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ABSTRACT. For many C*-algebras A, techniques have been developed to show
that all elements which have trace zero with respect to all tracial states can be
written as a sum of finitely many commutators, and that the number of com-
mutators required depends only upon the algebra, and not upon the individ-
ual elements. In this paper, we show that if the same holds for .49 whenever
q is a “sufficiently small” projection in A, then every element that is a sum
of finitely many commutators in A is in fact a sum of two. We then apply
this commutator reduction argument to certain C*-algebras of real rank zero
with a unique trace, as well as to a class of approximately homogeneous C*-
algebras whose K group has large denominators. Finally, we use these results
to show that many C*-algebras are linearly spanned by their projections.
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projections.
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1. INTRODUCTION

1.1. Let R be a unital ring. A commutator in R is an element of the form [a,b] :=
ab — ba. We shall denote by ¢(R) the set of all commutators in R. Of particular
interest historically has been the study of commutators in matrix rings M, (R)
over R. Givenn € Nand a ring R as above, we may define a trace on M,,(R) via:

try : My (R) — R, tra([r;]) = Z r;;. One of the earliest results is due to Shoda [41]

who showed in 1936 that if K 1s a field of characteristic 0 and n > 1 is an integer,
then A = [a;]] € M,(K) is a commutator if and only if tr,(A) = 0. This was
extended to fields of arbitrary characteristic by Albert and Muckenhoupt [1] in
1957.

It is tempting to believe that such a result should easily extend to M, (R).
Alas, like so many of the best temptations, this one too should be avoided. As re-
cently as six years ago, M. Rosset and S. Rosset [40] exhibited a class of examples
of unital, abelian rings R and A = [a;;] € M(R) such that try(A) = a1 +ax =0,
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but A ¢ ¢(My(R)). (As they prove, one can choose R = C[x,y,z], where x,y
and z are indeterminates.) In a positive direction, they also showed that if R is an
abelian, unital ring, n > 1, B € M,,(R) and tr,(B) = 0, then B can be expressed
as a sum of two commutators from M, (R).

Commutators first became of interest in operator theory because of their
connection with physics. According to the postulates of quantum mechanics, the
one-dimensional physical states of a quantum system at time ¢ are represented
by wave functions which correspond to continuously differentiable, normalized
vectors in L?(R,dx), while observables such as the quantum analogs Q of posi-
tion and P of momentum are described by hermitian linear maps acting on these
wave functions. The states which can be observed are the eigenvectors of the
observable, and for the states of position and momentum to be simultaneously
observable, Q and P would need to be simultaneously diagonalizable, which
would in turn imply that they commute. However, the action of Q is given by
Qf (x) = xf(x), while Pf(x) = —ifif’(x) (Where f is Planck’s constant). A simple
calculation shows that [P, Q] = —ill # 0, which is the basis of one formulation
of the Heisenberg Uncertainty Principle.

Let H be a complex, infinite-dimensional, separable Hilbert space, B(H)
denote the set of bounded operators acting on H, and by IC(H) let us denote
the closed, two-sided ideal of compact operators in B(H). In 1947, Wintner [45]
proved thatif P = P*,Q = Q* € B(H), then [P,Q] ¢ {Al : 0 # A € C}. Four
years later, C.R. Putnam [36] observed that Wintner’s proof works even if P and Q
are not self-adjoint. In the meantime, Wielandt [44] had developed a new method
to show that if A4 is any unital normed algebra, then ¢(A) N {A1:0# A € C} =
@.

It was PR. Halmos [18] who proved that, given A € B(H), the operator
A®0 € B(H® H) is a commutator, and he used this to conclude that every
operator in B(H) is a sum of two commutators. He also observed [19] that by
applying Wielandt’s result to the Calkin algebra B(H)/K(H), one could deduce
that no operator of the form Al + K, where 0 # A € Cand K € K(H), is a
commutator. The study of commutators in B(H) culminated in 1965 with the
tour de force of A. Brown and C. Pearcy [3] who demonstrated that Wielandt’s
Theorem provides the only obstruction to membership in ¢(B(H)). That is, they
proved that T € B(H) is a commutator if and only if T ¢ {AI+K : 0 # A €
C,KeK(H)}.

The question of describing commutators and their spans in ideals of com-
pact operators has generated a large amount of study, with too many results to
describe here. We refer the reader to the excellent paper of K. Dykema, T. Figiel,
G. Weiss and M. Wodzicki [10] for a survey of this vast area.

1.2.  With these results in hand, it was natural to consider the problem of de-
scribing commutators and their spans in subalgebras of operators. Of course, the
results obtained vary depending upon the context, and we mention but a few
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examples. Consider a von Neumann algebra M. If M is a factor, then as we
have already seen, ¢(M) was characterized by Shoda in the Type I, case and
by Brown and Pearcy in the Type I case. The Type Il case was handled by
H. Halpern [21], while Brown and Pearcy [4] showed that if M is a Type III factor
acting on a separable Hilbert space, then the commutators in M coincide with the
set of non-scalar elements of M, together with 0 — that is, Wielandt’s criteria is
once again the only factor determining adherence to ¢(M). When M is not a fac-
tor, Pearcy and Topping [32] showed that every selfadjoint element with (canoni-
cal) central trace zero in a finite Type I von Neumann algebra is a commutator, so
that every element with central trace zero is a sum of two commutators. Subse-
quently, T. Fack and P. de la Harpe [15] showed that in any finite von Neumann
algebra with central trace 7, an element T € M satisfies T(T) = 0 if and only if
T can be expressed as T = g [Xk, Yi], where X, Yy € M and || Xi|| < 12T,
k=1

Y]l <12forall1 < k < 10.

In non-selfadjoint operator algebras, A.R. Sourour and the author [27] have
observed that Halmos’ proof (see for eg., Problem 234 of [20]) that every element
of B(H) is a sum of two commutators extends mutatis mutandis to any unital,
weakly closed subalgebra A C B(H) such that A has infinite multiplicity in the
sense that A ~ A ® B(H) (i.e. the weak operator closure of the span of the ele-
mentary tensors A ® B acting on H & H). In particular, this holds for nest algebras
A = Alg(N'), where N is a nest with no finite-dimensional atoms. (We refer the
reader to [8] for more information about nest algebras.)

1.3. The study of commutators (and their linear spans) in the context of C*-
algebras is in part related to an attempt to extend the Murray-von Neumann
equivalence theory of projections which has proven so useful in the study of
von Neumann algebras. In 1979, J. Cuntz and G.K. Pedersen [7] defined a re-
lation (which we shall denote by ~) on the positive cone A, of a C*-algebra A

[0 9)
by setting 1 = k if there exists a sequence (u,);’ ; in A so that h = Y uju,
n=1
[e0]
and k = Y u,u};, the sums converging in norm. Recall that a tracial state on A
n=1
is a positive linear functional T on A such that ||7|| = 1 and 7(xy) = T(yx) for

all x,y € A. We denote by 7 (A) the set of tracial states on A, which is weak*-
compact in the case where A is unital. With A5, := {a € A : a = a*} and
Ao = {h—k : hk € Asa,h = k}, they showed that A is a closed subspace of
Asa and that 49 = {a € As, : T(a) = OforallT € 7(A)}. If we denote by
sI(A) the set N{ker T : T € T(A)}, then sl(A) = Ay +idy = [A, A], where
[A, A] = spanc(A).

For von Neumann algebras, Ay is always spanned by finite sums of self-
commutators [15]. (A self-commutator in A is an element of the form [x, x*] -
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we denote the set of self-commutators in A by sc¢(.A).) The corresponding state-
ment for C*-algebras was shown by G.K. Pedersen and N.H. Petersen to fail [34].
T. Fack then considered the question of finding C*-algebras for which this prop-
erty does hold in [14], and devised an ingenious method to prove that if A is a
unital, simple AF C*-algebra, then every element of Ay can be expressed as a sum
of 7 self-commutators. We shall return to this in Sections 3 and 4.

Recall that a C*-algebra A is said to be stable if A ~ A ® K(H). In the paper
cited above, Fack also showed that if A is stable, then any selfadjoint element in A
can be written as a sum of five self-commutators. Finally, suppose that B is a uni-
tal C*-algebra and there exist mutually orthogonal projections p and ¢4 in A with
p ~ q ~ 1 (we say that the identity 1 of A is properly infinite, and hence that A is
properly infinite). Fack showed that the same conclusion holds in this case as well,
namely, that every selfadjoint element of A is a sum of five self-commutators.
An immediate consequence is that every element of a properly infinite unital C*-
algebra, or of a stable algebra, is a sum of at most 10 commutators.

Fack’s method for simple, unital AF C*-algebras served as the basis for
K. Thomsen’s extension of Fack’s results to inductive limits of finite direct sums
of homogeneous C*-algebras [42]. More precisely, when A is a C*-algebra of the
type considered in Subsection 4.2 of the present paper, Thomsen proved — using
an adaptation of Fack’s Theorem — that every element of 4 is a sum of a fixed,
finite number of self-commutators. (See Theorem 4.2 below.)

More recently, C. Pop [35] has shown that if A is a unital C*-algebra, then A
has no tracial states if and only if there exists some n > 2 so that h € A, implies
that & is a sum of n self-commutators. Moreover, if A is properly infinite, then
every element of A can be expressed as a sum of two commutators.

1.4. In Section 2 of this paper, we show that in certain unital C*-algebras B,
knowing that there exists a fixed m € N such that every element in a corner sub-
algebra sl(qBq) (where g is a “sufficiently small projection” in 3) can be expressed
as a sum of m commutators is sufficient to conclude that every such element can
be expressed as sums of two commutators. The main result of this section is the
commutator reduction argument, Theorem 2.3.

In Section 3, we use the outline of Fack’s proof for simple, unital AF C*-
algebras to show that if 4 is a simple, unital C*-algebra of real rank zero such
that A satisfies B. Blackadar’s FCQ2 (see Subsection 3.2 for the definition of this
property), and if A has a unique tracial state, then A satisfies the conditions of
the commutator reduction argument, and thus every element of s[(.A) can be ex-
pressed as a sum of two commutators. In Section 4, we “fine tune" Thomsen’s
proof for the C*-algebras of Subsection 4.2 to reveal that the commutator reduc-
tion argument applies to these as well, whence the same conclusion may once
again be drawn.
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Finally, in Section 5, we apply these results on commutators along with a
construction from [25] to show that in the algebras considered above, every ele-
ment can be expressed as a linear combination of a (relatively small) fixed finite
number of projections. In some cases, we improve the bounds obtained in [25].

2. THE REDUCTION ARGUMENT

2.1. Let us gather some of the previous notations and definitions together in
one place for convenience later on. For a C*-algebra A, we set [a,b] = ab — ba,
a,b e A c«(A) = {ab] :abe A}, and sc(A) = {[a*,a] : a € A}. A tracial
state on A is a positive, norm one linear functional on A satisfying 7(xy) = T(yx)
forall x,y € A. Weletsl(A) ={a e A:1(a) =0forallt € T(A)}. f T(A)
is empty, by convention we set s[(A) = A. Let Asa := {a € A :a = a*}.
As mentioned in Subsection 1.3 above, we define an equivalence relation on the
positive elements A, of A via x ~ y if there exist a sequence (u,) such that

X = Ozo: ujy and y = OZO‘, upiy;. Letting Ag = {h —k: h,k € Aqa, h = k}, Apisa
n=1 n=1

closed subspace of Ag, and Ay = Aga Nsl(A). Thus sl(A) = Ag+14p = [A A],
where [A, A] = spanc(A). For a subset S of A and m > 1, let us write £,,S to
mean {s;+ -+ sy : 5 € S,1 <k <m}, and by CS we denote the set {As: A €
C,s € S}. Thus if PB(A) denotes the set of projections in A, then the algebraic

span of P(.A) coincides with U 2 CP(A). Given projections p,q € P(A), we

write p < g if there exists u € .A such that u*u = p,uu* = p’ <gq.Ifinfactp’ <gq,
we write p < g.

2.2. The original setting for the following lemma in [10] is simpler to visualize,
and the crux of the idea is there (Lemma 6.2). The conclusion there is that if A

is an algebra and B = M, (A), p = diag(b,ba,...,by) € B and Z by = 0, then

B € ¢(B). In passing to C*-algebras — even those of real rank zero — we do not
know that a given algebra B is “divisible” in the sense of Rieffel [38]; that is, that
B ~ M, (A) for some algebra A. On the other hand, when A is a simple unital
C*-algebra of real rank zero, then S. Zhang [46], [47] has shown the existence of

mutually orthogonal projections g1 < g2 = --- < g, so that Z g = 1.
k=

The device being used here is to replace the canonical matrlx units {E; ]} of
M, (C) with appropriate partial isometries w;; (playing the role of E;;, 1 < i,j <
n), constructed from partial isometries vy (playing the role of Ex i3, 1 < k <
n—1).

LEMMA 2.1. Let B be a unital C*-algebra and suppose that q1,q2, . . ., qn are mu-
tually orthogonal projections in B satisfying:
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O 1l=q+q+ - +qu

(i) 1 22 = 2 g
Fix partial isometries v, 1 < k < n — 1 so that vv] = qi, Vv < Gryq- For 1 <
i <j<nletw; =001 € q;Bqjandlet w;; = q;, 1 < j < n. Suppose

by € qkBax, 1 < k < nand that i wy, bywy, = 0. Then B = i by € ¢(B).
k=1 k=1

]' n—1 n—1
Proof Set S]- = Z (wz]bkwk])'v], 1 < ] < n — 1. Then |: Z Sj/ Z 'UZ:| = ﬁ/
= =1 k=1

which is best seen by calculating
0 S1 0

*
510
$20; — U781

Sn—1Vy_1 — Up_pSn—2
*
“Up—15n-1

Then for 2 < j < n —1, we have

1
* *
vj—l(wk,jflbkwk,jfl)vjfl
1

j =
of ot e o — * _
Sj0] v]_ls],1—k§ wk]bkwk] :

=1 =

j j—1
_ % o * i b — .
- kzi Wi brwy kzi wiibrwy; = wjbjwj; = b;.

Moreover, s1v] = by, while

n—1
70;;71511—1 = - wltnbkwkn = w:;nbnwnn = by,
k=1

completing the proof. 1

LEMMA 2.2. Let B be a unital C*-algebra and suppose that q1,q2, . . ., qn are mu-
tually orthogonal projections in B satisfying 1 = g1 +q2+ -+ qn. Let b € B and
suppose that qibqy € c«(qpBqx), 1 <k < n. Then b € ¢(B).

Proof. Suppose that qibgy = [x, yx] where xi, yx € qiBgy foreach1 < k < n.
If x; # 0, then we can replace x; by xi/||xx|| and yx by yx ||xk||, which allows us
to assume a priori that ||xi|| = 1. (If x; = 0, we first replace xi by g;.) In particular,
we have that o, g, (x) CD = {z€ C: |z[ <1}.
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Let dy = xj + 3kqy, so that oy, 5, (di) C 3k+D={ze€C:|z—3k <1}.
If j # k, then 0y ;. (dj) N 0y, Bg, (dy) is empty. At the same time, we still have that
[, vi] = [xk, yk] = qxbgy for all k. From this it follows that for 1 < j # k < n, the
Rosenblum operator

T4 9iBak —  qiBax
z = djz — zdy

is invertible, as follows easily from, for e.g. Corollary 3.2 of [22]. As such, for each
1< # k < n, we can find Zjk € q]qu so that derdk (Z]‘k) = q]bqk
Forl <j<n,let zjj = Yj- Setting

n
d=) dez= )} zik= ) %
k=1

1<j,k<n 1<) k<n

a routine calculation shows that

[d,Z] = Z de]'k — Z]'kdk = Z q]bqk =b. 1

1<j,k<n 1<j,k<n

As pointed out in [39], the formula for zj is given by

1 _ _
2= 5 [ (@ —w1) " gjbge) e — wl) dw,
r

where I' is any closed contour in C such that 04,54 (d;) lies in the bounded compo-
nent of C\I" and 0y, 5, (d) lies in the unbounded component. If we choose I" to
be a circle of radius 3/2 centered at 3j, then an elementary calculation shows that
lzjk|l < 6]|q;bqx||- This estimate will be included in the calculation of Remark 5.3.

A simple case of the following result is handled in Proposition 2.7 below,
and the reader may prefer to look at that result first.

THEOREM 2.3 (The commutator reduction argument). Let B be a unital C*-
algebra and suppose that q1,qa, . . ., qun are mutually orthogonal projections in B satisfy-

ing:

@D 1l=q+q+-+qu
() g1 2= 2 qu-m ~ Gu_ms1~ -~ quforsomel <m<n—1

As before, let vy be partial isometries for which vv; = qi, VUk < giq1, 1 <k <
n—m—1,and vy = qi, Ok = e ifn—m<k<n—-1 For1<i<j<mn,
let wij = v;viyq---vj1 € q;Bgj and let wj; = q;, 1 < j < n. Forb € B, write

by = qjbgr, 1 < j,k < n and suppose that ké W}, b Wiy € Zmc(qnBqn). Then
be ZzC(B).
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Proof. We shall set

0
-
Br= Y, 4qjbg= Tk ;
1<j#k<n b]k
0
n—1
B2 = diag(b11,b22, ..., by—1n-1,— Y, Wi, bikWin);
k=1
n
B3 = diag(0,0,...,0, Z Wi, bk Wy )-

k=1

n
Then b = By + B2 + B3. By assumption, Y w}, bWk, € Zpc(g.Bq,), and so we
k=1

n m
can find x;, y; € quBqu, 1 <i < msothat Y wf bywk, = ¥ [xi, il
k=1 ‘

i=1

m m
Let By = ; —[x vl +k§1 [xi,yi], where x; = w(n*m*1)+krnka>(kn—m—l)+k,m’

n
v, = W(n—m—1)+kn Yk @y 1) L S k < m,and s = B [x},y;]. That is, we

have:

m

Ba = diag(0,0,...,0, =[x1,¥1l, .., =[x, Yol Y [xi,yil)
k=1

Bs = diag(0,0,...,0, [x],¥i], -, (X Y], 0).
Clearly IB;J, = ﬁ4 + ﬁ5, whence b = (‘31 + ‘35) + (,BZ + 134)

By Lemma 2.2, 1 + B5 € ¢(B). By Lemma 2.1, By + B4 € ¢(B). Hence
beX(c(B)). 1

THEOREM 2.4. Let B be a C*-algebra. Suppose that z = z* € ¢(A). Then
z € Xpsc(A). Thus Zyye(A) C Zppsc(A) forallm > 1.

Proof. Choose x,y € Aso thatz = [x,y]. Letx = a+1ib, y = c +id be the
Cartesian decomposition of x and y into their real and imaginary parts. Then

z=[a+ib,c+id] = [a,c] — [b,d] +i([a,d] + [b,c]).

Noting that h = h*, k = k* implies that [, k|* = —[h, k] and that (i[h, k])* =
i[h, k] = (1/2)[(h +ik)*, (h + ik)], we get

z= Z_;Z* =i([a,d] +[b,c])
_ {(\2(a+id))*, (\16(11—1—101)” + {(é(b—i—ic))*, (é(b—b—ic))}

€ 2256(./4).
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The second statement follows trivially from the first. 1§

Although the following result is subsumed by the results of Section 4, nev-
ertheless we produce it here because those results involve a number of technical-
ities which are only required in the more general setting, and which obscure the
simplicity of the underlying technique in this more restricted yet still interesting
case.

THEOREM 2.5 (Un apéritif). Let B be a unital, simple, infinite dimensional AF
C*-algebra. Then every element in sl(B) is a sum of two commutators, and every selfad-
joint element of s\(B) is a sum of 4 self-commutators. In particular, s\(B) = X (B) and
Bo = Z45C(B).

Proof. Note that under these conditions on B, it was shown by Fack [14] that
every element of By can be expressed as a sum of 7 or fewer self-commutators.
From this it clearly follows that every trace zero element is a sum of at most 14
commutators.

Since B is an infinite dimensional, simple unital AF C*-algebra, it has real

rank zero and so by [47], for all n > 1 we can find mutually orthogonal projections
2"+1

g1 2 qa~qz~---~qgmyysothatl = ) g For our purposes, choosing n = 4
k=1

is sufficient. Suppose b € sl(B) and let by = q;bgy, 1 < j, k < 17. If we let v, wj

denote the operators from Theorem 2.3, then for any trace T on B, we get

17 17
b) =Y t(bw) = Y T(wf 17bpwy17)-
= =

Since any trace on 4173917 extends to a unique trace on B (as pointed out by Fack,
q17 is an order unit in Ko(B), or alternatively, see Lemma 3.8 below), it follows

that Z Wi by € sl(q1784q17).

But q17B8417 is both simple (see, for eg. Theorem 3.2.8 of [29]) and an AF-
C*-algebra ([11] or [30]). Furthermore, q17 serves as an identity for this algebra.
By Fack’s result ([14], Theorem 3.1), every trace zero element of q1784;7 lies in
X14¢(q17Bg17). By the commutator reduction argument, Theorem 2.3, b € Xy¢(B).
Since b € sl(B) was arbitrary, s((B) C X,c¢(B). By Theorem 2.4, By = sl(B) N
Bsa C Xy5¢(B).

Finally, we note that Zpc(B) C sl(B) and Xys¢(B) C By are both clear,
whence the second statement easily follows. &

DEFINITION 2.6. Let B be a C*-algebra. If s[(B) = X,,¢(B) for some m € N,
then we set y(B) = min{m € N : s[(B) = Z,,c(B) }. Otherwise we set y(B) = co.

We also define s, (B) = min{m € N : By = X,,5¢(B)} if such an m exists,
and s, (B) = oo otherwise.

We shall refer to y(B) (respectively sa(B)) as the commutator index (respec-
tively self-commutator index) of B.
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PROPOSITION 2.7. Let B be a unital C*-algebra and suppose that v(B) < co.
Then the commutator index of M, ),1(B) is less than or equal to 2, and the self-
commutator index of ML, (z) 1 (B) is less than or equal to 4.

Proof. We begin with a couple of well-known and straightforward observa-
tions. First note that for all n > 1, M,(B) ~ B ® M,,(C) and there is a bijective
correspondence between the tracial states of B and those of M,,(B) given by

®: T(B) — T(BaM,)
T — T =T Rty

where tr, denotes the unique normalized tracial state on Mn((C). As a conse-
n
quence, for b = [b;j] € M (B) and t € 7 (B), tu(b) = ¥ T(bj;)-
=1

Let {E;} denote the canonical matrix units for M, 5 11(C), 1 < i,j <
¥(B)+1. Wesetq; =1®E;, 1 <i<yB)+landv, =1® Egpyq, 1 <k <
7v(B) as in Theorem 2.3. We then define w;; as in that theorem and observe that
W (B)+1 Wk ()41 = Gk forall 1 <k < 7(B) + 1. Hence for b € sl(M.,,(5),1(B)),
we have

7(B)+1 (

2

=
+
—_

T kZl wlt,y(B)+1bkkwk,'y(B)+l) - LT (W (8)+1 Wk () +1Dkk)
7(B)+1
= T(bie) = Ty(5)+1(b) = 0.
k=1
r(B)+1

Thus kgl wZ/V(B)kukwkﬁ(lg)H € sl(B) = Z,(pyc(B). By the Reduction

Argument, Theorem 2.3, b € Zpc(M,,(5)41(B)), which completes the proof of the
first statement. The second statement follows immediately from Theorem 2.4. 1

2.3. Suppose that A is a unital C*-algebra and 7 (\A) is empty. As mentioned in
paragraph 2.1, A = sl(.A). In [35], C. Pop proves that when A is such an alge-
bra, the commutator index y(.A) is finite, and he remarks that, assuming that the
value of (A) is known, it would be interesting to determine the smallest value
of m such that the commutator index of M, (A) is 2; i.e. M, (A) = Zpc(My,(A)).
The previous proposition implies that the smallest such integer m can be no larger
than y(A) + 1.

If 1 € Aisa C*-algebra and 1 is properly infinite, then Fack [14] showed
that Asa = Ap = Zssc(A), whence A = sI(A) = Xqpc(A). The estimate was
reduced from 10 to 2 by Pop in [35], using entirely different means. The result
below reproduces Pop’s estimate, but first starting from Fack’s.

COROLLARY 2.8 ([35]). Suppose that 1 € A is properly infinite. Then A =
ZQC(A).
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Proof. Since 1 € Ais properly infinite, we can find a sequence py, p2, . . ., P16
of mutually orthogonal projections, each equivalent to 1 and hence to each other,

such that Z pr <1l.Letpp=1-— Z pk- Then pg < 1 ~ p14, and so py < pie.

Moreover P16Ap16 is *- 1somorph1c to A, and hence is properly infinite.
By Fack’s result as quoted in the paragraph preceding the corollary, p1sApis =
Z10¢(p16Apre)- It then follows from Theorem 2.3 that A = Zc(A). &

3. REAL RANK ZERO

3.1. As mentioned in Subsection 1.2 above, T. Fack’s results to the effect that ev-
ery element of Ay lies in X7¢(.A) for simple, unital, AF C*-algebras was extended
to certain limits of finite direct sums of homogeneous C*-algebras by K. Thomsen
(see Theorem 4.2 below). In this section, we show that the outline of Fack’s proof
can also be used to obtain a similar result for a class of simple, unital C*-algebras
of real rank zero, possessing a unique tracial state. While the conclusions of the
lemmas and theorems are often direct analogs of those of Fack (indeed, in some
cases they are identical), the proofs are quite different. We suspect that the basic
methodology can be adapted to other classes of C*-algebras as well.

DEFINITION 3.1. A C*-algebra A is said to be of real rank zero if every selfad-
joint element of A can be approximated by selfadjoint elements with finite spec-
trum.

We remark that although this was not the original definition, it is equivalent
to it [5].

3.2. Since every element of a C*-algebra A is a linear combination of its real and
imaginary parts, it immediately follows that if A4 is of real rank zero, then the
span of the projections in A is dense. The converse is known to be false [34]. As
an application of the results obtained in this subsection, we shall see that in some
cases, the algebra is linearly spanned by its projections.

There is a well-established notion of comparability of projections in factor
von Neumann algebras [23]. In trying to generalize such a theory to C*-algebras,
B. Blackadar [2] described a number of different notions of comparability which
he referred to as Fundamental Comparability Questions (FCQ). The second of these,
FCQ2, is particularly relevant to the present setting.

DEFINITION 3.2. A simple, unital C*-algebra A is said to satisfy FCQ2 if,
for all projections p,q € A, T(p) < 7(q) forall T € 7 (A) implies that p < 4.

One result which we shall use repeatedly in the sequel is the following, due
to S. Zhang. Recall that a C*-algebra A is said to be non-elementary if it is neither
a matrix algebra over C, nor the algebra of compact operators IC(H) on some
infinite dimensional, separable Hilbert space H.
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THEOREM 3.3 ([47], Theorem I). Let A be a non-elementary, simple C*-algebra
with real rank zero. If p is a projection in A, then for any integer n > 1 and any non-zero
projection r of A, there exist subprojections p1, pa, ..., Pan, Pani1 of p so that

p=(p1Op2® - Dpa)® prg1,

where p1, ..., pon are mutually orthogonal, equivalent subprojections of p and pyn 41 is
a projection equivalent to both a subprojection of r and a subprojection of p1.

REMARK 3.4. Note that this implies that if T is any tracial state on A and
p € P(A) is as above, then 1/(2" +1)7(p) < T(px) < 1/(2")7(p) forall 1 < k <
2" + 1. From this and the fact that we can choose n > 1 arbitrarily big, it easily
follows that for any 0 < & < B < 1, there exists a projection g < p so that

at(p) <1(q) < Bt(p) forallte T(A).
The following result is surely known, and is included for completeness.

LEMMA 3.5. Suppose A is a unital C*-algebra satisfying FCQ2. Let r be a pro-
jection in A. Then r Ar satisfies FCQ2.

Proof. Suppose p,q € rAr are projections. Suppose ¢(p) < ¢(q) for all
¢ € T(rAr). Givent € T(A), v = Tl|, 4 is a trace on rAr, so that 7(p) =
o (p) < w(q) = t(q). Since A has FCQ2, there exist u € A so that uu* = p,
w'u=p <q.

Since p,q € rAr,u = pu =ru, u = up’ = urand so p < qin rAr. Thatis,
rAr satisfies FCQ2. 1

PROPOSITION 3.6. Suppose that A is a unital, simple C*-algebra with real rank
zero and a unique tracial state T. Suppose furthermore that A satisfies FCQ2.

Ifa € Ay, then for all e > 0 there exist u,w € A with ||u|, ||w|| < 2||a||*/? so
that

lla — [u, u*] — [w,w*]|| < e.
In particular, a € Xpsc(A).

Proof. Let 0 < e. Since A has real rank zero, we can find b = b* € A with
|b]| = ||a]| so that:

(i) b has finite spectrum {A1, Ay, ..., Ay} with A; # A;if i # j;
(i) ||a —b| < & and
(iii) T(b) = 0.

Let {p;}" ; denote the spectral projections corresponding to A;, 1 < i < n. Then
n
pipj=0=pjp;ifi# jand b= 421 Aibi.
=

Let v > 0, and choose m € N large enough so that 20 /n] —1 > 20 /2n >
1/, where [x] denotes the maximum integer less than or equal to x.
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By Zhang’s Theorem 3.3 above, we can find mutually orthogonal projec-
tions

Gomo 41 = Gomo ~ fomg_1 ~ v~ (1

2”10

with 1 = Y g;. In particular, T(gymo 1) < 7(q1) < 1/2™ and 1/(2™ +1) <

i=1
().

For each 1 < i < n, let k; be the maximum positive integer so that «;7(q1) <
T(pi). By FCQ2, we can find mutually orthogonal projections 7;1 ~ rjp ~ -+ ~
Tix, ~ 41 so that

rii=rigtrip i < pi
Our assumption that (x; +1)7(q1) > t(p;) implies that if s; := p; — r;, then
T(si) < T(qi) < 1/2™M0.
Letr =71y + 73+ -+ ry. Then rAr ~ My (q1.A91), where k = Z ;. More-

i=1

over, forall 1 <i,j < n, pitj =ripi = 51]1’], where 51‘]‘ denotes the Kronecker delta

function. Therefore br = rb. With respect to the matrix decomposition of r.Ar
corresponding tor =111 +r10+ - + Mg +721+ -+ nx,, We have
rbr = diag(Aq, ..., A, A0, A, A, A,

where each A; appears «; times.
Now

[2(rbr)| = [x(rbr) — (b)) =

. ol _ ne]
< Y AT(s) < = b|.
Y M) < X gy = gy <7 1

)
i=1 i=1
)
Let by = rbr — (t(rbr)/7(r))r, so that T(by) = 0. Now 1 —7(r) = ¥ 7(s;) <
n/2™ < v, sothat T(r) > 1 — 7. Thus
T(rbr)‘ < xlell _ vy llall
() | 5 1—9 1—9
If we now think of by as an element of M (C) (since by = g1 ® by for
some by € My (C)), then by Lemma 3.5 of [14], we can find u € M, (C) C

Mi(q1.Aq1) C A so that [[ul| < v2|lbo]l'/* < vV2(|lrbr|| + [lall /(1 = 7))"* <
\/§(||ﬂ||+7\|ﬂ||/( 2 < \f(((1+7)/(1*7))|lﬂ|\)1/z/andbo= [, u"].
Lets = Z s;. Then 7(s) = Z T(s;) < n/2™. As before, sb = bs and thus

g = rbrl| < |

b = rbr 4 sbs. By FCQ2, we can flnd atleast v = [2"0 /n] — 1 mutually orthogonal
copies of s, each orthogonal to s, say s ~ t| ~ tp ~ --- ~ t, sothat1l > s+ Z #

i=1
and eacht; =t;1 +tjp+---+t;, wheret;; ~s;, 1<j<nl1<i<v.
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With respect to the decomposition y = (sq + s + - +5,) + (f11 + f12 +
oo tyy) Fooo+ (Fy1 +Htp + oo 4 tyn), we can write sbs € yAy as sbs =
diag(A1, Ag, ..., An,0,0,...,0). Leta; = —A;/v, 1 < i < n, and with respect
to the same matrix decomposition, set

c=diag(A, A, oo A, &1, e B O By e e R, e, Ry).
Foreach1l <j<n,
(sj+tj+toj+ -+t ))A(sj+ b+ o+ + ) = Myga(s;As)).

Since diag(Aj, &, &), ..., a;) is a scalar matrix with trace zero with respect to this
decomposition, once again we can invoke Lemma 3.5 of [14] to find w; € (s; +
tjttaj+ o+t )A(sj+tj+ i+ +t,) sothat [[w)]| < 2[A;12 < 2|12
=2||a||'/2 and diag(A}, &), &), . .., &) = [w), wy].

Thus ¢ = [w, w*] where w = w1 +w; + - - - + wy. Note that [|[w|| = max [|wj]|

< 2||a||*/?, and

/\.
e — sbs|| <max{|a]-|:1<j<n}gmax{‘4’zlgjgn}gmzﬂ_
v v {ﬂ}—l

n
We conclude that

16— [, u™] = [w, w"]|| < |lrbr — [u, u™][| + |[sbs — [w, w]|
7 lla] ]l
I—o [ﬂ] -1

n

< [lrbr — bol| + sbs — ]| <

T lall = 7 llall (F=2),

 llall
< 1—o

1—7

where [[ull < v2[((1+7)/(1 = )lall]"’?, [lw]| < 2[a]]'/2.

Thus the theorem holds if we choose v > 0 small enough so that (1 + )
/(1—7) <2and y(2—7)/(1 —1) < ¢/||a||. Clearly this is possible.

Finally, since ¢ > 0 was arbitrary, b € XoscA. 1

In the next lemma, it will be convenient to adopt the notations of [47] with
regards to projections, namely: if p € P(.A), we denote the equivalence class of
projections in A with representative p by [p]. For p,q € PB(A), we write [p] < [g]
(respectively [p] < [g]) to mean that p is equivalent to a subprojection (respec-
tively a proper subprojection) of . A local addition on the set of such equivalence
classes is defined as follows: [p| + [g] is defined if there exist p/, 4’ € P(A) with
p' ~ p,q ~ gand p'q = 0, in which case [p] + [q] := [p’ +¢']. Form € N,
mlp] = [p] + [p] + - - - + [p] (m times), provided that this exists.
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We shall also make use of the following numerical estimate. The routine
verification thereof is left to the reader. Suppose o, p > 10 are two integers satis-
fying (0 +1)/0 < 4/5.If a > 5, then

2 +1)(p+1)+1
) — (2 +1)(p+1)

o4
5

For simple, unital AF C*-algebras, the existence of a family of projections
satisfying the conditions of the next lemma is due to T. Fack [14]. For the in-
ductive limits to be considered in the next section, the result is due to K. Thom-
sen [42].

LEMMA 3.7. Let A be a simple, unital C*-algebra with real rank zero.

Then there exist sequences (pu)o—_q, (Gn)5—q, (rn)o—q in A satisfying:

() 1=p1+q+r;
(1) pn X gn X1y foralln >1;
(iii) 741 = pu+quforalln >2;
(iv) the ry’s are all mutually orthogonal.

Proof. The basic idea is as follows: first we shall partition the identity as
a sum of three projections 1 = p; + g1 + r1 of “approximately equal size” (as
measured by their traces), satisfying p; = q1 = r1. To apply induction we assume
that p1,p2, ..., P91, - - - 9k, 71, - - -, T have been constructed. We then partition ry
almost in half, as ry = pri1 + gxr1, With pry1 X gry1 (very roughly speaking,
T(prs1) = (2 —=1)/2%)1(ry), T(grr1) = (2% +1)/2%)7(rg) for sufficiently large
a = a(k)). We shall then construct ry, 1 < 1 — % rj with T(rxy1) > T(qgk41)- This

j=1
last step forces us to maintain both lower and upper bounds on (1), and this
is where the above numerical estimate comes into play.

First we use Zhang’s Theorem to find projections y1,' € A so that 1 =
1024[y1] + [y'] where [y/] < [y1]. Choose e; with [e1] = [y'] + 4[y1] < 5[y1]-

We then choose 7y with [r1] = 350[y1], and choose a projection g1 < 1 —r;
with [q1] = 340[y1], whence g1 < 71, and let p; = 1 — (g1 + 1) so that [p1] =
334[y1] + [y'] < [41]- Thus (i) is satisfied and (ii) is satisfied with n = 1.

Let p; = 350,07 = 670. Write s; = 1 —r; so that [s1] = oy[y1] + [e1]
where [e1] < 5[x]. Observe that p1/(p1 +01) = 350/1020 < 2/5, (1 +1)/0q1 =
351/670 < 4/5, and oy, p1 > 10.

Suppose that we have chosen p1, ..., px, q1,---, 9k "1, - - -, Tk SO that:

@1=p1+q+ry;

b)pj =g =31, 1<j<Kk

(C)?’]’_l = Pj+qj,2 <j<k

(d) the ri’s are orthogonal, 1 < j <k, and
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(e) there exist py, 0y > 10 satisfying (ox +1)/0x < 4/5, pr/ (px +0x) < 2/5and

k
a projection yy so that [ry] = px[yx], and sy := 1 — }_ 7; satisfies [sy] = ox [yx] + [ex],
j=1
where [ex] < 5[y1].

(We have just seen that this is possible when k = 1, which begins our in-
duction step. That (a) holds is therefore clear.) Then we claim that we can find
Pk+1, Gk+1, and 7,1 which satisfy (a) through (e), which completes the induction,
and thus the proof, since we only need satisfy (a) through (d)!

Choose my € N so that 2" > ;. Using Zhang’s Theorem, we can find
projections zy, z, € A so that z; <z and 5[y1] — [ex] = 2" [zi] + (2] > ozi] +
z;]. Now choose aj > k 4 5 so that

2% +1 1 2
+1pr+ <2

(3.1) T g <5

This is possible because (0} +1) /0 < 4/5and (2% + 1) /2% tends to 1/2 as a;
tends to infinity.

A second application of Zhang’s Theorem yields projections yi1, ¥, ; €
A'so that [y] = 2 [y + [vh,), where [y},,] < [yenn] and [vf,] < [24],
whence o[y} < 5[y — [ei].

Thus

[r] = prly] = e 2% yira] + W),
(5] = ouelyi] + [e] = o2 Y] + [Wiga]) + [ex]-

Choose i1 < 1 with [gi1] = k(2% + 1) [yk41], and set pei1 = 1 — Giq1.
Clearly (c) is satisfied with j = k + 1. Now

[Prr1] = 0k @5 yian] + Weaa]) — o6 (@% + 1) [yiera] = o6 (2% = Dlyisal+ Wiesr -

Since [y} 1] < [Yk+1l, Prs1 = qry1- Since pi/(ox +0%) < 2/5, we have g >
ok + 1, so that (2% + 1)(px +1) < 2%7F1lg;. Thus we can choose 7 < s; with
[rki1] = (ox + 1) (2% 4 1)[y11], which implies that r, is orthogonal to all of
the other r;’s, 1 < j < k. That is, (d) holds for j = k+ 1. It is also clear that
Jk+1 = Tep1; thus (b) also holds for j = k 4 1.

Let ppy1 = (2% +1)(px + 1) > 10, and set

k+1

Ska1=1— ) 1) =S — Tk
=

[sc1] = 0% [yesn] + Wiga]) + lex] — ok + 1) (2% + 1) [ygs1]
= (2% o — (2% + 1) (o + 1)) [yir1] + Ok [yiq] + lex]-

If we choose exq with [ex11] = 0x[y, ;] + ek, then we have [ex 1] < 5[y1].
Letting o1 = 290y — (2% + 1) (g +1) > (2% (py + 1) — (2% + 1) (py +
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1) = (2% —1)(px + 1) > 10 we have finally,
Pkl _ (2% + 1) (o +1)

Pt + 0k (2% +1)(ok +1) + (2% oy — (2% + 1) (ox + 1))
_ @41 (1) 2

zak+l o 5 4
by our choice of ay in Equation (3.1) above. Also,
b+l @D+ +1 4

= < =,
Ofe41 28410 — (2% +1) (o +1) 5

as mentioned in the preamble to the lemma. This completes the induction step,
and hence the proof. 1

The following known result will prove useful.

LEMMA 3.8. Let A be a simple, unital C*-algebra and r be a non-zero projection
in A. Then every tracial state on r Ar has an extension to a bounded trace on A.

A proof can be found in the paper [6] in the proof of Proposition 5.2, where
itis shown thatif x € rAr and x € Ay, then x € (r.Ar)o.

LEMMA 3.9. Let A be a simple, unital C*-algebra with real rank zero and satis-
fying FCQ2. Suppose that A has a unique tracial state T. If a € Ay, then there exists
X1,...,Xg € Asothata = % [xi, x}]. That is, a € Xgsc(A). Thus sl(A) C Zjec(A).

i=1

Proof. The proof is an adaptation of T. Fack’s proof of Theorem 3.1 in [14],
and of K. Thomsen’s modification of it ([42], Theorem 1.8).

Choose projections (pn)S_1, (9n)5-1, (rn)5_ satisfying the conditions of
Lemma 3.7. We can assume without loss of generality that ||2|| < 1. By Lemma 3.4
of [14], there exist u,v € A with ||u| < 2||a||'/? and ||v|| < 13]a]|'/? so that
a = [u,u*] + [v,0*] + a1, where a1 € r{Ary and |a1|| < 3. Now a; € Ay, so
a1 € (r1.Arq)p, by the comment preceding this lemma.

We recursively define elements u(i,n) € ryArp, i = 1,2, a5 € (rnArn)o,
Un, Wy € (rn + 141)A(rn + 141) so that

ap = [u(l,n),u(l,n)"] + [u(2n),u(2,n)"] + [on, 0] + [wn, W] + auy1,

where ||a,|| < 3/n, ||u(i,n)|| < 2v3/n,i=1,2, ||v4||, |wn| < 1/2",n € N.

Suppose thatboth ay, ..., a,, u(1,1),...,u(l,n—1),u(2,1),...,u(2,n—-1),
v1,...,0,_1 and wy, ..., w,_1 have been constructed.

Now a,, € (r,Ary)o and r, Ar, is simple, unital and has real rank zero [5].
Furthermore, r, Ar,, satisfies FCQ2 by Lemma 3.5. Now, by Proposition 3.6, given
0 < ¢ satisfying 13v/8 < 27", there exist u(1,n),u(2,1) € ry Ar, with ||u(i,n)|| <
2||an||V? < 24/3/n,i = 1,2 so that

llan — [u(1, ), u(1,n)"] = [u(2,n),u(2,n)"]|| < 9.
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Ifz=ua,—[u(l,n),u(l,n)*] —[u2n),u2,n)*), thenz € (r,Ary)o and ||z|| < 6.
By Lemma 3.4 of [14], there exist v,, wy, € (ry + ry41)A(ry + 7y41) such that
lloall < 2||zl|2, ||wa]| < 13||z||Y/? for which a,,1 := z — [0y, 0%] — [w,, w}] €
fur1Arny1 and [[a, 1] < 3]jz].

It is not hard to see that since (r,Ary)o € ((rn + tnt1) A(rn + 1nt1)) We
geta, 1 € ((rn +7y41)A(rn +1441)),. But every tracial state of r,,; 1. Ar, 11 ex-
tends to a positive bounded trace on (r; + r41)A(*n + ry11). Thus a,11 €
(Tnt1A7y41)o- Moreover, |lu(i,n)|| < 2v/3/n,i = 1,2 while [|v,|, ||[w,| < 27"
This completes the induction step.

[ee] o
Setx; = u,xp =v,x3= L u(l,n),xg= Y ul2n), x5 = ¥ v x =
l’l*l 11:1 l even
L v,x= Y wiyandxg= } w;. 1
i odd i even i odd
3.3. An examination of the proof shows that we may take ||x;|| < 13]|a||'/?,

1 < i < 8. We shall return to this later.

THEOREM 3.10. Let A be a simple, unital C*-algebra of real rank zero and satis-
fying FCQ2. Suppose that A has a unique tracial state T. Then s{(A) = Zpc(A), and
Ay = Zysc(A).

Proof. The proof is an application of the commutator reduction argument,
Theorem 2.3 above, and is modeled after the proof for AF C*-algebras in Section 2.
Since A is simple and of real rank zero, we can apply Zhang’s Theorem 3.3 to find

33
mutually orthogonal projections g1 < g2 ~ g3 ~ --- ~gzz3sothatl = ) g;.
i=1
Suppose a € sl(A) and let aj = gjaqi, 1 < j, k < 33. If we let vy, w; ;. denote
the operators from Lemma 2.1, then for any trace T on A, we get

33 33
T(a) =) t(ax) Z T (W}, 3385k Wk 33)-
Pt =

Since any trace on 733.Ag33 extends to a trace on .4 by Lemma 3.8, it follows im-
mediately that Z Wy 33 bk Wi 33 € & [(g338q33)-
k=

But q33Aq33 is simple ([29], Theorem 3.2.8), is of real rank zero ([5]) and sat-
isfies FCQ2. Furthermore, g33 serves as an identity for this algebra. By Lemma 3.9,
every trace zero element of g33.Aq33 lies in X14¢(933.4433)-

By Theorem 2.3, b € Xc(A). Since b € sl(.A) was arbitrary, we are done.
The second statement follows immediately from this, combined with
Theorem 2.4. 1

We thank D. Hadwin for pointing out that the previous theorem applies to
the case of type II; factor von Neumann algebras:
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COROLLARY 3.11. Let M be a finite 111 factor von Neumann algebra. Then every
element of trace zero in M is a sum of two commutators, and every selfadjoint element of
trace zero is a sum of four or fewer self-commutators.

To the best of our knowledge, the best previous estimates belonged to T. Fack
and P. de la Harpe [15], who showed that every trace zero element in such a factor
is a sum of 10 or fewer commutators, and to C. Pearcy and D. Topping [32], who
showed that in a certain class of II; factors known as type II; factors of Wright, ev-
ery selfadjoint trace zero element is a single commutator, and hence, every trace
zero element is a sum of two commutators.

4. APPROXIMATELY HOMOGENEOUS C*-ALGEBRAS

4.1. In this section we shall be applying the commutator reduction argument,
Theorem 2.3 to a class of approximately homogeneous (AH) C*-algebras appear-
ing in K. Thomsen’s generalization of Fack’s results [42]. Before defining that
class, we shall need a definition, due to Nistor [31].

DEFINITION 4.1. Let (G, G4 ) be an ordered group. We say that G has large
denominators if forany 0 < a € G and n € N, there exist b € G and m € N so that
nb < a < mb.

4.2. An element A of the class of algebras we wish to consider here is a unital
C*-algebra which is direct limit of algebras .4, of the form

A”—EBC nj) @My ),

where X, ; is a compact, Hausdorff, connected space and t(n,j) € Nforall1 <
j<kpandn > 1.

We shall say that the sequence (Ay), is of bounded dimension if there ex-
ists d € N such that sup{dim(X,,;)} < d, where dim (X, ;) refers to the cover-

n,

ing dimension of X, ;. V\;e shall refer to A as being of bounded dimension d if it

can be expressed as a limit whose building blocks have bounded dimension d.

Without loss of generality, we may assume that each connecting homomorphism
n Ay — Ay 41 is unital. (We refer the reader to [13] for details about covering

dimension, and to [43] for more information about the Ky-groups appearing in

the next statement.)

THEOREM 4.2 ([42], Theorem 1.8). Let A be a unital AH C*-algebra of the type
considered in Section 4.2. Assume that A is of bounded dimension d and that Ky(A) has
large denominators.
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If a € Ay then there exist d + 7 elements x1,xy,...,X4,7 € A such that a =
d+7

¥ [xi, xf].

i=1

4.3. As pointed out by Thomsen, if A is an inductive limit as in Subsection 4.2
and A is simple, then A has large denominators unless A is finite-dimensional.
Thus this result properly generalizes that of Fack.

If we wish to apply the same argument we used in Theorem 2.5 to this class
of C*-algebras, we are confronted with an obstacle, namely: the reduction argu-
ment requires us to find “small" projections ¢ is A such that sl(g.Ag) C Z,,¢(q.Aq)
for some m > 1. When A was a simple, unital AF C*-algebra, then so was q.4g,
and so Fack’s Theorem applied equally well to both 4 and 4.4, allowing us to
choose m = 14. In the present case, it is no longer obvious that the fact that
sl(A) C Xy4,04¢(A) implies that sl(g.4q) C Z,,¢(gAq) for any m > 1. What is
required is a more detailed analysis of Thomsen’s proof, along with a couple of
modifications which allow us to conclude that this does indeed hold.

A key to the proof (this is where Thomsen used the fact that Ko(.A) has
“large denominators”) is the existence of the families {py }n, {qn}n, and {r,}, of
projections satisfying the conditions of Lemma 3.7. In this setting, the existence
is provided by Lemma 1.7 of [42].

REMARK 4.3. The key observation that will allow us to extend Thomsen'’s
result to our setting is that his proof of Theorem 4.2 actually shows something
stronger, namely: suppose that g > 1 and that s = s* = s> € A is a projection
such that s > r; for all j > ng. Suppose furthermore that a = a* € (719 A¥g )0-
Then a is a sum of d + 5 self-commutators from s.4s.

Thomsen’s proof is a modification of the proof of Fack’s result ([14], Theo-
rem 3.1), and is the basis for Theorem 3.9 above. Rather than reproducing this
proof yet again, we shall restrict ourselves to pointing out the relevant minor
modifications. As such, the following comments refer to Theorem 1.8 of [42], and
we maintain the notation used there.

When a and s are as above, it suffices to observe that in Thomsen’s proof we
canchoose u = v =0, u(i,n) =0ifn <ng, i =3,4,...,d+3and v; = w; = 0if
n < nyp.

Then x; = u = 0,x; = v = 0 both lie in sAs (trivially), and since u(i —

2,n) € sAsforalln > nyg, wegetx; = Y u(i—2,n) € sAs, 3 <i<d+3. We
n=1

then let
Xd+4 = Z Ui, Xd+6 = 2 wi,
i=ng,i even i=ng,i even
Xd45 = Z Vi, Xd+6 = Z wi,
i>ng,i odd i>ng,i odd

and note that v;, w; € sAsifi > ng, so that x4,4, X415, X416, X417 € SAs.
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We now employ a technical device which will allow us to exploit this minor
generalization.

LEMMA 4.4. Let A be a unital AH C*-algebra of the type considered in Subsec-
tion 4.2. Suppose that A is of bounded dimension d and that Ky(A) has large denomi-
nators. Let 1 < pu € N be fixed. Given 0 < a1 < p1 < ag < B < 1/(2u+1), we
can find an integer v > p and two families {q;}!_, and {Pj}f\zl of mutually orthogonal
projections in A satisfying:

B 1=qgo+q+-+qv
() qv 2 qu1 2 2 g~ quer~ o~ qo;
(iii) ap < T(q0) < Baforall T € T(A);
(iv) qo=p1+p2t+---+py
(V) pA 2 paa = 2py
(vi) a1 < T(p1) < By forallt € T(A).

Proof. In essence, the proof of this result reduces to proving it in a suffi-
ciently large finite-dimensional C*-algebra, that is, in a direct sum of full matrix
algebras, where it is simply an issue of ranks of projections, and then invoking
the fact proven in [42] that .4 contains such an algebra.

As pointed out in p. 230 of [42], the assumption that Ky(.A) has large de-
nominators is equivalent to the fact that for all i € N and all minimal non-zero
central projections ¢;; € A;, we have

]lirglo(min{rank¢ji(eil)k 11 <k <nj:rankeji(e;)x # 0}) = oo.

Given0 < a1 < B1 < ap < Br < 1,wecan find M € Nsuchthat M > u+1,
sothat 1/M < min(By — ay, B2 — a2).

Leti € N. Fix | > 0 so that j > | implies that

(min{rankg;;(e;)x : 1 <k < nj : rankej;(e;)x # 0}) > M.

Since each ¢j; is unital, and since 1 = e;; +epp + - - - + ¢y, it follows that for any
k€ {1,2,...,n5} there exists [ € {1,2,...,n;} so that ¢j;(e;, )x # 0. From this it
follows that rank<p]l-(eilk)k > M, whence t(], k) > Mforall 1 <k < nj.

ny
Thus A contains a finite-dimensional unital C*-algebra B so that B~*@ M,,,
k=1

ny
wherer; > Mforalll < k <n;. Indeed,let B= @ 1, ® M7 x) where 1; denotes
k=1

the constant function 1;(x) = 1forall x € Xj;, 1 <k < n;.

For each such k, 1/ry < 1/M < min(B1 — a1, B2 —a2), and (u+1)B, < 1.
Choose the largest integer py so that p /7, < B2. It is straightforward to verify
that

Pk

L and (p+1)px <rg.
k
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Thus we can find p + 1 mutually orthogonal projections g, 41, - - -, guk €
M, so that
“2<M:&<‘B2/ OS]SV
Tk Tk
Note that g;x ~ g;x for all 0 < i,j < p, since their ranks agree.
Letyy = (rx — (¢ +1)px), 1 <k < nj,and set v = max{y1,72,---, ¥n }- £ It

H
denotes the identity operator in M;,, then we can write [; — ( Z q j,k) as the sum

of 7y, rank one projections q,, 1k, G2k - - - » Gt k- FOT 7 < l v, letqu k=0,
and consider

9= Y a0 0<j<7
k=1

Since gy 1k = Gury—1k = S Quk ~ Gu-1k ~ "+~ q1x ~ qox for each k,
it follows that

q;l+’yqu+’y—1j"'jq qu—lN"'quNqO'

Yk nty
Moreover, since [ = Z Gjk = Z qj k. it follows that [ = E q;-
j=0
To obtain the pr0]ect10ns pl, pz, .., pA, we apply a similar argument. Since
1/1¢ <1/M < min(B1 — a1, B2 — a2) and since B, < a7, we can choose a subpro-
jection py i of go so that
k
W1<M<IB1, 1<k§1’l].
k
Let Ay =1+ (rank qox —rank py ) for 1 <k < nj, and set A = max{Ay,Ag, ..., Au; }.
We can then write g, — pyx as a sum of Ay — 1 rank one subprojections of qq,
say {pok/ Pajs - Pagk)- For Ay <1< A, welet p;x = 0 and consider

J
P =3 Pmr 1<m<A
k=1
Since prx =X pr—1x X - I prrforalll <k < n], it follows that py < pr_1 =
Ak
- 2 p1. Moreover, since qox — p1x = X Pjk = 2 pjk for all k, we also have
]7

qo = Z Pm-
m=1

Finally, any trace T € 7 (\A) restricts to a trace on B. Since these are convex
combinations of the normalized (extremal) traces onto each factor M, , and since
the normalized trace on M, is unique, it follows that a1 < T(p1) < Brand ay <
T(q0) < B2 forallt € T(A). 1

The following result must certainly be known. We state it for ease of refer-
ence:
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LEMMA 4.5. Suppose that A is a unital C*-algebra which satisfies FCQ2. Suppose
also that p, q and r are projections in A which satisfy:

(i) t(p) < (r) < t(q) forall T € T(A);
(i) p<gq.
Thenr ~ t where p < t < q.

Proof. Since T(p) < t(r) for all T € 7 (A), FCQ2 implies that p ~ py for
some projection pg < r. Thus sy := r — py is a projection and r = py + 59p. Now
t(s0) = 7(r — po) = T(r) — T(po) = T(r) — T(p) < T(g) - T(p) = T(q — p) forall
T € T(A). Again, by FCQ2, there exists a projection s so that s) ~ s < g — p.

But then p, s, po, so are projections in A with p ~ pg, s ~ sg, ps = sp =
0 = posp = sopo- By Lemma 523 0f [43], p < p+s ~ po+sp=r,and p+s <
p+ (9 —p) = gq. Letting t = p + s completes the proof. 1

REMARK 4.6. If A be a unital AH C*-algebra of the type considered in Sub-
section 4.2, and if A has bounded dimension d and Ky(.A) has large denomina-
tors, then A has slow dimension growth in the sense of Martin and Pasnicu [28]. By
Theorem 3.7 of that paper along with the comments preceding that theorem, .4
satisfies FCQ2. This will be used in the following two results.

LEMMA 4.7. Let A be a unital AH C*-algebra of the type considered in Subsec-
tion 4.2. Suppose that A is of bounded dimension d and that Ko (A) has large denomina-
tors. Then there exists v > 100d and mutually orthogonal projections q,,qy, - ..,q, € A
so that:

H1= Y g
k=0

() q, =g, 1 = Zf0a ~ "~ ~ o
(iii) ifa = a* € §,.Aq,, satisfies T(a) = O forall T € T(A), then a € Z;,7¢(4)Aq)-

Proof. Let u = 200d; ap = 1/(400d), B2 = 1/(300d). Choose ng € N so that
1/2"~1 < @y, and then choose a1 = 1/(200-2™), By = 1/(100 - 2"0).

We can then use Lemma 4.4 to find projections 4, g, ...,q, and p;, Py, ..., P,
satisfying the conditions of that lemma.

Using Lemma 1.7 of [42], we can choose projections that {p,}o 1, {qn )51,
{ru}s>_, satisfying the conditions of Lemma 3.7. Note that Thomsen’s construc-
tion of r, implies that 7(r,) < 1/2" foralln > 1 and T € T (A). Moreover,
the fact that 1 = p; + g1 +r1 and p; < g1 =< r implies that 7(r1) > 1/3 for all
T € T(A).Since py = qn < rpand r,_1 = pyn + qu, n = 2, we also have

1

ET(rn—l) <t(gn) < t(rn), n=2,

whence (1/3)(1/2" 1) < 7(r,) < 1/2",n > 1. From this it follows that Y 7(r,)
n=ny

< ¥ 1/20=1/2""1 < ay < 7(G,) forall T € T(A).

n=nop
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Next,
_ 11 11 1 _
T(py) <P1= @2"0 3 5m0=1 < T(1ny) < S onoot <wap <71(qy) forallt e T(A).
By Lemma 4.5, ryy, ~ 75, where p; < 7, < q,. Let k > 1 and suppose that
we have fixed 7,,,;, 1 <i < k—1. Then

k—1 k—1
T(rn0+k) < T(%) ey T(rn0+i) = T(ﬁo) - Z T(?no—&-i)

i=1

Il
—_

k—
= T(ﬁo — ?n0+l-> forallt € T(A),

i=

Juy

—_

k-1
and hence by FCQ2, 7,4k ~ Tpy1k < qg — 'Zl Frg+i-
1=
The significance of this to us is that by replacing 7, by 7, 1+, k = 0, we

may assume a priori that gy > 1,41, k = 0.
Suppose that 2 = a* € §,Aq, and that 7(a) = 0 for all T € 7(A). Now
Gy = Py + P+ +p) wherep, = p, ; = -+ = p;. By Lemma 1.1 and
Lemma 1.2 of [42],
a =[xy, 1] + [x2,p2] + a1,
wherea; = aj € p APy, X1, Y1, X2, Y2 € Gy Aq,y. By Remark 4.3, a1 € X, 5¢(q,.A7,)-
Thus a € X;,7¢(q,.Aq,), completing the proof. 1

THEOREM 4.8. Let A be a unital AH C*-algebra of the type considered in Sub-
section 4.2. Assume that A has bounded dimension d, and that Ko(A) has large denom-
inators. Then every element in sI(A) is a sum of two commutators, and every selfadjoint
element in s\(A) is a sum of at most four self-commutators.

Proof. By Lemma 4.7, there exists v > 100d as well as mutually orthogonal
projections %,ﬁl, ..,q, € Aso that:

@@ 1= Z (1%

(b) %5%1 "= G100 ™~ T~ A1~ o
(c) ifa=a*eq, .Aql satisfies T(a) = 0forall T €7 (\A), thena € X; 7¢(7, A7, ).
This tells us that a € s[(7.A7) implies thata € Xp;,14¢(7.A7). The remainder
of the argument is similar to that used in Theorem 2.5 and in Theorem 3.10. 1

44. A number of algebras which were originally defined by other means have
been shown to be isomorphic to inductive limits of the type we are considering
here. Among these are the Bunce-Deddens algebras [16] and the irrational rota-
tion algebras [12] which have been shown to be expressible as inductive limits of
the above type with X;,; = T, the unit circle in C, for all n and j. The same is
true of the crossed product C*-algebra C(X) % Z, where ¢ : X — X is a mini-
mal homeomorphism of the Cantor set X ([37] combined with a result of Elliott;
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see Theorem VIIL7.5 of [9]). All of these are examples of simple C*-algebras. As
well, all unital AF C*-algebras A for which Ky(.A) has large denominators — oc-
curring by setting each X, ; to be a singleton for all n and j — whether or not
these are simple.

COROLLARY 4.9. Let A be one of the following algebras. Then every element of
sl(\A) is a sum of at most two commutators, and each self-adjoint element of sI(A) is a
sum of at most four self-commutators in:

(i) Bunce-Deddens algebras.
(ii) The irrational rotation algebras.
(iii) The crossed product C*-algebra C(X) Xy Z, where ¢ : X — X is a minimal
homeomorphism of the Cantor set X.
(iv) Unital AF C*-algebras for which K has large denominators. In particular, this is
true for all infinite dimensional UHF C*-algebras.

5. AN APPLICATION

5.1. In this section we shall combine the above results along with those of [25]
to show that in a large number of C*-algebras, every element can be expressed
as a linear combination of a relatively small number of projections. Given a C*-
algebra A, we shall denote by 1) (A) the set {n € A : n? = 0}.

In [25] the following results were proven:

THEOREM 5.1. Let A be a unital C*-algebra with mutually orthogonal projections
p1, P2, p3 satisfying 1 = p1 + pa +p3and p; <1 —p;, 1 <i < 3. Then:

@) ¢(A) C Zym?(A);
(i) c(A) C Zg4CP(A);

As pointed out in [25], if p; ~ py, then it is possible to improve the estimates
on the number of nilpotents of order two as well as the number of projections
occurring above. Unfortunately, the matrix r appearing in Theorem 3.5(ii) of that
paper is missing the [x33,y33] coordinate, and the estimate of “13" nilpotents of
order two and “52" projections given there must be adjusted to “14" nilpotents
and “56" projections, as the following argument shows.

Given x,y € A, 1 = p; + p2 + p3 where the p;’s are mutually orthogonal
projections, let x;; = p;xp;, yij = piyp; and consider r = [r;j] := [[x;j], [y;]]. As
is shown in the proof of Lemma 3.4 of [25], we can find an element m € Zé‘ﬁ(z)
and elements t;; € p;Ap;, 1 <i # j < 3 so that

[x11, ¥11] 12 13
r—mgy = 21 (%22, Y22 £23
t31 t32 [x33, ¥33]
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But then
X11Y11 X11 0 X22Y22 X2 0
r—my= | —ynxunyn —y11x11 0 yzzxzzyzz —Y2xn 0
0 0 0
[0 0
+ (0 —y33x33 + 0 y33x33 —Y33X33
10 —x33Y33%33 x33y33 0 y33x33 —Y33X33
[—w —w 0 u
+ | w w 0] + 0 0 O
0 o0 o (00 o0
[0 0 0 0 0 0
+ 1o 0 —ysz+ysxzz+in|+ |0 0 of,
0 0 0 ta1  t3p + x33Y33X33 — Y33x33 O

where w = y11x11 + X22Y22, 4 = tip + W — X191 — X2, and v =ty + Yy X1y +
Y22X22Y22 — W

Thus every commutator is a sum of 14 nilpotents of order two. In fact,
through tedious but elementary bookkeeping, one can show that if ||x||, |ly|| < 1,
then each of the nilpotents appearing above is bounded in norm by 16. The ar-
gument from the above cited paper shows that every such nilpotent of order two
appearing above is a linear combination of at most 4 projections, and that the co-
efficients of the projections appearing for each such nilpotent may be bounded
in magnitude by 8. Thus if ||x||, ||y|| < 1, then [x,y]| can be expressed as a lin-
ear combination of 56 projections, and the magnitude of the projections may be
bounded by 8. The point is not that the estimates are particularly low, but rather
that they exist, and can be explicitly computed.

As an immediate corollary to this, we obtain:

COROLLARY 5.2. Suppose that A is a unital, simple C*-algebra of real rank
zero with a unique tracial state T. Assume that A satisfies FCQ2. Then sl(A) =
Zzgm(z) (.A), and

A = Z113CB(A).
That is, every element of A can be written as a linear combination of 113 or fewer projec-
tions in A.

Proof. We can use Zhang’s Theorem 3.3 to write 1 = Z g; where q9 < qg ~
=1

g7 ~ -~ ~qrand giqp = 0if 1 < i # j < 9. Let p1 = 1+ 42 + G, P2 =
ds +q5 +q6, P3 = 47 +qs + qo. Then pr ~prand p; X 1—-p;, 1 <i <3 By
Theorem 5.1 above, ¢(A) C ZssCP(A) N Z14N2 (A).

By Theorem 3.10, sI(A) = Zp¢(A) € Z112CP(A) NZpsN?) (A). Since N (A)
C sl(A), the reverse inclusion also holds. Finally, if 4 € A is arbitrary, then
ap:=a—1(a)l €sl(A),andsoa =ag+ 7(a)l € Z113CP(A). 1
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REMARK 5.3. Suppose that in Corollary 5.2 we know that ||a|| < 1. Then
|t(a)] < |la]] €1, and so ||ag|| < 2. Recall from the remarks of Subsection 3.3 that

8
we can write Re(ag) = Z [x;, x] where ||x;|| < 13||ag||!/2, 1 < i < 8, and that a
=1

similar result holds for the imaginary part of ag.

In fact, another tedious but routine calculation based upon Lemmas 2.1
and 2.2 as well as Theorem 2.3 and 3.9 reveals that if b € s[(A) and ||b|| < 1, then
we can write b = [d, z] + [s, v] where ||d|| < 100, ||z|| < (5577) + 64 max ||Td_d | <

5961, ||s|| < 356,928 and ||v|| < 1. Thus we can write ag = a4 [do, zo] + a2 [so,vo]
where a7 = (200(5961)) = 1,192,200, a, = (2(356,928)) = 713,856, and also
lldoll, lIzoll, llsoll. llvoll < 1.

Combining this with the comments following Theorem 5.1, we see that
[do, z0] and [sp, vg] can be expressed as linear combinations of 56 projections each,
and that in each case, the coefficients appearing in that linear combination may be
bounded by 8. Thus a can be written as a linear combination of 113 projections,
and the coefficients of those projections may be bounded by 8(max{aq,ar}) =
9,537,600! The reader may well imagine that we make no claims whatsoever
as to the sharpness of these estimates — only that they exist, and that they are
useful.

For example, one simple yet interesting consequence of this fact is that if X
is a Banach space and ¢ : A — X is a linear map, then ¢ is continuous if and only

if [|¢llga) == sup{lle(p)ll : p € P(A)} < 0.

COROLLARY 5.4. Suppose that A is a unital, simple C*-algebra of real rank zero
with no tracial states. Then there exists a constant my > 1 so that A = Xse,,, CP(A) =
S14m MNP (A).

Proof. By [35], there exists a constant m1g so that A = X;,,¢(A). The existence
of projections p1, pp, p3 satisfying 1 = p1 +po+psandp; < (1—p;), 1 <i <3
follows as in the previous corollary. Thus A = Xs56,,,CP(A) = 214m0‘31(2) (A), by
Theorem 5.1 and the comments following it. 1

As the above proof demonstrates, the result holds more generally in any
unital C*-algebra which does not admit a tracial state, and for which projections
satisfying the conditions of Theorem 5.1 can be found.

Even when we can not find projections satisfying the conditions of that the-
orem, all is not lost.

PROPOSITION 5.5. Suppose that 1 € A is a simple C*-algebra which does not
admit a tracial state. If A has a non-trivial projection, then:
(i) A is the linear span of its projections, and therefore
(ii) there exist n,k € N so that for all a € A with ||a|| < 1, and for all ¢ > 0, there
exist projections p1,p2, ..., pn € P(A), A, Ap, ..., Ay € Cwith M| <k 1<i<n



138 L.W. MARCOUX
such that
n
Hﬂ — Y Aipi
i=1

In particular, £,CP(.A) is dense in A.

Proof. (i) By Proposition 4.3 of [26], U ZnCRB(A) is either contained in C1

or it contains [A, A] := spanc(.A). In the f1rst case, clearly 1 is the only non-zero
projection in \A. In the second case, Pop’s Theorem [35] implies that [A, A] = A,

whence A = fj 2,CP(A);ie. A= spanP(A).
m=1

(ii) Let 0 < r € N. Let us denote by (rD) the set {z € C : |z| < r}. Thus for
m=1,

S (D) P(A) = { Y A pi € PA)L A €C N <1 1<i< m}
i=1

By part (i), A is spanned by its projections. Thus, givena € A, a = f Aipi €
i=1
Zn(rD)R(A) for some m € N and for |r| = [max{|A;|+1:1 < i< m}]. It
follows that
A= U Z.(D)p U z:n (rD)B(A)).

n=1r=1

HCS

Since A is a complete metric space, the Baire Category Theorem tells us that it
is not the countable union of nowhere dense sets. Thus there exist rg, ng so that

2o (roD)PB(A) has interior.
A routine calculation shows that X, (rID)B(.A) contains a disk A := {a €
A : |ja]| < €} centered at the origin, and hence it contains A, 5. But then

A, (ZrOD)‘B(A).

Setting n = 2ng, k = [2r¢/€] + 1, we see that this is equivalent to the first state-
ment of part (ii). The last statement is a simple consequence of this. 1

We emphasize that the conclusion of part (ii) holds whenever a C*-algebra
A is linearly spanned by its projections.

5.2. Inrelation to closed sets, it was shown in [26] that a closed subspace £ of A
which is invariant under conjugation by unitaries in the connected component of
the identity is necessarily a Lie ideal; that is, givenm € £and x € A, [m, x] € L.

Since Proposition 4.3 of [26] is really a statement about Lie ideals in simple,
unital C*-algebras, it follows that the conclusion of Proposition 5.5 (ii) holds if we
replace projections by any unitarily invariant subset of .A which is not contained
in C1.
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For example, we can take x € A to be any non-scalar element and set
U(x) = {u*xu : u € Aunitary}. Then the same argument shows that there
exists n € N such that

A = 2,CU(x),

and that there exists some control over the magnitude of the coefficients in the
linear combination in terms of the norm of the element that we are approximat-
ing.

COROLLARY 5.6. Let A be a unital AH C*-algebra of the type considered in Sub-
section 4.2. Assume that A is of bounded dimension d and that Ko(A) has large denom-
inators. Then:

(i) sl(A) = ZpN@ (A); and
(ii) if the projections span a dense subset of A and A has exactly m extremal tracial
states for some 1 < m < oo, then A = X115, CB(A).

Proof. (i) Recall from the proof of Lemma 4.4 that given M > 0, A contains

n
a finite dimensional unital C*-subalgebra B ~ @ M, where r, > M forall 1 <
k=1
k < n. In particular, with M > 3, itis straightforward to find mutually orthogonal

projections p;, i = 1,2,3in B C A satisfying 1 = p1 + p2 + p3, p1 ~ p2, and
pi = 1 — p; for each i. By Theorem 4.8,

sl(A) C Zpe(A).

By Theorem 5.1, sI(A) = ZosN@ (A).

(ii) Using (i) and Theorem 5.1 above, we see that ¢(.A) C Z5CP(A), and
hence s[(A) C X11,CPB(A) by Theorem 4.8. Now, s[(A) = N{ker 7 : T an extremal
tracial state} is a closed subspace of A of codimension m. Since spanB(.A) D
s[(A) is the sum of a finite dimensional space and a closed subspace of A, then
span‘P(A) is closed, i.e. span P(A) = A.

The remainder of the argument follows exactly as in Theorem 4.11(ii) of [25].
That is, we let 77 : A — A/sl(.A) be the canonical quotient map between Banach
spaces. Choose x1,...,x, € Aso that {7r(x;)}" is a basis for .A/s[(A). Choose
projections {qj}]sle C Aso that {x;}/"; C span{qj}]fle. Since {n(qj)};zl spans
A/sl(A), we can find m linearly independent vectors in this set — which we may
relabel {7t(q;) -

Givena € A, writea = ‘anjl Aigj+b,b €sl(A). Thena € X112, ,CB(A). 1

j=

REMARK 5.7. We point out that even when 1 € A is a simple C*-algebra
inductive limit as in Subsection 4.2 with bounded dimension 4 and large denom-
inators, the linear span of the projections in A need not be dense. For example,
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in [17], K.R. Goodearl shows that one can choose X a non-empty, separable, com-
pact Hausdorff space (not totally disconnected) and A, ~ My, (C(X)) for appro-
priate k,, for which it is possible to fix the embedding ¢, of A, into A, 1 so
that:

(i) 1 € Aissimple, and
(ii) the span of the projections in A is not dense, and A is of real rank 1.

In particular, one can choose X = T, so that A is a limit circle algebra.

Finally, in relation to the results of this section we mention that N. Kataoka
[24] has shown that if . is a closed, ideal in a properly infinite (or stable) C*-
algebra A, then every element of .7 is a sum of nilpotents of order two in 7. No
bound on the number of terms required to express an element of J as a sum of
such nilpotents is given.
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