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ABSTRACT. In this paper we discuss the asymptotic behavior of the approx-
imation numbers for operator sequences belonging to a special class of Ba-
nach algebras. Associating with every operator sequence {A;} from such a
Banach algebra a collection {W!{A,}}ct of bounded linear operators on Ba-

nach spaces {E'};cr, i.e. WH{A,} € L(E!), we establish several properties of
approximation numbers of A;, among them the so-called k-splitting property,
and show that the behavior of approximation numbers of A, depends heavily

on the Fredholm properties of operators W {A,}.
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1. INTRODUCTION

Let E be a Banach space. As usual we denote by £(E) the Banach algebra of
all bounded linear operators on E. Further, let {IE, } be a sequence of finite dimen-
sional subspaces of E and we assume that there is a sequence {L, } of projections
Ly, from E onto E, converging strongly to the identity operator I on E.

We denote by F = F{E,} the collection of all bounded sequences {A;}
of bounded linear operators A, € L(E,), i.e. of finite matrices A, : E, — E,.
Provided with the operations

Al{An} + /\Z{Bn} = {/\1An +AZBn}/ {An}{Bn} = {Aan}r

and the supremum norm |[{A; }|| := sup ||Ax||, the set F becomes a Banach alge-
bra with identity {Ly }.

Note that if operators A, € L(E,) approximate an operator A € L(E) (ap-
proximation here means that A,L, converge strongly to A), then the Banach-
Steinhaus theorem implies the boundedness of the sequence {A,}, i.e. the se-
quence {A;} is contained in the Banach algebra F.
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It is of considerable interest to study the asymptotic behavior of the approx-
imation numbers si(A;) for operator (matrix) sequences {A,} € F (for the defi-
nition of the approximation numbers see Section 3). We are mainly interested in
the so-called k-splitting property of the approximation numbers. The approxima-
tion numbers for a sequence {A, } € F are said to have the k-splitting property if
there is an integer k > 0 such that

lim sp(Ay) =0 and ligicgfskH(An) > 0.

n—oo

For instance the 0-splitting property is equivalent to the stability of a sequence
{Ay} € F (see[1]). As usual a sequence {A,} € F is called stable if, for n > ng,
all operators A, are invertible and sup || A;;!|| < oco.

n=n

Notice that there is a variety of goncrete approximation methods for large
classes of operators acting on Hilbert spaces, among them the celebrated finite
section method for Toeplitz operators, for which one can show the k-splitting
property (see [3], [6], [8]). For Banach spaces much less is known. The only avail-
able results are those of [1] and [9], where the finite section method for Toeplitz
operators with admissible continuous symbols is treated in the spaces ¢F.

If E is a Hilbert space and L, are the orthogonal projections onto E,;, then
{An}* := {A};} defines an involution in F which makes F to a C*-algebra. Note
that in this case the approximation numbers of an operator A, € L(E,) are just
the singular values of A, i.e. the eigenvalues of (A}A,)!/2. It was proved by
one of the authors and S. Roch (see [6] and [8]) that the splitting property of the
singular values can be successfully studied in the context of so-called standard
C*-algebras. In short, a C*-subalgebra A of the algebra F is called standard if
there is a family {W'};c1 of *-homomorphisms of special form from the algebra
A into algebras of bounded linear operators on Hilbert spaces {H'};cr, i.e. W' :
A — L(H"), having the property that a sequence {A, } € A s stable if and only if
all operators W'{A,,} are invertible (for detailed notion of standard algebras see
e.g. [6] (Chapter 6) and compare with the definitions of the algebras ' and F
below). The main result concerning standard algebras reads as follows: For any
standard algebra .A we can form a closed two-sided ideal 7 := JT(A) such that
the next theorem is in force.

THEOREM 1.1 (see [6]). Let { Ay} be a sequence from a standard C*-algebra A.
(i) If the coset {A,} + J7T is invertible in the quotient algebra A/ J7, then all op-
erators WH{ A, } are Fredholm on H', the number of the non-invertible operators among
the WH{ Ay} is finite, and the singular values of A, have the k-splitting property with

k=) dimker WHA,}.
teT

(ii) If WH{ A, } is not Fredholm for at least one t € T, then for every integer k > 0

sk(An) — 0 asn — oo.
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It should be noted that to prove these results the singular values were
thought as eigenvalues, leaving out of account that they can be alternatively
viewed as approximation numbers.

The aim of this paper is a generalization of these results to the case when
E is a Banach space. We introduce a special class of subalgebras of the Banach
algebra F, by analogy with standard algebras, for which we are able to obtain
results like Theorem 1.1. Thereby, we propose a completely new proof of the
k-splitting property which leads to an estimate of the convergence speed of the
k-th approximation number to zero, where k is the splitting number. Note also
that the results of this paper allow us to show the k-splitting property for con-
crete approximation methods, even in the case of Hilbert space E, which were
not explicitly treated earlier (see Section 8).

The paper is organized as follows. In Section 2 we introduce a class of sub-
algebras FT of the Banach algebra F and a family {W*};cr of homomorphisms
from FT into algebras of bounded linear operators on Banach spaces {IE‘}. In Sec-
tions 3 and 4 some properties of approximation numbers for operator sequences
{Ay} € FT related with properties of the operators W!{A,} are established. In
Section 5, by analogy with standard algebras (see [6]), we define a class of Fred-
holm sequences and show that the Fredholmness of a sequence {A,} € FT pre-
cisely implies the k-splitting property. Note that the new proof of the k-splitting
property allows us to leave the class of standard algebras (see Remark 5.5). How-
ever, the notion of standard algebras from [6] implies that the behavior of singu-
lar values for every operator sequence {A,} belonging to a standard algebra is
completely described by the Fredholm properties of the operators W!{A,} (see
Remark 5.7). Sections 6 and 7 are devoted to the proof of the k-splitting prop-
erty for Fredholm sequences. Finally, in Section 8 in order to illustrate the results
of this paper we analyze the behavior of approximation numbers for projections
methods for operators al + K and for finite sections of Toeplitz operators with
Cp + H;O matrix valued symbols. A much more complicated situation will be
analyzed in a forthcoming paper, namely the asymptotic behavior of approxima-
tion numbers for finite sections of Toeplitz operators with piecewise continuous
symbols in the ¢ setting.

2. THE BANACH ALGEBRA OF OPERATOR SEQUENCES 7

Let E be an infinite dimensional Banach space and let {E, } be a sequence of
finite dimensional subspaces of E. Moreover, we assume that there is a sequence
{L,} of projections L, from E onto E, converging strongly to the identity opera-
tor I on E.
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Let further T be a (possibly infinite) index set and suppose that, for every t €
T, there is an infinite dimensional Banach space E! with the identity operator I,
a sequence { L} of projections L!, on E converging strongly to I, and a sequence
{E!} of invertible operators Ef, : im L!, — im L, such that (for brevity, we write
E; ! instead of (Ef)~1):

(D) sup | EL | Ex*| < .
n

We denote by F7T the set of all sequences {A,} of linear operators A, :
im L, — im Ly, for which there exist operators W!{A,} € L(EE!) such that for all
teT

E 'AEL — WHAY
holds in the sense of strong convergence for n — co. If we define
AM{An} + A2{By} := {MA;, + 2By}, {An}{Bn} := {AnBy},

and

1A = sup { I Anllee, = sup L4E o),

xeEy, x20  IX[E
then it is not hard to see that ! becomes a Banach algebra with the unit element
{L,} and the mappings W! : FT — L(E!), {A,} — W'{A,}, are unital homo-
morphisms. Note also that the set G of all sequences {G;} with ||G,Ly| — 0 as
n — oo forms a closed two-sided ideal of F7.

3. THE APPROXIMATION NUMBERS FOR {Ay} AND THE OPERATORS W!{A,}

Let [ be a finite dimensional Banach space with dimF = m. The k-th ap-
proximation number (k € {0,1,2,...,m}) of an operator A € L(F) is defined
as

sp(A) := dist(A, Fy_i(F)) := inf{||A — FHE(]F) : Fe F,_()},
where F,,_(IF) denotes the collection of all operators from £(F) having the image
of the dimension at most n — k. It is clear that

0=150(A) <s1(A) <52(A) < <sm(A) = Al gy
Moreover one can show that (see [1])

51(A4) = 1/||A’1||£(F) if A isinvertible,
0 if A isnotinvertible.

Note also that in case IF is a Hilbert space the approximation numbers {s(A)}/,
are just the singular values of A, i.e. the eigenvalues of (A*A)1/2.

In this section we prove the following results which show the relation be-
tween the behavior of the approximation numbers for a sequence {A,} € F and

the properties of the operators W!{A,}.
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THEOREM 3.1. Let { Ay} be a sequence from the Banach algebra F and let k be
a natural number. If there is an index t € T such that k < dimker W/{ A, }, then

sk(Ap) — 0 asn — oo.

COROLLARY 3.2. Let {A,} be a sequence from the Banach algebra FT. If there is
an index t € T such that the kernel of the operator W'{ A, } is infinite dimensional, then
foreachl € N

si(Ay) = 0 asn — oo.

THEOREM 3.3. Let {A,} be a sequence from the Banach algebra F. If one of the
operators WH{ Ay} is not normally solvable, then for each | € N

s;(An) = 0 asn — oo.

COROLLARY 3.4. Let {Ay} be a sequence from the Banach algebra F'. If there
exists a number k € N such that lin}q infsg(A,) > 0, then all operators W'{A,} are

normally solvable and
dimker W{A,} <k-1, teT.
To prove Theorem 3.1, we will employ the following well-known lemma.

LEMMA 3.5. Let x1,x2,...,x; be linearly independent vectors from a Banach
space F and let x}! — x;asn — oo, 1 < i < k. Then there are numbers y > 0
and N € N such that

k k
7Y lail < H Y wix]
i1 i1 F

for any scalars w; and all n > N.

Proof of Theorem 3.1. Let {An} € FT letk € N, and let t € T be such that
k < dimker W'{ A, }. We choose a system {xi}le of linearly independent vectors
belonging to the kernel of the operator W!{A, } and put

"i=Llx;, neN

Xi

Further, for each n > N, we introduce the functionals f/* : span {x{,x},..., x,’j}
— C by the rule

k
fl-”(Zocjx]") =ua;, 1<i<k
j=1
Lemma 3.5 gives that the functionals f/" are uniformly bounded:
1
< S, 1<i<k
i

for all sufficiently large n.
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By the Hahn-Banach theorem, we can extend f/" to the whole Banach space

Ef so that f!' € (E')* and ||f/'|| < 1/, for 1 <i < k and all  large enough.
Now we denote by S, € L(E') the linear operators

k
Sux =Y fl'(x)x].
i=1

We get that the operators R,, := L. S, L!, € £(im L!,) are projections and dimim R,,
= k for all sufficiently large . Moreover, for any x € im L, we have

HE;;tAnE;RnL;ZxHEf =

Et

k
E ' AnEy ) f ()]
i=1

£  lxllg
<Y IE, ApEL L x| < ,YE ZHE FAREL L x| e
i=1 i=1

Since E,; ' A, E! L!, converges strongly to the operator W/{ A, }, we obtain
1B, AnELLyxillge — [IWH{An}xillge =0, 1<i<Kk
Hence HEYTtA”EJthnL;HL‘(imLi,) — Oasn — oo.
Finally, we obtain (we denote m(n) := dimim L)
sk(An) < || ERIIIIE " Is(E " AnEp)
= IER I, Il inf{||Ex* AuEs, + Fll £im 1ty * F € Fongy—x(im Ly)}
< B INE IE:" AnEy, — Eg* AnEry (L, = Rl i 1,
= IERNE: NE; AnEnRuLall i s,y — O-
To prove Theorem 3.3, we will need the following results.

THEOREM 3.6 (see [5], pp. 159-160). Let A be a bounded linear operator on a
Banach space F.
(i) The operator A is normally solvable on F if and only if
ka:=  sup lx — xp||p < oo.
x€F, ‘AXH]F 1 XOEkeI‘A

(ii) If M is a closed subspace of I and dim(F /M) < oo, then normal solvability of
A|M : M — F is equivalent to the normal solvability of A : F — F.

We prepare the proof of Theorem 3.3 by an auxiliary lemma.

LEMMA 3.7. Let A be a bounded linear operator on a Banach space IF and let { P, }
be a sequence of projections P, on IF converging strongly to the identity operator I on F.
Ifdimker A < oo, then ker A(I — P,) = im Py, for all sufficiently large n.

Proof. Assume the converse, i.e. that there exists a sequence of numbers
{"m}meN, Bm — o0, such that ker A(I — Py, ) # im Py, for all m € N. This means
that for all m € N there is a vector xy,, ¢ im P,,, such that x;,, € ker A(I — Py,,).
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In other words, for all m € N there is a vector y,, = (I — Py, )xn, 7# 0 such that
Yn,, € ker A.

Now we claim that for any k € N one can choose k linearly independent
vectors Yn,, , - .-, Yn,, With the mentioned property. This is trivial for k = 1. The
assertion for k > 1 will be checked by induction. Suppose that we have already
k linearly independent vectors yu,, , - -, Yn,, - Since the projections P, converge
strongly to the identity operator I, there is an N € N such that for alln > N the
vectors Puyn,, , .-, Puyn,, arelinearly independent (see Lemma 3.5). We choose

k+1
anumber 7y, > max(N, 1y, ..., Ny, ) and suppose that ) XYy, = 0. Then
i=1
k+1 k
0= 21 aip”mk+1 y”mi = 21 “ipnmk+l ynmi + ak+lpnmk+l (I - ank-H )xnrnk+1

1 1=

M-

Il
—

aiP”nzk+l ynmi .
1

Consequently, «; = 0 for all 1 < i < k. Moreover,
Xk 1Yy, = 0= ;=0 forall1 <i<k+1
Hence the vectors yu,, , Ynyy, - - - Yny,,, are linearly independent.

On the other hand, ker A is finite dimensional. This contradiction concludes
the proof. 1

Proof of Theorem 3.3. Let {A,} € FT and let t € T be such that the operator
W!{A,} is not normally solvable. In view of Corollary 3.2, it is sufficient to treat
only the case dim ker W/{ A, } < co.

Contrary to the assertion of the theorem, we assume that there exist | € N
and 0 < d < 1 such that s;(A;) > d for infinitely many 7.

Let ¢ > 0 be any number such that (sup ||L},|| < oo by the Banach-Steinhaus

n

theorem)
d t e\t f) !
e < g1 (supIELIIES)  (4sup Lil)
We claim that one can choose [ vectors zy, ...,z € Ef such that for all 1 < i<l
3.1) Izil =1, WA}zl <e

and the following inequality takes place
l . I !
(32) Yl < (4sup L] ) | w7
j=1 " j=1
for all scalars a, ..., ;.

Let I = 1. By the previous lemma, there is an Nj such that ker W/ {A, }(I! —
L!) = imL! for all n > Nj. Moreover, in view of Theorem 3.6, for all n € N
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the operators W/{A, }|im(I' — L) : im(I' — L!) — E! are not normally solv-
able. Again due to Theorem 3.6, there exists a vector x; € im(I' — L, ) such that
[WH{An}x1]| = 1and ||x1|| > 1/e. Setting z; = x1/||x1]|, we obtain the assertion
for [ =1 (||L]|| > 1, since L!, are projections).

The assertion for [ > 1 will be proved by induction. Suppose that we have
already I — 1 vectors z1, ..., z;_1 satisfying (3.1) and (3.2). Since the operators L},
converge strongly to the identity operator I, there is a number N; > Nj such that
foralln > N;

I(I-Ly)zj| <e j=1,...,1—1
Further, due to Theorem 3.6, there exists a vector x; € im(I* — Lg\h) such that

x| = 1/e and ||W!{A,}x|| = 1. Setting z; = x;/]|x;||, we get for all scalars
K1,..., K]0

1-1

)
2sup ||L, szjz]-H H Zoc] — Ly, Z]H > o] =Y lajle,
n =1 =1
! 1 -1
sup ||L, Z"‘]’ZiH H Zoc]Lle]H ((4sup |LE ||) —e) ) |aj1.
n j=1 j=1

Thus, ||z|| =1, ||Wt{An}z,|| < g and, for all scalars a7, ..., a;,

Zﬂ(@wmwl—@imuw
iz

SSup |,

3 1-1 !
> g(asup L) Lol
]:

Now for all large 7 we introduce the functionals f : span {Lzy,..., Lz} — C
by the rule

fm(Za ) =, m=12..1

From (3.2) we conclude that for all n large enough the functionals f;; are uni-
formly bounded:

n t !
£ < 2(4sup\|Ln||> . om=12...,1
n

By the Hahn-Banach theorem, we can extend f/} to the whole Banach space E!
l
such that £/ € (E)* and || f|| < 2(4sup ||L£,H) form=1,...,1.
n

Now we denote by S, € L(E") the linear operators

Z I (x) Lz
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We get, for all sufficiently large n, that the operators R, := L!S,L! are projec-
tions, R, € L(im L!), and dimim R,, = I. Moreover, since E, ' A, E!,L!, converges
strongly to W'{A,}, we obtain, for every x € im L}, and all n large enough, (see

3.1)

|Ex* AnE Ruxllg: = |

1
E'AnEl (L fa(0)Lhzn )|
m=1

]Ef

! !
< X UGl Ex Al Lzl < 4(4sup Ly ]1) elllx ]z
m=1 n

This implies that for all n large enough (m(n) = dimim L,,)
51(An) < | Elll|Ey " llsi (" AuEy,)
= 1ELIEZ 1inf{|| Ex " AnEry = Full pim sy ¢ Fo € Fonuy-1(im Ly,) }
<|M§*AnE;—lz*AnE;ué-—Rnﬂu@mLmsngEMME;ﬂ

t —t t !
< 4lsup [[E4)|I|E; | (4sup Iy ) e < d.
n n

This contradiction completes the proof. 1

4. THE ALGEBRA F[

In this section we suppose, in addition, that L}, — I* € £(E*) and (L!)* —
(IN* € L((EH*),t € T, strongly as n — co.

We denote by F[ the Banach algebra of all sequences {A,} € F! for which
one has the following strong convergence
s-lim(E,'A,EL)* = (WHA, Y)Y, teT.

n

One can see that if a sequence {A,} € FI, then {A,} itself belongs to the Ba-
nach algebra T and its adjoint sequence { A%} belongs to another Banach algebra
FT which corresponds to the Banach spaces E*, E, (E!)*, (EL)*, the projections
L, (L%)*, and the operators (E!)*.

THEOREM 4.1. Let {A,} be a sequence from the Banach algebra F . If one of the
operators W'{ Ay, } is not Fredholm, then for each | € N

si(Ay) = 0 asn — oo.

Proof. Lett € T be an index such that the operator W!{ A, } is not Fredholm.
We have three possibilities for the operator W'{A,,} to be not Fredholm:
(i) Wi{A,} is not normally solvable;
(ii) dim ker WH{A,} = oo;
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(iii) dim coker W{ A, } = .

To the case (i) and (ii) we can apply Theorem 3.3 and Corollary 3.2, respec-
tively. Moreover, since the adjoint matrices (E!,)* A% (E,)* converge strongly to
the operator (W!(A,))* and s;(Ay) = s;(A}) for any | € N, the case (iii) can be
also treated with the help of Corollary 3.2. 1

COROLLARY 4.2. Let {Ay} be a sequence from the Banach algebra FT. If there
exists a number k € N such that liminfs,(A,) > 0, then all operators W' {A,} are
n

Fredholm and, forall t € T,
dimkerW/{A,} <k—1 and dimcoker W/{A,} <k—1.

5. FREDHOLM SEQUENCES

In this section we suppose that, besides the condition (I), the operators
E!,t € T, satisfy the following separation condition:
(I WE;TELL; — 0 weakly as n — oo for every T,t € T with T # .
Notice that the condition (II) coincides with the following condition (II').
(I') For every t € T and every compact operator K! € K(E'), the sequence
{E!L LY K*E; '} belongs to the Banach algebra T and, forall T € T,
K if T=t,
WHELLLK'E, =4
0 if T#t

LEMMA 5.1. If the condition (I) is satisfied, then the conditions (II) and (II') are
equivalent.

For a proof of this lemma we recall the well-known result.

LEMMA 5.2. Let F be a Banach space. If A, A, € L(F),K € K(F),and A, — A
weakly, then KA, — KA strongly.

Proof of Lemma 5.1. First we show that the condition (II') follows from the
condition (II). Let t € T. Obviously, we have

WHELIK'E, '} = s-lim L! K'L!, = K.
Moreover, for all T # t, Lemma 5.2 gives
WT{ELLLK'E, "} = s-lim E, "E}, LLK'E, 'ET LT,

= s-lim || 7 |[[|E; || E; " Ey L, K E,'E;L; =0.

IEZIHIEx "
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Now we check that the condition (I') implies the condition (II). Let ¢, T € T and
T # t. We have to show that for any vector x € Ef and any functional f € (E7)*

J S

— —  ETEfItx 0 i
TETIEL o Enfn®) =0 s e

We take an arbitrary vector y € E* with [|y|| = 1 and define the operator K¢ on
the Banach space E* by the rule

Ksz:= f(z)y, ze€E"
Obviously, the operator K¢ € K(IET). This implies

1
-~ EpTEipt ‘
T
1

= | Kf—=sr7En "EpLix
H METIE, ™

1
— t p—t — trt
E,"ELE, EZL;KfinE;T””E%H E,"E!L!x ‘

Ex“EALL) | |(1 - L)yl

<|

1
1En “IIIER
<|IE, 'ERLEKFE, TELLyx (| + | F LA/ (T = L)yl — 0.
Now, for each t € T, we introduce the subset 7! of the Banach algebra F T
Jh={{ELLLK'E, "} +{Gy} : K' € K(E'),{Gu} € G}

Let AT be the set of all sequences {A,} € FT such that {A,}J" C J'and
J t{An} C Jtforalt e T. Obviously, AT is the largest closed subalgebra of
FT such that, for each t € T, the set J! forms a closed two-sided ideal of AT.
Moreover, it is clear that the Banach algebra A’ contains the unit element {L;}.

Further, we denote by 7 the smallest closed two-sided ideal of AT which
contains all sequences {J,, } such that {],} belongs to one of the ideals J/,t € T.
It is easy to see that, actually, the ideal J7 is the closure in FT of the set

[ =L 08« meN Uiy es)
i=1

Corresponding to the ideal 7T we introduce a class of Fredholm sequences
by calling a sequence {A,} € AT Fredholm if the coset {A,} + J7 is invertible
in the quotient algebra A"/ 7T. The following basic properties of Fredholm se-
quences are obvious:

(i) The set of Fredholm sequences is open in .AT.

(ii) The sum of a Fredholm sequence and a sequence from the ideal J7 is
Fredholm.
(iii) The product of two Fredholm sequences is Fredholm.
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THEOREM 5.3. Ifa sequence { Ay} € AT is Fredholm, then all operators W*{ A, }
are Fredholm on Ef, and the number of the non-invertible operators among the W { A, }
is finite.

Proof. Let {Ay} +J T be invertible in the quotient algebra AT/ JT. Then
there are sequences {B,,} € AT and {J,}, {K,} € J7 such that

{Bul{An} = {Lu} + {Jn} and {An}{Bn} = {Lu} + {Ku}.

By the definition of the ideal 77, there exist finite subsets {t1,. . ., t} and {11,. . ., T}
of T as well as sequences { Jiy € Jtiand {K§} € J% such that

m R ! ~
{fn}=;{fff}+{fn} and {Kn}=;{1<,€f}+{f<n},

with {Ju}, {Ku} € 77 and || {Tu}|, || {Ka}[| < 1/2.
Since the sequences {L,} 4+ {J,} and {L,} + {K} are invertible in the Ba-
nach algebra A7, we can define the following sequences:
{Bu} == ({Lu} + {Ju})"'{Bu} € AT,
{Cu} = {Bu}({Ln} + {Ku}) " € AT,
i} = UL} + ) HIiY €75, i=1,...,m,
(Kitv .= {KiY({La} + {K, ) L e g5, i=1,...,L

Due to the definition of the ideals J*, we get
o - T
1) {BuH{An} = AL} + L} = {La} + LABILA"En "} +{Gu},
i=1 i=1
1 !
(52)  {AnHCu} = {Ln} + ) {Kii} = {Ln} + }_{EZLyKTE, "} + {Gn}.
i=1 i=1

Finally, applying W, t € T, to the equations (5.1) and (5.2) we find

It t¢ {tll"'ltm}/
i Jh te{ty,..., tm},

It tg{Tll'--/Tl}/
I+ K% te{n,...,u}

WH{B,IWH{A,} = {
Wt{An}Wt{én} = {

Thus all operators W!{A,} are Fredholm on E!, and the number of the non-
invertible operators among the W!{A,} isat most m + 1. &
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Theorem 5.3 allows us to introduce three finite numbers for a Fredholm se-
quence { A, }c AT, its nullity a({ A, }), deficiency B({ A }), and index ind({ A, }), by

a({An}) = ZTdimker WHA,L,
te

B({An}) =) dimcoker W'{A,},

teT

ind({An}) = a({An}) — B({An}).

Applying the well-known properties of Fredholm operators, it is not hard to
prove the following results:

(i) If {A,} € AT is a Fredholm sequence and {B,} € AT is a sufficiently
small sequence, then a({A;} + {Bn}) < a({An}), B{As} +{Bn}) < B({A4}),
and ind({A.} + {Bx}) = ind({An}).

(ii) If {A,} € AT is a Fredholm sequence and {K,} € AT is a sequence from
theideal 77, then ind({A,} + {K,}) = ind({A,}).

(iii) If {A,} € AT and {B,} € AT are Fredholm sequences, then ind({ A, }{By})
— ind({A4}) + ind({B,}).
The following theorem provides a relation between the nullity of a Fred-

holm sequence {A,} € AT and the asymptotic behavior of the approximation
numbers of A,,.

THEOREM 5.4. Let {A,} € AT be a Fredholm sequence. Then the approximation
numbers of A, have the k-splitting property with k = a({An}), i.e.

nhj{}osa({An})(A") =0 and liﬂgfsa({An})Jrl(An) > 0.

This theorem will be proved in the subsequent two sections (see Lemma 6.2
and Corollary 7.5).

REMARK 5.5. To check that a sequence { A} is Fredholm it is not necessary
to consider the whole algebra A”. Indeed, let A be a closed subalgebra of FT such
that, for each t € T, the set J! forms a closed two-sided ideal of A. We denote
by j} the smallest closed two-sided ideal of .A which contains all sequences { ], }
which belong to one of the ideals J tteT. Obviously, A C AT and jj =JT.
Hence, if the coset {A,} + J] is invertible in A/ 77 then {A,} is Fredholm. For
instance, the algebra F! provides an example for such an algebra A (compare
with the definition of standard algebras in [6]).

Now we again suppose that L}, — I* € L(E*) and (L},)* — (I')* € L((E")*),
t € T, strongly as n — co. Furthermore, we denote by A” the set of all sequences
{A,} € AT except such sequences for which all operators W/{ A, } are Fredholm,
the number of the non-invertible operators among the W/{A,,} is finite, but the
coset {A,} + J7 is not invertible (compare with Theorem 5.3).
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Combining Theorems 4.1 and 5.4 we obtain that the behavior of the approx-
imation numbers for a sequence {A,} € FI N AL is completely described by the
Fredholm properties of the operators W/ {A,},t € T.

THEOREM 5.6. Let (Ay) be a sequence from the set I 0 AL.
(i) If all operators W'{ A, } are Fredholm on E! and the number of the non-invertible
operators among the W'{ A, } is finite, then the approximation numbers of Ay, have the

k-splitting property with k = Y dimker W {A,}.
teT
(ii) Otherwise, s;(Ay) — 0 as n — oo foreach | € N.

REMARK 5.7. Taking into account Theorem 5.41 from [6] one can show that
any standard algebra is contained in the set 71 N AL.

Finally, we would like to mention that in Hilbert space setting there is a
general notion of Fredholm sequences which does not depend on the underlying
algebra F T (see [6], [7]). Thereby, in case of sequences in a standard algebra this
general notion reduces to the notion of Fredholm sequences considered in this
section (which, at least formally, depends on the underlying algebra 7).

6. THE a({A,})-TH APPROXIMATION NUMBER FOR A FREDHOLM SEQUENCE {A,} € AT

Let {A,} € AT be a Fredholm sequence. In this section we show that the
first a({ A, }) approximation numbers of A, converge to zero.

Due to (5.1), there exist sequences {B,} € AT,{G,} € G, a finite subset
{t1,..., tm} of T, and compact operators K' € K(E'’) such that

(B H{An} = {La} + f{E;fo;KfiE;“} +{Gu}.
i=1

Hence, the operators W/{ A, } have a trivial kernel for every t € T\ {t1,...,tm},
and

m
a({As}) =) dimker Wi{A,}.
i=1
For each i let k; refer to dim ker W' {A,,} and let {xirl}lle with ||x; ]| = 1 be
a basis of ker W' { A, }. We define vectors x¥, € im L, by

.X'Zl = EfziLf’lixl‘,lr izl,...,m,l:l,...,ki.

[IE* ||
LEMMA 6.1. There exist numbers N € N and v > 0 such that

m ki
<[5 K]

i=11=1 i=11=1

m ki

forall n > N and all scalars ;.
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Proof. Assume the converse, i.e. that there is an infinite set Ny C N, a se-
quence of numbers {7, },ecn, With 9, — 0, and sequences of scalars {af;},cn,
such that
ki

Y gyl > szazzxu

1= i=11=1

1
For eachn € Ny we find 1 < iy < mand 1 < I, < k;, such that \txl’.lnln| =
max; | |“z‘,l| and put IBi,l = D‘i,l/"‘i,,,ln' We get |ﬁfl| < 1"Bzr'i1,ln =1,and

Ms

’)/n neNl.

Il
—_

ki

m m ki
HZ Biixiy 2 )

i—11=1 i=11=1

m
<n Y ki = yaa({An}) — 0.
i=1

Since for any fixed i and I the sequence {8 },cn, is bounded, one can choose an
infinite subset N, of N; and scalars f;; such that [;;| < 1, at least one of §;; is
equal to one, and 7} — B;;, n € Np. Without lose of generality we suppose that
B1,1 = 1. Taking into account that ||x};|| < const, we get

B

i

Biyxiy =2z" with 2" -0, n € Ny.

M

Il
-

1

Il
—_

By the definition of the vectors x};, we obtain
ki t
Y BiiLixyy
=1
t by foptipt 1 t
61) = ||EM||E;" ( _7E_1E"L"x~l+fE_lz”).
BB ;; IEIE T R

Since the vectors {xlll}lil are linearly independent, we can take a functional f €
(Ef)* such that

f(x11) =1 and f(x1;) =0 forall [=2,... k.

Applying the functional f to the left hand side of (6.1), we get

K K
O BuLitxry) — Y Braf(x1y) = pra = 1.
i=1 i=1

On the other hand, the separation condition (II) implies that

m ki
- < 1 —tiplipti -
FOUERIER( Z ﬁzliE NELyixi; + E,"1z"))

t —t
IE: HIHEX ] IEx |

converge to zero. This contradiction completes the proof. 1
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Now, for each n > N, we introduce the functionals f/ : span{xf,,..., X km}
— C by the rule

m ki
ﬂ}(; Zla,-,vx;%v> =, 1<i<m 1<I<k;
j=1lo=

By the Hahn-Banach theorem, we can extend f/ to the whole Banach space E so
that f, € E* and ||f/}]| < 1/ for all n large enough (see Lemma 6.1).
Further, we denote by S, € L(E) the linear operators

m ki
Spx =) Zfl-’fl(x)le.
i=11=1
We get that the operators R, := LS, L, are projections, R, € L(E,), and dimim R,,

m
= Y ki = a({An}) for all sufficiently large n. Moreover, for any x € E;;, we have
i=1

m k; m ki
’ i 1 4ot
[ AnRuLuxle = [ An Y2 Y- x| < 3 Y- UGl An g Ei i
i=11=1 E 33 [IE | E
2 ki t tirt
(6.2) < const [[x|g Y Y 1Ex T AEd Liixi |l g, -
i=11=1

Since, for each i, E;; fi AnEf{ L,t{ converges strongly to the operator Wti{A,}, it fol-
lows that

|E " AnESiLiix;,

mi — IWi{A}x)

i =0, 1<i<m, 1<I<k;.
Hence, we conclude that
Su({a,}) (An) = Inf{[| Ay + Fllzm,) : F € Frum)—a({an}) En)}
< HAn - An(Ln - Rn)”ﬁ(E,,) = HAanLnHL(IEn) — 0.
Thus, we have proved the following result.

LEMMA 6.2. Ifa sequence {A,} € AT is Fredholm, then the a({ Ay })-th approx-
imation number of A, tends to zero as n — oo.

Note that the inequality (6.2) gives us an estimate for the convergence speed
of the a({A; })-th approximation number of A to zero.

7. THE (a({A,}) + 1)-ST APPROXIMATION NUMBER FOR A
FREDHOLM SEQUENCE {A,} € AT

Let {A,} € AT be a Fredholm sequence. In this section we show that the
(a({Ay}) +1)-st approximation number of A, is bounded away from zero.

First we recall the concept of the generalized invertibility. Let IF be a Banach
space. An operator A(~1) ¢ £(TF) is said to be a generalized inverse of A € L(TF)
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if the equality AA("1) A = A holds. One can show that if A("1) is a generalized
inverse of A then the following relations take place

(7.1) ACVA=T-Pes and AACD =Py 4,

where Py, 4 and Py, 4 are projections onto the kernel and the image of A, respec-
tively. Notice that any Fredholm operator is generalized invertible. Moreover, it
is not hard to prove the next lemma.

LEMMA 7.1. Let A be a Fredholm operator on a Banach space . For given a gener-
alized inverse A=Y and a right reqularizer B of A (I — AB € K(F)), there is a compact
operator X € K(F) such that A=Y = B + X.

LEMMA 7.2. Ifasequence {A,} € AT is Fredholm, then

hn}linfsﬂ({An})+1 (An) > 0.

For a proof of this lemma we recall the well-known result.

LEMMA 7.3. Let IF be a Banach space. If A, A, € L(F),K € K(F), and A, — A
strongly, then | A,K — AK|| — 0as n — oo.

Proof of Lemma 7.2. Due to (5.2), there exist sequences {B;, } € AT, {Gn} €6,
a finite subset {1y, ..., 7;} of T, and compact operators K% € K(E™) such that

1
{An}{Bn} = {Ln} + Z{EELZiKTiE;Ti} +{Gn}.
i=1
Hence, for each 1 < i</ the operator W'{B,, } is a right regularizer of W'{ A, } and
l
B({An}) =) dim coker WTi{A,}.
i=1

Further, let (W% {A,})(~! be generalized inverses of W%{A,}). By Lemma 7.1,
there are compact operators X% € IC(E%) such that

Wi{A, DY = Wi{B,} + X5, i=1,...,L
In view of (7.1), we obtain forany i =1,...,!

P.

g2y Bmwitay = WHAGWHAD Y = WA W{By) + X)

=T+ K%i4+Wi{A,} X",

Now we introduce the sequence {C,} € AT by

i
{Cu} :={Bu} + )_{E/L;X"E,"}.
i=1



342 A. ROGOZHIN AND B. SILBERMANN

Taking into account Lemma 7.3 and (7.2), we get

1 1
{AnH{Cu} ={Ln} + Z{EngiKTiE;Ti} +{Gn} + {An} Z{EfziLZiXT’E;Ti}
i=1 i=1

1 1
={Ln}+ Y {EZLiK%E, "} + {Gu} + Y_{EVE, "AuE; L X“E, "}
i=1 i=1

1
={Ly}+ Y {E/Li (K% +Wi{A,}X)E, "} + {Gy}
i=1

l
= {Ln} - Z:{E;Z"Lﬁi(l ~ Pinwri{a,))En '} + {Gn},
with a sequence {Gn} € §. Since |Gn|l — 0, we conclude that for all sufficiently

large n the matrix L, + Gy is invertible and ||(L, + G,)~!|| < 2. Thus, for all n
large enough

1 ~ ~
0< 5 < (Ln + Gn)71”71 = s1(Ln + Gn)
= inf{||Ly + Gy + F|| : F € Fpiy—1(En)}

<inf{‘

I
Lu+Gu+F =) {E{Lyi/ (I = Pywriga,y) En
i=1

Fe fm(n)*ﬁ({An})*l(E”)}
= inf{[|AnCy + F|| : F € Fiun)—p({a,})-1(En)}
< inf{[|AnCy + FCal| : F € Frugn)—p({a,p—1(En)}
< sup ICall inf{||An + F|| : F € Frun)—p({an})—1(En)}

< ConStSﬁ({An})+1(An)- 1

We complete this section by the following result which shows that, in the
case at hand, the nullity and the deficiency of a Fredholm sequence coincide.

THEOREM 7.4. The index of a Fredholm sequence is equal to zero.

Proof. Let {A,} € AT be a Fredholm sequence. Comparing Lemma 6.2 with
Lemma 7.2, we conclude that B({A,}) > a({An}). In other words, ind({A,}) <
0. Further, let {B,} € AT be such that

{BuH{An} ={Ln} +{Jn} and {Au}{Bn} = {Ln}+{Ku},

where {J,},{K,} € JT. Hence, the sequence {B,} is also Fredholm and ind({ B })
< 0. On the other hand, we have

ind({By})+ind({A,}) =ind({By} { A }) =ind({Ly} + {Jn}) =ind({Ly}) = 0.
Thus, ind({A,}) = —ind({B,}) =0. 1
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COROLLARY 7.5. Ifa sequence { Ay} € AT is Fredholm, then

h,l;r_l)glf Sa({An})+1 (An) > 0.

8. SOME EXAMPLES

In this section we illustrate the results of this paper by a few examples.

8.1. EXAMPLE 1 : PROJECTION METHODS FOR OPERATORS &l + K. Let E be an
infinite dimensional Banach space, and let {L,} and {R,} be two sequences of
finite dimensional projections on E with im R, = im L, and L, R, — I strongly
asn — oo.

We denote by T the index set {1} and by F'1 the Banach algebra of all
operator sequences { A, }, A, € L(im L), for which there exists

s-lim A, =: W'{A,}.
Further we introduce the subset 7! = 771 of the Banach algebra F T
J' = {{LuKLs} + {Gs} :K € K(E), |Gyl — 0}.
Now let A; stand for the set of all sequences {A,} € 71 having the form
Ay = aLy + RyKL, + Gy

with a compact operator K € K(E),« € C, and ||G,|| — 0. One can check that A,
is a subalgebra of #71 and that 7' = 771 forms a closed two-sided ideal of A;.

THEOREM 8.1. Let {A,} € Ay, ie. {An} = {aL, + R,KL, + G }.

(i) If & # O, then the approximation numbers of Ay, have the k-splitting property with
k = dimker(al 4 K).
(ii) If « = 0, then s;(A,) — 0 for each | € N.

Proof. If « # 0, then the coset {A,} + J ™1 is invertible in the quotient alge-
bra A;/J" (see Lemma 7.3). Thus, the first assertion follows immediately from
Theorem 5.4.

If « = 0, then W'{A,} = K is a compact operator. This implies that either
W1{A} is not normally solvable or dimim W'{A,} < co. Hence, in this case we
can apply Theorem 3.3 or Corollary 3.2. 1

8.2. EXAMPLE 2 : FINITE SECTIONS OF TOEPLITZ OPERATORS WITH Cp + H‘;

SYMBOLS. For 1 < p < oo, let Eﬁl denote the Banach space of all sequences x :
7, — CN,Z, = {i € Z :i > 0}, such that

/p
Il g = (2 Iilly) " < oo

where [|x;[|h = [[(x},x2,...,xN)||l = [x}[P + |[x2[P + -+ |xN]P.
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Further, let T be the complex unit circle and let M? stand for the set of all
functions a € L*®(T) for which the Toeplitz operator T(a) is bounded on ¥ =
f’f . We denote by C? the closure in MP of the trigonometric polynomials and by
H” the subset of L®(T) which consists of all functions with vanishing positive
Fourier coefficients. Furthermore, let H;o =H NMP, Cp+ H;o ={f+g:f¢€
CP,ge H ;o}, and (Cp + H:,o) NxN be the collection of N x N-matrices with entries
from C,, + H;o.

It is clear that if a € (C, + HZO)NX N, then the Hankel operator H(a) is com-
pact on £§;. Moreover we have

THEOREM 8.2 (see Theorem 2.94 of [2]). The Toeplitz operator T (a) with a €
(Cp+ H;O)NxN is Fredholm on }; if and only if the function a is invertible in (Cp +

H, )NxN-

Now, for n € N, we introduce the projections P, and operators W, on the
space Eﬁ] acting by the rule

Pyx = Py(x0, %1, Xn—1,Xn, Xpa1, - --) := (X0, %X1,.-.,%,-1,0,0,...),
Wyx = Wy (x0, X1, -+, Xn—1, Xn, Xpa1, - - -) = (Xn_1,%n_2,...,%0,0,0,...).

We denote by T, the index set {1,2} and by F2 the Banach algebra of all operator
sequences {A,}, Ay € L(im P,), for which there exist

s-lim A, =t W'{A,} and s-limW,A,W, =t W?{4,}.
Further we introduce the subsets 7! and 72 of the Banach algebra 2
T = {{PaKPu} +{Gu} K€ K(}),lIGull — 0},
J? = {WakWo} +{Gu} : K € K(£)),[|Gall — 0}
Now let Aj stand for the set of all sequences {A,,} € F'2 having the form
Ay = PyT(a)P; + P,KPy; + Wy LW, + Gy,
where a € (Cp + ﬁ;o)NxN, K and L are compact operators on Eﬁj, and |G|l — 0.

One can check that A; is a subalgebra of ]—'*T 2 and that each of the sets J!, 72
forms a closed two-sided ideal of A,.

THEOREM 8.3. Let {An} €Ay, ie. {An} ={P,T(a)Py+P,KP+W,LW,+G,}.
(i) If the function a is invertible in (Cp + H, )N, then the operators W'{A,} =
T(a) + K and W2{A,} = T(a@) + L (a(t) = a(1/t)) are Fredholm on ¢}, and the ap-
proximation numbers of Ay, have the k-splitting property with k = dimker W' {A,,} +
dim ker W2{A,}.
(ii) Otherwise, s;(A,) — 0 for each | € N.
Proof. By Theorem 8.2 the operator W' {A,} is Fredholm on E’;} if and only
if the function a is invertible in (C, + ﬁ;o) NxN- From this and the formula (see
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e.g.7.7(2) of [2])
{PuT(a) Py} {PyT(b)Py} = {PyT(ab)Py} — {PuH(a)H(b) Py} — {W,, H(@)H (b) W, }

we deduce that if the operator W'{A,} is Fredholm then the coset {A,} + J 2
is invertible in A/ J™2 (its inverse is the coset {P,T(a ')P,} + J™2). Hence
Ay C A? N FX2 and the assertions of the theorem follow immediately from
Theorem 5.6. 1

REMARK 8.4. Using the same Banach algebra 712 one can show that if a
function a € M2 = L®(T) is locally sectorial over QC (for the definition see e.g.
Section 2.84 of [2]) then the singular values for the finite sections { P, T (a) P, } have
the k-splitting property with k = dimker T'(a) + dim ker T(a).
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