]. OPERATOR THEORY © Copyright by THETA, 2006
56:1(2006), 89-110
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ABSTRACT. Let X’ be a Banach space and let Ay,..., A; be the generators
of strongly continuous groups. We prove that under suitable assumptions
(roughly speaking if all the multi-commutators of Ay, ..., A; of order r 4- 1 are
zero) every linear combination of the multi-commutators is closable on its nat-
ural domain and the closure generates a strongly continuous group. Moreover

d
the sum of the squares of Aj,..., Ay is closable and the closure of — } A%
k=1
generates a holomorphic semigroup. Finally, as an application of our theorem
we obtain the Kolmogorov operator and the Grushin operator.
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1. INTRODUCTION

Let A and B be generators of strongly continuous semigroups in a Banach
space X. If A and B commute, i.e., their resolvents commute, then it is well
known (see p. 64 of [7]) that the sum A + B: D(A) N D(B) — X' is closable and
the closure generates a strongly continuous semigroup. Other results regarding
commuting operators which do not necessarily generate a strongly continuous
semigroup are in [4] and [13].

If A and B are (possibly non commuting) generators of strongly continuous
groups, then it is a natural problem to find sufficient conditions in order that the
closure of the Laplacian — (A2 + B?) with its natural domain generates an analytic
semigroup. Similar problems can be posed for more than two operators.

These problems are substantially open in a Banach space setting but there
are some results if X is finite dimensional or if the restrictions of the operators
to some dense subspace span a finite dimensional Lie algebra [15], [12], [11], [1].
Alternatively, let G be a Lie group with Lie algebra g and let a,b € g be close
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to zero in g. Then the Campbell-Baker-Hausdorff formula states that there is a
unique ¢ € g such that

exp aexpb = exp c
where ¢ = a+b+ 3[a,b] + $5[a,[a,b]] — £5[b, [a,b]] + - is a power series in
multi-commutators in a and b Hence

exp(a+b) =expaexpbexp (— i[a,b]) expd
where d is a power series in (higher order) multi-commutators in 2 and b. It is
interesting to understand whether these results can be extended, under suitable
assumptions, to a Banach space setting when a and b are replaced by generators
of strongly continuous groups. Recently, using as starting point the Campbell—-

Baker-Hausdorff formula, in [5] the following result for non commuting opera-
tors was proved.

THEOREM 1.1. Let A, B be generators of strongly continuous groups e 4

and

e !B in a Banach space X. Suppose that there exists a dense subspace D of X with
D C D(AB) N D(BA). Assume that for all A, i € R with ||, |u| sufficiently large one
has:

(i) (AI—A)'DcC D, (ul—-B)"'DcC D,and

(i) [[A, B], (Al — A)~Yx =0 = [[A, B], (uI — B)!]x forall x € D.
Then the operators A+ B: D(A)ND(B) — X and [A,B]: D(AB)ND(BA) — X
are closable and their closures generate strongly continuous groups given by

2T A R] _ _ _2TA R _
(1.1) P AB] — otAgtBo—tAg—1B PIAB] _ otBotAg—tBo—tA

et(A+B) etAetBe—(tz/Z)[ ]’

forallt € R.

Condition (ii) states roughly that the commutators of order 3 in A and B
vanish. On a Lie group the Campbell-Baker-Hausdorff formula gives identities
similarly to (1.1) if the commutators of order 3 vanish. The main aim of this paper
is to generalize Theorem 1.1 to d generators of strongly continuous groups under
the assumption that roughly all the commutators of order r + 1 are zero, where
d,r € N.

In order to state the main theorem of this paper we need some multi-index
notation. Let d € N. Set

U{l 1" and ]N U{l

forall N € N. Ifa« = (kq,...,ky) € J*(d) then we set |0c| =n. Let Ay,..., Ay be
(possibly unbounded) operators in a Banach space X. Set A* = Ay, - - - Ay, with
natural domain, if & = (kq,...,k,). Moreover, if A and B are two operators in X
we define the operator [A, B] in X by

D([A,B]) = D(AB) N D(BA); [A,B]x = ABx— BAx forallx € D([A, B]).
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Then we define the operator A, by
A[[x} - {Akll [Akz/ ceey [Aknfl’ Akn]/ .. H

ifa = (k1,...,kn) € J*(d). Obviously Ajyx = 0 forall x € D(Ayy) if ky—1 = ky,
but if Ay, is unbounded then D(A},)) # X. In the main theorem this would
give an unnecessary restriction on a domain D, which we would like to avoid.
Therefore, for all r € N define

Zy={(ky, ..., k) €{1,...,d} 1 k1 =k}

and

[k k) e (LAY k== k) 22,
N B! ifr=1.

Then
(|  D(AP) C D(Ay)
el (d)\A,
foralla € [} (d)\Z,.
If A is the generator of a strongly continuous group S in & then the ex-
ponential growth bound of S is the infimum of all w € R for which there is an

M > 1 such that ||S;|| < Me“!!l for all t € R. The main theorem of this paper is
the following.

THEOREM 1.2. Let d,r € Nand D a dense subspace of a Banach space X. More-
over, let Ay, ..., Ay be generators of strongly continuous groups in X with exponentially
growth bounds wy, . .., wy. Suppose forallk € {1,...,d} thereexist Ay, A1 € Cwith
Re Ay > wy and Re A1 < —wy such that

(1.2) Dc () DA%, (M-A)'DcD
’Xe]rJr(d)\Ar

and
(1.3) (Al = Ag) T Apgx = Ay (AL = Ap) " 'x
forall x € Dand « € J;F (d)\Z, with |a| =7,

forall A € {Aro, Ak1}
Then for all & € J;*(d)\Z, the operator Ay, |p is closable and the closure generates
a strongly continuous group on X. In fact, if F C J;¥ (d)\Z, and if c, € R forall x € F

then the operator ) cq A[,X], with its natural domain, is closable, the closure generates
acF
a strongly continuous group on X and D is a core for its generator. Moreover, for all

ni, ..., ng € N the operator

d

(1.4) Y (—1)m A

k=1
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d
with domain D(Ai"k) is closable and the closure generates a strongly continuous
k=1

holomorphic semigroup on X. The space (| D(A") is a core. Finally, if d' €

ac]t(d)
{1,...,d} and C = (cy) is a real symmetric positive semi-definite matrix then the
operator
d’ d
(1.5) — Z e A A+ Z Ay
k=1 k=d'+1

with domain ?] D(Ar A)) N (d] D(Ag) is closable and the closure generates a
ki=1 k=d'+1
strongly continuous semigroup on X. The space (| D(A") is again a core.
a€]t(d)

Note that the assumptions of this theorem are expressed in terms of resol-
vents. It is still an open problem whether it is possible to express the assumptions
in terms of the groups generated by the Ay (see p. 195 of [12]).

The proof of this theorem uses the theory of Lie algebras and Lie groups.
If the domain D was invariant under the operators Ay,..., A; then we could
define a representation T of a suitable Lie algebra g in the Banach space X and
show that it is integrable, i.e., it lifts to a representation of the corresponding Lie
group G. Then the statements of Theorem 1.2 follow easily. Unfortunately it is
unclear whether D has some dense subspace Dy such that Dy is invariant under
the operators Ay, ..., A;. Nevertheless, even if D is not invariant under the Ay
then one can still define the map T: g — £(X). Rusinek [18] has given sufficient
conditions to ensure that T lifts to a representation of the Lie group G in the
Banach space X and we will prove that these conditions are satisfied.

Note that Theorem 1.2 extends Theorem 1.1 even if d = r = 2, since in The-
orem 1.2 the conditions (1.2) and (1.3) are required only for one large and for one
small A, for each Ay, whilst in Theorem 1.1 the conditions (i) and (ii) are required
for all A, u € R with |A|, |u| large. The proof of Theorem 1.2 consists of several
steps and one step is much easier if one assumes that the conditions (1.2) and (1.3)
are valid for all A € R with |A| sufficiently large. In Section 2 we give a transpar-
ent proof of Theorem 1.2 under these additional assumptions. The general case
requires the same ideas and steps, but in addition one more technical lemma. This
will be proved in Section 3. It is then also possible to extend the Campbell-Baker—
Hausdorff formula in our setting for unbounded operators in a Banach space. In
the last section we write some explicit formulae for the groups generated by the
commutators and in particular for the case when » = 3. Moreover we give appli-
cations of Theorem 1.2. The Kolmogorov operator and the Grushin operators are
two examples where our theorem works well.

In this paper we follow the sign convention of the generators as in the book
of Robinson. Thus H is the generator of the semigroup t — e~ *f and if U is a
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representation of a Lie group G then dU(a) is the generator of the group t +—
U(exp(—ta)) for all a € g, the Lie algebra of G.

2. INTEGRABILITY OF A LIE ALGEBRA REPRESENTATION

As the first step, in this section we shall prove Theorem 1.2 if in addition
(1.2) and (1.3) are valid for all A € R with [A| > w+1and k € {1,...,d}, where
w = max{wy, ..., wy}. In the third section, we shall give the full proof that, essen-
tially, uses the main ideas of this section but, since the assumptions are weaker, is
more technical.

The proof is inspired by the proof in the paper [17]. We first introduce the
nilpotent Lie algebra in d generators which is free of step . Let ay,...,a; be a
basis of a real vector space V. Set

o0 r
To =PV and T,=P V"
n=1 n=1
Ifa = (ky,....k;) € JH(d) seta® = a, ® --- @ ag, € Te. Define the linear
function T: 7, — Lin(D, X), the space of all linear operators from D into X,

such that .
Alp ifa € [\,

QY r
T(”)_{o ifaeA,.

The space 7 is a Lie algebra with Lie bracket
[, ] =t @ty —Hh Q1.

Let & be the Lie subalgebra of 7, generated by a4, ...,4; and let Z be the ideal of
& spanned by {ay, : & € J*(d), || > r + 1}, where

{1[“] = [akl, [akz, ey [aknfl,akn}, . ”
ifa = (ki,...,kn) € J*(d). Define g = 8/ = span{ag +Z : a € J;(d)}. Then
gis the nilpotent Lie algebra in d generators which is free of step r. If ¢, € R for all
a € (d)and Y caap € Tthen Y cqap) = 0and T( Y a[a]) =
ac),’ (d) ael (d) aefyt (d)

0. Hence there exists a unique linear map T: g — Lin(D, X’) such that T(u[a] +
Z) = T(ay) forall w € ;¥ (d).

From now on we write ay for ax +Z, T for T and |-, -] for the Lie bracket
on g. Then T: g — Lin(D, &) is linear and T(a,)) = Ajy|p foralla € J;(d)\Z.
Moreover, T(ag,) = T(0) = 0if a € Z,. Set R(A) = (Al — Ap)~!forall k €
{1,...,d} and A € p(Ay).

LEMMA 2.1. Letk € {1,...,d} and A € Rwith |A| > wy and suppose that (1.2)
and (1.3) are valid. Then

(2.1) T(a) Ri(A)x = Ri(A) T(a)x — Re(A) T([ag, a]) R(A)x
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foralla € gand x € D.

Proof. 1t suffices to prove the lemma for a = af) for all a € [/ (d)\Z,. If
la| = r then [ag, a,)] = 0 by the rank of g and (2.1) follows from the hypothesis
(1.3).

Alternatively, if « € |7 ,(d) then the statement is trivial if « € Z,_4, or if
a = (k), so we may assume that « ¢ Z,_; and & # (k). Then D C D(AA[y) N
D(A[,X]Ak). Since Ri(A)D C D, one has Ri(A)x € D(AkA[lx]) N D(A[“]Ak). There-
fore

T(agy)) Re(A)x — Re(A) T(aj))x
= A Re(A)x = Re(A) Apyx
= R(A) (ML — Ap) Ay Re(A)x — Rye(A) Apg (AL — A)Rie(A)x
= —Rp(A) [A, Apy) Re(A)x = =R (A) T([ag, ajy]) Re(A)x

and the lemma follows. 1

COROLLARY 2.2. Letk € {1,...,d} and A € Rwith |A| > wy and suppose that
(1.2) and (1.3) are valid. Then

771 . —_— / . .

22 T@ R =R L (" RO T (G )
i=0

foralla € g,m € Nand x € D.

Proof. The proof is by induction on m. It follows by iteration of Lemma 2.1
that

T(a) Rk(/\)x

r—1
= Re(A) Y (—1)'Re(A) T((aday) a)x + (=1)"Re(A) T((aday) a) Re(A)x.
i=0

But (aday)"a = 0, so (2.2) is valid if m = 1. In fact, by nilpotency it follows that

m—1+1i
i

23)  T(a)Re(A)™x = Ry(A)" i(—l)f( )Rkw’ T((adag)ia)x
i=0

for m = 1. Note that there is no convergence problem since there are only finitely
many terms nonzero. But

2.4) g(m—il—i-i):(m;—n)

forall m € Nand n € Ny. The identity (2.4) follows easily by a double induction.
Hence it follows by induction on m that (2.3) is valid forallm € N. 1



MULTI-COMMUTATORS OF GENERATORS 95

Forallk € {1,...,d},m € Nand t € R\{0} with [mt~!| > w + 1 define the
operator W,Sp(t) € L(X) by

WO () = (mt= )" Ry (mt =)™,

Then WX (£)D C D if (1.2) and (1.3) are valid for all A € R with |A| > w + 1 and

k € {1,...,d}. I U%) is the strongly continuous group generated by —Ay, i.e.,

U®(t) = e, then lim W,gf)(t)x = UM (t)x for all t € R\{0} and x € X by
m—00

Corollary IIL.5.5 of [7]. It follows from Corollary 2.2 that

25)  T) WP H)x =wP () ri(—l)i (’” —I i) Re(mt™Y) T((aday)ia)x
i=0 !

foralla € g,m e Nk € {1,...,d},t € R\{0} and x € D withm > (w +1)[¢|
if (1.2) and (1.3) are valid for all A € R with [A| > w+1and k € {1,...,d}.
We would like to take the limit 1 — oo, but in general D is not invariant under
U® (t) and we do not yet know whether each T'(a) is closable for every a € g. If
r > 2 then it is even not clear whether the operator [A1, Ay]|p is closable. We will
circumvent this problem proving that the operators T(a) are ‘jointly’ closable.
The next lemma handles all problems.

LEMMA 2.3. Suppose (1.2) and (1.3) are valid for all A € R with |A] > w +1
and k € {1,...,d}. Let x1,x,... € D be a sequence, x € X and ®: g — X a linear
function. Suppose lim x, = x and lim T(a)x, = P(a) forall a € g. Then

n—oo n—oo

(2.6) nlln’go W&k)(t)xm = U(k)(t)x
(2.7) lim T(a) W (1) = UW (£) (e 0% )

foralla € g, k€ {1,...,d} and t € R\{0}.
Proof. Fix k € {1,...,d} and t € R\{0}. Then the Hille-Yosida theo-

rem implies that there exists an w’ > 0 such that sup HW,(nk) (t)|| < oo. Since

m>w’
lim W,(,p(t)y = Uk (t)y for all y € X the limit (2.6) follows.
m—o0
Next fixi € {0,...,r — 1}. Then write

0 (") R Ty

i (’” _1,1 * i) (mt~ Ry (mt~1))i T((—taday)'a)x
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and note that lim m~("" ) = (i!)~L. Since ‘ 1"m AR((A)y =yforally € X
m— o0 Al—o0
and sup ||ARk(A)]| < oo for some w’ > 0 it follows that
[A]>w!

lim (mt 'Ry (mt™1))! T((—taday)'a)x, = &((—taday)'a).

Hence
tim Y (-1) (’” - i) Ry (=Y T((adag)a) e = Y (1)1 0((—taday)a)
i=0 i=0
(2.8) = P(efadmy),

Arguing as in the proof of (2.6) the limit (2.7) follows from (2.8) and (2.5). 1

The next lemma states that the operators T(a), with a € g, are ‘jointly’ clos-
able. Recall that we still do not know that T'(a) is closable for all a € g.

LEMMA 2.4. Suppose (1.2) and (1.3) are valid for all A € R with |A| > w +1
and k € {1,...,d}. Let x1,xp,... € D and forall a € glety, € X. Suppose that
nlim xy = 0and nlim T(a)xy = yaforalla € g. Then y, =0 foralla € g.

Proof. Since T is linear we may assume that the map a +— y, is linear.

Foralll € {1,...,r} let P(I) be the following hypothesis:

If x1,xp,... € Dand ®@: g — X is linear such that lim x, = 0
n—oo

and nhno10 T(a)xy = @(a) for alla € g, then P(ay,)) = 0 for all

a € ], (d).

Obviously the hypothesis P(1) is valid since T(a;) = Ag|p is closable for all
ke {1,...,d}, because Ay is closed.

Let! € {1,...,r — 1} and suppose that P(!) is valid. Let x1,xp,... € D,
®: g — X linear and suppose that nlim x, = 0 and nlim T(a)x, = ®(a) for all
a €g. Letk € {1,...,d} and « € J"(d) with |a| = I. We shall prove that

®([ax,a;y]) = 0. Lett > 0. Then W,(nk)(t)xm € Dforallm > (w+ 1)t and

Wllim W,(nk) (t)xm = 0 by Lemma 2.3. Moreover, by the same lemma,

lim T(a) Wr(rtk)(t>xm = U® (t) (e admgq)

m—00
for all 2 € g and the map a — UW® (t) d(e12d%y) is linear. Hence by the in-
duction hypothesis applied to the sequence (W,Sf) (£)Xm) m> (w1t it follows that
u® (e @ (e 2d%qy, ) = 0. Since U® (t) is invertible, one has D (e g, ) = 0
r—1 . .
forallt > 0. So ) (—t)* (i!)’lf,‘b((adak)la[a]) = 0Ofor all f > 0. But the sum is a
i=0

polynomial in ¢. Therefore the linear term has to be zero. Thus D ([ay, am]) =0
and the hypothesis P(I + 1) is valid. 1
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Because of the previous lemma the following makes sense if (1.2) and (1.3)
are valid for all A € R with |A| > w + 1. Let E be the vector space of all x € X
such that there exist a sequence x1,x,... € D and foralla € gay, € & such
that lim x, = x and nh_r}r(}o T(a)x, = y, for all a € g. Since the y, are unique by

n—oo
Lemma 2.4 one can define for all a € g the operator T(a): E — X by T(a)x = y,.
Clearly E C D(Ag) forallk € {1,...,d} since Ay is closed and T (a;) = A|p-

LEMMA 2.5. Suppose (1.2) and (1.3) are valid for all A € R with |A| > w +1
and k € {1,...,d}. Then the following statements hold:
(i) The space E is dense in X.
(ii) The map a — T(a) is linear.
(iii) U (H)E C Eforallk € {1,...,d} and t € R.
(iv)Ifacg ke{l,...,d}andt € R then

U™ () T(a) U®) (—)x = T(ef*d%q)x

forall x € E.

Proof. Obviously D C E and T(a)|p = T(a) for all a € g. In particular, E
is dense in X. Statement (ii) is easy. Let x € E. Then there are xq,xp,... € D
such that nlim Xy, = x and nlim T(a)x, = T(a)x foralla € g. Letk € {1,...,d}

and f € R\{0}. Then W,Sp(t)xm € D forall m > (w+ 1)|t|. Moreover, it fol-
lows from Lemma 2.3 that n%im w,ﬁ‘) (H)xm = UP (t)x and nlim T(a) W,(nk) ()xy =
U® (t) T(e~tdakg)x for all @ € g. Hence UK (t)x € E and T(a) UM (t)x =
U™ (t) T(e*adakg)x, This proves Statements (iii) and (iv).

Proof of Theorem 1.2 under restrictions. Suppose (1.2) and (1.3) are valid for all
A€ Rwith|[A| >w+Tandk € {1,...,d}.

Since E is dense in X, invariant under U*) and E ¢ D(Ay) it follows from
Corollary 3.1.7 of [2], that E is a core for Ay for all k € {1,...,d}. Lemma 2.5

together with the one parameter groups UX) generated by T(a) and the fact that
ai,...,a, generate g are precisely the conditions of Theorem 2.1 in [18]. Hence if G
is the connected simply connected Lie group with Lie algebra g, then there exists
a strongly continuous representation U: G — L(X) such that E C D(dU(a))
and dU(a)x = T(a)x foralla € gand x € E, where dU(a) is the infinitesimal
generator of the group ¢ — U(exp(—ta)). In particular, dU(ay,)|p = A|p for
all a € J;F(d)\Z,. We next show that E is invariant under U.

First let k € {1,...,d}. Since E C D(dU(ay)) and Ag|p = dU(ay)|p it
follows from the definition of E that Ay|p = dU(ay)|g. So dU(ay) is a closed
extension of Ag|g. But E is a core for A;. Hence Ay = Aglg C dU(a). Then
Ay = dU(ag) because a semigroup generator has no strict semigroup generator
extension.
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Let Go = {g € G : U(g)E C E}. Then Gy is a Lie subgroup of G. Let g
be its Lie algebra. Then gg is a subalgebra of g. Moreover, exp ta, € Gy for all
t € R by Lemma 2.5 (iii). Therefore a; € go forall k € {1,...,d}. Butay,..., a4
generates g. So gp = g and Gy = G.

Now let a € g. Then E is a dense subspace of X, E C D(dU(a)) and E
is invariant under the group (U(expta));cr. Hence E is a core for dU(a). In
particular, T(a) is closable. By definition of E the space D is then a core for T(a)
and D is a core for dU(a). Thus T(a) is closable and the closure generates a
strongly continuous group for all a € g.

Next let F C J;"(d)\Z, and for all & € Fletc, € R. Setb = Y caapy
a€F
and B = Y ca Aly, with its natural domain. We first show that B C dU(b).
x€F

Expanding the commutators it follows that there is a subset F C J;F (d)\A, and
forall B € F thereis a g € R such that

D(B) = () D(4P),
BeF

where Bx = ). &g APxforallx € D(B)and b = ¥ of af € T,. Let U, be the
BeF BeF
dual representation of U in the dual space X'*. Moreover, let Xo (U) and XZ (U )
denote the space of all C*-vectors for U and U.. Then dU(b)x = } ¢ APx for
BEF
all x € X (U). So

AU (~b)f = =Y (AP f = Y (—1)Pleg (dU.(a))P
BeF BeF
forall f € X% (U,), where B, = (ky, ..., k1)if B = (ky,...,kn). Nowletx € D(B).
Then for all f € X (U.) one has
(AU (<b)f, ) = X2 (~1) g (U (@))P £, x) = Y & (£, APx) = (£, Bx).

BeF BeE

Since X% (U, ) is a core for dU,(—b) it follows that
x € D((dU.(—b))*) = D(dU(b))

and dU(b)x = Bx. So B C dU(b). But X (U) is a core for dU(b). Therefore B is
closable and B = dU(b).

d
Next, the statement of Theorem 1.2 concerning the operator ) (—1)" Ai""
k=1
follows from Theorem 1.1 and Example 4.4 of [9]. The space (| D(A%) is
a€]t(d)
a core by the argument given in the proof of Lemma 2.4 in [8], or the proof of

d
Proposition I1.8.1 in [6]. Finally, consider the operator H = — ) ¢y A A; +
k=1
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d
Y. A;. We may assume that there is a d” € {1,...,d’'} such that ¢y = 1if
k=d'+1

a" d
k =1 < d"and ¢y = 0 otherwise. Then H = — Y}, A2+ Y. Ay and the
k=1 k=d"+1

statements follow from [10] or Theorem IV.4.5 of [16], applied to the operator

" d

— Y dV(ay)? +dV(ag), where ag = Y. a; and V is the restriction of U to G;
k=1 k=d'+1

with G; is the connected simply connected subgroup of G with Lie algebra g;

and g; the Lie subalgebra of g generated by ag, a1, ...,a,. The claims about the

domain and core follow again from the argument given in the proof of Lemma 2.4

in[8]. 1

REMARK 2.6. The above proof of (the restricted version of) Theorem 1.2
shows that the statements on operators of the form (1.4) follow from [9]. In fact,
(1.4) is merely an example of the Lie group theory developed in [9]. In Theo-
rem 1.1 and Example 4.4 of [9] there are many more examples of weighted subco-
ercive operators which like (1.4) all pre-generate a holomorphic semigroup. We
refer the interested reader to [9].

In the course of the (restricted) proof of Theorem 1.2 we proved an integra-
bility result.

THEOREM 2.7. Assume the hypothesis of Theorem 1.2. Then there exists a unique
strongly continuous representation U of G in X such that D is a core for dU (ay) and
Axlp = dU(ay)|p for all k € {1,...,d}, where g is the nilpotent Lie algebra with
generators ay, . . .,a; which is free of step r and G is the connected simply connected Lie
group with Lie algebra g.

It follows that D is a core for AU (a) for all a € g.

Proof. Everything has been proved, except the uniqueness. But if V is an-
other representation then

dU(ax) = dU(ay)|p = dV(ax)|p = dV (ax)

forallk € {1,...,d}. Since a3, ..., a, generate g it follows that U = V. 1

3. COMPLETE PROOF OF THEOREM 1.2

In this section we assume merely the hypothesis of Theorem 1.2 without
any additional assumptions. The key element in the proof in the previous section
is the existence of the operators W,51k) (t) satisfying (2.6) and (2.7). By definition
W,(,Zk)(t) = (mt~1)"Ry(mt~1)™ whenever |mt~'| > w + 1. The additional restric-

tions in Section 2 ensured immedjiately that W,(nk) (t)D C D and Corollary 2.2 gave
the bounds needed to prove (2.6) and (2.7).
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In fact, we need the following improvement of Lemma 2.3. As before, U¥)
denotes the strongly continuous group generated by — Ay, so UK (t) = et4x,

LEMMA 3.1. Assume the assumptions of Theorem 1.2. Then forallk € {1,...,d},
t € R\{0} and m € N there exists a linear operator Wr(nk) (t): D — D such that

31) Jim Wi ()2 = U® ()2
(3.2) r%ln’})o T(a) Wr(nk) (t)xm — u(k) (t) q)(eftadaka)

for every sequence x1,x»,... € D, x € X, linear &: g — X and a € g such that
lim x, = xand lim T(b)x, = ®(b) forall b € g.
n—oo n—oo

Proof of Theorem 1.2. If Lemma 3.1 has been proved, then Lemmas 2.4, 2.5
and the restricted proof of Theorem 1.2 in Section 2 extend line by line to the
general case. 1

Thus it remains to prove Lemma 3.1. The outline is as follows. If ¢t > 0,
k € {1,...,d} and m € N is large then Ry (mt~1) in the definition of W,Sf)(t) is
defined, but one has no control over it. It is even not clear whether it leaves D
invariant. Only Ry (Ax ) behaves well enough by the assumptions (1.2) and (1.3).
In particular each polynomial in Ry(Ayo) leaves D invariant. But A — Ry(A)
is analytic in a neighbourhood of Axy and for A close to Ax( one can approx-
imate Rg(A) by a polynomial in Ri(Axg). Similarly, for A’ close to A one can
approximate Rig(A’) by a polynomial in Ri(A), so by a polynomial in R (Akg).
Continuing this way one can find an approximation of Ri(A) by a polynomial in

Ri(Agp) for all A > Re Ay . This then provides an approximation for W,(nk) (t) =

(mt~1)" Ry (mt~1)™, which will be the new W,(,lk) (t).

We build the approximate resolvent only for ¢t > 0 using the A,. First,
in order to make the notation less heavy, we fix k € {1,...,d}. Set Ay = Ax.
We suppose that Ay € R, since the complex case follows similarly. Denote R =
R(Ag, Ag) and R(A) = R(A, Ay) forall A > wy. Let @ = 27 (wy + Ag). There
exists an M > 1 such that |[R(A)|| < M(A—@) ' forall A > Ag. Set M =
3M(Ag— @)~ L. Forn € Nset A, = A\g+n M. Then

(3.3) IR(An) || < M(An —w) ' <37'M

for all n € Nj.
For all Ny € N set
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and by induction, for alln € Nwithn > 2and all Ny, ..., N, € N set

Nn

Rnyoy (An) = Y (1) M7 Ry, N,y (A1)t
i=0

Then ﬁNl/m/Nn (Ay) is a polynomial in R. So it leaves D invariant. If no confusion
is possible then we write R(A,,) = Rn,,..N, (An). Moreover, we set R(Ag) = R. So
~ ~ Ny . e )
R(Ag) = R(Ag) and R(Ay) = ¥ (=1)) M~ R(A,_1) "' foralln € N.
i=0
The next lemma shows that I?leNn (Ay) is an approximation of R(A,) if
Nj, ..., Ny, are large enough.

n—1 ,
LEMMA 3.2. Ifn € N,Ny,...,N, € Nand ¥, 37Ni"""271 < 671 then
j=1

n .
IR(An) = R,y (An) | < 537071 M.
j=1

n .
Hence if Y. 3~ Nt 171 < 671 then
j=1

IRN,.... N, (An) | < 271

Proof. The proof is by induction. Since A, — A, = M1 < [|[R(A,_1)| !
by (3.3), it follows that

|RO) = LD M7 RA )™ < 5 M7 IR,
i=0 i=N+1

2 M 1M1+1<3—N 1M
1N+1

for all n, N € N. Therefore the lemma follows for n = 1 frorn (3.3).
Nextletn € N, Ny, ..., N, € Nand suppose that Z 3 Nitn=2-j < =1 and
j=1
n = 2. Then it follows from the induction hypothesis that

IR(An) = Ruy,..n, (An) |
Na

< [ROW) = L1 MR-

i=0

N, , B 4
+ Y MR(Au—1)™ = Ruyn, o (An)™|
i=0
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Ny, i ~
<3N IMAY MY R IMIR(Au—1) = R,y (An) |
i=0 1=0

Ry, N, A1)

Nn o n—1 . .
g 3—Nn—1M + Z M—l 2(3—1M)l Z 3_Nj+n_2_]M (2—1M)l—l

i=0 1=0 j:1
<3 N, — 1M+23 N+1’1 2]M223 12 i— l i:s*NfH’lflij’
j=1 i=01= j=1

from which the lemma easily follows. 1
Foralln € N, Ny,...,N; € Nand j € Ny define
280, ()

. _ 2 +] iio
_ Z (_1)n1+7l2+]M (n1+n2) ( )RNl, Ny ()\n_l)n1+n2+]+ .
0<ny,na <Ny ]
Ny <ni+ny

If no confusion is possible then we write Z() (A,,) = ZI(\JIE N, (An). In addition we

set ZU)(Ag) = 0 for all j € Nyg. Moreover, for all n € Ny, m € Nand a € g define
the operator P(A,,a,m): D — X such that

T(a) R(A,)"x
= me —1+i i
(3.4) = R(Ay) Z(—l) ; R(An) T((adag)ia)x + P(Ay,a,m)x
i=0
for all x € D. Note that P(A,,a,m) depends on Nj,...,Ny,. In addition one

deduces that P(Ag,a,m) = 0 by Corollary 2.2 applied to Ay.
The next lemma is a version of Lemma 2.1 for R(A,,) with a remainder term.

LEMMA 3.3. Ifn € N,Ny,...,N, € Nand a € g then

(3.5) T(a) R(Ay)x = R(A,) T(a)x — R(Ay) T([a, a]) R(Ay)x + P(Ay, a)x
forall x € D, where

P(Ay,a) = 2 z () T((aday)/a)
Ny Ny -
+ Y Y (—yymt MR, )P (A, [ag, 4], mp + 1)
n1=0mn=0
Nn
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Proof. Using the definition of R(A,) and (3.4) one deduces that

T(a) Riw)x = 3 (1M IT (@) Ry 1)
=0
= Y COMIRO D () R T
j=0 i=0 !

Nn
+Z 1M TP(Ay_1,a,j+1).

But by (2.4) one estabhshes that
Ni

Y (1M TR(Ap1) ™! rf(—l)l’ (j - i) R(An-1)' T((aday)'a)x — R(A) T(a)x

j=0 i=0 !

1 . .
(MR- 1) (1T ) ROh ) T (o o)

z

nt

]

ing|

N =

0

Z

n

(_1)i+j+1M7j <] ':_:_"1_ 1) ﬁ()tnfl)i+j+2 T((adak)iﬂa)x
0

]

Z
N o

s

i+l - Ly i\ i+j+2 i+1
Y (" ) RO T((ada) o)
0 1’!2:0

r—2 ) N ) )
Z Z(_l)n1+nz+l+1M—(n1+n2) <n2i+ l) R()\n—l)n1+n2+z+2 T((adak)”“la)x
0<ny mp <Ny, i=0

nliil"lnzngn :

0

]

for all x € D. Alternatively, it follows again from (3.4) that

R(Au) T([ay, a]) R(An)x

Ny . Ny .
= Z (=) M ™MR(Ayu_1)" L T([ag, a]) Z (—1)"2M_"2R()\n_1)”2+1x
Tl1:O 1’12:0
& &2 ynitn +ipg—(n1+ny) (12 +i\ 5 1y g +it2 i+1
= L L D) (M T ROy ) T (ada) )
n = Onz 0i= !

+ 2 2 (=1t M=) RN, VPN, [ag,a), no +1).
1:01’12:0

Then the lemma follows by addition. 1

LEMMA 34. Foralln € Ng, Ny,...,N, € NNm € Nandi € {0,...,r—1}
there exists an operator p; y ,: X — X such that

r—1 .
P(An,a,m)x =Y pimn T((aday)'a)x

i=0
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forall x € D and a € g. Moreover, p;, , can be chosen such that it is a polynomial
in the R(A;) and ZU)(A;) with j € Ngand 1 € {0,...,n}; the coefficients of p; , , are
independent of Ny, ..., Ny, and each term contains at least one factor ZU) (A;) for some
jeNgandl € {0,...,n}.

Proof. For all n € Ny and m € Nlet H(n, m) be the following hypothesis:

For all Ny,...,N, € Nandi € {0,...,r — 1} there exists an
operator p; ,, ,: X — X such that

r—1

P(Aw,a,m)x =Y pimn T((aday)'a)x
i=0

forall x € D and a € g. Moreover, p;,, , can be chosen such
that it is a polynomial in the R(A;) and Z()(A;) with j € Ny
and I € {0,...,n}; the coefficients of p;, , are independent of
Ni, ..., N, and each term contains at least one factor A% (Ap) for
someje Nyand! € {0,...,n}.

If n = 0and m € N then clearly H(0,m) is valid since P(Ag,a,m) = 0 by
Corollary 2.2 applied to Ag. Let n € Ny and suppose that H(n,m) is valid for all
m € N. By iteration it follows from Lemma 3.3 that

|
—_

r

T(a) ﬁ(AnJrl) = ﬁ()‘n+1) O(_l)iﬁ(/\wrl)i T((adak)ia)x

r—1

(3.6) + Y (=1)'R(Ays1)'P(Aui1, (aday) a).
i=0

Hence H(n +1,1) is valid by Lemma 3.3 and the induction hypothesis.
Now let m € N and suppose that H(n + 1,m) is valid. Then it follows as in
the proof of Corollary 2.2 that

P(/\n+1/arm + 1)x = P()\n+1/ u,m) Ri()\nJrl)x

r—1 - i\ ~ .
+ﬁ()\n+l)m 2(_1)1( -1+ )R</\n+l)l

1

i=0
r—1 e . o
0 Y (~1) R(Aps1)! P(Aps1, (aday) Ha)x
j=0

= P(An+1,a m) R(Api1)x

n 2 (m - 1)R<An+1>m+fpmn+l, (aday)ia)x.
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Using (3.4) one can rewrite the first term as

r—1 o
P(Apy1,a,m) R(Ayi1)x = 2 Pimn1T((adag)'a) R(Ay41)x
i=0
r_l . o~ . 1 . .
= 2 (_1)]Pi,m,n+1 R(/\nJrl)]+ T((adak)lﬂa)x
i,j=0
r—1 )
+ Z pi,m,nJrlP()\n—l—lr (aday)'a, 1)x.
i=0
Hence H(n + 1, m + 1) is valid. By induction the lemma follows. 1
n—1 .
LEMMA 35. Ifn € N,Ny,...,N,_1 € Nand ¥ 37 N2 < 671 then
j=1

.....

forall j € Ny.
Proof. For all N, € N one has by Lemma 3.2

HZI(\]]) N (/\H)H < 2 M—(n1+n2) <n2 +]> (2—1M)n1+n2+j+2
1s+--/4Nn ]

0<ny,na <Ny

Nn<7’l1+1’l2
. 00 .
<@ MY Y (n+1)(n+jy2"
n=Np+1

from which the lemma follows. 1
From now on fix t > 0. For all m € N let
ny =min{n € N: A, > mtil}.

LEMMA 3.6. Forall m € N there exist Ny, ..., Ny,, € N such that:

(37) sup )LZlm HﬁNl,...,Nnm (A”m)j - R(/\”m)]H < m71
0<j<m
(38) sup  An i, || < mt
o<i<r—1

where p; y , 15 as in Lemma 3.4.

Proof. This is a direct consequence of Lemmas 3.2, 3.4 and 3.5. 1

Before we can prove Lemma 3.1 we need one more theorem.

105

THEOREM 3.7. Let X be a Banach space, F: (0,00) — L(X) a function, D a

dense subspace of X, A: D — X a linear map and w > 0. Suppose the following:
(i) There exists an M > 1 such that ||F(p)*|| < Me“** forall p > 0and k € N.
(i) Ax = liﬁ}p_l(F(p)x —x) forall x € D.
o
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(iii) There exists a A € C with Re A > w such that (AI — A)(D) is dense in X.
Then A is closable, the closure of —A generates a strongly continuous semigroup T
and forall t > 0, p1,02,... > 0and ky, ko, ... € Nwithlimp, = 0, k;, T oo and
n

li)gn ky pn =t one has
Tix = nlgr;o F(on)knx
forallx € X.
Proof. See Corollaries II1.5.3 and I11.5.4 of [7]. 1

Proof of Lemma 3.1. Recall that k € {1,...,d} and t > 0 were fixed. For all
m € N set

k
Wit () = A, R, ()"
where Ny, ..., Ny, € Nare as in Lemma 3.6. (The value of, for example, Nj is
allowed to depend on m.) Define F: (0,00) — L(X) by F(p) = p~'R(p7!) if
p~! > wyand F(p) = I if p~! < wy. Then it follows from Theorem 3.7 that
lim F(A, )"y =U® )y

m—00

Dym|| < co. Therefore lim F(/\nm)mxm =
m—

Nm

for ally € X. In addition, sup ||F(A;,
m

U™ (t)x. Hence by (3.7) one deduces that nllngo W,(n ) (B)xm = U® (t)x,

Let « € [,/(d). Then (3.2) follows for a = aj, similarly to the proof in
Lemma 2.3. Although there is one more term in (3.4) it follows from (3.8) that the
additional item gives no contribution. Since {ay, : « € J;7(d)} spans g the limit
(3.2)isvalid foralla € g. 1

The proof of Theorem 1.2 is complete.

4. THE CAMPBELL-BAKER-HAUSDORFF FORMULA AND EXAMPLES

In this section we give a consequence of the existence of the strongly con-
tinuous representation U of the Lie group G in the Banach space X’ obtained in
Section 2. By Theorem 1.2 the closure of every commutator of order at most r gen-
erates a strongly continuous group and thanks to the representation U it is pos-
sible to find a formula for this group in terms of the strongly continuous groups

generated by Ay,..., A;. Since e T(0) = U(exp(ta)) foralla € gand t € R, it
suffices to find a formula for exp(ta) expressed in the exp(tai), and then apply
the representation U. We assume the assumptions of Theorem 1.2 and use the no-
tation of Section 2. Since g is nilpotent and G is connected and simply connected
the exponential map exp: g — G is a bijection by Theorem 1.2.1 of [3].

In the sequel we need an expression for multi-commutators. This expression
is given in Lemma 2.21 of [14], which we state here for convenience.
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LEMMA 4.1. Ifl € Nand by,...,b; € {ay,...,a;} then for all « € J*(d) with
|a| > I there are ¢, € R such that

(41) exp (tl[bl,[bz,...,[b[,l,bl],...]] + Z tllx‘cﬂca[tx]) = Cl(t/blr--~/bl)

I<|a|<r

forall t € R, where C1(t, by) = exp(tby) and by recursion

Ci(t,by,...,by) = exp(thy) Ci_1(t, by, ..., by) exp(—tby) (Ci_1(t, by, ..., by)) .
Proof. See Lemma 2.21 of [14]. Note that aj,) = 0if [a| > 7. 1

By Lemma 4.1 we obtain the following result if | = r.

PROPOSITION 4.2. Ifby,..., by € {aq,...,a4} then

exp(t'[b1, [bay .., [by_1,b,],..]]) = Co(t, by, ..., by)

forallt € R.

Now consider a multi-commutator a = [by, [by, ..., [by—2,b,_1],...]] of order
r — 1. Then by Lemma 4.1 we have

exp(t" by, [ba, ..., [by_2,br1),...]] +t'Ry) = Cr_1(t,by,...,b,1)

for all t € R, where R, is a linear combination of commutators of order r. Multi-
plying by exp(—t"R;) on the right and using that 2 and R, commute one deduces
from the Campbell-Baker-Hausdorff formula that

exp(ifr*1 (b1, [b2, ..., [br—2,br-1],...]]) = Cro1(t, by, ..., br_1) exp(—t'R,).

This gives an explicit formula for exp(#~'a) expressed in the exp(ta;) whenever a
is a multi-commutator of order » — 1. Using the Campbell-Baker-Hausdorff for-
mula once again one can find an explicit formula for exp(t'~'a) whenever 4 is
a linear combination of multi-commutators of order r — 1. Continuing this way,
starting with (4.1) and using the Campbell-Baker-Hausdorff formula repeatedly,

it is possible to find an explicit formula for exp ( ¥ t|"“caa[“}) expressed in the
|a|>j

exp(tax) whenever the ¢, are constant. This is by downward induction on j.

Since g is nilpotent one needs to apply the Campbell-Baker-Hausdorff formula

only a finite number of times. Nevertheless, the final explicit formulae get very

long if 7 is large. We write down an explicit formula only for the case r = 3, since

the formulae for r € {1,2} are well known.
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PROPOSITION 4.3. Letd € N, t € R, r =3and by, by, b3 € {aq,...,a;}. Then
exp(£°[by, [ba, b3]]) = exp(thy) exp(tha) exp(tbs) exp(—tbz) exp(—tbs)
-exp(—tby) exp(tbs) exp(thy) exp(—tbs) exp(—tby),
exp(#[by, b)) = exp(tby) exp(tbz) exp(—tby) exp(—tby)
~exp (— %[bl + by, [b1, by]]) and
exp(t(by + b2)) = exp(thy) exp(thz) exp ( — 3([by, (b, bal] — [ba, (b1, b2]))
cexp (= 5 [by, ba]) exp (& [b1 + by, [by, ba]]).

Proof. We only prove the last identity. By the Campbell-Baker-Hausdorff
formula and the assumption » = 3 one has

exp(tbl) exp(tbz) = exp (t(b] + bz) + %[bl,bz] + %([bl, [bl, bz]] - [bz, [bl, bz]]))

Multiplying by exp ( — %([bh [b1,b5]] — [ba, [b1,2]])) on the right one deduces
that

exp (t(by +b2) + %[bbbﬂ)
= exp(tbl) exp(tbz) exp ( — %([bl, [blr bZH - [bz, [blr bZH))

Now multiply by exp ( — %[bl, by]) on the right. Since it does not commute with
exp(t(by + b)), one obtains

exp (t(by + ba) — %[h + by, [b1, b))
= exp(thy) exp(th) exp ( — 45 ([b1, [b1, ba]] — [b2, [by, Ba]])) exp (= & [by, ba]).

Finally multiplying by exp (% [b1 + by, [b1, b2]]) we find the required formula for
exp(t(by +b2)). 1

EXAMPLE 44. Let m € N. Let p € (1,00) and set X = L,(R>") or set
X = Co(R?™). Let N € {1,...,m} and ny,...,ny € Ny. Set D = S(R?"), the
Schwartz space. For allk € {1,...,N} and ¢ € D define Ay, Ay x: D — D by

A =0rp and  (Anik9)(x) = x5 (Dpik) (%).

Then A and Ay are closable and the closures Ay = Ay and Ay, = Ak
generate strongly continuous groups on &’. It is not hard to verify that the as-
sumptions of Theorem 1.2 are satisfied with d = 2N and r = max{ny,...,ny}.
Hence an arbitrary linear combination of (multi-)commutators of arbitrary order
is closable and the closure generates a strongly continuous group. Moreover, by
(1.4), the operator

N
2
— Y @+ x5 0% h)
k=1
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is closable on its natural domain and the closure generates an analytic semigroup.
If one chooses d’ = N and ¢y = 6y then one deduces from (1.5) that the operator

N N
DI R DAL
k=1 k=1
is closable on its natural domain and the closure generates a strongly continuous
semigroup. In particular, choosing N = mand n; = - - - = ny = 1 one obtains the

so called Kolmogorov operator in R?". Alternatively, if one chooses N = m = 1
and n7; = n then one obtain the operator

—d7 — x7" 93,
which is the Grushin operator.

Finally, choose N = m, ny = -+ = ny = 0, and define B: D — D by
(Be)(x) = ip(x) ¢(x), where p is a polynomial. Then B is closable and the clo-
sure B = B generates a strongly continuous group on X. Moreover, the opera-
tors B, A1, ..., Aoy, satisty the assumptions of Theorem 1.2 withd = 2m + 1 and r

equal to the degree of the polynomial p. Hence all the conclusion of Theorem 1.2
are valid and in particular by (1.4) the closure of the operator

2m
-Y or + p’I
k=1
is the generator of an analytic semigroup.
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