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NORM ESTIMATIONS FOR FINITE SUMS OF
POSITIVE OPERATORS
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ABSTRACT. We propose some norm estimations for sums of positive oper-
ators on Hilbert spaces, extending the ones given by Davidson-Power and
Kittaneh for two operators. Such inequalities are useful in the theory of best
approximations in C*-algebras, complex interpolation, the theory of general-
ized inverses and operator approximation. We prove that the equality case in
generalized triangle inequalities is obtained when equality holds in the corre-
sponding Cauchy-Schwarz type inequalities, extending a recent result of Kit-
taneh. Certain applications concerning orthogonal projections or operators
having orthogonal ranges are given.

KEYWORDS: Norm estimation, operator matrix, triangle inequality, positive opera-
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1. INTRODUCTION

If 7 isa (closed, two-sided) ideal of a C*-algebra <7 and a € &/ \ ¢ is the
¥ -strict limit of a bounded net {j,} C _#, Davidson and Power [1] proved that
the norm of a + ¢ can be attained by an element in the closed convex hull of
{ja}. One of the main ingredients was the following norm inequality for positive
operators A and B on a Hilbert space J#

(1.1) 1A+ BI| < max{|| Al |B]|} + [ AB||"?,

where || - || denotes the usual operator norm. Kittaneh [5] proved that || AB||'/2
can be replaced in (1.1) by ||A1/2B1/2||:

(12) 1A+ B|| < max{[|All, |[B||} +[|A'/2B!/2.

However, another inequality, which is sharper than both (1.2) and the triangle
inequality, have been recently discovered by the same author [6]:

1
(13) A+ B < i(llAH +1Bll + \/(IIAH - ||B||)2+4||A”2B”2||2)'
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Kittaneh observed in [6] that a similar inequality holds true if our operators
A and B have orthogonal ranges (instead of being positive):

1
(14) lA+B|* <5 (Ilz‘lll2 + |1 BII? + \/(HAII2 — |IB]?)? +4||AB*H2)~

It is our aim in Section 2 to extend the Kittaneh’s result (1.3) for arbitrarily
finite sums of positive operators (Theorem 2.1, Corollaries 2.6 and 2.9). More
precisely, if Ay, Ay, ..., A, are positive operators on .7 we prove that

(1.5) \

n

1/2 41/2
Y A < 014242 el
k=1

inequality which is sharper than the corresponding triangle inequality. In partic-
ular, we deduce that

n n
(1.6) | X A < mlax 1 14324)2),
k=1 =1

]

which extends (1.1) and (1.2).

As applications of these norm estimations we provide some sufficient con-
ditions on operator invertibility and show how our inequalities for sums of pos-
itive operators give rise to inequalities for sums of operators having orthogonal
ranges. More exactly, if A1, Ay, ..., A, have pairwise orthogonal ranges we prove
that

n 2
(1.7) Hk:ZlAkH < IUAA7 Di<ijznlls

inequality which is an extension of (1.4). The given proofs are simpler than the
original ones (for two operators) obtained in [1], [5] and [6].

If A and B are positive operators on .7 then equality holds in the associ-
ated triangle inequality (i.e. ||[A + B|| = ||A|| + ||B]|) if and only if the equality
case holds in a Cauchy-Schwarz type inequality (i.e. || AB|| = ||A||||B||; cf. Propo-
sitions 3.3 and 3.4 of [6]). We prove that, more generally, for positive operators
A1, Ay,..., Ay on H the equality

n n
(18) | XA = X
k=1 k=1
can be still expressed in terms of the product A1 A; - - - A, norm:
n n
ITT A = TTHA.
k=1 k=1
In addition, we show that (1.8) is equivalent to
n n
| L mar| = A,
k=1

k=1
for certain (and also for any) ay,rx > 0 (k = 1,2,...,n). Further applications and
extensions conclude the paper.
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As mentioned before such norm inequalities are important tools in the the-
ory of best approximation in C*-algebras [1], in complex interpolation ([11], Chap-
ter 2) or in the theory of generalized inverses and operator approximation [7], [8],
[9]. It is expected that our generalizations and extensions would provide a larger
set of applications.

2. A GENERALIZED DAVIDSON-POWER-KITTANEH INEQUALITY

Let 54, k =1,2,...,n be complex Hilbert spaces. Any linear and bounded
n
operator T on & J7, can be represented as a n X n operator matrix, namely
k=1
T = (Tij)1<ij<n With Tjj € B(5#, /) (the Banach space of all bounded linear
operators from %] into . with the norm topology). In their study on norm-
inequalities for operator matrices, Hou and Du showed in [3] that, for such an

operator matrix,

1) ITI < 11T D1 jcn -

This is the main ingredient in proving a general norm inequality for sums of
positive operators which is sharper than the triangle inequality and extends (1.1),
(1.2) and (1.3). We want to remark that our proofs are even simpler than the ones
given, for two operators, in [1], [5] and [6].

THEOREM 2.1. Let Ty € B(54,57), k = 1,2,...,n be bounded linear Hilbert
space operators. Then

22) | < NUT; Tih<ijenll

n
Y LTy
k=1

In particular, for n = 2, we have

1
@3) 1T + T3l < 5 (IR + 1Tl + (T2 = T2 + 4T T 2).

n

Proof. Let T = (T1, Ty, .., Ty) € B( @ 4, ). Then

k=1
n
| C BT | = 17T = I T = (T Ty jenl
k=1
In addition, by (2.1),

(T T jen | < NN TilD1<i sl

which completes the proof of (2.2).
The matrix in the right-hand side of (2.2) is hermitian. Its norm equals its
spectral radius which, for n = 2, is

1
S(IT R+ 1Tl + T2 = I Tol2)2 + 41 T Tal).



6 DAN POPOVICI AND ZOLTAN SEBESTYEN

REMARK 2.2. (i) As mentioned before, (2.2) is sharper than the triangle in-
equality. To see this note that, for any unit vector « = (a,...,a,) € C",

n
[ < Z(ZIITIIIITIIIa]\)
i=1"j=1 i=1
= NATINT Dr<ijn (ol a2
|

1T Tl 1< jena” 1=

< NAUTNT D 1<l
Consequently,
1T TDacijenll < IATAIT Dacijnl = 1T T ATl - Tl
= Tl AT DAL - Tl ZIITkII2

n
(@) IE || (1T Tl D < jenll < Lz I Ti[|? then

M:
=
4m

SRR ATOES

<(kf Tka>h h>

‘ n

HTkH2 — T TilD1<ij<nll > 0,

=
Tw

I\Mx uM: |

for every unit vector h € 7. We deduce that Z (|| T |I> — T, T}) is invertible.
k=1
In particular, if Py, ..., P, are orthogonal projections on a Hilbert space and
n
(1P Pl 1<ij<nll < mthen Y (1 — Py) is invertible. &
k=1
The right-hand side of (2.2) is usually difficult to compute (for large n’s).

The following estimation could be, in this sense, more useful by the applications
point of view:

COROLLARY 2.3. Let Ty € B(4,5¢), k =1,2,...,nbe bounded linear Hilbert
space operators. Then

n n
n
(2.4) sz Ty | < mé LTI
=1 =1 i=

Proof. The operator norm of the hermitian matrix (T} T})1<; j<, is majorized
by any of its complete algebra norms on B(C") (being spectral norms), in partic-
ular by its B(¢*°) norm, which is

n
max )" | T/ Ty
=13
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REMARK 2.4. Let Ay, k = 1,2,...,n be positive operators on a Hilbert
space. If Ty = Ai/Z, k=1,2,...,n, then (2.2) becomes

n
| X A < 1014}24) 2 D1cijeall
k=1

which is a generalization of (1.3) for arbitrarily finite sums of positive operators.
In addition, by (2.4), we obtain the inequality

n n
|52 < g
k=1 =13

1A} A2,

which extends (1.1) and (1.2). 1

The following two results, obtained as consequences of Theorem 2.1 and/or
Corollary 2.3 are, in a certain sense, extensions of (2.2) and/or (2.4):

COROLLARY 2.5. Let Ty € B(o%4, ), k =1,2,...,n be bounded linear opera-
tors. Then

for any partition P = {Py, P,,..., Py} of {1,2,...,n}.
Proof. We apply Corollary 2.3 for operators Sy, Sy, ..., Sy defined by

n
Y T} ,
k=1

< max Z H (iezpk TiTi*>1/2( Z r]'v]"]"]fk)l/z

k=115 jep

Sk: (Ti)iEPk : @%*ﬂ%ﬂ, k:1,2,...,m.
i€Py

We just have to observe that 5,5 = Y T;T; and
iGPk

Isi Sl = lIsisesisill = |

(L m)sd

i€Py

= (g mm) ssi( g )

iePk iePk

Iy ) (g

iEPk jEPZ

2

4

fork,1=1,2,...,m. 1

COROLLARY 2.6. Let Ty € B(54, %) and Sy, € B(#°,54), k=1,2,...,nbe
bounded linear Hilbert space operators. Then

|

n 2
3 Tise||” < AT Tylrjnl 21 CUSiST Drijenll2
k=1
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S
Sy n

Proof. LetT = (T, Tp, ..., Ty)and S= | . |.Then TS = ¥ T;Sy and
: k=1
Sn
n
Y. Sk SkH
k=1

< IUIT TiD i jnl 2N NISiSTID1<ijnl 2

n
ITSIP < ITIRlSIP = || 3 Ty
k=1

Let P, k = 1,2,...,n be orthogonal projections on a Hilbert space. Then,
by Theorem 2.1 and Corollary 2.3,

n

n
(2.5) | ZPkH (1P D1<i jll < miax 3 1PiB
=1

If P; and P, are orthogonal projections (not both null) on a Hilbert space then
IP1 + P2|| = 1+ ||P1P2]| ([2], [12]). We can observe that, in this case, equality
holds in the inequalities (2.5). This need not be the case for n > 3 as stated by the
following example:

EXAMPLE 2.7. Let P # 0,1 be an orthogonal projection on a Hilbert space,
Py =1, P, =Pand P; =1— P. Then ||P; + P, + P5|| = 2, while

1 11
[(IPPi1<ijenll = |[[1 1T Of] =3.
1 0 1

We shall give some applications of the main theorem concerning operators
having orthogonal ranges. Such operators and their corresponding norm estima-
tions are usually encountered when minimizing norms of linear polynomials in
terms of generalized inverses [7], [8], [9].

If operators Ty, k = 1,2,...,n have orthogonal ranges (ranT; L ranT; for
i # j) then it is obvious that

n 1 n 1
max ) || Tjl| = max | T2 = || Y 7Ty |
=i =1 k=1

Therefore the equality case holds in the inequalities (2.2) and (2.4). On the other
hand, since

(]:21 Tk)*(ké T) = ]:ZlT,:Tk,

one can apply Theorem 2.1 to operators T/, k = 1,2,...,n to obtain the following
extension of the Kittaneh's result (1.4):
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COROLLARY 2.8. Let Ty, k =1,2,...,n be bounded linear operators on a Hilbert
space 7 withranT; L ranTj, for i # j. Then

n 2
| &7 < T e jenll
k=1

Employing operator matrix techniques one can further deduce:

COROLLARY 2.9. Let T = {Tjj}1<icm C B(J) be a given m x n operator
1<j<n
matrix on a Hilbert space such that ran Tp]- 1 ran Tq]-,for p,q=12,...,m, p # qand

j=12,...,n Then
)|

(2.6) max ’
i=1

n m
Y TiTy| < H (H Y. T Ty
P k=1

Proof. One can apply Theorem 2.1 for operators

1n
* * *
TZl T22 TZn
Sl = . ;02 = . ’ yon — .
* * *
Tml TmZ Tmn

Observe that, by hypothesis,

T3 0 0
0 T Ty ... 0
j o4 .
S]S;: : : .. : 12 ]:1,2,...,11.

0 0 T;ijj

Then
n i} " n .
| o sisi] = max | o7y
j=1 j=1

Finally,

m
sl.*sj=ZTkiT,jj, ,j=12,...,n 1
k=1

We remark that (2.2) can be reobtained by taking m = 1 in (2.6).

3. THE TRIANGLE “EQUALITY”

Our next aim is to provide necessary and sufficient conditions on a finite
sequence {A1, Ay, ..., Ay} of positive operators in order to obtain the equality
case (1.8) in a generalized triangle inequality.

The first step was already made:
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PROPOSITION 3.1. ([6]) Let A and B be positive operators on €. The following
conditions are equivalent:
(@) |4 + B|| = [|Al| +[|B|;
(if) [|A'/2B1/2]| = || A|['/2]|BI|"?;
(iii) [|AB] = [[A[[IIBII

The following lemma has been an important tool in proving arithmetic-
geometric mean type inequalities [4], [10], but also for norm inequalities for sums
of positive operators [5], [6]. Though it holds for every unitarily invariant norm,
we state it (as only needed here) for the usual operator norm:

LEMMA 3.2. If A and B are operators on € such that AB is selfadjoint then
[AB]| < [[Re (BA)|.

The main ingredients for our main theorem are gathered in two lemmas
involving triples of positive operators.
The proof of the first one is similar to that in Proposition 3.3 of [6]:

LEMMA 3.3. Let A, B, C be positive operators on 7. Then if | A1/2CBY?|| =
||C1/2A1/2H HCl/ZBl/ZH we have

(3.1) HCl/Z(A + B)l/ZHZ _ ||C1/2A1/2H2 + HC1/2B1/2H2.
Proof. Take x,,y, (n > 0) unit vectors in % such that
(AY2CBY2y,, x,) — ||AY2CBY2.
Then, by passing to limit in the following set of inequalities,
|<C1/ZBl/2yn, C1/2Al/2xn>| < Hcl/ZAl/an” Hcl/ZBl/ZH
< |[c2At2)|c 21,

we obtain that |[C1/2A1/2x,|| — ||C/2AY?|| and, similarly, ||C'/2BY?y,| —
HCl/ZBl/ZH_
Moreover,
ICV2(A + B)M2| = [ CV/2(A + B)CY2|
<C1/2Al/2 Cl/2B1/2> <A1/2cl/2 0) H

B 0 0 B/2C1/2 ¢
AL/2C1/2 o\ /Cl/2A1/2 /2172
= <B1/2cl/2 0) ( 0 0 )H

Al72cpA1/2 pA1/2¢CB1/2
- (Bl/ZCA1/2 Bl/ZCB1/2>H'

We deduce that

Al/ZCAl/2 Al/ZCBl/z axy aXy 1/2 1/2112
(32) <(B1/2CA1/2 Bl/ZCB1/2> (byn) ! <byn>>’ = || ( ) H ’
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£ _ ”C1/2A1/2H db— HCl/ZBl/ZH E di
Or & = (czat 2y ci2pizEyi/z AN b = (et cizp/zp)i/z - BXpanding

and letting n — oo in (3.2) we obtain that

||C1/2(A + B)1/2||2 > ||C1/2A1/2||2 + ||C1/ZBl/2||2.

The converse inequality is obvious. Therefore, (3.1) holds, as required. 1

LEMMA 3.4. Let A, B, C be positive operators on . If || (A + B)C|| = (||A]| +
IBINICI| then [[ACB]| = [[A[[[|C]I[|B|

Proof. Observe that, in our hypothesis,
(1AI+ IBIDICH = (A + B)CIF < (A + B)CY2[ICII2 < (Al + [IBIIICI.

Hence ||(A + B)CY2|| = (||A]| + ||B|)||C||*/?. A similar argument shows that
(A + B)Y/2CY2|| = (||A| + ||B]|)*/?|/C||*/? also holds. Consequently,

(IAl+ IBI)IICI = [IC2(A + B)C'2|| < [|CY2AC! 2| 4 ||C'/2BC! /2|
< ICV2ACY?| + IIBJIC] < (Al + [IBIDIICI.

This forces (3.1), ||C/2ACY2|| = ||C||||A|| and, by symmetry, ||C1/2BC'/?|| =
1B
Since C'/2AC'/2 and C!/2BC'/? are positive, we deduce that

ICY/2ACBC2|| = || C'/2AC2|||C'/2BC2|| = || All|CIP? Bl
(by Proposition 3.1 (i)=-(iii)). Moreover,
IAIIICIIBIl = [IC'/2ACBCY2|| < ||C[I?| ACBJ|[CIIV/2 < | AlllIC]? (Bl
imply that | ACB|| = ||A||||C||||B||- The proof is complete. 1
REMARK 3.5. If A, B, C are as above then
[A+B+Cl <[[A+ Bl +[ICll < [|A[]l +[|B[ +[IC]|.
We obtain that

(3.3) [A+B+Cll = [|Al +[|BIl +[|C|

if and only if [|A + B = [|Al| + |[BI| (or ||ABI| = [|A][|B]}) and [|A + B +C|| =
|A+ B|| + ||C|| (or ||(A+ B)C|| = ||JA+ BJ|||C||). Consequently, (3.3) can be
rewritten in equivalent form as

(3.4) I(A+B)C] = (Al +BIDIC]. «

COROLLARY 3.6. Let A, B, C be positive operators on 7. The following condi-
tions are equivalent:
(@) |A+B+C[| = A + B +[IC]|;
(i) | ABC|| = [[A[[|[BI[][C])
(iif) [ BCA[| = | BI[[[C] | Al
(iv) [|CAB[| = [[Cl[ Al BI-
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Proof. If (i) holds then, by (3.4) and Lemma 3.4, we obtain (iii).
Conversely, by (iii), the following inequalities

IBINICIIAll = IBCAIl < [|BII"/?||BY/2C A2 || A2
< ||BIIY2|B2CH2|ICT 2 A2 A2 < B IICI AN

allows that [[BY2CAV2| = ||BY24112][|4112C112], [B12C12] = [[B|[V2 ]2
and ||AY/2CY2|| = || A||'/?||C||"/2. We use Lemma 3.3 to prove that

ICY2(A+B)CY2(| = (| Al + I BI)IICI.
Moreover, by Lemma 3.2,
I(A+B)C| > [ICY*(A+B)CY2|| = (| Al + |BI)IICI|.

The converse inequality being obvious we obtain (3.4). Hence, by Remark 3.5, we
get the conclusion. 1

We are now in position to prove our main result in this section:

THEOREM 3.7. Let Ay, k =1,2,...,n be positive operators on 7. The following
conditions are equivalent:

O £ A = T 14
(ii) H kli[l Agk) H = klill | Ag(iyl, for a certain o € Sy;

n n
(iii) H 1T Ay H = I | Asq0l for every & € Sy
Proof. We proceed by induction. Suppose that, for any given positive inte-
m m
L A= T llAd
k=1 k=1

ger m and any positive operators Ay, k =1,2,...,m,on JZ,

m m
if and only if H kU1 Ay H = k[[l ||Ax||- By a similar argument with the one used in

Remark 3.5 one can easily deduce that, for any given positive operator B on J#,

m m
| X Ac+B| = X A+ 18l
k=1 k=1

if and only if
65) [(X A)2] = (L) si

m—1
Let C = ). Ag. Then (3.5) can be rewritten in an equivalent form:
k=1

(3.6) 1(C+ An)BI = (ICIl + [ Aul) |B] and [Cll = ¥ 1| Al

m—1
k=1
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By Remark 3.5 and Corollary 3.6, (3.6) becomes

m—1
IcAwBl = lIClAnlllBI = (¥ 114k ) I AnlllB].
k=1

Since ||CA,B|| = ||C|BAy]|| and ||AmB|| = |||BAm||| we obtain
m—1 m—1
ICIBANI| = (X 4kl ) I1BAwIl = (X 114l ) 4nll]1B].
k=1 k=1
Equivalently, by the induction hypothesis,
[A1Az - AwBl| = [[A1 Az - - Ay [BAw|[| = [[As [ A2l - A [[|BAm] |
= [lAxlll[Az]l - [ Am 1 BI-

The proof is now complete. 1

To obtain a generalized version of Proposition 3.1 (ii)«<(iii) (cf. Proposi-
tion 3.4 of [6]), we need the following result:

PROPOSITION 3.8. Let Ay, k = 1,2,...,n be positive operators on . If
n n n n
| TL Ak = TT A then || TL A, || = T I Acq 1™, for any ry,ra, . v > 0
k=1 k=1 k=1 k=1
and o € S,,.

n n
Proof. Since, in our hypothesis, || ][] AkH = ‘ 11 Ag(k) ,forany o € S, it
k=1 k=1
suffices to consider the casery =1, =---=r,_1=1landr, > 0.
Step 1. If r,, < 1 then the following inequalities
[Ax][ - [|An]l = [ A1 -- - A AL
<Az AR Al < (ALl - - [ Au]™ | An]
show that
(3.7) [ A1 A1 A = A1l - - - [An—a ||| Al

Step 2. Next suppose that, for a given r > 0, (3.7) holds when r;, is replaced
by r. Then

ALl [ Ap—a I ARlT) = | AL -+ Ap 1 Al = Ay - Ay 1 AT Ay -+ Aq|
<A1 Apa AT | Anall - [ A4
< (JA1] - [ Ancall | An )2,

thatis [|Ay - - Ay 1 A || = [ Al - - [| A1 || An]*"

Step 3. If r, > 1 then we can choose a positive integer m with 27—31 < 1. By
Step 1, (3.7) holds when r, is replaced by 7%. We just have to apply m times Step 2
to finally obtain (3.7). 1

Our promised generalized version of Proposition 3.4 in [6] follows:
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COROLLARY 3.9. Let A, k = 1,2,...,n be positive operators on 5. The fol-
lowing conditions are equivalent:

n n
@ || 1T A = IT 1Al
k=1 k=1
n n
(ii) H I1 A;"(k)H = I1 Aol for certainr1,7a,..., 14 > 0and o € Sy;
k=1 k=1
n n
(iii) H I1 A;"(k)H = I1 | Ag) "™, for any r1,72,...,ra > 0and o € Sy.
k=1 k=1
n n
COROLLARY 3.10. Let Ay, k =1,2,...,n be as above. IfH Y AkH =Y || Al
k=1 k=1

n n
then H Z akA]ZkH = Z ﬂkHAkHrk,fOr an]/ al/a2/' . -/al’l/rler/' - tn 2 0
k=1 k=1

We observe that, for given positive operators A ir j=L12,...,n,

n 1/2 n
(38) | XAy < (maxfad) ™ X a2
=1 k=1 =
It is easy to observe that equality holds in (3.8) if and only if (1.8) holds true
and
(3.9) 41| = max | A,

forany !/ =1,2,...,n. Hence
n n
n
YAy = n(maxadl) = Y114l
j=1 j=1
or, equivalently, by Theorem 3.7,
n n n
(3.11) ITT4| =TTHajl = (max)iacl)
j=1 j=1 k=1

We can now formulate:

(3.10) ’

n

COROLLARY 3.11. Let A;, j = 1,2,...,n be positive operators on 7. The fol-
lowing conditions are equivalent:
0| £ 4 = (mhx i) £ a0
i = k l ’
= k=1 I=1

]

iy || ¥ A ax || A
@ | £ 4, = n( max | 4]));

n n n
(iii) Aill = ( max||A .
14 = (miax 4]

]

Acknowledgements. The work of the first author has been supported by the Hungar-
ian Scholarship Board.
The authors are grateful to the referee for his suggestions.



NORM ESTIMATIONS FOR SUMS OF OPERATORS 15

REFERENCES

[1] K. DAVIDSON, S.C. POWER, Best approximation in C*-algebras, J. Reine Angew. Math.
368(1986), 43-62.

[2] J. DUNCAN, P.J. TAYLOR, Norm inequalities for C*-algebras, Proc. Roy. Soc. Edinburgh
Sect. A 75(1975/76), 119-129.

[3] J.C. Hou, H.K. DU, Norm inequalities of positive operator matrices, Integral Equa-
tions Operator Theory 22(1995), 281-294.

[4] F. KITTANEH, A note on the arithmetic-geometric mean inequality for matrices, Linear
Algebra Appl. 171(1992), 1-8.

[5] E. KITTANEH, Norm inequalities for certain operator sums, J. Funct. Anal. 143(1997),
337-348.

[6] F. KITTANEH, Norm inequalities for sums of positive operators, J. Operator Theory
48(2002), 95-103.

[7] P.J. MAHER, Some operator inequalities concerning generalized inverses, Illinois ].
Math. 34(1990), 503-514.

[8] P.J. MAHER, Some norm inequalities concerning generalized inverses, Linear Algebra
Appl. 174(1992), 99-110.

[9] A.-W. MARSHALL, 1. OLKIN, Inequalities: Theory of Majorization and its Applications,
Academic Press, New York 1979.

[10] A. MCINTOSH, Heinz inequalities and perturbation of spectral families, Macquarie
Math. Rep. 79-0006, Macquarie Univ., 1979.

[11] G. PISIER, Similarity Problems and Completely Bounded Maps, 2nd Edition, Lecture
Notes in Math., vol. 1618, Springer-Verlag, Berlin 2001.

[12] I. VIDAV, The norm of the sum of two projections, Proc. Amer. Math. Soc. 65(1977),
297-298.

DAN POPOVICI, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, U-
NIVERSITY OF THE WEST TIMISOARA, BD. VASILE PARVAN 4, RO-300223 TIMISOARA,
ROMANIA

E-mail address: popovici@math.uvt.ro

ZOLTAN SEBESTYEN, DEPARTMENT OF APPLIED ANALYSIS, LORAND EOTVOS
UNIVERSITY, PAZMANY PETER SETANY 1/C, H-1117 BUDAPEST, HUNGARY
E-mail address: sebesty@cs.elte.hu

Received August 14, 2004.



