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A FREE GIRSANOV PROPERTY
FOR FREE BROWNIAN MOTIONS
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ABSTRACT. A “free Girsanov” property is proved for free Brownian motions.
It is reminiscent of the classical Girsanov theorem in probability theory.
In the free probability context, we prove that if (05)scg+ is a free Brownian

S
motion in (M, T), if x is a process free from the o, if 0 = 05 + f x(u)du,
0

then there is a trace T such that(0s)scg+ is a free Brownian motion for T and
the two traces are “asymptotically equivalent”. This means that T respectively

T are asymptotic limits of states '¥;, respectively ¥, and that for each n ¥, is
obtained from ¥}, by a change of probability given by an exponential density.
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1. INTRODUCTION

The context of the present work is that of free probability theory. D. Voicu-
lescu has introduced and studied the theory of free probability, giving a meaning
to free random variables, free product of states and free Brownian motions (see
the book by Voiculescu, Dykema and Nica [8], for a survey).

In classical probability theory the Girsanov theorem is a very important the-
orem for stochastic calculus (see for exemple [3]).

In view of stochastic calculus for free Brownian motions, Biane and Speicher
(see [1]) have proved an Ito formula for free stochastic integrals. The purpose of
this paper is to obtain for free Brownian motions a property which is reminiscent
of the classical Girsanov property.

The usual Girsanov theorem says that if one translates a Brownian motion

_ s
by an adapted stochastic process (Ws = W + [ 6(u)du) one can find a change
0
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of probability given by an exponential density such that (W), cr+ is a Brownian
motion for this new probability.

In the context of free probability we want to prove a result which is in the
same vein.

Let (0s)scr+ be a free Brownian motion in (M, T). Let x be a measurable
process with values in N a commutative subalgebra of M free from the (05),cp-+-

S
Assume that x(u) = x(u)* for all u. Let 05 = 05 + [ x(u)du. We want to prove
0

the existence of a new trace T closely related to the trace T such that (0s),cr+ is a
free Brownian motion for the new trace T and such that the joint distribution of
(05, x(u))s yer+ for T is the same as the joint distribution of (o5, x(u)) yer+ for 7.

Unfortunately as the von Neumann algebra generated by a free Brownian
motion is a factor, there is only one normalized trace on it. Thus it is impossi-
ble to find a new trace on the von Neumann algebra generated by N and the o;
satisfying the required properties.

Nevertheless notice that a free Brownian motion (0s)scg+ in (M, T) is just
defined by the joint distribution of the o; for . And Voiculescu has proved that
a free Brownian motion is an asymptotic limit of matrices of random processes.
Using this point of view, we prove the following result:

There is a new trace T on N * C[(0s)scr~+]| such that the joint distribution of
((0s)ser+, x(1),cr+) for this new trace T is the same as the joint distribution of
(0ser+, x(1),cr+) for the trace T (in particular (05 )scr-+ is a free Brownian motion
for the new trace) and the two traces are asymptotically equivalent.

This has the following meaning: There is a family (Z,(s)),en of matrices
of random processes Z,(s) € M,(L*[0,1] x L) and a family (Dy(u)),en- of di-
agonal matrices of real processes such that

((C[U'S/x(”)]s,uER*f%) = lim (C[zﬂ(s)rDn(”)]s,ue]R*/?n)

n—oo

and
((C[US/ x(”)]s,ueR+r T) = nll_l:I;o(C[Zn (S)r Dﬂ(”)]s,uER*/ 1lvﬂ)

where ¥, and ¥,, are two traces on M, (L*[0,1] * L). ¥, is obtained from ¥, by a
change of probability given by an exponential density

Y, = %Trn(cp x¢o) and ¥, = %Trn((l) * o (hn-))

(and forall p € N, sup ¢ (h}) < o) i.e. the limitjoint distribution of (Z,(s), D (1))
neN
for ¥, is the joint distribution of (¢s, x(1)) for T and the limit joint distribution of
(Zn(s), Dy(u)) for ¥, is the joint distribution of (cs, x(ut)) for T.
In order to prove this result we make use, as already mentioned, of the
asymptotic model of matrices of random processes, and we modelize the process
(x(u)) by diagonal matrices. For each n € N we can apply the classical Girsanov
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theorem and this gives rise to a change of probability given by an exponential
density d,,. Unfortunately, these densities d,, explode as n tends to infinity and so
we have to renormalize the asymptotic model of matrices of random processes in
order to get densities 11, which do not explode.

The paper is organised as follows:

After a few recalls in Section 2, we construct in Section 3 a new asymptotic
model of random matrices with values in a free product algebra, in order to make
the renormalization. This is a technical part making use of computation of free
cumulants and non crossing partitions introduced by Speicher [5].

In Section 4 making use of this new asymptotic model, we prove our main
result: A free Girsanov property for free Brownian motions.

2. SOME RECALLS

FREE PROBABILITY THEORY. We recall some definitions and results in free prob-
ability theory which can be found in the references [6], [7], [8].

DEFINITION. A x-free probability space (A, ¢) is an involutive unital algebra
A over C with a state ¢ : A — C i.e. a linear functional such that ¢(1) = 1 and
¢(x*) = ¢(x). Elements of A are called random variables.

DEFINITION. A family (f;);c; of random variables of A is free if the family
(Aj)ic; of x-algebras generated by 1 and f; is free: i.e. if ¢(ayay,...,a,) = 0 when-
evera; € A;; withi(j) Zi(j+1) 1 <j<n—1)and ¢(a;) =0 (1 <j < n).

DEFINITION. A random variable ¢ in (A, ¢) is semicircular centered of vari-
ance r? if the distribution of ¢ is

r
P(o™) = %/t“mm.
—r

DEFINITION. A free Brownian motion in (A, $) is a family (05)secp+ of ran-
dom variables such that:
(@) oo =0;
(ii) if 0 < s’ < s < t, 03 — 0y is semicircular centered of variance f — s and is
free from oy.

One has also the following very important connection between free semicir-
cular random variables and Gaussian random matrices:
Consider a probability space (X,do). L®(XZ, do) is a unital algebra with the

state ¢ defined by ¢o(f) = Eo(f) = [ fdo. Let
by

L=)L\(Z).

p=1
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We denote by ¢, the state defined on M,,(L) by

(L belim) =2 X (90)(0) = Tl (@oBiicijen)

1<i,j<n 1<i<n

(where (e(i,j,1))1<i j<n is the canonical basis and b; ; € L).
Voiculescu has then proved the following theorem ([7], Theorem 2.2): let

Y(s,n) = Y a(i,j,sn)e(i,jn)witha(i,j,s,n) € L. Assume that
1<i j<n

a(i,j,s,n) =a(j,i,s,n)

and that Re(a(i,j,s,n)),1<i<j<nseN, Im(a(i,jsn)),1<i<j<nseN
are independent Gaussian random variables such that:

Eo(a(i,j,s,n)) =0,

Eo(Re(a(i,j,s,n))?) = % forl<i<j<m,
Eo(Im(a(i, j,s,n))?) = % forl<i<j<m,
Eo((a(iyi,s,n))2) = % forl <i<n

Consider the trace ¢, defined above. Let D(j,n) be elements in A,, the set of

constant diagonal matrices, such that sup ||D(j, n)|| < oo, for each j; and such that
neN
for all j, (D(j,n)) has a limit distribution as n — oco. Then the family of subsets of

random variables {Y(s,n) : s € N}and {D(j,n) : j € N} is asymptotically free,
and the limit distributions of the Y (s, n) are semicircle laws as n — co.
It follows that a model for the free Brownian motion is the following one:

(Cl(0)sers] ) = Jim C[(Bus)icre], + Toa (90)]

n—oo
1 . o
where B, s = (an'i/j's> r<ijer the (W, is)1<i<j<n being independent Brown-

ian motions.

CLASSICAL GIRSANOV THEOREM. For this we refer to Karatzas and Shreve [3].
Let (2, (F5)o<s, P) be a filtered probability space. Let (W;)o<s be a Brown-
ian motion adapted to (F5). Let (6, )<y be an adapted process such that

E ( exp 765du) < oo.
0
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- 5
Then Wy = W, — [ 6, du is a Brownian motion for the probability Q equiv-
0
alent to the probability P defined by Q(A) = [ Z(s)dP for all A in F,, where
A

Z(s) = exp (bfeudwu 1 Oj(eu)zdu).

3. ANEW ASYMPTOTIC MODEL FOR FREE BROWNIAN MOTION

In this section we construct for the free Brownian motion an asymptotic
model of random matrices with coefficients in a free product algebra. The moti-
vation for the construction of this new model is to use a free product algebra in
order to make a renormalization.

Consider a probability space (X, do). L®(X, do) is a unital algebra with the

state ¢ defined by ¢o(f) = Eo(f) = [ fdo. Let
L= () L(%).

1<p<oo
Let u be the Lebesgue measure on [0,1], and the state ¢ defined on L*([0,1], )
by
o(F) = [ fan
Now we consider the free product state ¢ * ¢p on L*([0,1], u) * L®(X,do). We
can extend ¢ * ¢o to L*([0,1]) * L. We then get a state still noted ¢ * ¢y such

that L*®([0,1]) is free from L for this state. We denote ¥, the state defined on
M (L=([0,1]) + L) by

IPH( Z b,-]-e(i,j, 7’[)) =

1<i,j<n

1
n

Y (o) (bi) = Teu( (9% o) by i)

1<isn

We keep the same notations as in Section 2.

We now prove the existence of a new family of matrices of random processes
with coefficients in L®([0,1]) * L which are asymptotically free and whose limit
distributions are semi-circular laws. More precisely:

PROPOSITION 3.1. Foralls € N,andn € N, let

Y(s,n) = Z a(i,j,s,n)e(i,j,n)

1<i,j<n

witha(i,j,s,n) € L*([0,1]) * L. Assume that

1’12
5(i,j/ S, 7’1) = 2 qk,}’l\/ﬁa(i’j’s’n) I]k,n
k=1
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2
n
where the qy ,, are orthogonal projectors in L°[0,1], Y. qi, = 1 such that
k=1

4)(‘7k,n) - ﬁ
and the (a(i, ], S/”))seN,lgigjgn,neN are independent real normal Gaussian variables,
i.e., in particular

Eo(a(i,j,s,n)) =0,
Eo((a(i,j,s,m)?) =1,

a(i/jlsl n) = a(j, i, S, 7’1).

Consider the trace ¥y, defined above. Let D, (j) be elements in Ay, the set of diagonal

matrices, such that sup ||Dy(j)|| < oo, for each j; and such that for all j, (D, (j)) has a
neN
limit distribution as n — oo.

Then the family of subsets {Y(s,n) : s € N} and {D,(j) : j € N} are asymptoti-
cally free, and the limit distribution of the Y (s, n) are semicircular laws.

This proposition is comparable with the Theorem 2.2 of [7] recalled in Sec-
tion 2. The important property of this new asymptotic model is that it is renormal-
ized: we have replaced the Gaussian random variables of variance % of the theo-
rem of Voiculescu by Gaussian random variables (v/na(i, j, s, n)) of variance n.

Although the proof follows the same lines of reasonning, the proof of Voicu-
lescu must be significantly amended because the entries of these new matrices
are in a free product algebra. We have to use the free calculus developped by
Speicher [5].

We start with the following results.

LEMMA 3.2. Let i € {1,...,j}; let (y1,y2,...,Y;) be random variables in L.
Assume there is one i € {1,...,j} such that y; = az;, where a is independent of all
others yy. for k # i and of z;, and such that Eg(a) = 0.

Then (¢ * ¢o)(qy19 - - - qy;9) = O for each q projector in L= ([0, 1]).

Proof. The proof is done by recursion on j using the freeness.

For j=1: (¢ * ¢0)(qy1) = ¢(9)Eo(y1) = ¢(9)Eo(a)Eo(21) = 0.
Assume now that the result is true for j and prove it for j + 1. From the
freeness of L*([0,1]) and L for ¢ * ¢y, we get that

(@ o) (7 — ¢(9)) (v1 — Eo(y1)) (9 — 9(q)) (y2 — Eo(y2)) - --
(9= ¢()(j+1 — Eo(yj+1))) = 0.
If we develop the preceeding expression there is the term (¢ * ¢o)(qy19y2- - - qYj+1),

and in all the other terms there is at least one ¢(gq) or one Eg(y). So that all these
terms can be written either a(¢ * ¢o)(qt1gt2 - - - qtx) with k < jand « € C; and
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the (t;);<x satisfy the same hypothesis as the y; or Ey(y;)a with « € C. By re-
cursion each of these terms is equal to 0. So (¢ * ¢o)(qy19y2 - - qyj+1) = 0, i.e.

(¢ do)(qy1qy2 - - - qyj+19) = Oas g * ppis atraceand > = g. 1

COROLLARY 3.3. Ifs; # s1 forany i # 1, then we have ¥y, (Y (sy,n)Dy(t1) - - -
Y (s, n)Dy(tm)) = 0.
Proof. ¥, (Y (s1,1)Dy(t1) - Y (S, 1) Dy(tn)) is a sum of terms

(¢ o) (g V/nalin, j1,51,n)d1q /na(iz, jo, 52, 1)doq - - - (q /10 (s jons Sy 1) ).

a(iy, j1,51,n) is independent of all other a(iy, ji, sx, n) for k # 1. It follows that
Eo(a(i1, j1,51,1n) = 0. So the result follows immediately from Lemma 3.2.

We prove now the following technical lemma making use of the computa-
tion of free cumulants introduced by Speicher [5].

LEMMA 3.4. Let yi,...,y; € L. Let a € L, with Eo(a) = 0. Assume that a is
independent of y1, . .., y;. Let q be a projector in L*[0,1]. Denote Y = y1qy2q - - - qY;.
(i) kp(a.9) = ¢(q) — 9(q)°;
(1) K(pegy) (0, Y) = (¢ % 00)(7Y) — ¢(q) (¢ * do) (Y);
(i) Kpigy) (4,9, Y) = (1 =2¢(9)) [(¢ * $0)(9Y) = (q)(¢ * ¢o) (Y));
(iv) (¢ 4)0()( a?Y) = Eo( 2)(¢ o) (Y);

V) k 47*4) a,a, )

Proof. () ¢(q) = (¢%) = 9(0)" + kp(0,9)-
(i) (¢ * 90)(9Y) = K(pigo) (9, Y) + @()(¢ * o) (V).
(ifi) (¢ 90)(9Y) = (9 $0)(4°Y) = kp(q,9)(¢ * ¢0)(Y) + 20(q)kpugy (9, Y) +
Kpego (4,9, Y) + ¢(9)* (@ * 9o) (). Using (i) and (ii) we get (iii).
(iv) From [5] as L*[0,1] and L are free for @ * ¢g, we know that the cumulants
mixing elements of L*[0, 1] and L are 0; and furthermore, as Ey(a) = 0, for a non
crossing partition giving a non zero contribution, a cannot be alone. So

(¢ % ¢0) (a®Y) = (¢ * po) (@*yjy14y29 - - yj-14)
= an q,q,---,9)kx(q, ...,q)kn(azyjyl,yi],...)kn(yi,,. S) e
But a is independent of all the y; so
kn(azy]-yl,yil, )= Eo(az)kn(yjyl,yi],. o)

(V) (¢%90) (a%Y) = K(gugy) (2,2) (¢ % 90) (V) + K(gugy) (2,2, Y) and Eg(a?) = (¢

$0)(a%) = k(gsg,)(a,a) as Eg(a) = 0.
It follows then from (iv) that k(4.4 (2,4, Y) = 0. 1

LEMMA 3.5. Leta,qand Y € L®[0,1] * L as in Lemma 3.4. Then
(¢ % o) (qa9aqY) = ¢(q)Eo(a®) (¢ * o) (9Y).
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Proof. We have:

Y =v1q9y29---qy,

(4) * QDO)(qaqan) = Z k71’ (q/ a, Q/ a, q/ Y)
meNC(6)

Using the same arguments as in the proof of Lemma 3.4 and also the equality
kpspo(a,a,Y) =0, we get

(¢ * 90) (9aqaqY) = kg (a,2)P(q)° (¢ * p0) (Y) + ko (a,2)P(q)kp (9, 7) (¢ * po) (V)
gy (2, )P (D (page) (0,8, Y) + 2kgy (2, 2)0(0) Kk (uge) (7, Y).

And now the result follows easily from the Lemma 3.4, and the equality k¢, (a, a)

LEMMA 3.6. Let a(i,j,s, ”)(1<i<j<n) be independent normal Gaussian variables
n (L, o). Let (B, ¢p) a x-free probability space.

Let q € B be a projector such that ¢(q) = 1/n>. Let d(t,j,n) be elements in B
commuting with q and uniformly bounded. Then

¢ * ¢po(qa(ir, iz, s1,n)d(t, in, n)qalia, i3, 52, n)d(tp, i3, 1) - - -

qﬂ(im/ ill Smy n)d(tTHI i]r Tl)) =

1\ |7l
an[a(il,iz,sl,n), a(ip, iz, sp,n),..., a(im, il,sm,n)}0(<—) )

2
T n

where |1t | denotes the number of blocks of the restriction 7tg of 7t to B.
If we denote by Ey, the set of (i1, iy, ...,im) € {1,...,n}" such that

(¢ = o) (qalin, iz, s1,n)d(t1,ip, n)qa(in, i3, 52, n)d(tp, i3,1)q - - -
qa(im, i1, Sm, n)d(tm,i1,n)) #0,

then Card(E,) = O(n(m/2)+1),

Proof. We use another time the free cumulants to compute

(¢ = o) (qalir, iz, s1,n)d(t1,12,n)qa (i, i3,52,n)d(tp, i3, 1) - - -
ga(im, i1, s1,1n)d(tm, i1, 1n)).

Using the hypothesis on the independence of the a(i, j, s, n) and the Lemma 3.2, it
follows exactly as in the proof of Theorem 2.2 of [7] that Card(E,;) = O(n("/2)+1),
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Now, from the Theorem 8.2 of [5] as the a(i, j, s, n) are free from B for ¢ * ¢,
and d(t,j,n) and g are in B, we can write:

(¢ * ¢po)(qa(iv, ia, s1,n)d(t1,i2,n)qa(iz, i3,52,1)d(t2, i3, 1) - - -
qa(in’l/illsﬂ’l/n)d(tmlil/n)) =

Zkﬂ[a(il/ i2/ 51, Tl),. Y a(iWI/ il/ Sm, n)](PTL'B [d(tmr Z.l/ n)q/ e /d(tmfl/ im/ 7’1)6]]
7T

. . 1 |75 .
But ¢, [d(tm, i1,1)q, ..., d(ty—1,im,n)q] = O((ﬁ) ) where |7g] is the num-
ber of blocks of 7tp (as the d(t, j, n) are uniformly bounded). &

LEMMA 3.7. Let k fixed. If 7 is a non crossing partition giving a non zero contri-
bution in Lemma 3.6, the number of different blocks of mtg (i.e. |7tg|) is greater or equal
to [5] + 1.

Proof. We do it by recursion on m.

Step 1. If m = 1, we always obtain 0.

Step 2. If m = 2, if the term associated to the partition 7r is non zero, the
number of components containing the g is 2 (because Ey(a(i, j,s, n)) = 0).

Step 3. Let m > 2. Assume that the result is true for m and prove it for m 4- 1.
Let r be the minimal distance between two g which are in a same block of 7r. Two
successive g can never be in the same component of 7, (because Eg(a(i,j,s,n)) =
0). S0 2 < r. So there is | such that the /g and the (I 4 r)"'g are in the same block
and all the g between are alone in one block of 7r. As the cumulants must be non
crossing, 7t can be decomposed in a partition 77’ on

(u(il/ il+1rsl/ 1’1), a(ilJrlr il+2/ 5141/ I’Z), LR a<il+r711 il+r/ Sl4r—1s 1’1))

and a non crossing partition 77/ on

(d(tm,i1,n)g,a(ir, iz, 51,1),d(ty,ip,m)q, ...,
a(ip—1,1,81-1,1), (@(15rs i14r41, 8190 1), A(t1grs 1 gp 1, 1) -+ o, @, 11, 5m, 1))

and blocks reduced to g.

It follows that the blocks of 7p are either reduced to one element g or are
blocks of the restriction of the partition 77" to B. By recursion, we know that the
number of components of 77”7 containing the g is greater or equal to [*5] 4 1. So
the number of components of 75 is greater or equal to [*>X] +1+r —1; and as
2<r, [ +1< [ +1+r—1. 1

Before proving the Proposition 3.1, we give two other lemmas.

LEMMA 3.8. There is a constant C,, (independent of n) such that for all 7, for all
(ik/jkr Sk)r
‘kT( [a(illjll Sl/ n)/ ey a<iH1/jYH/SmI n)] | < Cm
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Proof. Since two of a(i, j,s,n)i<j<
ing into account that Ey(a(i,j,s,n)) = 0, and Eo((a(i, j,s,n)?) = 1, it follows that
|po(a(iy, jr,51,m) - - aliy, f,51,m)] < 1.

We now prove by recursion on I that there is a constant C; such that for each
block of length I,

<j<n are either equal or independent and tak-

[kila(iy, i s1,m), - aGip, i st < Cr
Stepl.1=1:
kila(iy, jr,51,m)] = go(na(iy, i, 51,m)) = 0.
Step2.1=2:
kala(iy, j1,51,1), a(iz, ja,52,1)]
= ¢olalit, j1,51,m)aliz j,52,1)) = go(alir, j1, 51, 1)) go(a(i2, 2,5, 1))

So [kalalil, ;55 m), na(ih, 3, s, m))| < 1.
Step 3. Assume that the result is true for  and prove it for I + 1:

ki1 [a(ii,ji,s'l, n,.. -r”(i;+1/j;+1/5;+1/”)]
= ¢o(a(iy, j1,51,1) - 'ﬂ(i;+1/fl,+115;+1/”))

- Z kela(iy,j1,80,m), .. a(iy 1, j111,5100, 1))
TENC(I41),m#1) 44

For each 77 in NC(I + 1) such that 7t # 1,4,

kr [a(i’l,j{,sll,n),... u(i;+1,jf+1,sf+1,n)}
_Hk\v, (1) Ja(1)rSa(1) 1) (i (1), Ja(1), Sa(1), )]

By recursion |k}, [---]| < C},, as [v;| < I. And this proves the existence of the
constant ;1. 1

LEMMA 3.9. Letsq,82,...,5m € N. Let t1,t>,...,t; € N. Then

SLGIII\DI % (Y (s1,n)Dy(t1) - - Y (S, 1) Dy (tm))| = K(m) < oo.

Proof. We know that the (g )<, are orthogonal projectors in (L*[0, 1], $)
such that ¢(gy ,) = }11—2 We apply Lemma 3.6:

|, (Y (51,n)D(t1, 1) - Y (s, 1) D(ty, 1))| <

%nz Z Z|kn[\/ﬁa(i1,i2,51,n),. ..,\/ﬁa(im,il,sm,n))HK(%)‘HB|).

(ilr---rim)eEH T

From Lemma 3.7, | 7| is greater or equal to [%] + 1.
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Now from Lemma 3.8, we get
~ m s 1N\ [F]+1
[#(Y(s1,1)Ds(t1) - Y (1) Ds(t))| < m Card(Ey) Card ({7} o ().

But from Lemma 3.6, Card(E,,) = O(n2*1). So
|Tn(Yn(Sl)Dn(t1) o 'Yn(sm)Dn(tm)” = O("miz[%])'

Case 1. If m is odd, for each 7, at least one block v of 7, is of length |v|
odd. It follows then from an obvious recursion on |v| odd, using the fact that the
a(i, j,s,n) are either independent or equal, that

ki [(Vna(iy, ji,51,1), ..., v/naliy, jiu), S, m)] = 0
S0
kr[vna(iy,ip,81,1),v/na(ia, iz, s2,1), ..., /na(iy, iy, sm,n)] = 0.
Hence
¥ (Y(s1,)Dy(t1) - Y (s, 1) Dy (tm)) = 0.
Case 2. If m is even, m — 2[%] = 0. So
Y(

sup [ (Y(s1,n)D(ty,n) - -
neN

Sm, M) D(ty,n))| = K(m) < co. 11

Now we are able to prove the Proposition 3.1. We follow the proof of Theo-
rem 2.2 of [7].

Proof of Proposition 3.1. Step 1. It is to prove that
sup | ¥ (Y(s1, n)D(ty, 1) - - - Y (s, 1) D (tm, n))| < co.
neN

This is exactly Lemma 3.9.
Step 2. (i) First we prove that

¥ (Y (s, (1),n)D(tl,n)Y(sa(z),n)D(tZ,n) e Y(s“(m),n)D(tm,n)) =0

ifa(1) # a(j) forall j # 1.
This is Corollary 3.3.

(i) Let «(1) = «(2) and Card(a~!(p)) < 2 for all p in N. We want to prove
that
Fo (Y (sq(1), 1) D(t1, 1) Y (54(2), m)D(t, 1) - - - Y (Sy (), 1) D (b, 1)) =
‘f’n(D(tl,n)‘Fn(D(tZ,n)?(sa(a),n)D(tg,,n) - -?(sa(m),n)D(tm,n)).
Indeed

‘f’n(f/(s (1) M)D(t1, )Y (542, m)D(t2, 1) - - Y (), 1) D, 1)) =

*2 2 (¢ * o) (qk,na(i1, iz, 85(1), 1)d(t1, 12) Gk na(i2, i3, 84 (1), M) (b2, 13) - - -
=11iq,ip,..

qk,i’la(liﬂ/ ilrslx(m)/ n)d(tm, il))ni.
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From Lemma 3.2 and Lemma 3.5, this is equal to

n2

1 . . . ..
EE‘P(Qk,n) Yo d(ty,i2)(Eo(a(ia, iz, a1y, 7)) (9% po) (d(ta, it ) Gina(in, ia, Sa(z), 1)
= iy inimeinn

d(ts,ia)) - Qena(im, 11, Sa(my, n)d(tm, 11) )02 =

3 2 Y d(ty,ia) Y (@ o) (d(ta i) Gunalin,ia, sa(z)nd(ts,is))

=1 i i1,44yesim
m

--qkna(im,il,s (m)r I’l)d(fm,il))i’l7 =

1 . .. .
Ezd(tl,lz 2 Z qb*fPo d(ta, i1)qrna(i1, is, sy(3),1)d(ts,ia))

j k 111 14

Qk na(lm/ 11,54 )d(thl Zl)) ! =

¥u(D(t1,n))¥n(D(t2,n ) (a(s)r")D(f&”)"'Y(Sa(m)r”)D(tm/”))~ I

(iif) One proves then that

Jin{}o‘f’n(Y(sl,n)D(tl,n) Y (s, n)D(tm,n)) =0

ifsp s (1<k<m—1)ands, # s1.
As in the proof of Theorem 2.2 of [7] if

‘f’n(?(sl,n)D(tl,n) . ~l~/(sm,n) D(ty,n)) #0

there is an automorphism v of order 2 of 1,..., m without fixed point such that
for p # g, sp = s, if and only if p = y(g). And then as in Lemma 3.6

Fu(Y(s1,m)D(tr, 1) - Y(sp, 1) D(tm, 1)) =

1 n . .
n ko Lkalaliivsyn), aliy i sm),

k=1 (iy,iz,..,im) EEn () T
m

. a(im,il,sm,n)}O«%) nBl)nZ.

As in [7] E, () denotes the set of (iy,ip,...,im) € (1,2,...,1n)™ such that i, =
L ()+1, Tkl = by (k Y where (k) and 7 (k) + 1 are considered modulo m. From [7]

Card(E,(y)) < nZ. So from Lemma 3.6, Lemma 3.7 and Lemma 3.8, we get

m

¥ (Y (51, 1)D(t1, 1) -+ - Y ($m, 1) D(tm, 1)) = O(nm=2(2171)),

Case 1. So if m is even,

Y, (Y(s1,n)D(ty, 1) - Y (s, n)D(ty, 1)) = O(%)

and we get the result.
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Case 2. On the other hand, if m is odd, as in the proof of Lemma 3.9,

¥ (Y(s1,n)D(t1,n) - Y(sm, n)D(ty,n)) = 0.

This ends Step 2.

Step 3. Exactly as in Step 3 of the proof of Theorem 2.2 of [7], we apply
the Theorem 2.1 of [7], to prove that the family of random variables Y (s, ) and
D(j,n) are asymptotically free, with the Y (s, ) having limit distributions given
by semicircular laws of variance 1.

This ends the proof of Proposition 3.1.

This gives now the following renormalized model for the free Brownian
motion:

THEOREM 3.10. Foralls € Rt,and n € N*, let

Zu(s) =Y. Wijm(s)e(i,jn)

1<i,j<n

with W(i,j,n) (s) € L*([0,1]) * L. Assume that

1’12
Wiijm (8) = 1;1 T VWi ) (8) i

2
n
where the qy ,, are orthogonal projectors in L°[0,1], Y. qi, = 1 such that
k=1

1
¢(qk,n) =5

n

and the (W(; j ) (S)ser+)1<i<j<nnent are independent Brownian motions, in particular
ifso=0<sy <sp- - <sg,  (Weijm(s141) — Wiy (51)Jo<i<k—1
are independent Gaussian random variables centered of variance s;,1 — s; and
Wi, j,n)(s) = W(j,i,n)(s).

Consider the trace ¥y, defined at the begining of the section. Let Dy (j) be elements in Ay,

the set of diagonal matrices, such that sup || Dy, (j)|| < oo, for each j; and such that for all
neN
j, (Dn(j)) has a limit distribution as n — oo.

Then the family of subsets {Z,(s)} and {Dy(j) : j € N} are asymptotically free,
and the limit distribution of the Z,,(s) is the distribution of the free Brownian motion.

Proof. Fori € {0,...,k—1}andn € N,let0 =59 <51 < sy < --- < sg. Let
Vi) = b (Zalsi) = Zus).

We apply the Proposition 3.1 to Y (i, n) and we get the result. 1
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Hypothesis: Let (0s)scr+ be a free Brownian motion in (M, 7). Let N be
a commutative C*-subalgebra of M free from the (05)scp+. Let x be a measur-
able process with values in N. Assume that x(u) = x(u)* for all u and that

fH u)||?du < co. Let(fs—(fs—i-f u)du.
0
We want first to associate to the system (s, x(u)); ,cg+ an asymptotic sys-

tem (Z,(s), Dy(u)) in the set of random matrices with coefficients in a free prod-
uct algebra M,,(L*[0,1] * L), and then to define on M,,(L®°[0,1] * L) two traces
¥, and ¥, such that their asymptotic limits are respectively the traces T and 7,
where 7 is the given trace and T is a new trace such that (s );cg+ is a free Brow-
nian motion for T.

AN ASYMPTOTIC SYSTEM IN M, (L®[0,1] % L). ((0s)scgr+) is a free Brownian mo-
tion and the x(u) = x(u)* belong to a commutative subalgebra of M free from
the o;. In view of Theorem 3.10, we will associate to the process o5 the process of
random matrices (Z,(s);cp+ ) and we want to associate to the process x(u),,cg+ a
process of diagonal matrices with real coefficients. We construct now this process.

LEMMA 4.1. Let N be a commutative C*-algebra with a finite trace T. There is a
family of homomorphisms Hy, from N to Ay (the set of diagonal matrices with complex
coefficients) such that for all x € N,

7(x) = lim Trn(Hn(x))

n—oo n

Proof. From the Chapter 2 of [2] the set of states on N is the weak* closed
convex hull of the set of pure states on N. Furthermore as N is commutative, the
pure states are the characters. Denote X the set of the characters of N. Denote S
the weak* closure of

S = { lenEN,XZEX}

1<isn

Using the density of {£ : n € N*,1 <k < n} in [0,1], it is easy to verify that S is
a convex set; so S is equal to the set of all the states on N. It follows that there is
a sequence S, of elements of S such that the limit of S,, for the weak* topology of
N is equal to the trace 7, i.e. forall xin N, S, (x) — T(x) as n — oo, with
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Define now the homomorphism H; from N to A, by:

Xiu(x) 0 e 0

0 xoul(x) --- 0

Hy(x) = 0 . . .
0 0 Xnn(X)

Then
[ Hu (x) || < sup(|xin(x)]) < ||x]]

and for every x € N,
1 1
ETrn(Hn(x)) = n 2 Xi,n(x) = Sn(x)'

So
lim ~ Ty (Hy(x)) = T(x). ¥

n—eo n

For all u € R" denote D, (u) the diagonal matrix Dy, (1) = Hy(x(u)). Itis a
real matrix because x(u) is selfadjoint.

DEFINITION 4.2. The asymptotic system associated to (05, x(u))s ,cgr+ is the
system of random matrices (Z,(s), Dy(u))s cr+ in My(L®[0,1] % L) where
(Zn(s))ser+ is the process of random matrices defined in Theorem 3.10 and
(Dyn(u)),er~+ is the process of diagonal matrices defined above.

TWO TRACES ON M,,(L*[0,1] % L). In the preceding section we have associated
to (05, x(u))s yer+ an asymptotic system in M,,(L*[0,1] * L). Define now two
traces ¥, and ¥, on M,,(L®[0,1] * L) such that their asymptotic limits will give
the two traces T and T.

Denote
00 e}
1 Dn(”)z‘
hy =exp — / —=Dy ()i} dWi i (1) +/ Z “du
[0 152 VI g 15 2 }

LEMMA 4.3. Foralln € N* ¢g(hy) = 1. Forall p > 2 sup ¢o(hl) < oo,

Jlim ¢0(hp) = exp{ du} and the family

P
([0 ] s )
0

is a family of independent Brownian motions for ¢o(hy.)
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Proof. We have:

o (hh)
— E(eXp —P{/n1<i<n(Dn(“))i,idwi,i,n(u) + O/Kign(Dn(u))%J du)
0o 5 o
e Boflgzg (Du(u)2,p ? O/Ki@(pn(u))gidu}

—exp [ 7;11Trn(Dn(u)2)du]
0

Since Dy, (u) = Hy(x(u)), we have, for all n, 1Tr, (D, (1)?) < ||x(u)|>. From
Lemma 4.1, nlgrolo 1Tr, (D, (u)?) = T(x(u)?), so we get the result for ¢o(I},) apply-
ing the dominated convergence theorem of Lebesgue.

As the Brownian motions (W;;,(s))1<i<j<n are independent and as for all

[e9)
i< n, [ Hy(x(u))?,du < oo, it results from the usual Girsanov theorem that
0

S
([W(i,j,n)(s) + O/ \}E(Dn(”))i,iéi,jdu} seR+)1<i<j<n

are independent Brownian motions for ¢o(h,.). 1

DEFINITION 4.4. Define now the traces ¥, and ¥, on M, (L®([0,1]) * L)

by
.. 1
L wpeliin) == X (@xgo)(xi)
1<i,j<n 1<isn
and
= . 1
o X xeliim) = 5 (@ o)) (xi)-
1<i,j<n 1<i<n

For simplicity we will denote

¥, = %Trn(cp*gbo) and ¥, = %Trn(gi)*(l)o(hn.)).

Y, is the same state as in Section 3.
PROPOSITION 4.5. The joint distribution of ((Zy(s)ser+, Hu(x)xen) for ¥, is
~ s ~
the same as the joint distribution of ((Zn(s) + [ Dn(u)du) , Hn(x)xeN) for ¥y.
0 seR+
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Proof. We have:

s n2 s
(006 + [ Dutw)du) = 12 /W31 () i+ [ (Dn0))i1
0 K 0
n2 s
=Y. Gn [\/ﬁw(i,j,n)(s) +/(Dn(u))i,i5i,jdu] Tk
k=1 0

- S
To compute the joint distribution of ( (Zn (s)+ [ Dy (u)du) R H, (x)xeN)
0

for ¥, , it is enough, as N is a unital C*-algebra, to compute forall p € N, s; > 0
and x; € N

¥, (Hn(xl)(zn(s1) —i—/an(u)du)Hn(xg)~~~Hn(xp)(zn(sp) —i—/pDn(u)du))
0

== Y Y L o X @) [(Ha)iy

1<k<n2 1<ij<n 1<1<n l<jp,1<n

51
(qk,n {\/ﬁw(il,jl,n)(sl) + /(Dn(u))il,z'15i1,j1du] qk,n)'
0

52

(Hn(32))j s (910 [ VWG, o (52) + [ (D085 o] i) -+
0
Sp

(Hu )y iy (31 [VIWG i () [ (D)), 1y 18 iyl i) -
0

Remark now that the g, are free from L for ¢ * ¢o(h,.) and also for ¢ *
¢o. Furthermore, Lemma 4.3 implies that the joint distribution of ( [\/ﬁw(i,jﬂ) (s)

S
+ Of(Dn(u))i,iéi,jdu} seR+>1<i<J<n for ¢o(hy.) is equal to the joint distribution of

([VnW(i j ) (5)]ser+ )1<isj<n for ¢o. We then get that the preeceding sum is equal

D DR DD D Y. (¢ xdo)((Hu(x1))iy iy

1<k<n2 1<ij<n 1< <n 1<jp,1 <n

(G [VIW iy iy ) 30)]k0) (Hin (%2)) iy (@i [V W, iy ) (52) )00 - -
(Hn(xp))]p 1jp-1 (an[\fw (p—1/1, n)(SP)]qk n))
= ‘f’n(Hn(xl)Zn(sl)Hn(xz)Zn(sz) . -Hn(xp)Zn(sp)).
This ends the proof of the Proposition 4.5. 1
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MAIN RESULT. We can now prove our main result: a free Girsanov property for
the free Brownian motion.

THEOREM 4.6. Let (05)scp+, be a free Brownian motion in (M, T). Let N be a
commutative C*-subalgebra of M such that N is freefrom (as)seRJr. Letx : RT — N

measurable such that x(u) = x(u)* for all u and f|| u)|?du < co. Let Gy =

S
o5+ [ x(u)du
0

Then there is a trace T on the free product algebra N x C[(0s)scp+] such that the
joint distribution of ((0s)sep+, X (1) ,,cp+) for T is the same as the joint distribution of
((05)ser+, X (1) ecr+) for T (in particular, (0s)scr+ is a free Brownian motion for the
new trace T). Furthermore the two traces are asymptotically equivalent in the following
sense: There is a family Z,(s) of random matrices in M,,(L®[0,1] * L) and a family
Dy (u) in Ay such that:

() (Clos x(B)ggers 7) = lim (CIZ(s), Du(D]sper s, ¥
(iD)(Clos, x(5)]s rer+, T) = lim (C[Zy(s), Du(t)]s ter+, ¥u);

where ¥, is obtained from ¥, by a change of probability with exponential density hy,

o= Tra(gxge), Fa = Toa(gudolin))

Furthermore for all p, sup ¢o(h}) < co.
neN

S
Proof. 05 = 05 + f u)du. Denote y(s) = [ x(u)du; then y(s) is an element
0

of the C*-algebra N and H, (y f Dy(u

From Proposition 4.5, the ]omt distribution of ((Z(s) + Hu(y(s))scr+,
Hy(x)ren) for ¥, is the same as the joint distribution of (Z,(s)seg+, Hu(%)xen)
for ¥,. Hence for every non commutative polynomial P, ¥, (P(Z,(s;) + Hx (y(s;)),
Hy(xj)) = ‘f’n(P(Zn(si),Hn(xj)). From Theorem 3.10, and Lemma 4.1 this last
quantity has a limit as 7 tends to oo and this limit is equal to T(P(cs;, xj)). So this
gives (i).

It follows also that there is a trace T well defined on C[o;] * N by

T(P(0s,x}) = Lim Fu(P(Zu(si) + Hu(y(s:)), Hu(x}))

and that the joint distribution of ((0s)scr+, Xxen) for T is the same as the joint
distribution ((05)scgr+, Xxen) for 7. This gives also the equality (ii). 8

Now we finish by the following remark: if we replace in the preceding the-

orem the random process Z,(s) by the random process B, s = (ﬁwn,i,j,s)

1<i,j<n
considered by Voiculescu (cf. Section 2), the asymptotic limits for ¥, and ¥, give
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both the trace 7. This is why we were obliged to construct a matrix random pro-
cess with values in a free product algebra. More precisely we have the following
result.

PROPOSITION 4.7. Let By, s be the matrix random process By, s= (i Wi,ij S)
Vi ES) i

where (Wi i s)1<i<j<n are independent Brownian motions. Let ‘¥, and Y, be the traces
of Theorem 4.6.Then:

@) (C[Us/x(t)]s,te]RﬁT) = JEIC}O(C[Bn,SrDn(t)]s,teRﬂYn);
(ii") (C[‘Ts/x(t)]s,teﬂvr'f) = JEIC}O(C[Bn,SrDn(t”s,teRﬂl?n)-

Proof. Step 1. The equality (i) results from the Theorem 2.2 of [7] as it is
recalled in Section 2 and from the Lemma 4.1.

Notice that B, s and D, (t) = H,(x(t)) are matrices with coefficients in L so
here ¥, respectively ¥, are simply equal to 1Tr, (¢y) respectively 1Tr,(¢o(hs.));
¥, restricted to M, (L) is equal to the trace ¢, of Section 2. As in the proof of

S

Theorem 4.6 denote y(s) = [ x(u)du.
0

Step 2. From Lemma 4.3, the joint distribution of (Bn,s +1H,(y(s)), Hn(x(t) ))
for ¥, is the same as the joint distribution of (By,s, Hn(x(t))) for ¥,.
Step 3. Let P be a non commutative polynomial. Compute now:

Fa( [Buss + 5 Hu((s0)] Ha(31) [Buss + 1 Hu(y(52))] " Halz) -+

[Bn,sm + %Hn (y(sm))} “"'Hn(xm)>

= ¥ ((Bn,sy )" Hu(x1) (Bu,s, ) Hn (x2) - - - (Bns,, )" Hn (xm) )
A+t 1 i
* Z (E) (Tn(Qi(B"’sl"“’B"rSman(x1>/--~/Hn(xm))/
i=1

where Q; is a non commutative polynomial.
From the theorem of Voiculescu recalled in Section 2, lim ¥, (Qi(Bn,sl, .
n—oo

Bus,, Hu(x1), ..., Hy(xm)) = T(Qi(0s,, ..., 0s,,X1,...,%m)), for all i, and i.e. for
every non commutative polynomial P we have ¥, (P (Bn,s,- +1H,(y(si)), Ha (xj)> )
—¥u(P(Bu,s;, Hu(xj))) tends to zero as n tends to oo, and

%((IJ(Bn,si + %Hn(y(si)),Hn(ij) - l?n(P(Bn,si/Hn(xj)))‘ <
#002) 2% ([P (Bus, + - Hu(y(s0)), Fa (7)) — P(Busy Hn(x)]

[P(Bus, + L Hu(y(s0), () — P(Bus, Hulx)])

and we know from Lemma 4.3 that lim ¢g(h2) = exp(t(a?)).
n—oo
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It follows that the limit joint distribution of (Bys, Hy(x(t))) for ¥, is the
same as the limit joint distribution of (Bms +1H,(y(s)), Hn(x(t))> for ¥,. Ap-
plying now Step 2 and 1 it follows that this limit is equal to the joint distribution
of (05, x(t)) for T. So we get (ii’). &

The generalization of this Girsanov property (Theorem 4.6) to the case where
the process x is adapted to the free Brownian motion (05) is a work in progress.
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