Na(m,m)ELL)
(2.5) G, o = Naln, )G
26) F2) 1= Nolm, )
@.7) G, o = Ny(m,m)GL2

To finish the description of the block (m, 1), we need to define H-coefficients and
the values of the first F-coefficients F,,,, , and Fgy,, , +u,,- To this end we set

(28) Pumn = Nﬂ( ’n)GSum,n"Fun,n_l’

(29) F8um n+unn = Nb( ,n)Glﬁun,’,1+un’n—1/
(210) m n = Na(m,n)Fgum,n,l, and

(2.11) Hit o= Ny(m, n)Fioy,, ,—1-

The definitions (2.4-2.11) are possible due to the order in which we define
the coefficients. We finish the description of the transformation matrix by setting
F=1

3. SHORT OUTLINE OF THE PROOF

Using introduced vectors e; we define the linear map T : cp9 — cop by
Te; = e;+1. Then we show that the map T satisfies | T|| < 1. Therefore, T can be
extended to entire X. Next for any unit vector x € X we will find a projection
Qm,n that maps x into a special compact subset of X. After that we will estab-
lish the existence of a polynomial g such that the numbers ||§(T)Qu,nx — eo|| and
19(T)(I — Qm,n)|| are small. This will show that ey € span{T"x : r > 0}.

Every inequality about the norm of operators will be obtained by estimating
ITfi| for every i.

4. NORM ESTIMATIONS

Let us continue by showing that T is a contraction.
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LEMMA 4.1. If for any consecutive pairs (m,n) < (r,s) the functions N, and N,

satisfy

4
Na(l’,S) 2 2H7(7121G§634mn+u"” v
2)

Ny (m,n) > 2H2, G

Bumn+unn—1"

then ||T|| < 1 holds.

Proof. Let N; and Nj, be two functions satisfying the assumption of the
lemma. Consider the operator T constructed using N;, N, and the guidelines
above. Let us fix (m, n) and show that || Tf;|| < 1 for every i from the block (m, n).

Since fy = Fyep and f1 = Fie; we can estimate

F 1
Tfoll = |Fei|| = 2 lIf1]l < Sy
ITholl = 1Foesll = £ 1Al < gy <2

Let us fix i > 0 and assume that ||T|x,|| <1
Case 1: Suppose i and i + 1 both belong to either [2),,, or [4)m,,. Then

fi = Gi(Hmne; — €i_su,,,) and fi1 = Giy1(Hmpueit1 — €ir1-8u,,)- Thus,

G; 1 1
ITfill = IGi(Hmneit1 —€i+1—8um,n)|| = ?frlezHH = W < >

Here N(m, n) is either N,(n, n) or Ny(m,n) depending on whether i is in [2),, , or
in [4)m,n (see formulae (2.5) or (2.7) respectively). In either case N (m, ) is at least
2, which implies the last inequality.

The case when both i and i + 1 belong to either [1),,, or [3)m,,, can be
checked similarly due to formulae (2.4) and (2.6) above.

Case 2: Suppose i is in [1)y,n Or [3)mn and i + 1 isin [2),n O [4)m,, respec-
tively. Then f; = Fe; and fi11 = G (Hm,nei+l — ei+1*8um/n)' Thus,

fz+l

1
ITEI = Ellessall = 5] £+ 1| < gy (1 e 1-sua )

m,n

Here N(m, n) is either N,(m,n) or N,(m,n) depending on whether i is in [1),,,
orin [3),,, (see formulae (2.10) or (2.11) respectively). Since we have €it1—Sity, =
(T|x,) "1~ 84mney by our inductive assumption we conclude ||eiy1_sy,, [ < 1.
Then the fact that N(m,n) > 2 and the estimate above imply ||Tf;|| < 1.

Case 3: Suppose i = 8y, + tny — 1isin [2)y,, and i + 1isin [3),,. Then,
as before, Tf; = Ggu,, 41y -1 (H,(n2 LeSum,ﬁun » — €uy,)- Notice that u, , belongs to

Un,n

the interval 1), and thus satisfies e,,, = £ . We also have Gg,,, , +u,,-1 =

Un,n

Gsu,, ,+u, ,—1 by formula (2.2). Since i + 1 is in [3),,,, we can write egy,, ,+u,, =
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2’;””’% Therefore, by (2.8), (2.9), and our assumption about Nj (1, n) we obtain
mn+unn
2
T < Hfsu’”'”Jr””r” H Ggum,n+u71,n_1H7(”r2’l ||fun,n || Ggun,n'i‘un,n—l
175l < : :
8”m,n +Upn Unn
G H<2)
8um,n+un,n—1 mn 1 < 1
Nb(m,]’l) Na(]’l,]’l) )

The formulae (2.8), (2.9), and the assumption about N,(r, s) for the successor (7,s)
help us to handle the last case i = 16y, , + tnn — 1, the end of interval [4),, ,, in
a similar manner. 1

By the lemma above the linear map T : cop — cgp can be extended to the
completion X with ||T|| < 1.
Next we will discuss the relation between expansions of an element x € cqg

N
with respect to (e;) and (f;). If x = Y Aje; € cop we consider a different norm
i=0

defined by |x| = g} |A;]. Since ||e;]] < 1 for every i, we conclude that ||x| < |x|
for every x € cqp. lfe(z)t us introduce another auxiliary function by
f(m,n) = sup{|x[ : X € Xouyytuo X[ = 1}
From the definition of (e;) it follows, in particular, that
f(m,n) > max{G;:j < 8umu + tnn}-

For a fixed pair (m, n) consider projections Py, 1, Qun : X — X8y +11,n» AN
Tmn X8”m,n+un,n - Xsum,n"!‘un,n defined by

fi i < 2Ump,
Punlfy) = { ~Giei s, 1€ R)roand (5,5) < (1,1) < (m,n) < (r,5),
0 otherwise (including the case 2y, < i < 8uyy);
fi 1< 8Umu + Unn,
Qun(fi) = { —Giei_gu,., i€ [2)rsand (s,s) < (m,n) < (r,s),
0 otherwise;

T (e) — ei l < zum,i’l/
T 0 otherwise.

For every pair (m,n) let us define a compact set Kinn C Xgu,,,+u,, \10} by

2—m—n

= : < > —
Km/” {y € Xsum/nJrun,n . ||3/|| = f(m' 1’[), ||Tm,n3/|| = l6f(m,n) }

The next lemma will help us to send any unit vector of X inside one of Ky, ;.
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LEMMA 4.2. For every vector x € X with ||x|| = 1 and for each natural number
n there exist j = n and m > j such that Q;, jx € K, ;.

Proof. First, notice that for every vector x € X with ||x|| = 1 and for each
natural number n we have the convergence Py, ,x — x as m — co. Indeed, for a
fixed n and for any y € cgp the equation Py, ;¥ = y holds for all but finitely many
m. So, to prove our first claim, we need boundedness of || Py, . || where # is fixed.
According to the definition of Py, s,

[Pl = max{Gillegu,. || : 1 € [2)rs and (s,5) < (n,n) < (m,n) < (r,5)}.

On the other hand, if i € [2),s and (s,s) < (n,n) < (m,n) < (r,s), then G; =
Gi—8up s +8uiss and i — 8uys + 8uss < uss < 8upy + Uy, This and the fact that
lleil| < lleol| = 1 for every i, yield || Py,ul| < max{G;:j < 8uun + unn} < f(n,n)
for every m. Hence, we have shown that Py, ,x — x as m — oo.

For a subset U C R™ denote by 7y the projection such that 7ty (f;) = f; if
i € U and zero otherwise. Our next important claim is that for every j satisfying
n < j < m we have ), Tmn Qmn = T2),,;° To show this, let us write out the
formula for Ty, 4 Qi n-

Observe that if i is less than 8uy, , + U, then i < 2upyp, or 2uy, < i <
8upp, ori € [2)mp. If i < 2uy,, holds, then neither Qyy , nor T, changes f;. For
any index i satisfying 2u;,, < i < 8uy,n we have Ty Qmufi = Tmanfi = 0. Fi-
nally, if i € [z)m,n/ then Ty nQmufi = Tmnfi = GiHpuTnnei — GiTm,nei—Sum,n =
—Giei_gu,,,- We also observe that i € [2),s with (s,5) < (m,n) < (r,5) im-
plies i — 8uys < uss < 2upyy. It follows that for such i we have Ty, Quaufi =
T (—Gi€i—su,,) = —Gi€i_gu,,-

Summarizing these comments we obtain the following.

fz' 1< 2,
T Qmu(fi) = —~Giei_gu,, 1€ [2)rsand (s,5) < (m,n) < (r,s),
0 otherwise (including the case 2uy,,, < i < 8up).

Back to our claim, for j with n < j < m we have (m,j) < (m,n) and, there-
fore, [Z)m,j C [0,2uy,,») holds. Since for every i € [0,2u;,,) the vector f; is un-
changed by T,» Qm,» we obtain TC2) 0 = TE02) 0 7E10,2001,0) = TE[2), T Qm,n 770,211y,
It is left to notice that the only indexes i > 2uy,, for which Ty, Qmnfi # 0 are
those satisfying i € [2),s with (s,s) < (m,n) < (r,s). But for such i we have
i—8ups < Uss < U < 8ty and, hence, n[z)m/]_rm,an,n T (it y00) = 0. We
conclude that m2),,,; T Qmn = 2),,0

Notice that similarly to the norm-estimation of the projection P, we may
obtain the following estimations

1Quull = sup [|Quafill & max{G; :i < 8umn +unn}lleoll < f(m,n),
1

as well as || Ty n Qmu|| < f(m,n).
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Now, everything is ready to prove the lemma. Let x be a unit vector and
let  be a fixed number. Since for every pair (m,j) we have [|Qy ;x|| < [|Qujll <
f(m,j) we only need to show that there is a pair (m, j) such that n < j < m and

T, j Qx| = 12}(7% As we showed above, there is k such that || ,x|| > 1.

If for this k the inequality |7, Qx| > 411 holds, we are done. If not, then
the inequality || P ,x — Tjc , Qg nX|| > % must hold. The image (P, — T, Qkn)fi
is non-zero if and only if i € [2),s where (n,n) < (s,s) < (k,n) < (r,s).
Since (k,n) < (r,s) with n < s is possible only if k < r we may say that
(Pen = TenQin)X = (Pin — TonQk,n) 7tsx for

U 2)rs= U [2rs=:85.

(nn)<(s,s)<(kn)<(r,s) n<s<k<r
Then, since ||(Py, — T n Qi) TsX|| > %, we obtain
1 1 1
> > :
4\ Pen = TenQunll — 4lf (n,n) + f(k,n)] = 8f(k,n)
The fact that S is a countable union of sets [2), s suggests that there exists a pair
(m,s) with n <'s < k < m such that ||, x|| > |7sx[[27™7°. As discussed

above, then we have T0(2) s Tr,s—1 Qms—1X = TC[2),6 X and, thus, forn <j=s-1<
k<m

l7es x| >

o] _ 27mi 2o
1,1 Qo %11 2 W23, T Qo = ey X > 505 2 55005y 2 T6p0m 7y

The proof is complete. 1

5. WHAT MAKES T TRANSITIVE?

Let us see what we need in order to show that T does not have non-trivial
closed invariant subspaces. For every pair of numbers (m,n) let K, , be the
compact set defined above. Let Tin : Xsu,,,tuny — X8upptuy, b€ the “trun-
cated" version of T, namely, Ty, ne; = €j11(i < 8umpu + Unn — 1) or zero (i =
Bump + Uny —1).

By, n+unn—1

Giveny € Ky, write y = Yy Aje;, where Ay # 0. Then

i=n
T . —
span{Tm,ny . 6umr” < r< 81/lm,n + u”/n} - span{eﬂé+6um,n’ T ’68um,ﬂ+un,n_1}‘

Since Ty (y) # 0 we have & < 2uy,,, and hence the vector esu,,, belongs to
span{T}, .y : 6umy < 1 < 8y + tny}. Since Ky, is compact there is a finite
Bup,n+unn—1

number py, ..., pr of polynomials p (of form p;(t) = Y vs;t®) such that

$=061m,n
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for all y € Ky, there is a number j such that

2 1
Ipj(Tn)x = Hignesu, || <+

Using the polynomials p; that we find for a pair (m,n), we define a function
g(m,n) by g(m,n) = max|p;|. Since by the definition of eg,,,,, we have ||H,(112 Legum/n
)

1 _ 1 _ 1 . . . . .
—eg|l < Comn = Gounn — 1 our discussion provides us with the following

lemma.

LEMMA 5.1. There is a function g(m, n) with the following property. For any pair
(m,n) and y € Ky, there is a polynomial p such that |p| < g(m,n), p(t) is of the form

8um,n FUnn— 1

p(t) = Y vgjt*, and
5=6Um,n
2
lp(Tuwn)y = eol| < =
REMARK 5.2. The following inequalities
f(m,n) < [Na(m, n)]h(um,n) and g(m,n) < [Ny(m, n)]h(um,n)

hold for a relatively simple function h. This might be interesting for explicit def-
inition of a transitive operator. Since it is irrelevant for this paper we do not
present the argument.

Our next lemma allows us to replace T}, in the estimation above by T.
LEMMA 5.3. If for any consecutive pairs (m,n) < (r,s) the functions N, and N,

satisfy
nlf (m,n)2g(m,n)Hi,

then the following holds:
For any y € Ky,n, with the notation of previous lemma, the polynomial q(t) =

H,%Ltsu'"/"p(t) satisfies t'44mn|q(t), deg q < 16Uy + tnn, |q| < H,Sf‘,gqg(m,n), and

4
19(T)y = eol| < -
Proof. Given y € Ky, let p be the polynomial from the previous lemma.

For convenience, let us set M = 8uy,, + Uy, — 1 for this proof. If p(Tpn)y =

M
Y Ae;, then

i=6Up,n

4

M
||Hr(rﬁ21T8um’"P(Tm,n)3/ = P(Tun)yll = H ‘ Z )‘i(Hr(rf,LeSum,ﬁi —e;)

1=6Up
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since for every 6u,,, < i < M above we have 8y, , + i € [4),n, we continue

_ M A‘fsum,n"!‘i 1 M Al = |p(Tm/n)y| < ‘plly‘
- Z ! =G Z Al = G e
=611y 8ty +i 1200 =6y n 121, 12u,,
< §mm)|lyllf(m,n) _ g(m,n)[f(m,n)]? _ g(m,n)[f(m,n)]? _1
G121y, G121y Ny(m,n) n
Hence, the inequality

1
| T (T )y = p Tyl <

holds.
Next we replace T, , by T inside the polynomial p. To this end notice that

TS”””’(p(T) — P(Timn))y € TS”’”'”span{e]- M < j<2M}
- span{ej 216Uy + tn < j < 8(16Upp + Unn)}
= span{ej : j € [1)ys}

where the block (7, s) is the successor of (m,1). Since Fie; = f; for every jin [1);s
we obtain

lejll < ——
7= Fur,s
for every j € [1),s. So, with p as above
(4) (4)
||H151421[T8um,np(Tmn)y — T8 p(T)y]|| < Hyulpllyl < Hynf(m,n)g(m,n)l|y|
’ ’ Fur,s Fur,s
_ Hilf(mm)Pg(m,n) _ 1

Nq(r,s) n

Summarizing we obtain for g(t) = H,(f/ 21 t8itmn p(+) the inequality ||q(T)y —eo|| < 2
provided the conditions on N, and Nj, are satisfied. 1

By this point we have proved the following. For every x € X such that
x| = 1 and for any number ny we can find numbers m > n > ng such that
Yy = Qumux belongs to the compact set K. Then for that y € K, we find a
polynomial g with t144m|q and |q| < H,(f,zlg(m,n) such that [|q(T)y — eo|| < 2.
Thus, we obtain the estimation

19(T)x = eoll < l[9(T)x — q(T)Qunx|| + [[9(T) Qu,nx — eo|
_ . 4
< [1g(T)T e (1 = Qo) +

where § is such that g(t) = t"4*mng(t). So, in order to show that ey belongs to the
closure of span{T"x : r > 0} we need to show that the first term can be made
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arbitrarily small. To this end observe that
G(T)T 4 (1= Q) x| < [qU I T (1 = Q)|

< glm, ) Hjpp | T4 (I = Q)|
After that we will prove the following estimate of g(m, n)H,(,f )n (| T¥44mn (I — Quu ) -

LEMMA 5.4. If for any, not necessary consecutive, pairs (m,n) < (r,s) the func-
tions N, and Ny, satisfy

Nqy(r,s) = 2ng(m,n) [H,(fz1

N

Ny(r,s) > 2ng(m,n)H,(,f,LH,(,25),
then for every pair (m, n) the inequality

1
g, m) Hy | T4 (T = Qu)| < —

holds.

Proof. Let us fix a pair (m,n) and consider the corresponding projection
Qm,n- We will prove the claim of the lemma by proving the inequality

1
5.1) g(m, ) Hy | T (1 = Qu) fil] < 5

for every i.

By the definition of the projection Q,, , we have (I — Qy,»)fi = 0 for every
i < 8umy + Uny and, hence, (5.1) holds trivially. Thus, for our estimations we
consider i > 8uy, , + Uy, Observe that in this case

GiH?Z)e; ifi€ [2)sand (s,s) < (m,n) < (r,s),
(I - Qm,n)fi = .
fi otherwise.
Case 1: If i € [2),s where (s,5) < (m,n) < (r,s), then (I — Quu)fi =
Gl-Hr(lzs)el-. Notice that (s,s) < (m,n) < (r,s) implies uss < Uy < 14Umn < Uys,
hence, every i such that 8u, s < i < 8u,s + s satisfies 8u, s + uss < i 4 14uy, <

12uy5. It follows that i + 14wy, € [3);s. Therefore, using e;;144,,, = f’é;‘*“’”'” ,
i+14um,n
3 2 2 .
Fi(Jr)Mum > [Ny(r,s)]%, and Gi( ) < Na(r,s)Hr(,s) we obtain

2 2 2 2
T 5 (T = Quun) fill = | TGP HE eil| = GPHZ leis 10,
2
HEP N 1

Fi(i)MumNa(r,s) Na(r,s)[Np(r,8)]2 = Na(r,s)

1
ng(m, n)H,% )
and that will make the inequality (5.1) hold.

<

<
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For the rest of the proof we assume that i > 8uy,, + tnn and (I — Q) fi =
fi since the other cases have been verified.

Case 2: If both i and i 4 14u,, , belong to the same interval. Observe that
these two indices cannot lie in the same interval of the block (m,n). Hence, let
them both belong to some block (r,s) with (r,s) > (m,n). Then, similar to the
proof of || T|| < 1 we express T144mx f; as follows. If i is in [1)s or in [3),s, then

T 44mn f, = F,Hl:" fi+14uy,,, otherwise, that is, if i is in [2);s orin [4),s, we have
Tt f; = G&% fi+14uy,,- In either case we obtain
1 1 1
7400 (1~ Quia) fll = [ T4 £ < <Nos <
i N ING s T NS) S g (m,m)HY,

where the function N is N,(7,s), Ny(r,s), or N,(s,s) with (s,s) > (m,n) depend-
ing on the situation. This guarantees the inequality (5.1).

Case 3: If i belongs to the block (m,n). Let (r,s) be the successor of (m,n).
Then since i > 8uy n + Uy, wehave i + 14wy > 16Uy +tpn +1 = up s + 1. We
also have i + 14uy, , < 8(16uy,, + Uy ) and, thus, i + 14uy, , € [1),s. Moreover,

Fi(Jlr)l Sis > [N, (r,8)]?. Therefore, if i € [3),,, then we get the estimate
3) (4)
F; H, 1
T14um,n I— | — T14um,n | — Lmn m,n <
|| ( Qm,n)fz” H fl” (1) [Ng(r,s)]z Na(r,s)

i+14up, 1,5

which leads to the inequality (5.1) as before.
Ifi € [4)m,n, theni > 12u,, , which implies

i —8umn + 14upy 2 18upy > 16Uy +uppy +1=1urs+1

and, thus, i — 8uy, , + 14Uy, , lies in [1),s. Now inequality (5.1) follows from

4 4 4
| TH4mn (I — Qo) fill = HGI-( )Hr(n,)nei+14um,n - Gi( )ei78um/n+l4um/n l
(4) 7(4) (4)
< G Hup G;
S F 0
i+14um,n i—8Up,n+ 1415
4 4
[H>  Hy, 2

Na(r,S)2 " Na(r, 9 = Nalr,5)

For the rest of the proof we assume that i and 7 + 14u,, , belong to different
intervals and that 7 is in the block (r,s) with (r,s) > (m,n). In particular, this
means Uy s > 161y 5.

Case 4: If i belongs to [1), 5, then i + 14u,, , < 9u, s and, therefore, i + 14u, ,
lies in [2), s or in [3),s. For the latter, the inequality (5.1) easily follows from

(1) (2)
F! H 1
ity (7 _ A L2
| T (I = Quu)fil B) < [Ny (r,5)]? < Ny(r,s)

i+14uy
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For the former, the inequality (5.1) follows from (2.10) and

1 1 1

Wty (7 o Fi( )fi+14um,n Fz‘( )€i+14um,n*8ur,s ZPi( ) )
|74 (1= Quy) fill = . o o 2
G?+14um,,l HV,S Hr,s Hr,s a (T, S)

Case 5: If i belongs to [2),s, then i + 14u,, , lies in [3), s because of the in-
equality i + 14u;,, < 12u,s. Due to Case 1 above we consider only the case
(s,s) > (m,n), that is, uss > 16uy,. Let us determine in what interval the
number i — 8u, s + 14uy, , lies. Since i + 14uy, ,, > 8u, s + Uuss we conclude that
i —8uyps 4+ 14Uy > uss. We also have i < 8u, s + us s which implies i — 8u, 5 4
14upyy < uss + 14upy, < 8uss. Altogether this gives us that i — 8uy s + 14uy, 4
belongs to [1), . Using (2.2) we estimate

(2) 17(2) () 2
||r1—~14um,,1 (I o Qm,n)fi ” < Gi Hr’,s + Gi < [Hig,s)]z 1
i(i)lélu i(iziu s+14u Na(r,s) [Nb(rlsﬂ Na (SIS)
1 1

< Nq(r,s) * Na(s,s)

which together with the fact that (r,s) > (s,s) > (m, n) yield the inequality (5.1).
Case 6: If i belongs to [3),s, then i + 14u,, , lies in [4), s and we get as usually

3 3 3
14umm (7 _ Al — Fl( )ﬂ+14um,n Z:'l( )ei+14um,n*81/lr,s ZPZ( : 2
T (I=Qmu)fill = @ @) @) @ N (r,s)
Gi {14, Hrs Hys Hy N

So, the inequality (5.1) holds.

Case 7: If i belongs to [4),5, then i + 14uy, , lies in [1); ;, where (I, ) is the
successor of (7,s). Then by our assumptions we obtain 8u,s + uss < i — 8u,s +
14umy < 12u,s meaning that i — 8u, s + 14u,, , lies in [3),s. So, the inequalities
(2.6), (2.8), and (2.9) give us

(4) ., (4) (4) (4)12
cWHY G! [Hys ] 1
T141/lm/n I_ mmn)fi < L : + L < = 1 +
| (I = Qmu)fill o o Ny(r,8)Na(L,j) * Ny(r,s)
Na(1,j) 1 2

SNy sNa(L) | Np(r,s) ~ Np(r,s)”

Since we have considered all possibilities, the lemma has been proved. 1

6. CONCLUSION

Let us finish with the demonstration of the quasinilpotence of our construc-
tion. After that we will summarize our demands for the functions N, and Nj,.
Similarly to [8] we obtain:
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THEOREM 6.1. If the functions N, and Ny, satisfy the conditions of Lemma 5.4
and, in addition, for any, not necessary consecutive, pairs (m,n) < (r,s) the functions
N, and Ny, satisfy

Na(7,5),Ny(r,s), and Ny(m,n) > n'¥mn[f(m,n))?,
then the resulting operator T is quasinilpotent.
Proof. Consider the functions N, and Nj, satisfying the condition of the the-

orem. Let T be constructed using N, and Nj,. Fix a pair of natural numbers (m, n)
with m > n. Then similarly to Lemma 5.4 we obtain

T || < ([T (1= Q) | + 1T Q| < + | TH Q|

N(r,s)
where (7,s) is some pair satisfying (r,s) > (m,n) and N is either N; or N},. Re-
call that Qun(X) = Xsu,,+un, and [|Qmull < f(m,n) which provides us with
(| T mn Qpy || < f(m'”)HTmum/”‘Xsm,,,,ﬂ,, |- Using the facts that ||T|| < 1 and
that for every x € Xsy,, , +u,, we have |x| < f(m,n)[/x|| we estimate

||T14um,n |X8um,n+un,n H < f(m/n) ||T14umm : (Xgunt,n+lln,n’ | : |) - XH

< f(m,n) max{|le; 1 14uy,, || : 1 < 8thmn + Unn}

(m,n) (m,n)
< 1) et | = o < LR
UmnTUnn 4

We combine everything above into

2 Lf (m, n)]? 3
T14um/n < .
H H N(l’, S) Nb(m, n) < nl4um,n

Since the last inequality holds for every pair (m, 1), the operator T is quasinilpo-
tent. 1

We may summarize the conditions of all lemmas above, for instance, as
follows.

THEOREM 6.2. An operator T : i — Iy described in Section 2 above is a quasi-
nilpotent operator without non-trivial closed invariant subspaces provided the functions
N, and Ny, satisfy the following inductive conditions:

Nq(r,s) > rnax{nM“’”f”g(m,n)H,(nz,zq[f(m,n)H,(f)l]2 : (m,n) < (r,s)}and
No(r,5) > No(r,s)s™%g(r,s)Hi2 [£(r,5)]%.

It should be noticed that our modification is less rigid than the original con-
struction. We eliminated the connection between transitivity and the form of
the operator. As a result we may consider more involved matrices preserving
transitivity. Another degree of freedom can be obtained from the order of the
blocks (m,n). For our paper we have fixed it in convenient way at the begin-
ning. Despite this the only place where the order of the blocks has been used was
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Lemma 4.2. Hopefully these new degrees of freedom might help to produce new
interesting examples.

Acknowledgements. The author wishes to thank the anonymous referee for useful
suggestions regarding this construction.
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