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ABSTRACT. We show that for any prime p and for any II;-factor N there ex-
ist two sz—actions on the free product factor *f N that have the same outer

invariant but are not outer conjugate. Therefore, the outer invariant is not a
complete invariant for outer conjugacy.
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1. INTRODUCTION

Two automorphisms « and S on a von Neumann algebra M are said to be
outer conjugate if there exists an automorphism ¢ € Aut(M) and a unitary W €
M such that cfoc~! = Ad W o a, where Ad W acts on M as Ad W(x) = WxW*.

In an exceptional paper [5] A. Connes classified periodic automorphisms
on the hyperfinite II;-factor R up to outer conjugacy. He showed that the pair
(po,A), where py is the outer period of the automorphism & € Aut(R), i.e., the
smallest non-negative integer such that a” is an inner automorphism, and A is
the obstruction to lifting (as defined in Section 2), is a complete outer conjugacy
invariant for automorphisms. The pair (pg, A) is usually referred to as the outer
invariant of the automorphism a.

The question addressed in this paper is whether similar results hold for
other type of II;-factors, in particular for free product factors. In fact, we show
that the situation for free product factors is completely different. Given any prime
p and a Il;-factor N, we show that there exist two actions of the cyclic group Z»

on ) N which have the same outer period and obstruction to lifting, but are not
outer conjugate. This work is a generalization of the work of Florin Radulescu
(see [22]) for Zy-kernels on an interpolated free group factor.

The two Z-actions we consider are realized starting with two very dif-
ferent II;-factors A and M with, each of which is obtained from a II;-subfactor
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construction. The first factor 4 is an amalgamated free product and is generated
by an extremal commuting square of finite dimensional algebras. We prove in
Theorem 4.8 the existence of a pair A7 C By of IlI;-factors such that A is the en-
veloping algebra of this pair. Here, B; is the crossed product of A; by a Z »-action

61 with outer invariant (p, e% ), and Aj is a free product factor.

The second factor is the crossed product M = (((*fQ) * L(F1-1/p)) ®R) x4
Zyp, which is an example of a II;-factor non-antiisomorphic to itself. M is the
enveloping algebra of a pair Ay C B, with properties similar to those of the pair
Ay C B; considered above. Here Q is chosen so that Q; = N ® M,(C) for t =

pp—tl. In particular B is the crossed product of A; by a Z 2-action 6, with outer

27
invariant (p,e 7 ), and A; = Aj.

In addition, letting g be a projection of trace t = / z%l, we get gA1g = *’f N.
Therefore, perturbing 6;, i=1,2, by an inner automorphism ¢;, i = 1,2, so that
¢;00;,i =1,2,leave g invariant, we obtain two sz -actions 6; = ¢; o 6] gA,q on the

2mi

free product factor *fN that have also outer invariant (p,e * ).

Our subfactor constructions thus give two Z»-actions on «) N with the same
outer invariant. To show that these two actions are not outer conjugate we com-
pute the Connes x invariant of the two factors M and A. This technique was al-
ready used by Radulescu in [22] to show that the Z4-actions he constructed were
not outer conjugate. The Connes invariant, introduced by Connes in [3], is a cer-
tain abelian subgroup of the group of outer automorphisms of a II;-factor, as re-
called in Section 2. Although for both factors the Connes invariant is algebraically
isomorphic to Z 2, it is still able to distinguish the factors if we view the invariant
as a subgroup of the group of outer automorphisms. In particular, we are inter-
ested in the position of the unique subgroup of order p of x(M) = x(A) = Z ..
We thus consider the crossed product of each of the factors M and A by the
Zp-action corresponding to this unique subgroup of the x invariant. As shown
in Section 5 the associated dual actions can be decomposed, modulo inner au-
tomorphisms, into an approximately inner automorphism and a centrally trivial
automorphism. Using this decomposition we prove that the two dual Z-actions
are not outer conjugate, by showing that the two factors M and A are not not iso-
morphic (Theorem 6.5). It follows that the two Z -actions on ] N are not outer
conjugate.

2. DEFINITIONS

Let M be a II;-factor with separable predual, endowed with a faithful trace
7. Then M inherits an L>-norm from the inclusion M C L?(M) given by ||x||, =
7(x*x)1/2, for all x € M. Denote by Aut(M) the group of automorphisms of M
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endowed with the pointwise weak-topology for which a sequence of automor-
phisms a;, converges to « if and only if ||a,(x) —a(x)||z — 0 for all x € M.

When studying the automorphisms of a factor there are two normal sub-
groups of Aut(M) which are of particular interest, the group of inner automor-
phisms and the group of centrally trivial automorphisms. These are also the
groups involved in the definition of the Connes invariant (M), as we will briefly
describe. The inner automorphisms are the automorphisms of the form Adps(u)
for some unitary u in M. If there is no ambiguity in determining the factor M on
which the inner automorphism acts, we will simply use the notation Ad u. Let
Int(M) be the normal subgroup of Aut(M) formed by all inner automorphisms,
and denote by Int(M) its closure in the pointwise weak-topology.

DEFINITION 2.1. A bounded sequence (xj),cy in M is called central if
lim ||x,y — yxnll2 =0, forally € M.
n—oo

Also, a central sequence (x;),cn in M is trivial if there exists a sequence of
complex numbers (Ay;),en such that lim ||x, — A,1]j2 = 0.
n—oo
Next we define the centrally trivial automorphisms of M, which form the
other group involved in the definition of the Connes invariant.

DEFINITION 2.2. An automorphism acAut(M) is said to be centrally trivial if
nh_rgo lla(xn) — xnll2 =0

for any central sequence (x;),cn in M.

Let Ct(M) be the group of centrally trivial automorphisms and Out(M )—m

be the group of outer automorphisms of M, with
e: Aut(M) — Out(M)

the quotient map. We can now define the Connes invariant (M), which was
introduced by Connes in [3].

DEFINITION 2.3. Let M be a II;-factor with separable predual. The Connes
invariant x (M) is the abelian group

Ct(M) NInt(M)
XM = =

In a similar fashion, given an inclusion N C M of II;-factors with separa-

ble predual, one can define the relative Connes invariant in the following way.
Let Aut(M, N) be the group of automorphisms of M leaving N invariant and let
Int(M, N) be the subgroup of Aut(M, N) formed by all inner automorphisms of
M implemented by unitaries in N. Denote by Ct(M, N) the set of automorphisms
of M leaving N invariant and acting asymptotically trivially on the central se-
quences for M which are contained in N. The relative Connes invariant for the

C Out(M).
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inclusion N C M was introduced by Y. Kawahigashi in [14] as a generalization of
the Connes ) invariant and is defined as

_ Ct(M, N) nInt(M, N)
XM, N) = Int(M, N) ‘

The most useful tool for studying the Connes invariant or its relative version

is the central sequence algebra. Let w be a free ultrafilter over N and denote by T

the trace on the II;-factor M. As usual we assume that M has separable predual.

Let /*(N, M) be the algebra of bounded sequences in M. Define J, as the ideal

in ¢*(N, M) formed by all sequences (x,),cn such that 7}% |xn]l2 = O (see [8] for

more details on ultrafilters). Set M“ = Egji'M) Then M can be embedded into
w

M® as the set of constant sequences.
Let C,, denote the subalgebra of ¢*°(N, M) consisting of sequences with the
property that lim ||x,y — yxu|2 =0 for all y € M. We will refer to these se-
n—w

quences as w-central.

DEFINITION 2.4. For a free ultrafilter w over N, the w-central sequence algebra

of Mis
Cw

T JuNCo’
Set T ([(xn)n]) = 7}1_{{}) T(xy), where [(x,),] denotes the coset (x,), + Jo in M¥
and (x,), € (N, M). Then t“ defines a faithful trace on M, which induces a
faithful trace on M,,. Moreover, M,, = M“ N M.

Observe that every automorphism a« € Aut(M) induces an automorphism
a“ on M“ by

M

a([(xn)n]) = [(a(xn))nl,

for all [(x,)] € MY“. By restricting this automorphism to classes of w-central
sequences we obtain an automorphism ., of M, for every a € Aut(M). The fol-
lowing remark, due to Connes [4], gives a characterization of the centrally trivial
automorphisms.

REMARK 2.5. Let N C M an inclusion of II;-factors with separable predual.
An automorphism a € Aut(M, N) belongs to Ct(M, N) if and only if

aw|Nme/ = Id|Nme/.
The Connes classification of the periodic automorphisms on the hyperfinite

II;-factor, up to outer conjugacy, is based on the outer invariant of an automor-
phism « of M, which is defined as follows.

DEFINITION 2.6. Given a II;-factor M, the outer period py of & € Aut(M)
is the smallest non-negative integer such that a?0 = Ad;(U), for some unitary
U € M. If no power of « is an inner automorphism then we set pyp = 0. Note
that if U is a unitary that realizes a”° as an inner automorphism, then it is easy to
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check that a(U) = A U, for some A € C with AP0 = 1 (apply aP0! = aPox = aaPo
to x in M and use the fact that M is a factor). We call A the obstruction to lifting
of o and the pair (po, A) the outer invariant of «. We sometimes refer to a periodic
automorphism of M with outer period p as a Z,-kernel.

The terminology obstruction to lifting is motivated by the fact that A =1
if and only if the homomorphism ¢ : Z,, — Out(M) with ¢(1) = & can be
lifted to an homomorphism @ : Z,, — Aut(M), so that the following diagram
commutes

Aut(M)

Zpy— P, Out(M)

3. COMMUTING SQUARES

In this section we review some basic elements about commuting squares as
they appear in [18], [20] (see also [9]). Given a set S C B(H) denote by Span(S)

the linear span of S, and by Span(S)W0 its closure in the weak operator topology.

DEFINITION 3.1 (Popa). A diagram

B c A
U U
D c C

of finite von Neumann algebras with a finite faithful normal trace T on A is a
commuting square if the diagram

B Lz
1i 1i
D £

commutes, where i denotes the inclusion map, and Ep, Ep are the conditional
expectations onto D and B respectively.

The theory of von Neumann algebras and subfactors provides numerous
examples of commuting squares. In fact, if N ¢ M C M; C My C --- is the
Jones tower for the inclusion N C M, then for all i > 1 the following relative
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commutants form a commuting square:

M/ ﬁ Mi+1 C Mi ﬂ MiJrl
U U
M N M; C Mi N M;

We are interested in commuting squares that have some additional proper-
ties, which appear naturally when studying commuting squares coming from a
finite depth inclusion of subfactors.

DEFINITION 3.2. Let

B c A
U U
D c C

be a commuting square of finite von Neumann algebras which are weakly sepa-
rable. Denote by 7 the normalized, faithful trace defined on A. We say that the
commuting square is extremal if it satisfies the following conditions:

(i) The inclusion C C A has a A-Markov trace [9], (which means that there
exists a trace T on the basic construction

(A, f) = Span(AfA)"°

for this inclusion that extends the trace T on A, and has the property that T(fa) =
At(a) forall a € A) such that the basic construction for D C B, with respect to the
trace T|p, coincides with (B, f).

(ii) C generates A as a left (or right) B-module, i.e.,

WO

A= Span(BC)vvo = Span(CB) .

(iii) The centers of the pair of algebras A, B and C, D, respectively, have trivial
intersection

Z(A)nZ(B)=C1l and Z(C)NZ(D)=CLl
This is equivalent to saying that the inclusions B C A and D C C have connected
Bratteli diagrams.

Note that if A is a finite dimensional algebra the condition (ii) is unneces-
sary because equivalent to (i). There is a standard way, the basic construction, to
produce a new extremal commuting square from a given one.

REMARK 3.3. Given an extremal commuting square of finite dimensional
algebras

C

9 C W
N
NCx
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construct the diagram which is also an extremal commuting square:
(B.f) < (Af)
U u .

B C A

As mentioned before, finite depth inclusions of factors provide many examples
of extremal commuting squares. In fact, it is a result of A. Ocneanu [17] that if
N C M is an arbitrary inclusion of II; hyperfinite factors of finite depth then
there exists an extremal commuting square of finite dimensional algebras which
by iteration of the basic construction produces the inclusion N € M.

4. THE CONSTRUCTION OF THE TWO Z,,-ACTIONS

Fix a prime p and let N be a IIj-factor. In this section we construct two
Z,»-actions on *f N which have the same outer invariant. We will prove later
(Section 6) that these actions are not outer conjugate.

Denote by R the hyperfinite II;-factor. The first one of our actions is ob-
tained from an inclusion A; C Bj of llj-factors which by iteration of the basic
construction produces the II;-factor (Q ® R) g (R X Ly ), where Q is a II;-factor
and ¢ is a Z-action on R. In Theorem 4.4 we show that By is the crossed product

2mi
of A; by a Z,-action with outer invariant (p,e 7 ). We will denote the action we

define on *’f N by 6;. Analogously, the second action is obtained from an inclu-
sion Ay C By, which by iteration of the basic construction produces the II;-factor
(((*f Q) * £(F1_1/p)) ® Ro) x4 Zp and has similar properties than the inclusion
Ay C By.

To construct the two Z -actions and to prove that they are not outer conju-
gate it is useful to have an explicit model for the hyperfinite II;-factor R and for
the inclusion R C R X, sz. Such model was introduced by Radulescu in [22] for
the case p = 2. Since the proof for the general case is based on the same argument
given by Rddulescu in his work, we refer to Lemma 5 in [22] for a proof of the
following statement.

LEMMA 4.1. The hyperfinite I11-factor is generated by unitaries (U )xez and a
unitary g, where each Uy has spectrum consisting of the p>-th roots of unity, on which
the trace of spectral measure is equidistributed, and where g has spectrum consisting of
the p-th roots of unity with equidistributed trace of spectral measure, where the following
relations hold:

() (U)?" =1forall k € Z;
27ti
(i) UpgU; =e 7 gifk=0,—1, while Uy gU; = g, ifk € Z\{0, —1};
27
(ifi) UgUyey 1 Uf = e #* Ugy, fork € Z;
(iV) Ul-uj = U]-Ui lf|l —]| =2
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and where the trace of every nontrivial word in the Uy and g (in the obvious sense, subject
to the above relations) is zero.
Moreover,

R_1= {gllg, Uy, Uy, .. .}” - {g, Uy, Uy, Uy, . . '}// — Ry

defines an inclusion of type Il-factors of index p? for which the relative commutant
R’ N Ry is equal to {g}".
If we set 0 = Adg ,(Up), then 8 is a sz—action of R_1 and Ry is equal to the

_2m
crossed product R_y Xg Z,2. Moreover, the outer invariant of 6 is (p,e 7).
Also, the tower of factors in the iterated basic construction for the inclusion R_1 C
Ry is given by the family

Rk = {g, ll,k, u,k+1, U,k+2, .. .}H fOT k > 1,
while the Jones downward tunnel for R_1 C Ry is given by
R ={guiul - Ul |, Uy, Uiy, Ugya, ...} fork>1.
Moreover, the k-th term in the sequence of relative commutants is
Rk N lel = {g, U_k, U_k+1, ey U_l}”, fOT’ k 2 1.

Since Ry = {g, Uy, Uy, Uy, ...}" is obviously generated by an increasing fam-
ily of finite dimensional subalgebras, it provides a model for the hyperfinite II;-
factor. Note also that it is quite simple to produce a family of unitaries satisfying
the conditions of Lemma 4.1. In fact, if B is a Z-action on the hyperfinite II;-

factor with outer invariant (p, e ), then the unitaries implementing the crossed
products in the Jones tower and tunnel for the inclusion R C R xg Z,» verify the
desired properties. The unitary g of order p is chosen instead from the elements
of the first relative commutant.

In the next lemma we show that the inclusion R_; C R_7 g sz = Ry can
be obtained by iteration of the basic construction from an extremal commuting
square (see comment at the end of Section 3).

LEMMA 4.2. Set Ry = {g, Uy, Uy, Uy, .. .}H C Ri= {g, U_q,Uy, Uy, Uy,.. .}N,
and R_;, = {guguf e u,f_l,uk, U1, Ugyo, ...} for k > 1, as in the previous
lemma. Then

{g;Uo}" =B C A={g U, U}"
) )
{8}'=D c C={g U}’
is an extremal commuting square and generates the inclusion Ry C Ry by iteration of
the Jones basic construction for D C B and C C A. The successive steps in the Jones
tower for the inclusions D C B and C C A are given by the algebras A(()k) and Agk)

respectively, where Aék) and Agk) are defined by
k k
AW = (g, uy,..., Uy c A = (g Uy, up, ... U}
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fork > 0and
-1 -1
ATV =D={g) caV=C={gu.4}"

Moreover, Aékiz) =R’ NRgand Agkiz) =R NRyforallk >1.

Proof. The diagram

{g U}’ < {gU-1,U}"
U

U
gt < A{gU}"

is an extremal commuting square because of the properties satisfied by the uni-
taries Uy and g (i.e. (ii)—(iv) in the previous lemma) and the definition of the trace
on Ro.
(k=2) / ' (k—=2)
Next we want to show that A =R, NRyCR_ NRy=A] 7. Set

i—1
AUV = Ul - ut )

k
A(_]) = {gubul ... u’

i1 U]‘, u]qu, u]'Jrz, - Uk}// fork > jandj > 1.

By the previous lemma Uy is the unitary implementing the crossed product
in the k-th step of the Jones tunnel for the inclusion Ry C Ro Xaqu ) sz = Ry,
so iterating the basic construction horizontally and constructing the Jones tunnel
vertically, we obtain the following diagram

AV ADc Al AP oo AlF Ve A Ale Lo R
U U U U U U @] U
AVe AVc alVc AP c .o aAF Ve aAPc AfYc ...c R
U U U N U @] U
Af’l)c A(fl)c A(fl)c A(fl_l)c Ag‘l)c Aﬁ*l)c .- C R4
U U I U @] U
AYc A%Yc ... A¥ Ve A¥c aAfYe .o R,
@] @] @] @] @]
@] @] @] @]
A(fk_l)c A(f,ZC Ag‘kﬂ)c . C R.g
U U @] U

where A(fz = A(j;l) X Ad(U;) sz foralli > 0Oandj > i, as well as for i = 1 and
j=0.
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Obviously Aékiz) C R, N Rg, so we only need to show the other inclusion.

Letx € R” , N Ry. Since {Ag ) }j=q-1 is the Jones tower of Ry, if we denote by Eizj)

the conditional expectation of Ry onto A(()j ), then x = lim x) with x() = Ei((’j) (x).
J—oe 0
Since x € R’ , we have that for any y € A(Z;( C A(()] )
R R R R
]/EAE;') (x) = EA([())]') (]/x) = EAzj)(xy) = EA%) (x)y'

0
Therefore x1/) € (A(fi)’ N A(j) forevery j >k — 1.
Since A((Jj ) = A(()j D Ad(U;) L, forall j > 0, by iterating the crossed product

construction, we can write any element x0) e (A(g{) (()> as x0) = ZaTWl,

where

I = (l(k—l),l(k) ()) c {1 2,. .’p2_1}]’,k+2,
a; € {g Up, Uy,..., U} = k 2)

T _ qpl(k=1) 7 fl(k) 7 [l (k+1) l(]’)
Wi=UZ, U uk+1 "’Uj :

Now we want to explore the restrictions given by the condition x!/) € (A(j;()’

j = k. A simple computation shows that

for

- 2mi(l(k)=I(k=1))  +
Adguiul - ul_HyWh=e 7 W,
_ 2mi(l(m+1)—I(m-1)) _
Ad(Uyp) (W) =e W forallk <m <j—1,

_ 27il(j—1)

Ad(U) (W =e WL

Thus, x() € (A7) n AY if and only if

(
W11 =0
(i) I(m+1)=I(m—1)forallk <m<j—1;
(iii) I(k) = I(k — 1) mod p.

Assume j — k = 0 mod 2. Then, the previous conditions imply that

up

i (k=2) U PP
x(]) € (AO @] {Uk k+2Y% k44 ujfzuj })N’

k—2 ] ]

with [UPU£+2U£+4 U]{ZU]P,A(() )] = 0. Since x!)) = E ‘3))( ) € (A(_];()’ N Aé])
p—1

we also have that x(/) = E( Dy mA(>( xU+2)), where x() = 2 ur Uk+2Uk+4 .

Up UPU]’:LZ)I and q; € A(() 2 Note that for every | # 0 we have (U U]f+2ll]f+4
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)! is orthogonal to (A%)’ N A((Jj ) with respect to E (), thus

ufutu? -
u? ,u'u (AD)yral

j+2

) = E (j+2)) —ag € A(()kfz)'

(a9 yna) (¥
Similarly, if j —k = 1 mod 2 one can show that x0) ¢ (A((]kfz) U {U£71Uf+1 e
u]f’ })” belongs to A((kaz). Since x = lim x/), it follows that x € Aékiz), soR", N

J—0

Ry C Aékiz) . An analogous argument shows that R’ , "Ry = Agkiz) A |

Using the above commuting square we can now prove the existence of an
inclusion of von Neumann algebras A; C B; for the amalgamated free product
A = ((Q® Rp) *g, R1), where Q is a II;-factor. Moreover, By is the crossed prod-
uct of A by a Z,-action, and A = (*TQ) ® Mp(C). The proof uses the following
lemma, which is a consequence of [6].

LEMMA 4.3. Let N C M be an irreducible inclusion of finite dimensional von
Neumann algebras with inclusion matrix A and let T be a faithful, tracial state on M
with trace vector s . Let

o 0 T
t = (t])]:1 :A S

denote the trace vector for t|n. Thus,
¢
N = @My ©)
j=1

and t; is the result of T applied to a minimal projection of the j-th summand of N. Let Q
be any 11y-factor. Then for the amalgamated free product of von Neumann algebras with
respect to the obvious trace-preserving conditional expectations onto N, we have

(4.1) (Q®N)*NM%Q%*---*Qi*L(F}),

with
2

7

r=—t+1+ =5

where we use the definition from [7] for notation (4.1), for r possibly negative.

Proof. Let® denote the amalgamated free product von Neumann algebra on
the left hand side of (4.1). If N is commutative, then the isomorphism (4.1) follows

directly from Corollary 3.2 in [6]. For general N, let f; be a minimal projection in
‘

the jth summand of N and let f = ) fj- Then, as is well known,
j=1
(4.2) fAf = (Q® fNf) *pny fMS.

(This can be seen directly, or by applying Lemma 2.2 of [2] and taking the obvi-
ous representation of the full free product C*-algebra.) The inclusion matrix for
fNf C fMf is still A, while the trace vectors for T(f)’lT\fo and T(f)’1T|fo
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are T(f)~1s and 7(f )’1?, respectively. Since fNf is commutative, from (4.2) we
get

(4.3) fAuf = Q%n %ok Qup) x L(IFy),

with

Y=t 1 7)) =[5 P
Using the formula in Proposition 4 of [7] for rescalings, from (4.3) and A =
(fAf) ()1, we get (4.1), as required. 8

REMARK 4.4. Let M be all;-factor and @ € Aut(M). Then for any projection
p in M there exists ¢y € Int(M) such that y o a(p) = p.

In fact, by the uniqueness of the trace on M, p and a(p) must have the same
trace. Therefore we can find a unitary u in M such that ua(p)u* = p.

LEMMA 4.5. Consider a IIy-factor and an automorphism « of M. Suppose that p
is a projection in M with a(p) = p. Then, a is inner if and only if a|,p1, € Int(pMp).

Proof. One of the implications is obvious since if « = Ad u fixes p then p
commutes with u and a|,pmp = Ad (pu) on pMp. For the other one, let M =
M®B((*(Z)) be the associated Il-factor and set & = a ® Idp2(zy) € Aut(M).

It will suffice to show that & € Int(M). Indeed, a(1 ® e11) = 1 ® €11, so & inner
implies that & = E|(1®311)M(1®311) is inner.
Let g = p ® 1. Take partial isometries v; in M with j > 0, such that for every

j we have vV =q and g+ ) vjv; = 1. By hypothesis, there exists 1 € qMg such
j=1
that @(x) = uxu* for all x € gMg. Set

w =

M

Il
—_

«(v;)uv;,
1

which is a unitary in M. In addition, for any y € M we have

wyw* =Y & (v;)uv] yojud(v;) = ) a(v;)a(o;yv;)a(vy)
ij=1 ij=1
= 2 ?x’(viv;‘yvjv;-‘) =a(y)
=1

soa € Int(M). 1

As an easy consequence of the previous lemma we obtain the following
corollary.

COROLLARY 4.6. Let M be a II;-factor and a an automorphism of M. Let p be a
projection in M fixed by a. Then a and a|pp1p have the same outer invariant.
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Now we are ready to show that for any II;-factor Q, the factor (Q ®R_1) *g_,
Rp is the enveloping algebra of an inclusion A; C Bj, with A; a free product
factor. Observe that if the commuting square

B c A
U U
D c C

is extremal, then the von Neumann algebras (Q ® D) *p C and (Q ® B) #p A, are
II; -factors.

PROPOSITION 4.7. Let
B c A
U U
D c C

be the extremal commuting square of Lemma 4.2. Consider the inclusion of amalgamated
free products

(4.4) (QeD)*pCcC (Q®B)*pA,

where Q is a Wy-factor. Set 61 = Ad|gep)«pc) (Uo). Then, 6 is a sz-action on
(Q® D) xp C such that (Q ® B) *p A is isomorphic to the crossed product ((Q ® D) #p

27
C) Xg, Zy2. Moreover, the outer invariant of 61 is (p,e 7 ), and (Q ® D) xp C is iso-

morphic to (*TQ%) * &(F,), wherer = —p +1+ % - %

Lastly, iteration of the Jones basic construction for the inclusion of factors in (4.4)
yields

A= (Q®Ro)*g, R1 = (Q®R_1) *r_, Ro,
as the enveloping algebra.

Proof. Firstly we have to note that the span of elements of the form g1c142¢2
- Gu_1Cy—19ncn With g; € Q and ¢; € C is a dense set in (Q ® D) #p C, as de-
scribed in [18]. It follows that Ad|(ogp)«za)(Uo) leaves (Q ® D) #p C invariant,
since Uy commutes with every element of Q and Adg(Uy) leaves C invariant.

Moreover, using the properties satisfied by the U’s and g, it is easy to check
that

(4.5) Adc(U)) = Adc(g).
Also, since g commutes with the elements of Q, (4.5) still holds if we replace C by
(QeD)xpC,ie,
Adjigsp)pc] (Ug) = Adjigap)pc (87):
Thus, 61 = Ad|(Qep)«pc) (Uo) is a Zp-action on Ay = (Q ® D) *p C with outer

2mi

invariant (p,e 7 ).
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In addition, by the definition of the von Neumann algebras A, B, C, and D
in the commuting square and the representation of any element in the amalga-
mated free product we described before, it follows that

{((Q® D) *p C)U{Uo}}" = (Q@ B) x5 A.

Set B = (Q ® B) *p A and denote by T the trace on By, as defined by Popa in
[18]. We want to show that B; can be realized from A; through a crossed product
construction with respect to the Zy-action 6;. Observe that any monomial which
is an alternating product of elements in Q ® B and A can be written using only one
occurrence of Uy to some power, because of the relations (ii) and (iii) of Lemma
4.1 and the condition [Q, Up] = 0. Therefore, it suffices to show that if m is such a
monomial and it contains a non-zero power of Uy, then 7(m) = 0.

Denote by EP the conditional expectation defined on Q ® D and by E? the
conditional expectation on C. Using again the relations (ii) and (iii) of Lemma 4.1
and the fact that Q and Uy commutes, we obtain that it suffices to consider ele-
ments of the form

a= uquCO’ilCl ©qiCiqi41Civ1 - GnCnfn+1
whereq; € (Q® D) N kerElD ,c;€CN kerEéJ Vi. Indeed m is a linear combination
of elements of this form. Since T(UéCl) = 0 (see the definition of the trace on Ry in
Lemma 4.1), the definition of the trace on the amalgamated free product implies
that T(m) = 0.
Now denote by A the enveloping algebra obtained by iteration of the Jones
basic construction for the inclusion

(Q®D)*pCC (Q®B)*p A.
By Lemma 4.2 and Theorem 1.2 in [21] we obtain that
A= (Q®Ro) *ry R1 = (Q® R_1) *r_, Ro.

The last step of the proof is to show that (Q ® D) xp C is isomorphic to (*’le /p)*
£(F;). Note that D = alg{g} = Cg1 ®Cg, @ --- ©® Cg, = CF, where the g;’s are
the spectral projections of g. Moreover a maximal set of mutually orthogonal
minimal central projections for the finite dimensional algebra C is given by the
spectral projections of Ufl, since U” 1 generates the center of C. Thus, by [9] C
is isomorphic to M, (C) & M,(C) @ - - - & My (C), where the sum has p terms. In
addition, the inclusion matrix for the inclusion D C C is given by

111 -+ 1
111 - 1
A1 11 1
111 1

and the trace vector for the trace on C by
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1
. 1
Lo
1

By Lemma 4.3,

A= (Q®D)*pC 2= (x}Q1/p) ¥ L(F_, 141/p-1/p3)-

Taking A; = (Q® D) *p C and By = (Q ® B) g A, we can reformulate the
previous proposition as follows.

THEOREM 4.8. Let N be any Ily-factor and p a prime. Let Q be a I1;-factor such
that Q; = N ® My(C) for t = ,/pp—tl. Then the 111 -factor A = (Q ® R_1) *r_, Ro can
be realized as the enveloping algebra of an inclusion A1 C By, where A1 is a free product
factor and By is the crossed product of Ay by a Z, action 6. Moreover, by perturbing 6
by an inner automorphism, if necessary, we obtain a Z,»-action on «1 N, which has outer

2mi L ~
invariant (p,e 7 ). We denote this action on *’fN by 01.

Proof. We showed in the previous theorem that A; & (*f Q1/p) * £(Fy) with
r=-p+1+ % - % Denote by T the trace on Aj. Let g be a projection in A4

such that 7(gq) = 4/ ’%l = t. By Remark 4.4 there exists ¢; € Int(A;) such that

¢1001(q9) = g. Note that 6 and ¢; o 6; have the same outer invariant since they
differ by an inner automorphism. In addition, using the rescaling formula in [7]
we obtain that gA1q = +/'N, since N = (Q; /p)t- Moreover, Corollary 4.6 implies

2mi

that the automorphism 6, = (¢1 001)]44,4 has also outer invariant (p,e 7 ). 1

The automorphism 6 is our first example of a Z,-action on the free group

27
factor *’f N with outer invariant (p,e 7). The second example of a Z -action
on *f N with the same outer invariant as 6, is also obtained through a subfactor
construction. Again we let Q be a II;-factor such that Q; = N @ M, (C).

The Z,»-action 6, is constructed using the crossed product factor M =
(((*fQ) * E(Fl,l/p)) ® Rp) Xy Zp, where 1y is a Zy-action on (*fQ * 2(1?1,1/,,)) ®
R. 7 is defined using two Zy-kernels, a € Aut((*fQ) * £(F11/p)) and B €
Aut(R), with conjugate obstructions to lifting.

LetA;: Q — *’f Q be the canonical map defined on the i-th copy of Q in the
free product, and denote by u the unitary which generates £(IFy_1,,) = £(Z,).
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We define an automorphism « on (] Q) * £(Fy_1,,) by:

a(Ai(x)) = Aiyq(x) foreveryx € Q, withie {1,...,p—1},
a(Ap(x)) = ur(x)u”, forallx € Q,

a(u)=e? u.
27t
Note that a? = Ad u, so that a has outer invariant (p,e 7 ).
Using the model R = Ry = {g, Uy, Uy, ...}" for the hyperfinite II;-factor, we
define the automorphlsm B = Adg,(U_1) . Since BF = Adg,(g), B is a Zp-kernel

with obstruction e 7 to lifting. Observe that « ® B has outer invariant (p,1)
so it can be perturbed by an inner automorphism to obtain an action of Z;, on
((+F 1Q) * £(F1_1/,)) ® Ro (see comment at the end of Section 2). Denote by e;, for

27ij

i =1,...,p, the spectral projections of the unitary u so that u = Z e 7 ¢;. Then
j=1
we can define the action on ((>0<1 Q) x £(F1_1/p)) ® Ro by
Ad W« ,
= ( (4] Q) * £(F1_1/,)) ® Ro] ) ©F
P=1 _omi
where W= Y e ¥ E withE; = ) e ® gj, is a p-root of u* ® g*
=0 k,j=1,...,p; k+j=l mod p

which belongs to the fixed point algebra of # ® B in ((*f Q) * £(F1-1/p)) @ Ro.

THEOREM 4.9. Let M = (((+/Q) * £(F1_1/p)) ® Ro) X Zy and denote by v
the unitary implementing the crossed product. Set

Ay = ((x!Qe1l)U{uel,1sg0})",

where [u®1,1®g]=0,v(u®l) = o7 (@), and v(l®g) = ef%(l ®g)v.
Consider the inclusion of subalgebras of M

Ay C By = (AyU{1®Up})".

Then, Aj is isomorphic to (*le/p) « &(F) withr = —p+1+ % — % Also, By is
equal to the crossed product Ay X, sz, where ) = Ad (1@ Uy) isa sz—action on As

27

with outer invariant (p,e 7 ).
Furthermore, M is the enveloping algebra for the inclusion Ay C Bj.

Proof. First observe that if {g, : 1 < k < p} denotes the set of spectral
projections of g as in Lemma 4.1, then Ad (1 ® Up)(1® gx) = 1 ®@ gxq for 1 <
k<pand Ad (1@ Up)(1®gp) =1®g1. Also, Ad (1 ® Up) leaves u ® 1 invariant.

=1 i
Therefore, if E; = Z ex®gjand W = Z e ¥ E; as before, we
k,j=1,...,p;k+j=I mod p 1=0
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have that Ad (1 ® Up)(E;) = Ejq for0 <1 < p—1and Ad (1® Up)(E,—1) = Eo.
Consequently,

(1® Uy)v(1® Uy)*

(1@ Up)y(1e Ud)v=(1® Uy) Ad W(B(1® Ug)v
,Zm —2711

P (1@ Ug) Ad W(l e U)v=e ¥ Ad (1 Uy)(W)W*s

o ,P—2 _onil 27i(1-p)
2 (Ze P Eite P E0>W*v
1=0

|
—_

P 2mi
E +e p E())Z).

=

Moreover, if A; : Q — *p Q is the canonical map on the i-th copy of Q in
the free product, then Ad (1 ® Llo)( (x)®1) = Aj(x)®1 for all x € Q and for
every 1 < i < p, thus 6, = Ad (1 ® Up) defines an outer automorphism of Aj.

2ni
Also, Ad 4, (1® Up)? = Adg,(1®g¢*) and Adg, (1@ Up)(1®g*) =e? (1®gY),

27

so 0 has outer invariant (p,e 7 ).

Note that any monomial m in B, can be written as m = m'v", with m’ a
monomial in (x*!Q® 1) U{u®1,1®g,1® Uy})" and 0 < k < p — 1. Clearly m’
can be written using only one occurrence of 1 ® Uy to some power so the same
holds for m.

To complete the proof that B = (AU {1 ® Up})" is the crossed product of A,
by 6, = Ad 4, (1 ® Up), we need to show that the trace T, which B, inherited as a
subalgebra of M = (((*fQ) * £(F1_1/p)) ® Ro) X Zp, is zero on any monomial

N
Il
_

k

m in By containing 1 ® Up. If the monomial has the form m = m'vX with m’ a
monomial in (*TQ eHUu{uel,1®glely:1 < i< p} containing 1 ® Uy,
and 0 < k < p— 1. Since v is the unitary implementing the crossed product,
we can conclude immediately that m has zero trace. Next, assume that k = 0, so
that the trace of m as an element of M coincides with its trace as an element of
(<7 Q) = £(F1_1/p)) ® Ro. By the definition of the trace on Ry (see Lemma 4.1) it
follows that T(m) = 0.

Observe also that as in Lemma 4.1, the successive steps of the Jones ba-
sic construction for the inclusion Ay C B, are obtained by adding the unitaries
U, Uy, . . .. Therefore, M is the enveloping algebra for A, C Bj.

Lastly, we want to show that A; is an interpolated free group factor. Using
the spectral projections {1 ® gi}f of 1 ® g, and the unitary v we can define the
family of partial isometries

fir=01eg)v (leg)=>12g)v .
Consider the induced algebra f; 1 A, f; 1. By Lemma 5.21 in [27],

fidafin = {fj1xfea i1 <pxe)’,
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where O = {A(7) ®1L,u®1,1®gv:1<h< pandqisa generator of Q} is the
set of generators for A,. We claim that

fiidafin = ((+fQ) x £(F1_1/p)) ® &1.

This is a simple consequence of computing the various products of the form

f;fl xfx 1 for x € (2. Indeed these calculations yields:

27ij

(1) ]cj’fl(l ®g8)fin =e? (1®g1), while f]«’fl(l ®8)fk1 =0forj # kand 1 <
Jk<p;
—2mi(j—1)
(if) fj’fl(u @1)fi1=e 7 (4®g), while f]-’fl(u ®@1)fx1 = 0forj # kand
1<jk<p
(iii) fjil,lvfj,l =1®gforl <j<p;
(iv) f]-“flvfm =0forj#k+1and1 < j,k < p, except for fl*/lvfp,l =1®g41.

Also, if {e]-H7 denote the spectral projections of #, then forany 1 < I < p we
have that:

27i(1-k) (j—1)

p
W fa(@elfii= Y, e 7 el jn(@e®g, foralldy(q) @1 e Q
k=1
and1 <j<h+1;
2ri(1) (j-1-p)

p
i) fan@ e Dfin = Y e 7 e, ja(@e ® g, forall Ay (q) @
k=1
leQandh+1<j<p;

(vii) f]-fl()xh(q) ®@1)fy1 =0forj#kand1 <jk<p.

Therefore, f11A2f11 = (*f Q) x £(F_1 /p). Using the scaling formula for
interpolated free group factors we conclude that Ay = (*i’ Q1/p) * £(F,) with

r:—p+1+%—pl—3. |

By compressing the II;-factor A, and using the rescaling formula in [7] we
obtain a Z-action on a free product factor, with the same outer invariant as ;.

COROLLARY 4.10. Let N be any Il1-factor. Take the 1I; Q so that Qr = N®
My(C) for t = ,/”p—*;l. Then the 11;-factor M = (((*TQ) * £(F1-1/p)) ® Ro) Xy Zyp
is the enveloping algebra of an inclusion Ay C Bp, where Ay is a free product factor,

and By is the crossed product of Ap by a Z»-action 0;. Let q be a projection of trace
t=,/ ’%l and ¢y an inner automorphism such that ¢ 0 02(q) = q (as in Remark 4.4).

27

Then 6, = (¢ 0 6,) |qAqq 18 @ Zyp-action on *fN, which has outer invariant (p,e 7 ).
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5. THE CONNES INVARIANT OF THE FACTORS A AND M

We devote this section to the computation of the Connes invariant of the

factor

A=(Q®R_1)*r , Ry,
where Rg = R_1 X aq (1) Zy2- We show in Corollary 5.2 that this is equivalent to
computing the Connes relative invariant of the inclusion R_; C Ry. The proof
is based on an adaption of the method of Sakai’s Lemma 4.3.3 in [23], to amalga-
mated free products of von Neumann algebras.

Suppose N is a von Neumann algebra that is unitally embedded in von
Neumann algebras A; and Aj, each equipped with a faithful, normal tracial state
71, respectively T, such that the restrictions of 7 and 1, to N agree. Let E; : A; —
N be the 7;-preserving conditional expectation. Let

(M, E) = (A1, E1) xn (A2, E2)
be the amalgamated free product of von Neumann algebras. Then, by Proposi-
tion 3.1 of [19] Ty o E is a normal, faithful tracial state on M. As is conventional,
we will denote the map M — L?(M, T) by x +— X. For emphasis, we may denote

the left action of M on L2(M, T) by x +— A(x), and we will denote the right action
of M°P on L%(M, T) by x + p(x) = JA(x)], where JX = X*.

PROPOSITION 5.1. Suppose there are unitaries uy € Ay and up, uz € Ay such

that

(5.1) x € Ay, E1(x) =0 = Ej(uyxuy) =0,
(5.2) E1(u1) = 0 = Ex(u2) = Ex(u3) = Ex(uju3).
Let y € M and set

(53) e = max [y, uilll2

where [a,b] = ab — ba. Then

Iy = E()2 < 14e.

Proof. Let A? = ker E; C A;. From the construction of the free product with
amalgamation, due to Voiculescu [26], M has subspaces N and
(5.4) (ADAD - AD Vi1, iy ine {12}, i i1
which are mutually orthogonal with respect to E, hence also with respect to T,
and M is the weak closure of the linear span of the union of these subspaces. Let

F= AD+ AZAD + AQAAD + AZADAZAS +--- C M

be the span of the union of these subspaces that end in A¢, and let F denote the

closure of this space in L?(M, T).
Let us first observe that

(5.5) Muy)p(u1)F + F = L2 (M, 1) © LN, 7).
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Indeed, since E(u1) = 0, itis easy to see that all of the subspaces (5.4) belong to ei-
ther F or u3 Fu}, which become F and A(u7)p(u1)F upon embedding in L2(M, 7).
For example, AJAS = uq(uj AYASuq)uj and

uj ASASuy C AQASuq + ASuy C AQASAS + ASAS C F.
Furthermore, from (5.1), we find u AYuj = Af, and from this we see A (u1)p(u1)F

C L2 (M, 1) 8 L2(N, 7).

Let us now show that the three subspaces
(5.6) F, Muz)p(ua)F,  Mus)p(us)F

are contained in L2(M, t) © L?(N, T) and are pairwise orthogonal. We already
have

F C L2(M,1) e L2(N, 7).
Since E(up) = E(u3) = 0, it is easy to see that for i = 2,3, we have
uiFuj C Afuj + ASAJu; + ASASASu; + - -
C AJAS + ASATAS + AJASATAS + - - .
Therefore, A(u;)o(u;)F C L*(M, 1) © L2(N, ) for i = 2,3 and both are orthog-

onal to F. It remains to show that these two subspaces are orthogonal to each
other. However, letting

!
aj,a; €

{Ag jodd,
]

A3 jeven,
using freeness we have
(anfn 1 - apa1u3, ayay_q - - - a8 U3) ¢
= T(upaiay - - - ayay, - - - ayayu3)
= T(upE(aiE(az - - E(ay 1 E(ayay)a, q) - - a3)ay)u3)

= T(E(---)uzuz) = To E(E(- - - Juzuz) = T(E(-- - )E(u3u2)) = 0,

where we use E(uj3uy) = 0. A calculation shows

!

(Anly_q - -~ agayuy, ayd,, |- --ayajui)r =0 whenn # m.

These calculations imply the orthogonality of A(u2)p(uz)F and A(uz)p(uz)F.

Let Py be the projection from Lz(/\/l, T) onto F and fori = 1,2, 3 let P; be the
projection from L?(M, T) onto A(u;)p(u;)F. Since A(u;) and p(u;) are unitaries,
we have

(5.7) P = Aui)p(us) Pop(up)Auf), (1 <i<3),

1

Note that |A(u;)Z|l2 = lle(u:)]l2 = ||Z]|2 for all { € L2(M,T), since this holds
when { = ¥ for x € M.



EXISTENCE OF NON-OUTER CONJUGATE ACTIONS 287
Lety € M and let e be as in (5.3). For 1 < i < 3, using (5.7) we get

1P 2 = [P lal = [Pyl = 1 Po(@)lla] < 1 Po(uiyss; = 5l
< luiyui = yllz = [[[ui ylll2 <e

Lets = ||y — E(y)||2- For 1 < i < 3, we have that ||P;(7)]|2 < s and

B @)~ I3 = P2 — 1P @)l (1P ]2 + [1Po(#)l]2) < 2se.

From (5.5), we have
s> <[IPo@)13 + IIP1 (D) 13 < 2/[Po(H)]13 + 2se,

so |Po(y)|3 = % — se. On the other hand, from the orthogonality of the three
subspaces (5.6) and their containment in L2(M, 7) © L2(N, T), we get

R R R R 3
52> |B@)IE + 1IP2@) 15 + 1P @) 13 > 3 Po(@)15 — 4se > 5% — Tse.
This yields immediately 14e > s. 1

COROLLARY 5.2. Consider a Il;-factor N and let K be a discrete group acting on
N. For any Ily-factor Q, let M = (Q ® N) *n (N xy K). Then the Connes invariant of
M is isomorphic to the relative Connes invariant of the pair N C N Xy K.

Proof. Consider the map @ : Aut(N x4y K, N) — Aut(M), defined by
&(a) = (Idg ® a|n) *N «.

A consequence of the previous proposition is that the argument used by Radu-
lescu in Proposition 3 of [22] can also be applied to our factor M so ¢ is a contin-
uous map sending Int(N xy K, N) into Int(M), and Ct(N xy K, N) into Ct(M).
Note also that in Proposition 3 the hypothesis that the inclusion N C N x4 K is
hyperfinite is not necessary. 1

Thus, for the II-factor A = (Q ® R_1) *g_, Ro, where Q is a II;-factor, we
have that x(A) = x(Rg,R_1). To compute the relative Connes invariant we first
need to determine how the algebra R, N R sits inside the w-central algebra
(Ro)w = R§ NRy.

Given a von Neumann algebra M and a subgroup G of Aut(M), denote by
ME the algebra containing all the elements of M fixed by G.

LEMMA 53. Let R 1 = {gU}, Uy, Up,...}" C {g,Up, Uy, Up,...}"" = Ry be
the inclusion of type Iy -factor described in Lemma 4.1. Set B = Adg,(U_1) and denote
by Bw = (Adr,(U-1))w. Then, B is a non-trivial outer action of order p, with the
property that

(RY N Rp)Pe) = RY, NR).

Moreover, R, N R(y C RY N R, is an inclusion of I;-factors of finite index.
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Proof. Using the relations satisfied by the Uy’s and g, it is easy to check that

ﬁfo = AdR()(ufl) = AdR[)(g)

Since g belongs to Ry, Adg,(g) is a centrally trivial automorphism, which implies
that ,BZ, = 1 by Remark 2.5. Also, B = (Adg,(U_1))w is non-trivial. Indeed, if
Bw was trivial then  would belong to Ct(Rp) by remark mentioned above. But
for the hyperfinite II;-factor Ry we have that Ct(Rg) = Int(Rg) by Corollary 4 of
[4], and B = Adg,(U_1) ¢ Int(Ro). Therefore B, is a non-trivial Zy-action.

To show that (RY N R}){Pw) = R¥, N R}, first note that R_; is the fixed point
algebra R§, where G = (B). In fact, write any element x of Ry = R_; X Adg_, (Up)

p—1 . 2mi
Ly as Z a;U} with a; € R_;. Now observe that f(Uy) = e Uy, while B(x) = x
i=0

for any x € R_;. Thus, By acts as the identity on R“; N Rj and R¥; N Ry C
(R Ry ).
On the other hand, from the observation that

(RY N RY) ) = {x + B(x) + BA(x) + -+ B 1(x) 1 x € Ry} NR),

and x + B(x) +--- + ﬁpz_l(x) € Rém = R_y, it follows that (R’ N R(’))</5w> C
R, NRy.

In addition, B, is outer since if B, = Ang)m R, (t) for some t € Ry N Ry, then
txt* = Bu(x) = x V x € R NR|. This implies that t € (R“; N R})" N (R§ N Ry).
But by [17] (see Theorem 15.30 in [8] for a proof and note that the hypothesis of
a trivial relative commutant for the original subfactor is unnecessary) the relative
commutant of R“; N R{ in RY N Ry is trivial. Observe also that B, has the smallest
period in its outer conjugacy class. Therefore R“; N R}, is a factor by Theorem 2.5
of [5]. In addition, R§ N R} is a II;-factor by Theorem 15.15 in [8]. Also, the index
of the inclusion R%; N Rf) C Ry N R6 is finite because of the remark below. 1

The fact that B, is outer provides us with some additional information
about the inclusion R¥; N Rj, C R§ N Ry,

REMARK 5.4. Let ap be an outer action on a finite von Neumann algebra
M and set G = (wg). In Example 3 of [28] A. Wasserman showed that the Jones
tower for the inclusion M® C M is given by

MCcMcMxGcM®B(L2G)) C ---

This implies that the inclusion M® C M has the same form as the inclusion M C
MxG,ie, M = MC % G. It follows that if Bw is the outer action defined in
the previous lemma then R N R, = (R¥; N Ry) X, Lp. Therefore, the only
non-trivial automorphisms of Rf N R6 which are the identity on R“; N Rf) are

{Bu:1<k<p-1}
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Given an inclusion N C M, the normalizer of N in M is given by
Nu(N) ={u e Ry: Adu(N) = N}.
The description given in the previous remark for the inclusion R“; N R, C Rf N
R{ allows to give a precise characterization of the automorphisms in Ct(Rg, R_1).
COROLLARY 5.5. Let a be an automorphism in Ct(Rg, R_1). Then, there exists
je{l,...,p}and uin Nr,(R_1) such that
= AdRO(Uj_lu).

Moreover, up to automorphisms in Int(Rg, R_1), a set of generators for Ng,(R_1) is
given by

. p
{Adg,(U}):j=1,...,8} and {AdRO(thjgj):aje’]I'forlgjép},
=1

where the g;’s are the spectral projections of g € Ro.

Proof. The statement follows from the previous remark and the same sort of
arguments used by Rddulescu in Corollary 11 and Lemma 12 of [22] for the case
p=2. 1

Recall that the Connes relative invariant was defined as

B Ct(Rg, R_1) NInt(Ry, R,l)
N Int(Ry, R_1) '

X(Ro,R_1)

Thus, now that we know the form of any centrally trivial automorphism, we
need to recognize which of these automorphisms are also approximately inner in
order to compute x(Ro,R_1). For this purpose we define the Loi invariant of a
II; -subfactor.

Let N C M be an inclusion of type II;-factors with finite index and Jones’
tower N C M C Mj C My C ---. Consider the group G formed by all families
{ax}x=0 of trace preserving automorphisms a; on N’ N My, which preserve the
inclusion M’ N My C N’ N M, and satisfy the conditions:

(i) a1 is an extension of ay for ever k > 0.
(ii) ay satisfies ay(e;) = e; for all Jones projections ejand j = 1,..., k.
There is a natural way to produce an element of G from an automorphism

a in Aut(M, N). Let N C M be as above and consider an automorphism « of
M leaving N invariant. Since x commutes with the conditional expectation Ey
onto N, it is possible to extend « to an automorphism of the algebra M; defin-
ing a(ex) = ex. We still denote by a the extension of the automorphism to M.
Consider now the restriction a; of a to the higher relative commutant N’ N M
(which is an automorphism since a(N' N My) = N’ N My). The family {ay}> is
an element of G and is known as the Loi invariant of the automorphism «.
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REMARK 5.6. Let N C M be a strongly amenable, extremal inclusion of
factors in the hyperfinite II;-factor. Then ([8], Theorem 15.5)

a € Int(M,N) ifand only if &y |n/np, = Id forallk € N.

The Loi invariant provides us with a tool to recognize which centrally triv-
ial automorphisms are also approximately inner, and thus compute the relative
Connes invariant of the inclusion R_; C Ry. The argument used in the following
proof is similar to the one used by Radulescu in [22]. We present it here for the
sake of completeness.

PROPOSITION 5.7. The group x(Ro, R_1) is generated, modulo Int(Rp, R_1), by
-1
Adg, (U] Uy).

Proof. Let 0 = ¢(a) be any element in x(Rg, R_1). Then, ay ‘R’,lﬁRk: Id for
all k > 0. By Corollary 5.5 any automorphism in Ct(Rg, R_1) is generated by

elements of the form Adg, (U uk tu), with u = U] for some j > 0, or u = E 0;gi,
i=0
where a; € T for every j > 0 and a; € T. We want to show that AdRO(Uk 1)

belongs to Int(Rp, R_1) if and only if u = U] andk+j=0 mod p.

Consider the automorphism ¢ defined by &(g) = e 5 gand @(U;) = U;,
for every i € Z. So @ leaves R_; invariant and has order p. Let &, = (’D|R’,10Rk'
Then {@y}x>0 € G. Recall that by Lemma 4.1

RN R/—l = {g, U 1, U _fy1,..., U_l}”.

27 -
Hence, by the previous remark, ®;(g) =e 7 gimplies that ® ¢ Int(Rp, R_1).
Using the relations satisfied by the Uy s and g one can easily verify that:

Adg, (Up) = @ lim Adg,(U3Uj - U3,),
Adgy(U-1) = @ lim Adg,(UfU5 -+ Uz, y)-

Note also that @ commutes with the approximately inner automorphisms in the
above decompositions.

Therefore, the automorphism AdRO(Uk u/ o) belongs to Int(Rg, R_1) if and
only if k +j = 0 mod p.

To complete the proof we need to show that no non-trivial automorphism
of the form

14
Adg, (U ) aigi)
i
isin Int(Rg, R_1).
Suppose Adg, (U k 2 w;gi) € Int(Ro, R_1) for some choice of 0 < k < p

i=1

_ 2mi

and a; € T, forall 1 <i < p. Since Adg,(U_1)(g) =e 7 g we have that
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_ 2mki

p
Adg, (U*, x“igi)(g) =e 7 g
=

By the previous remark, it follows that k = 0. Also, it is a consequence of
the equality Adgr,(U_1)(8k) = gk+1 for 1 < k < p, where k + 1 is reduced mod p,
that

P P
Adg, (Z“igi)(ufl) = (Zﬂéiﬂéf—1gi) u_;.
i=1 i=1

Thus, Adg, ( £ a8k ) belongs to Int(Rg, R_1) if and only if ay = ay,; for every
1<k<p. o

From the relations Adg, (U”,) = Adg,(g), U’ = 1 and Adg,(gUf) €
Int(Ro, R_1), it follows that any automorphism of the form Adg, (Ug 7kll’i ;) for

R
1<k« pz can be written as a power of AdRO(Ug 7111_1), up to an element in
R

Int(Rg,R_1). Indeed, if we choose 1 < m < p — 1 such that 2m = k —1mod p
then :
—k k k kq 1k
Adg, (U} Uky) :AdRO(Up U—P"uti?™y = Adg, ((¢)™ul " uttPm
kq 1k

= AdRO(( ) P+Pm u:pm)

= Adg, (g"Uy ")" Adg, (U2 PRy

= Adg, (g ) Ad o(ugk e ku}ij;pm)

= Adg, (87Up ")" Adg, (U "U-1)FP™.

Using Corollary 5.5 we can now describe x(A) .
COROLLARY 5.8. Let R_; C Ry be an inclusion of type 1I;-factors, where Ry
is the crossed product R_1 X pq, (U) sz. Let A = (Q®R_q) *r_, Ro, with Q a

Ily-factor. Then x(A) = Z,2. Moreover, with the notation used before for the model
R_q1 C Ry, we have that

X(A) = (E(AdA (U] U 1))

Aut(A)
Int(A)
Using the same type of argument used in [25] and [11] one can use the exact

sequence introduced by Connes in [4] to compute the Connes invariant of the
crossed product

where ¢ denotes the quotient map from Aut(A) to Out(A) =

(Y Q) * £(F1-1/p)) ® Ro) X Zy

since ((x Q) * £(F;_4 /p)) ® Ro has only trivial hypercentral sequences.
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REMARK 5.9. The Ilj-factor N = ((*fQ) * £(F1-1/p)) ® Ro has no non-
trivial hypercentral sequence. Moreover any central sequence in N is of the form
(1 ® xn)n>0, for a central sequence (xy),>0 in Ry.

Indeed, since N = ((*TQ) * £(F1,1/p)) ® Ro = ((*’le) ® Ro) *12R, ((*TZQ)
®Rg) with 7 + np = p, we can apply Proposition 5.1 to ((+] Q) * £(F1-1/p)) ® Ro.
If we denote by E the conditional expectation on 1 ® Ry, and take any central se-
quence (¥u)n>0 in N, then E(y,) is a central sequence in 1 ® Ry which approxi-
mate (y,) in the L?-norm.

The proof of the following proposition follows the one given in [25] for p =
3, after observing that given any two II;-factors M; and M the free product factor
M * My is full (cf. [1]).

PROPOSITION 5.10. Let Q be a IIj-factor and M = (((x]Q) * £(F1-1/p) ®

Ro) Xy Zp. Then x(M) = Zy,.

6. NON-OUTER CONJUGACY OF THE ACTIONS

In the previous section we have shown that the II;-factor A= (Q®R_1) *r_,
Ry has the same Connes invariant of the II;-factor M = (((*]Q) * £(F;_4, p)) ®
Ro) X Zy. However, the Connes invariant actually contains more information
than what we have learn so far. This extra information derives from the position
of this abelian group inside the group of outer automorphisms. To distinguish M
and A we thus look at the crossed product of each of these two II;-factors with
the unique subgroup of order p contained in x(M) = x(A) = Z,>. We start this
section by proving that the dual actions associated to this crossed products can
be decomposed into an approximately inner automorphism and a centrally trivial
automorphism. Using this decomposition we are able to show that A and M are
not isomorphic. Hence, the Z »-actions defined in Theorem 4.8 and Corollary 4.10
are not outer conjugate. The argument we use here is a generalization to any
choice of prime p of the argument used by Radulescu for p = 2.

PROPOSITION 6.1. Let A = (Q ® R_q) *g_, Ro, with Q a Ily-factor. The auto-
morphism s = Adg,( uf 1) defines an action of Z,, on Ro which is the identity on R_;.
Moreover, the subalgebras C:{Ufl,gug, Uy, Uy, ...} and D:{Ufl,g, Uy, Uy, ...}
of Ry can be identified with the crossed products R_1 X5 Z, and Ry X5 Zp, respectively.
Both these von Neumann algebras are not factors: more precisely Z(R_q Xs Zp) =
{UP " and Z(Rg xs Zp) = {g*U" | }".

Lastly,

A NAdA(Ufl) Zp = (Q® (R_1XsZp)) *R_125Zp (Ro Xs Zp).

Proof. Since s(gU)) = gU} and s(U;) = U; for i > 1, we can conclude that
s acts as the identity on R_j. To show that D can be identified with the crossed
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product Ry x5 Z;, we need to verify that any monomial m in D can be written
using only one occurrence of U" ; to some power. Moreover, any monomial m
containing Ufl must have zero trace in D.
Both these properties are immediate consequences of the relations between
the elements of {Uy, g : k € Z} and the definition of the trace on the von Neu-
mann algebra generated by these unitaries (see Lemma 4.1). An analogous argu-
ment show that R_y x5 Z, = {Ufl, gug, u, Uy,...}".
In addition, from the observation that s = Adg, wu” 1) acts identically on
R_ it follows that U” ; belongs to the center of R_q x5 Z,. Writing any element
-1

xin R_q X5 Zy as PZ: le,Ifj1 with x; € R_y, it is easy to check that any element
j=0

in the center of R_1 x5 Z, belongs to ur 11" Indeed, if x commutes with every

p—1 .
y=) yiufll € R_1 X5 Zp, then xjy; = y;x; forall 1 <1i,j < p—1, since s acts

i=0
identically on R_;. Therefore, y; € Cforall 1 <i < p — 1. A similar argument is
used to verify that g* Ufl generates the center of Ry X5 Zj. The claim that

AN gt Ly = (Q® (Ro1 X5 Zp)) *r_; 0,2, (Ro X5 Zp)
follows immediately from Remark 16 in [22]. 1§

LetSbe the dual action of Zp on the crossed product Ry x5 Z, defined above.
Then 5 can be decomposed as a centrally trivial automorphism and an approxi-
mately inner automorphism. This proof is analogous to the one given by Radu-
lescu for the case p = 2 and we present it here only for the convenience of the
reader.

PROPOSITION 6.2. Let 5 be the dual action of Z, on Ry Xs Z) = {Ufl, g, Uy,
27
Uy,...}" defined by (x) = x forall x € Ry, and S(U" ) = e » U’,. Set o =
Adg,x,z, wu” ;l Uy). Then, the decomposition s = (3o~ 1) has the property that

s € Int(Rg x5 Zp, R_1 x5 Zy),
and
o € Ct(Ro X5 Zp, R_1 X5 Zyp).

Moreover, o ¢ Int(Ro Xs Zp, R_1 X5 Zyp).

Proof. The relation AdRONSZP(lLl) |R—1>QSZ;7: Id ‘R,MSZP implies immedi-
ately that

AdRONSZP(U,l) € Ct(Ro X5 Zp, R_1 X5 Zyp).

Next we want to show that AdRMSZp(UO) belongs to Ct(Rg s Zp, R_1 X

Zy). By Corollary 5.5 we have that Adg,(Up) € Ct(Rg, R_1). Since R{’ N R} is
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the crossed product of R, N R{, by (AdU_1), it suffices to consider the central
sequences for Ry x5 Zj of the form

k k k k
( 1gmupmup( +m)upmup(m+ ) ugr(lmir )ué’n)neN’
for 1 <k,n < p. It is enough to see how AdUy acts on (U",UJUL--- U5 | )nen,

since (gl,lg Uf Ug Ué’ Ugn 1U2n)neN is a central sequence of Ry X5 Z, which be-
longs to R_;1 and Ad Uj acts trivially on such sequences. A simple computatlon
shows that Ad U leaves

(Up upup uzn 1)neN
invariant. Therefore, Ad Uy belongs to Ct(Ro x5 Zp, R_1 X5 Zp), as well as ¢ =
-1
AdRONSZP(ufl Up).
Also, using the properties satisfied by the Uy’s and g it is easy to show that if
gU Puzuy Puzu, P U ifnis odd,
n = L E R lp o
g U, "uyu, "uzu, "---Uy, if n is even,
then
o™l = lim Adg,(xs) € Int(Ro,R_1).
n—oo

However, 0~ ¢ Int(Rg X Zp, R_1 X5 Zyp). Indeed,
2mi *
Uﬁl(g*ufl) =er g uﬁl/

while g*U” ; is left invariant by the inner automorphisms of Ry x5 Z since it

belongs to the center of Ry x5 Z,, (Proposition 6.1). However, multiplying 0! by
5'we obtain that

so! = lim AdR,x,z,(Xn) € Int(Ro X5 Zp, R_q X5 Zp).

n—oo

In addition, since (T(llfl) —e7 Ufl and Ufl € Z(R_q x5 Zyp), it follows
that o does not belong to Int(Rg x5 Zp, R_1 X5 Zp). 1

Observe that the map @ : Aut(Ro X5 Zp, R_1 X5 Zp) — Aut(B) defined by
P(a)=(Id®alr , xsZp)) *(R_y%,2,) ¥ is continuous and sends Int(Rg s Zp,R_1 X5
Zyp) into Int(B), and

Ct(Ro X5 Zp, R_1 x5 Zp)
into Ct(B) ([22], Proposition 3). Thus, the previous decomposition of the dual ac-
tion on R x5 Zy yields a decomposition of the dual action on the crossed product
B=Ax, dA(U”) Zyp into an approximately inner automorphism and a centrally

trivial automorphism.

COROLLARY 6.3. Let R_; C Rq be the inclusion of type 111-factors of Lemma 4.1.
Set A = (Q® R_q) *r_, Ro, with Q a Ili-factor. Let B = A X ad (U”) Ly, which
-1

by Proposition 6.1 is isomorphic to (Q ® (R_1 Xs Zp)) *R_1 %5y (Ro s Zyp). Since
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the Zy-action realizing the crossed product generates the only subgroup of order p in
X(A) = Zy, it is an invariant of the factor A. Denote by S the dual action on the
crossed product B.

Then S can be decomposed as

S =515,

where S1 = SAdB(Uﬁlllo)* € Int(B) and S, = AdB(Ulel,lo) € Ct(B). Moreover,
if we set h = guflu{;, then

(6.1) St =Adgh*, Sy =Adgh,
and
Sihy=erh, fori=1,2.

Now consider the crossed product M = (((*TQ) * £(F1-1/p)) ® Ro) Xy Zp.
Using Takesaki duality we can easily get that the dual action on the crossed prod-
uct M x5 Z), has a unique decomposition into an approximately inner automor-
phism and a centrally trivial automorphism, similar to the one found for the dual
action S on the factor B = A %, AU, Zyp. The uniqueness of the decomposition

is a consequence of the following remark.

REMARK 6.4. The II;-factor P= ((*i’Q) *L£(F1_1/p)) ® Ro has trivial Connes
invariant.

Indeed, assume « is an automorphism in Ct(P) N Int(P). The assumption a €
Ct(P) implies that « = Adz(v ® Id) for some unitary z € ((*TQ) * £(F1-1/p)) ® Ro
and an automorphism v of (*TQ) * L(F1_1/p) (simply replace £(F;) with (*TQ) *
S(Fl,l/p) in Lemma 3.6 of [25]). Since « € Int(P), we obtain that v belongs to

Int((+]Q) * £(F1-1/p)) = Int((+/ Q) * £(F1-1/,)).

PROPOSITION 6.5. Let P = ((+}Q) * £(F1_1/,)) ® Roand M = P x1,, Zy. The
dual action 7y on the crossed product M x5 Z, can be uniquely decomposed, up to an
inner automorphism, as y = Ad w712, where 71 € Int(M x5 Zy), 72 € Ct(M x5
L), and w is a unitary in M X5 Ly -

In addition, %y and 7y, have outer period p and conjugate obstruction to lifting.
More precisely, there exist unitaries f; for i = 1,2, satisfying the conditions:

27i 2mi

3= Adyiwsz, (i), M(A)=e 7 fi, Tlfa)=e? fo
and
Yilfy) = fj, fori#j.
Proof. By Takesaki duality ([24], Theorem 4.6)
M x5 Zy = P @ B(*(Zy)).
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Moreover, the dual action % of 4 corresponds under this identification with the
action v ® Ad A(1)*, where A is the usual left representation of Z, on (*(Z,) de-
fined by

(A(h)n)(k) =n(k—h), forh ke Zy ne Ez(Zp).
Observe that

y=AdW@®p)=AdW({1eB)(ax1),

and recall that by Remark 5.9 any central sequence in P has the form (1 ® y,),
for a central sequence (y,) in Rg. Therefore, « ® 1 € Ct(N). Furthermore, the
sequence (X, ),>0 of unitaries in P given by

o _ Juotily Uy ifnis odd,
"\ WUrlpUs - U, ifnis even,

has the property g = nlim Ad g, (xn). Thus 1® B € Int(P).
Setting y1 = 1 ® f and 72 = & ® 1, we can easily check that the following
relations are satisfied:
_2ni
7 =Ad(1eg) withy(leg) =e 7 (1®g),
W= Ad(u®1) withpuel)=e7r (uol).

Denote by Id the identity of B(¢*(Zy)). Let 71 = 71 ® Ad(A(1))* and 7, = 7, ®
Id. Then, 71 € Int(M x5 Zy) and 72 € Ct(M x5 Zp). Set fi = (1®g) ®1d,
for=W®l) ®IdB((z(Zp)) and w = W ® Id. Obviously,

~ S~ —2m
Y =Adf; with 71(f;) =e 7 f1,
_ o 2mi
Yy =Adf, with 72(f2) =e? fo.
Moreover, 71(f2) = f2, 12(f1) = fiand ¥ = Ad w71 72. 0
Using the decompositions of the dual actions S and ¥, we can now prove

our main theorem which implies the non outer-conjugacy of the two Z-actions
defined on *| N. Several arguments used in the proof are due to Radulescu.

THEOREM 6.6. Let R_1 C Rq be an inclusion of type II1_—fact0rs, where Ry is the

27t
crossed product R_y xg Z,2 and 6 has outer invariant (p,e 7). Given a Ily-factor Q,

let A= (Q®R_1)*r , Roand M = (((+]Q) * £(F1_1/,)) @ Ro) X Zp. Then M
is not isomorphic to A.

Proof. We will prove it by contradiction. Assume that M and A are isomor-
phic. Recall that 7 and Ad 4(U",), respectively, generate the only subgroup of
order p in x(M) & ZL,> and x(A) = Zy, respectively. Therefore, My = M x5 Zy
and B = A x Ad(U")) Zy are also isomorphic, and the dual actions defined on
these crossed products differ only by an inner automorphism. It follows that the
decomposition of 7 in a centrally trivial automorphism and an approximately
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inner automorphism (Proposition 6.5) must be outer conjugate to the similar de-
composition given for S in Corollary 6.3.
Denote by I' the isomorphism between B = A x, du’) Zyp and My =
-1

M x5 Zp, and set S| = rs;r-t, S, = I'S;I'~!, where S; and S, are the two
automorphisms appearing in the decomposition of S in Corollary 6.3. Then, for
some unitary vgp we have that

8/155 = Ad 00’71’72.

Set S’ = 5|5, and T = 4172, so that S’ = Ad (vg)T. Observe that S’ has period p
while T has period pz, so that

11 Ti(vg) = u1,

j=0
for some yu € T.
Let 31/ be a p?-root of y. Set v)) = %vo. Then v}, satisfies the relation

By part (i) of Corollary 2.6 in [5] we obtain that v, has the form w*T(w) for some
unitary w in M x5 Zp. Set

I =Ad (w )71 Ad (w) and I = Ad (w*)y, Ad (w).
Then I and I; commute, and
(6.2) S1S, =01,
where S}, I € Int(M x5 Zp) and S5, I> € Ct(M x5 Z,). Therefore SiT, ' =

(S))"'T1 € CHM 315 Zp) N Int(M 7 Zy).
Takesaki duality and Remark 6.4 imply that

Sy =Adwp,I; and S} =IAdw;=Adw I},

for some unitary wp € M x5 Zp and wy; = I1(w3). Moreover, for i,j € {1,2},
i # jwe have

(6.3) I(w* fiw) = w”* fw,
(6.4) (1) = Ad (" frw).
In addition,

2mi 2mi
(6.5) L fw)=e 7 w'Aw and L(w*frw)=e? w*fHrw.
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Using (6.4) and (6.5) we also obtain
p-1
(6.6) ()P = (Ad wil})! = Ad (T I} (w)w* fw),  fori=1,2
j=0
p—1

©7)  si(([TH@w))w fiw) =e T(ﬁrﬂwl))w*ﬁw,
: 2

]

(6.8) ( (HTZJ wz) Qw* frw) *ef’ (HF] w2> *fhw.

Since [S], S5] = 0 and [I3, T3] = 0, we have that
Ad (2(w1I1(w2))[112) = $185 = $551 = Ad (w2 ln(w1)) 112,
and I and I, commute, we conclude that
Ad (w1 I (w2)) = Ad (w2 I2(w1)),
which implies that there exists a complex number A of modulus 1 such that
(6.9) w111 (wa) = AwpIp(wr).
Next we use (6.3), (6.4), (6.9) and the fact that I7 and I; commute to evaluate

st (T o) ).

We have
o L
] p-1 ]
= o ([T iH(wn) ) Ii (0" fowo)o}
j=0

-1 * *
= Awy [y (w1 T (w2)) 1 T2 (w2) - - - 1T (wa)w* rww
-1 * *
= MWy Dy (wo) T4 (wi 1 (w2)) - - - 1T (wa)w” hwwy

p-1 p-1
= AP ( 11 sz(wz)>1"2p(w1)w*f2wwf = AP ( I sz(wz))w*fzw.
j=0 j=0
Because of the relations (6.1), and the fact that M x5 Z, is a factor, we have
that
p-1 p-1 %
( I sz(wz))w*fzw = 5(? I Flj(wl))w*flw> ,
=0 =0
for some complex 6 of modulus one. Using (5.1) we conclude that

2mi

(6.10) A =er.
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Lastly, using the relations S} = Ad w; I for i = 1,2, we obtain the equation
F1F2 = 5/15/2 = (Ad w1 F])(Ad wy Fz) = Ad (wlfl(wz))Flfz,
which implies that
Ad (w1F1 (wz)) = Id.
Hence, there exists a complex number A; € T such that
T1 (ZUZ) = Alw{.
Analogously, from 5,57 = I it follows that there exists A, € T such that
Ih(w1) = Ayw;.
These two relations, together with (6.9), imply that A = % To get a contradiction
to the original assumption that M =~ A we evaluate I3 (w1 ):
AT ATE
On the other hand, S|S, = I1I> has period p, so A must be a p-root of unity,
contradicting (6.10). 1

NIz (wy) = Al (w3) =

COROLLARY 6.7. Given any prime p and any 1l;-factor N there exists two Z,>-
27
actions on ) N which have the same outer invariant (p,e ) but are not outer conjugate.

Proof. The sz -actions 51 and 52 defined in Theorem 4.8 and Corollary 4.10
have the desired outer invariant. If they were outer conjugate, then the actions
61 (Theorem 4.8) and 6, (Theorem 4.9) would also be outer conjugate. Take the
II;-factor Q so that Q; = N ® M(C), for t = ’%l. Observe that if 6; and 6, were
outer conjugate, then M = (((*fQ) * £(F1-1/p)) ® Rg) Xy Zp and A = (Q®
R_1) *r_, Ro would be isomorphic. This is because M and A are the enveloping
algebras of a subfactor construction of the form A; C B; = A; X, sz fori =1,2,
as described in Proposition 4.7 and Theorem 4.9. But by our previous result such
an isomorphism cannot exist. 1
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