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1. INTRODUCTION

The first examples of what are now termed Kirchberg algebras were intro-
duced in Cuntz’s 1977 paper [3]. (Following [13] we use the term Kirchberg algebra
for a separable nuclear simple purely infinite C*-algebra.) The brilliance of those
examples led to huge advances in the field of C*-algebras, as well as deep con-
nections with other areas of mathematics. In a series of papers Cuntz isolated and
studied the key property of pure infiniteness and its ramifications for K-theory (we
refer to [13] for a detailed bibliography). This study was carried further by many
mathematicians, notably Rerdam and Kirchberg. The culmination was the classi-
fication theorem of Kirchberg [6], also proved independently by Phillips [10]: the
Kirchberg algebras satisfying the universal coefficient theorem are classified by
K-theory.

Kirchberg algebras arise in many different contexts. As a result of the clas-
sification theorem, examples from different situations may be identified by com-
puting K-theory (see [9] for an example involving dynamical systems). Alterna-
tively, to prove a theorem about Kirchberg algebras in general, one can choose
a suitable realization that lends itself to the problem at hand. One of the most
useful of these has been the C*-algebras defined by directed graphs. This idea
was implicitly present in Cuntz’s original paper, and for finite irreducible graphs
was explicit in the papers [5], [4]. The development for arbitrary directed graphs
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began with the article [8], and has grown to be a mini-industry in itself (see [11]
for a comprehensive survey).

There have been few applications of graph algebras to the study of Kirch-
berg algebras. We mention Szymariski’s proof [18] that any Kirchberg algebra
with free K;-group can be realized as the C*-algebra of an irreducible row-finite
graph, and the proof in [15] that Kirchberg algebras having finitely generated K-
theory and free K;-group are semiprojective (in the sense of Blackadar). Graph
algebras are particularly well-suited for such arguments in that they are defined
by generators and simple, highly flexible relations. Their defect is clear in the
above-mentioned theorems — graph C*-algebras have free K;-groups, and hence
cannot be used to model general Kirchberg algebras. More recently, Kumjian and
Pask have introduced a notion of higher-rank graphs, or k-graphs, and their C*-
algebras. These have many features in common with ordinary (or 1-) graphs,
and allow for more general K;-groups. However they are much less flexible than
1-graphs, and the theory has not yet been developed as extensively.

In this paper we present examples of hybrid objects mixing elements of k-
graphs of different ranks. While a general treatment seems beyond current tech-
nique (and perhaps not worth the considerable effort), the special situation devel-
oped here allows us to model arbitrary Kirchberg algebras with the same flexibil-
ity exhibited by ordinary graph algebras. In particular, we use this construction in
[16] and [17] to prove interesting properties of general (UCT) Kirchberg algebras:

(i) any prime-order automorphism of the K-theory of a UCT Kirchberg al-
gebra is induced from an automorphism of the algebra having the same order
(generalizing work of [2]);

(if) a UCT Kirchberg algebra is weakly semiprojective if and only if its K-
groups are direct sums of cyclic groups.

We hope that the interest of these applications will justify the work required
to establish these models.

The rest of the paper is organized as follows. We conclude the Introduction
by recalling the basic notions of graph C*-algebras in a form convenient for our
purposes. In part two we construct the hybrid object underlying our algebras,
and use it to define an r-discrete groupoid whose unit space is an appropriate set
of paths. We remark that because the underlying object is not “row-finite,” the
paths we use may be finite, infinite, or semi-infinite. In part three we give gener-
ators and relations for the C*-algebra of this groupoid, prove the gauge-invariant
uniqueness theorem, and show that the C*-algebra we have constructed is a UCT
Kirchberg algebra. Finally in part four we compute the K-theory of the algebra,
showing that it is equal to the direct sum of the K-theory of tensor products of
the ordinary graph algebras used in the construction of the underlying object. It
is here that the flexibility inherent in graph algebras may be used to construct our
models of Kirchberg algebras with arbitrary K-theory.
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We now briefly recall the main facts about (ordinary) graph algebras (see
[14]). A directed graph E consists of two sets, E? (the vertices) and E! (the edges),
together with twomapso, t : E! — E (origin and terminus). A path of length nin E
is a string ey - - - e, of edges with ¢(e;) = 0(e;11), 1 < i < n. We let E" denote the
set of paths of length 1, and E* the set of all finite paths; the origin and terminus
maps extend to E* in the obvious way. For a vertex a € E? we use the notation
E"(a), respectively E*(a), for the set of paths in E of length 1, respectively of
arbitrary length, with origin a. We let O(E) denote the C*-algebra of E. It is the
universal C*-algebra defined by generators {P,|a € E°} and {S,|e € E'} with the
Cuntz-Krieger relations:

(i) {Ps|a € E°} are pairwise orthogonal projections.
(i) S;Se = Py(), fore € EL.
(iii) o(e) = o(f) = SeS; + SfSJ*c < Poe), fore, f € E' withe # f.
(iv) 0 < # E'(a) < 00 = P, = Y.{S.S%|o(e) = a}, fora € EC.
(These are a variant of the relations given in Theorem 2.21 of [14].)

The relationship between the C*-algebras of a graph and a subgraph are
crucial to our methods. We refer to [14]. The results are as follows. Let E be a
graph and let F be a subgraph of E. We let S = S(F) be the set of vertices in F°
that do not emit more edges in E than in F. We let TO(F, S) denote the relative
Toeplitz Cuntz-Krieger algebra of F in E. It is the universal C*-algebra defined
by generators {P,;|a € F°} and {S.|e € F!} with the relations (as above) for O(F),
modified by requiring the fourth relation only if 2 € S. Then 7 O(F, S) is the C*-
subalgebra of O(E) generated by the projections and partial isometries associated
to the vertices and edges of F ([14], Theorem 2.35).

2. GROUPOID MODELS FOR KIRCHBERG ALGEBRAS

We will construct models for Kirchberg algebras by using a mixture of di-
rected 1-graphs and k-graphs, as studied by Kumjian and Pask in [7]. Since nei-
ther the results of [7] nor of [14] directly apply in this situation, we will carry
out the necessary constructions in detail. Our models will consist of a sequence
of product k-graphs connected to each other by (ordinary) 1-graphs. In fact, all
details of the argument are already present in the case of two product graphs of
rank 2, and it is this case that we will treat. The argument in the general case
is essentially identical to the one we will give. (We remark that in the general
case one may attach other product k-graphs to ug in the same way that E; x F; is
attached in what follows.)

DEFINITION 2.1. Let D be the graph with

D° = {ug, uy, ap, a1}, D' = {ao, &1 Bo, ..., €1}

(see Figure 1).
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FIGURE 1

Fori = 0, 1 let E; and F; be irreducible graphs. Let L;, respectively M;,
denote the set of vertices in EY, respectively F?, emitting infinitely many edges.
We assume that L; and M; are nonempty. We choose distinguished elements v; €
L; and w; € M;. We attach the 2-graphs E; x F; to the graph D by identifying
u; € D with (v;,w;) € E? X Fio. The entire object comprising D, Ey x Fy, and
E;1 x F; will be denoted (.

DEFINITION 2.2. By a vertex we mean an element of

JE? x FyuD®,
i

where we identify u; and (v;, w;). By an edge we mean an element of

(U(E} x E9) U (E9 x F})) uD
1

DEFINITION 2.3. A finite path element of type D is a finite directed path in D
of non-zero length. An infinite path element of type D is either an infinite directed
pathin D, or a finite path element of type D which terminates at 1 or 1. A finite
path element of type (E;, F;) is an ordered pair (p,q) € E; x F such that p, g are not
both of length zero. An infinite path element of type (E;, F;) is an ordered pair (p, q),
where p, respectively g, is either an infinite path or a finite path terminating in L;,
respectively in M;, in E;, respectively F;, and p, g are not both of length zero.

For a path element (p, q) of type (E;, F;) we define origin and terminus by

o(p,q) = (o(p),0(q)), t(p,q)=(t(p) tq))

If (p,gq) and (p’,q') are path elements of type (E;, F;) we say that (p,q) extends
(p',q') if p extends p’ and g extends ¢’ in the usual sense of paths in a directed
graph.
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A finite path is either a vertex, or a finite string p - - - py of finite path ele-
ments such that:

(0) £(ui) = o(piy1), and
(if) p; and p;1 are of different types.

An infinite path is either a vertex in L; x M;, an infinite string of finite path el-
ements satisfying the conditions (i) and (ii) above, or a finite sequence y1 - - - pg1q
such that:

(iif) pq - - - p is a finite path;

(iv) pg41 is an infinite path element;

(v) (i) and (ii) above hold.
We let X denote the set of all infinite paths. We will use the notation u < v to
indicate that the path v extends the path .

We wish to define a topology on X making it a locally compact metrizable
space. First we will define the length function on paths.

DEFINITION 2.4. We define ¢ : {finite paths} — Z2 by
(0,0) if p is a vertex,
() = (U(p),L(p)) if u = pis a finite path element of type D,
(L(p),L(q)) ifu= (p,q)is a finite path element of type (E;, F;).
(In the right hand side above we have used the symbol ¢ also for the usual length

function on paths in a 1-graph. There should be no confusion resulting from this
usage.) If 4 = pq - - - g is a finite path, we define

K
0(u) =) ()
i=1

We also will use the extension of / to infinite paths, with values in (Z; U {c0})?,
defined in the obvious way.

LEMMA 2.5. { is additive with respect to concatenation of paths.
Proof. The proof is left to the reader. 1

DEFINITION 2.6. Let y = pypuz - - - yy be a finite path, decomposed as a string
of finite path elements satisfying Definition 2.3(i) and (ii). We write |u| = r, the
number of finite path elements in .

We wish to define a groupoid having X as its unit space. Since (2 is not a
higher rank graph, the space of paths does not have the factorization property
(Definition 1.1 of [7]). However we do have the following simple observation.

LEMMA 2.7. Let y and y' be finite paths, and let x, x' be infinite paths, with
px = w'x'. Let m = £(u) vV £(y'). (Here V represents the usual lattice join in Z2.) Then
there is a factorization ux = vy with {(v) = m.
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Proof. The proof is accomplished by an easy induction on max{|u/|, [¢/|}. 1
DEFINITION 2.8. Let 1 = pq - - - py be a finite path decomposed as a string
of finite path elements satisfying Definition 2.3(i) and (ii). Let

Z(H)Z{01(72~-EX:Ui:yifori<k, ykjak}.

We define certain subsets of Z(u).

Vi) = {zw if £() # {uo, 11},
Z(u) \ Z(pai) \ Z(pe;) if t(p) = u;.

Ift(u) = (y,2z) € E? x F?,let B C E!(y) and C C F'(z) be finite subsets such that
ify ¢ L; then B=Q, and if z ¢ M; then C = @. Then we define:

V(u;B,C) = V() \ |J Z(u(e,2)\ | Z(u(y, f))

ecB feC

(where (e, z) and p(y, f) are the concatenations of the path y with the edges (e, z)
and (y, )).

Note that for t(u) € E? X Fl.o, V(u) = V(i;©,@). Also note that if t(y) = u;
for some i, then every element of V(y; B,C) \ {u} extends p farther into E; x F;.

REMARK 2.9. We mention that the topology we intend to define on X re-
quires that we be able to ‘block’ finitely many edges originating at a vertex of (2
that emits infinitely many edges. This explains our use of the notation V(y; B, C).
At a vertex emitting only finitely many edges, we can handle the situation by
considering explicitly the finitely many possible extensions by an edge. Since we
do not want to block all edges originating at such a vertex, we do not allow B
and/or C to be nonempty at such a vertex.

REMARK 2.10. We note the following disjoint unions of sets.
(i) If t(p) = u; for some i, then

Z(p) = V(p) UV (pa;) U Z(pie;).
(i) If t(u) = (y,2) € E? x F?, then for B and C finite,
V() = V(w;B,C)
ulUtZ(u(e f)) :e€ B, feC)
U U V(u(e, z);0,C)

ecB

UU{V (e,z)a;) UZ(u(e,z)e;) e € B, t(e,z) = u;}

UUVﬂ%;,)

feC
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VUV (r(y, Ha) U Z(uy, fler) - f € C, Hy, ) = ui},
V(u) = V(u;B,0) U U Z(u

ecB

V(n)=V(wo,C)u ] Z(u
feC
DEFINITION 2.11. We let B denote the collection of all V((y; B,C) and Z(u).

We let A denote the collection of all finite disjoint unions of sets in B (hence also
Ve A)

LEMMA 2.12. The collections A and B have the following properties:
(i) ¢ B.
(ii) B is countable.
(iif) A is a ring of sets.
(iv) The intersection of any decreasing sequence of sets in 3 is nonempty.

Proof. A bit of thought will likely convince the reader that this is elemen-
tary. However we have found the details slightly messy, and we warn that the
following is a bit of a slog. (i) and (ii) are clear. For (iii), we must show that if
A, A" e Bthen AnNA’, A\ A’ € A. We will first deal with intersections. Let A,
A’ € B. First suppose that A = Z(pu) and A’ = Z(p'). If y < p' then AN A" = A'.
So suppose that y, i’ are not comparable. We then have

(2.1) Bo= 1 a0, p = e g0,

decomposed as a string of finite path elements satisfying Definition 2.3(i) and (ii),
where y and pj are not equal (and if they are comparable, then ¢, respectively ¢’,
is present, according as j, respectively y; is shorter). We have Z(u) N Z(p') = @,
unless o and ¢’ are absent, j; and y; are of type (E, F), and

(2.2) Hp = pler - -em, z), P‘l/czﬁ(l/rfl"'fn)/

with m and n both nonzero. In this case Z(u) N Z(y') = Z(¢"), where

(2.3) p'= e peafi(en - em, fioo fa):

Next suppose that A = V(u; B,C) and A’ = Z(y'). First consider the situa-
tion where y and p’ are comparable. If i’ < u, then we have A C Z(u) C A" If
i 3y, write p and ' as
(2.4) p=p1-cp, W= WO 0G, H = i
There are two cases.

Case (i). Suppose that piy = p;. Then we must have j > 0. If oy is of type
D then V(u; B,C) C V(u), while Z(y') C Z(pa;) U Z(pe;) for some i. Hence
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AN A" =@ (Remark 2.10(1)). If 7 is of type (E, F) then we have

ANA — {Z( #') if oq obeys the restrictions imposed by B and C,

(%) otherwise.

Case (ii). Suppose that p 2 p;. If iy and py are of type D then we have

AAA = A" ift(p) € {ao, ;m},
@  otherwise,

for the same reason as in Case (i). If yt; and ;. are of type (E, F) we assume that
} obeys the restrictions imposed by B and C (since otherwise we would have
ANA' =@). Ifj > 0orif £(fi) > (1,1) then A’ C A. Otherwise we have j = 0
and (i) = (m, n) with exactly one of m, n equal to zero. For definiteness suppose
n = 0. Then

ana = V0.0 ift(y') & {uo, m},
V(u;@0,C) UV (p'a;)UZ(p'e;) if t(p') = u; for some i.
Now consider the situation where y and y’ are not comparable. Write y and
#' asin (2.1). Since A C Z(u), we have AN A’ = @ unless we are in the situation
of (2.2). In this case let " be as in (2.3). We have
ANA =V(w;B,C)NZ() =V(u;B,C)nZ(u")
@ if f1 eC,
=4 V(';B,0) if fr & C, t(p") & {uo, w1},

V(u'";B,Q) UV (u'a;) UZ(p"e;) if f1 € C, t(y'") = u;, some i.

Finally we let A = V(u; B,C) and A’ = V(y/; B/,C’). Again, we first con-
sider the situation where u and y’ are comparable. If 4 = y’ then we have

ANA =V(u;BUB,Ccul).
Suppose now that p 3 p'. Write y and p’ as in (2.4). There are two cases.
Case (iii). Suppose that iy = p;. Thenj > 0. If 0y is of type D then AN A’ =
@, since A’ C Z(y'). If 01 is of type (E, F), and if ¢(c7, . . .,07) =2 (1,1), then

A" if oy obeys the restrictions imposed by B and C,

ANA =
@  otherwise.

If j = 1and ¢(o7) = (m,n) where exactly one of m, n is nonzero, suppose without
loss of generality that n = 0. Then

ANA =

V(y';B',CUC’) if oq obeys the restrictions imposed by B and C,
otherwise.
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Case (iv). (This case is nearly identical to the earlier Case (ii).) Suppose that
ti 2 My If py and py are of type D then we have

Al ift
AﬂA, — 1 (V) € {ﬂo, lll},
@  otherwise.

If yy and pj, are of type (E, F) we assume that ji obeys the restrictions imposed by
B and C (since otherwise we would have AN A’ = @). If j > O orif £(p) > (1,1)
then A’ C A. Otherwise we have j = 0 and ¢(ji) = (m,n) with exactly one of m,
n equal to zero. For definiteness suppose n = 0. Then

AnA' =Vv@/;B,cul).

Now consider the case where u and p’ are not comparable. Write p and '
as in (2.1). As before, AN A’ = @ unless we have (2.2) with ¢ and ¢’ absent. In
this case we have

AnA' =Vv",B,C),
where p” is as in (2.3). This finishes the proof that A is closed under intersections.

We now show that A\ A’ € A. We first suppose that A = Z(y) and A’ =

Z(y'). If p < y' let y and p’ be as in (2.4). We have a disjoint union:

ANA = (Zw\ Z(p@)u | (Z(phcr ---01) \ Z(pjier - - 0i41))-
0<i<;j

Thus it suffices to consider Z(7) \ Z(t0). If 0 = e - - - ey, is of type D, then Z(7) \
Z(to)= U (Z(ter---¢;)\ Z(ter---ei11)), and for e € D! we have

o<i<m
Z(1)\ Z(ze) = {V(T) UZ(te') if t(t) = u;, where .{e’} = {w;, &} \ {e},
WHZ(tf) : f € {Bi, 1i 6} \{e}} ift(T) = a;.
Ifo=(e;- -em, f1--- fn)isof type (E,F), then
Z(t) \ Z(10)
= U{V(TV(X,') UZ(tve;) o(o) v o, tv) =u; i€ {0,1}}
U{V(t(er e, fi-- fi)ileivih {fje1}) :

0<i<m 0<j<n,i+j<m+n},

(2.5)

where in the second term we let {e;,, 11} and {f,.1} denote the empty set.
If 4 and i are not comparable, an earlier part of the proof implies that A N
= Q@ unless y and p’ are as in (2.1) and (2.2), with ¢ and ¢’ absent. Then

ANA" = | Zuy fr-- IO\ Z(w(y, fi -~ fi1),
0<j<n

and the differences in the above union are treated by (2.5).
Next suppose that A = V(y; B,C) and A’ = Z(y'). We have a disjoint union:

ANA = (Z(E)\Z(p) U (Z(#') N (Z(u) \ V(4; B, C)))-
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We have already proved that the first piece is in A. We see by Remark 2.10 that
Z(u)\V(4;B,C) € A. Thus A’ \ A € Aby what we have proved for intersections
of sets in B. A similar argument applies to A\ A" in view of A\ A’ = (Z(u) \
Z(#')) NV (u;B,C). In the case A = V(u;B,C) and A’ = V(y';B’,C’), a similar
argument together with the above case applies:
ANA = (Z(w)\V(W';B,C")) NV (u;B,C).

This completes the proof of item (iii) of the lemma.

Finally we prove (iv). Let Ay D Ay D ---, with A; = V(u;; B;, C;) or Z(p;).

From the proof of (iii) we have that 3 < pp < ---. Thenx =limpy; € N A;. 1
i 1

LEMMA 2.13. Let & C A have the finite intersection property. Then (€ # Q.

Proof. Since A is countable, we may list the elements of £ as Ay, A, ....

Thus our assumption on £ takes the form ﬂ A; # O for all p. We will construct
i=1

elements A, Aj, ... € Bsuchthat A} C A;and A} D A} O ---. Then the lemma
will follow by Lemma 2.12(iv).
ky

Let Ay = |J Ajj be written as a disjoint union of elements of B. We claim
j=1

that there exists j; such that forallp > 2, Ay, N ﬂ Ap # ©@. For if not, then for all
j=1,..., kq there exists p; such that A;; N ﬂ A; = @. Let p = max{py,..., Pk, }-
i=2

P
Then Ay; N ﬂ Ai=Qforj=1,...,k. Hence AjN ) A; = @, a contradiction.
=2
We set A} = A1 i
Now suppose inductively that we have found A}, A}, ..., A}, _; € Bsuch

r
that A7 C A;, Al | D Al,and A}, [N A; # Q,p > n.Fori > nlet A =
i=n

p kn

AiNAj_;. Then AY C A/ ;| and ﬂ Al £ Qforall p > n. Let A; = ‘Ul AZ]- be
1=n =

written as a disjoint union of elements of B. We claim that there exists j, such that

forallp > n+1, Aj; N ﬂ Al # @. For suppose not. Then for all j = 1,
i=n+1

kn there exists pj > n + 1 such that A;; N ﬂ Al = 0. Letp = max {p;}- Then
i=n+1 \]\ n

p
A” N ﬂ Al =Qforj=1,..., k. Hence Ay N (| Al = @, a contradiction.
i=n+1 i=n+1
Therefore Jn exists as claimed, and we set A}, = A"/ njne 1
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LEMMA 2.14. The collection, B, of Definition 2.11, is a base for a locally compact
metrizable topology on X.

Proof. It follows from Lemma 2.12(ii) and (iii) that B is a base for a second
countable topology on X. Thus metrizability will follow from local compactness
and the Hausdorff property. To establish local compactness we must show that if
A € Bis covered by U C B, then A is finitely covered by ¢/. Suppose not. Then
for every finite subcollection F C U,

AYJF= N\ £
UeF

Let £ = {A\UJU € U} C A. Since £ has the finite intersection property,
Lemma 2.13 implies that (€ # @. But (€ = A\ JU = @, a contradiction.

To verify the Hausdorff property, let x # x’ in X. If x and x’ are comparable,
say x =< x’. Then there exists a finite path element y such that < x and u £ x'.
Then Z(u) and Z(o(x)) \ Z(u) are disjoint neighborhoods of x and x’. If x and
x'" are not comparable, write x = vx; and ¥’ = vx}, where x; and x| have no
common nonzero initial subpath. Let v; and v{ be nonzero initial finite subpaths
of x1 and x}. Then Z(vvy) and Z(vv]) \ Z(vvq) are disjoint neighborhoods of x
and x’.

DEFINITION 2.15. Let G be the set of triples (x,7,y) in X x Z? x X such that
there exists z € X and decompositions x = uz, y = vz with £(u) — £(v) = n.

LEMMA 2.16. G is a groupoid with the operations

(e, y)(y,mz) = (x,n+mz), (x,ny) " =y —nx).

Proof. Tt suffices to show that if (x,n,y) and (y,m,z) are in G then so are
(x,n+m,z) and (y, —n, x). Itis clear that (y, —n,x) € G. Letx = ul, y = v{ =
V'{’, and z = o/, where {, {’ € X and y, v, V/, 0 are finite paths with ¢(u) —
l(v) = nand £(v') — £(0) = m. Applying Lemma 2.7 to the equality v{ = v'{’
we have a decomposition v{ = A¢, where ¢ € X and A is a finite path such that
C(A) =L(v) VL(V'). Then A = vy = v'5y’ for some finite paths # and #’. We obtain

vl =A=vn¢ sol =3¢ VI =AE=V"4'¢ s0l =14'C.
Then x = uf = ung,z = o¢’ = oy'¢, and
C(p) = on') = L) + L() = £(n") = £(0)
=l(u)+ (W) —Lv)— (o), sincevy =1y,
=n+m. 1

DEFINITION 2.17. Consider the collection of subsets of G of the forms

U(p, p2) = (Z(p1) x {€(p1) — L(p2) } x Z(p2)) NG,
Uo(p1, 12; B,C) = (V(p1; B, C) x {€(p1) — €(p2)} x V(p2; B,C)) NG,
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where 11, pp are finite paths with f(y1) = t(p2), and B, C are as in Definition 2.8.
We will also write Uy(p1, p2) for Up(p1, po; D, D). It is easy to check that this
collection is a base (of compact-open G-sets) for a locally compact, Hausdorff,
totally disconnected topology making G into an r-discrete groupoid. The map
c:(x,n,y) € G — n € Z* is clearly a continuous cocycle.

LEMMA 2.18. G is topologically free, minimal, and locally contractive.

Proof. The proof is virtually identical to the (easy) proofs for graph algebras
in[14].

COROLLARY 2.19. C;(G) is simple and purely infinite.

Proof. This follows from [12] and [1] (see also [9]). 1

We next define the gauge action of T? on C*(G). We will use the notation
Um, m € 72, for the characters of T?: {,(z) = 2|12y

DEFINITION 2.20. The gauge action & : T? — Aut(C*(G)) is dual to the
cocycle ¢. Thus for f € Ce(G), az(f)(g) = Le()(2)f(8)-

3. GENERATORS AND RELATIONS

For a finite path y we let s, € Cc(G) denote the partial isometry

Su = Xu(ut)-
LEMMA 3.1. C*(G) is generated by the set of all s,,. Moreover, if t(yu1) = o(p2)
then sy, = Sy, Sp,-

Proof. We first note that

U(pr, p2) = U, t(pa)) - Ui, Hp2))
so that Xi7(, u,) = S 5y;,- From Remark 2.10(i) we have

Xip(pt()) = {S” i) # Luo, ),

’ Sy — Spa; — Spe;  if t(p) = u;.
It follows from Remark 2.10(ii) that X(;¢(,);8,c) is in the span of the s;. Fi-
nally we note that Uy (p1, i2; B,C) = Up(p1,t(p1); B,C) - Up(pia, t(pi2); B,C) 71,

and hence that Xuy(u, u,8,0) = Xt t(u1)B,C) * (Xy(uz t()8,0))” 18 in the span
of the sy,.
The last claim follows from the fact that

U(ppo, t(p2)) = U(p, tpr)) - U(pz, t(pz)). W

In the sequel we will let A denote C*(G). We wish to give a presentation of
A by generators and relations. For this we recall the hybrid graph structure of (2
given in Definition 2.2.
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DEFINITION 3.2. We write
QU = {y a finite path : ¢(u) = (i,])}

(cf. Definition 2.3). Thus Q09 is the set of vertices in (2, while the set of edges is
Q10 y QO D! We write

OF = UQ(Z'J')
ij

for the set of all finite paths. For x € Q09 we will write Q) (x) = {u € Q) .
o(pu) = x}.

We remark that this notation is patterned on that of [7]. Note that the “ori-
gin” of a path in a graph corresponds to its “range” when it is thought of as a
morphism in a small category.

DEFINITION 3.3. We let S denote the set of symbols
{Px| x is a vertex} U {Sy| y is an edge}.
We let R denote the following set of relations on S:

(i) Py is a projection for every vertex x, S is a partial isometry for every edge y.

(ii) For every a € E?, the projections for {a} x F? and the partial isometries for
{a} x F! satisfy the Cuntz-Krieger relations corresponding to the graph F; (see
the discussion at the end of the Section 1).

(ii") For every b € F?, the projections for EY x {b} and the partial isometries for
E! x {b} satisfy the Cuntz-Krieger relations corresponding to the graph E;.

(iii) The projections for D? and the partial isometries for D' satisfy the Toeplitz-
Cuntz-Krieger relations corresponding to the graph D and the vertices {ag, a1 }.

(iv) If p and v are edges of types D and E; x F;, respectively, then 5,5, = 0.

(v) (2-graph structure of E; x F;.) Foralle € Ei1 and f € 1—"1.1 we have
Sto(e).f) Ster(f) = Steo(r) Stre ) Stte)f) Sters)) = Slentf)) Stote).f):

Welet ©® = C*(S, R) denote the universal C*-algebra given by these genera-
tors and relations. For a finite path written as a product of edges: jt = y1y2 - - - Y,
we let S, denote the product Sy, Sy, - - - Sy, (it follows from the relation (v) that
this is unambiguous). It is easily seen from Definition 2.8 and Definition 2.17 that
Sy + sy, determines a surjective *-homomorphism, 77, of © onto A. We will show
below (Corollary 3.19) that 7t is an isomorphism. First we need to study @ more
closely.

For the next lemma recall from Definition 2.6 the notation || for the number
of finite path elements in .

LEMMA 3.4. Let p, v € 2. Suppose that 5,Sy # 0. Then:

(@) t(u) = t(v).
(i) If |p| > |v| then v < p.
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(i) If |u| < |v| then p < v.
@iv) If |u| = |v| = n, then y and v are decomposed into finite path elements satisfying
Definition 2.3(i) and (ii), as

H=WmH2 - "Mn, V=HWH2 " Un-1Vn,

where yy, and v, are of the same type. Moreover, if u, and v, are of type D then one
extends the other, while if they are of type E; x F; then in each coordinate one extends the
other.

Proof. (i) follows immediately from Definition 2.3 and Definition 3.3(iv). We
prove (ii)—(iv) by induction on n = max{|y/|, [v|}. The lemma is easily verified
if n = 1. Suppose it is true if max{|p|,|v|} < n where n > 1. Assume that
max{|p|,|v|} = n;say |yl =n = |v|. Write p = pg---ppand v = vy - - - v5. We
claim that 11 < ;. We know that §; Sy, # 0. If y1 and vy are of type D, by
the inductive hypothesis we must have y; < v; or v; < uj. But y; 3 v implies
that S’;,ZS}*,]SV1 = 0, a contradiction. Suppose that y; and v; are of type E; x F,.
If 11 £ p then by Definition 3.3, we must have that y; and vy are separately
comparable in each coordinate, and that v properly extends yj in at least one
of the coordinates. E.g. suppose S; S, = S(p,t(q)SZ‘“p) 2 with /(p) > 0. Then
51251 Sv1 =SS (@) Sy p,q) = 0r again contradicting the nonzero hypothesis.
Moreover, if |[v| > 1 we must have yy = 1. For if not, S;‘,lSV1 = S;/ where p is

1
of the same type as vy, and ¢(p}) # (0,0). But then SZ, Sy, = 0, since v; and 1,
1
are of different types. Therefore if |v| = 1 we have v = v; < pu; < p, while if
|v] > 1 we have S;;SV = S:‘Z"'P‘n Sy,-.v,, and the inductive hypothesis finishes the
argument. 1

We give two corollaries that will be needed in the proof of Proposition 3.17
below.

COROLLARY 3.5. Let p, v € OQ* with S;S, # 0. Suppose in addition that
Lp) 2 Lv). Thenv < .

COROLLARY 3.6. Let p, v € Q" with S;;Sy # 0. Suppose that {(p) = (j, k) with
j <k, and L(v) < (k k). Then either v < u, or there are p € Ef and q € F/, with
t(p) > 0, such that 5,5, = S(p,t(q))szt( . An analogous result holds with the roles of
the two coordinates in E; x F; reversed.

p)A)

It follows from Lemma 3.4 that @ is spanned by elements of the form S, S}
for which t(u) = t(v). It also follows from the relations that there is an action, §,
of T2 on O, defined by B.(S,S;) = Co(uy—e(v)(2) SuSy. We note that 1 : © — Ais
equivariant for g and a. We make some elementary computations in © x4 T2. By
means of the surjection 7T we see that the analogous results hold in A x, T2. The
elements (in C(’]I‘z, 0)Co Xp T?) of the form {mSuS;, where p, v € (2, make up
a total subset of © xg T?. The fixed-point algebra @F sits inside @ x B T? as the
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closed linear span of the constant functions S, S;, for which ¢(p) = £(v). We recall
the formulas for multiplication and adjoint in C(T?,®) C O x B T2

f-8z) = /f(v)ﬁv(g(v_lz))dvr frz) = B:(fz1)).
DEFINITION 3.7. Fori = 0, 1, let Ei,l - Ei,2 C --- and Fi,l - Fi,2 c ...
be finite irreducible non-circuit subgraphs of E; and F;, with (JE;; = E; and
k

UFx = F. Let () denote the subobject of (2 comprising D, Eyj x Fyx, and
k

Eqx x Fy . Welet Q}(j’j) = ;N Q) and further let

Xe=|J Q" and ©f =span{S,S;: v e Xy, £(n) = L(v)}.
i,j<k
PROPOSITION 3.8. ©F is an AF-algebra, with {@f :k=1,2,...} as an approxi-
mating system of finite dimensional C*-subalgebras.
Proof. It is clear that {S,S; : p,v € Xy, £(u) = £(v)} is a finite set, and it

follows from Lemma 3.4 that @,’f is a finite dimensional C*-algebra. Since @f is
k

dense in ©F, @F is an AF-algebra. 1

COROLLARY 3.9. A% = C*(c~1(0)) is an AF-algebra.

Proof. Since 7t : @ — A is equivariant, and ©F is AF, then so is A*. For
any r-discrete groupoid G with continuous cocycle c taking values in a discrete
abelian group, and « the induced action of the dual group on C*(G), it is a fact
that C*(G)* = C*(c71(0)). u

A short computation shows that ©F is a hereditary subalgebra of @ x B T2.
The definition of B is: En(f) (z) = ln(z) f(z), for f € C(T?,0), from which we
find

o~

ﬁn@msysi) = €m+nsysz.

t
and t(¢') = o(v), and such that {(op) = £(c'v). Then {y)SuSy = S SouSh, -
Co(o)Sor, where - represents multiplication in © x g T>.

Proof. Let m = £(c”). We compute:

S5+ SenS - GnSor(2) = [ [ SiolSeSin Pl (G (@ 0712))) dw o

_ / / S8y Sty Bow (w107 12) S0 ) dav do
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:SV :;’1///ém(w_lv_lz)gm(vw)sgl dwdv
:gé(a’)(z)sysfj- 1

Let Iy denote the ideal in © xg T? generated by ©F. Note that it follows from
Lemma 3.10 that 4(0/)SVS§§ € Iy, where p, v, and ¢’ are as in the statement.

COROLLARY 3.11. B(11)(Io) C Io.

Proof. It suffices to show that B(l,l) (@) C Iy. So let 1 and v be finite paths
with t(u) = t(v) and £(u) = £(v). Let o and ¢’ be finite paths with ¢(c) = ¢(0”) =
(1,1), t(¢) = o(u), and t(¢’) = o(v) (¢ and ¢’ exist since edges in D have length
(1,1)). Then we have

o~

B1,1)(SuSy) = C(1,1)SuSy
=S¢ SeuSyn, - C(1,1)Ser, by Lemma 3.10,
ely. 1
We will let I, = (B(l,l))n(lo) for n € Z. We have a composition series:
AR <A <Al 90 xp T
LEMMA 3.12. @ xgT? = {J L.
nez

Proof. Let m € Z? and finite paths u, v with t(u) = t(v) be given. We will
show that there exists k € Z such that (,,5,,S;, € I_;. Choose k € Z with
(3.1) m+ (k, k) > (1,1), and
(3.2) m+ (k, k) +£(v) > €(u) + (1,1).
It follows from (3.1) that there exists a finite path ¢’ with t(¢’) = o(v) and ¢(¢”) =
m + (k, k) (this is because every vertex is the terminus of a path of length (1,1)
with origin in E; x F; for some 7). Then it follows from (3.2) that there exists a
finite path o with £(¢) = o(p) and £(0) = £(¢”) — £(u) + £(v). We have

(B1,1)) (GmSuS3) = T (k) SuSt
=S5 SouSyr, - Tm(1,1)Ser, by Lemma 3.10,
€ Ip.

It follows that £;,5,S;, € I_y. 1

We now wish to show that 77 : ® — A is an isomorphism. To accomplish
this we need a detailed study of the finite dimensional approximating subalge-
bras of @F. (This analysis will be needed again in the proof of Lemma 4.2.) We
begin with several definitions. We remark that in general, the structure of the

finite dimensional subalgebras of the AF core of a Toeplitz graph algebra is made
complicated by the fact that the Cuntz-Krieger relations are not satisfied at all



GRAPH-BASED MODELS FOR KIRCHBERG ALGEBRAS 363

vertices, and hence that there will be nonzero defect projections at some vertices.
In Lemma 4.3 below we treat this situation, which is analogous to, but much eas-
ier than, the situation of @F. The case of ©F is further complicated by the hybrid
graph structure of (2.
DEFINITION 3.13. Forx € Q \ {ap, 11 } we define projections Ay (x), px(x),
and wy(x) € @,f by
~ Y 4SSy e Y (x))
* 0,1
pi(x) = P = (S5 e € OV (1)}
Ak(x)pr(x if x & {ug,u1},
) = [MOP@ i (o)
M(X)px(x) — S, Sz, — Se; S, ifx = u;.
Moreover, we let Ai(a;) = px(a;) = wi(a;) = 0.
REMARK 3.14. Note that Ax(u;) is a projection by relation (iv) of Defini-
tion 3.3. We list some easy consequences of the definitions. Recall (from the end

of Section 1) that S(E; ) is the set of vertices of E;; that do not emit edges in E;
other than those emitted in E; ;:

Ak(x) # 0if and only if x = (y,z) withy & S(E;x);
px(x) # 0if and only if x = (y,z) with z & S(F;x);
wk(x) # 0ifand only if x = (y,z) withy & S(E;x) and z & S(Fjx);
Ar(x)S; = 0 whenever u = pqpp with £(p1) = (1,0), u € Qp;
0,1), pe O

x)S; = 0 whenever £(u) # (0,0), u € O;

Ak(0(1))Sp = Suk(t(p)) if £(u) = (0,1), p € O;
Pr(0(1)) Sy = Supx(t(u)) if £(u) = (1,0), u € Q.
DEFINITION 3.15. y € Xy is maximal if whenever y < u’ with p/ € X;; then
W=

We remark that y € X} is maximal if and only if one of the following occurs:

(@) £(n) = (k k).
(ii) ¢(u) = (k—1,k) or (k,k —1),and t(u) € {ag,a1}.

(x)
pk(x)Sy = 0 whenever p = pqpp with £(p1) =

wi(x)

)

(
(

DEFINITION 3.16. We define certain non-zero projections in @f . They are of
four kinds:
(i) SHS;‘[, where p € X} is maximal.
(ii) SuAx(t(u))S;,, where £(u) = (j, k) with j < k, and t(u) = (y,z) withy ¢
S(Eik)-
(iii) Sppk(t(n))Sy, where £(u) = (k,j) with j < k, and t(u) = (y,z) with z ¢
S5(Fik)-
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(iv) Spwy (t(p))S;, where £(p) < (k—1,k—1),and t(p) = (y,z) withy & S(E;x)
and z ¢ S(Fjy).

We let 6;(y) denote the projection in Definition 3.16 above constructed from
the path y, where the arabic numeral i corresponds to the roman numeral of the
relevant item n the definition. (The symbol 6;(j) ought to include an indication
of the integer k implicit in its definition. We have omitted this indication in order
to reduce a bit the bristliness of our notation.)

PROPOSITION 3.17. Let k be fixed.
(i) 6; () is a minimal projection in @f .
(ii) 0;(u) and 6, (v) are equivalent in @,’? ifand only if i = 7', {(u) = L(v), and
tHp) = Hv).
(iii) Y 0i (1) =1 gp-
iU k

Proof. First note thatif () = {(v) and () = t(v) then (5,5;)6;(1)(5vS};)"
= 0;(v), proving the reverse direction of (ii). We now claim that if o, T € X
with ¢(0) = £(t) are such that ;(4)SsS50:(v) # 0, theni = 7, t(u) = t(v),
(p) = £(v), and moreover, o = pu, T < v. This will conclude the proof of (ii).
(i) will also follow, since then 6;(})SsS50;(1t) # 0 implies that o, T < p. Then
{(0) = £(t) implies that ¢ = 7, and hence that 0;()S,S50; (1) = 6;(n).

To prove the claim, assume that 6;(})Ss550y (v) # 0. We first consider the
situation 5;,S, # 0. Suppose first that y is maximal. If £(y) = (k k) then o =< p
by Corollary 3.5. If £(u) # (k, k) then t(i) € {ag,a;}. By Lemma 3.4, {(0) = t(u).
Since p is maximal, y 3 ¢ is impossible. Then by Lemma 3.4 we have ¢ < pu.
Next suppose that £(y) = (j, k) with j < kand t(u) = (y,z) withy & S(E;x).
If ¢ £ p, Corollary 3.6 implies that 5;,S, = S(p4@)S(1(p),q) With £(p) > 0. But
then A(t(1))S;Se = A(t(y))S(p,t(q»S?t(p),q) = 0. Hence we must have ¢ < p. An
analogous argument handles the case ¢(y) = (k,j) with j < k and t(y) = (y,2)
with z ¢ S(F;x). Finally suppose /() < (k—1,k—1) and t(u) = (y,z) with
vy & S(Eix)and z & S(Fix). If u 2 o then 0 = po’ with £(¢”) # (0,0). Then

wi(¥,2)5,5¢ = wi(y,z)Sy =0,
a contradiction. If o ﬁ u, then Lemma 3.4 implies that S;SU = S(p,t(q))szﬁt( ).)
with £(p) # 0and £(g) # 0. But then
wk(y,Z)S;;Sg = wk(y, Z)S(P,t(q))szﬁt(p),q) = O,

a contradiction. Thus in all cases we have o < .

Now write p = op'. We have S;,5,5;7 = S;,S.’; = Siy,. Note that t(u) =
t(ty') and £(u) = ¢(Tty"). We then have

0;(4)SsSy = Gi(y)SHS;SgS§ = Gi(y)SHS;l, = S;,SjH,Q,-(Ty’),
0i(1)ScS70i (v) = SuS7,,0:(T")0n (v).
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Thus 6;(ty')6;(v) # 0, and hence 6;(ty’ )SWS* 1(v) # 0 for 'y = 13’ and for
v = v. It follows from the above that T4’ < v and v < 7Ty/, and hence that
T’ = v. Thus £(u) = ¢(v) and t(u) = t(v). It follows from Remark 3.14 that
i = 7, finishing the proof of (i) and (ii).

Before proving (iii) we make some preliminary observations. Let x € Q,((O’O) \
{ap,a1}. Using Definition 3.13 and Remark 3.14 we find that

(3:3) Pr=Ae(x) + Y {8uS; e QY (x)},
(34) Pe=p(x) + {88, : n € OV ()},
P, = (Ak<x>+2{sys* e () (o 0+ ASuS;  ne "V (x)})
= M(0)or(2) + YA Me(0)8,S 1 € QY (x))
+ Z{m 5,5 v e QM (x))
+ Y {SwShy 1 e OV (x),v € QM0 (x)}
(35) =)+ L{Suhe(t()S) e QY (x)}
+Y {Suor(E))S; - veQ(lo (0)}+ 18,8 - ne QM (1))
Note that (3.5) still holds if x € {ap,a1}. Next, let p; € Q" and py € QM. 1
t(u1) = o(yz) then
Ak(0(11)) Sy (0 (H2)) Sy = Sy Ase(E(11)) Sy (E(i2)) = O,
and if t(pp) = o(p1) then
P (0(12)) Sy Ak (0 (1)) Sy = Sy i (E(p2)) Sy A (E(p1) ) =
by Remark 3.14. Finally, if #(y1) = u; and p3 € {a;, ¢;} then
AMe(0(11)) Sy Sps = Sy Ae(4i)Spus = Spy Spis,s

by Definition 3.13 and Definition 3.3(iv). Hence for yi3 € Q(l 1)( u;),

S if ]43 S {lele'}’
)\k(O(Vl))SmSHS = {07“”3 otherWiSeZ |

An analogous result holds with y; replacing y1 and p replacing A.
Now we prove (iii). Let x € Q,((O'O), and consider the expression in (3.5). In
each term of the form S,S;, = 5,Py,)S;, substitute for Py, with formula (3.5)
if ¢(p) < (k—1,k—1), with formula (3.3) if (0,k) < ¢(y) < (k—1,k), and with
formula (3.4) if (k,0) < ¢(p) < (k,k—1). Similarly, if ¢(u) < (k—1,k—1), use
(3.5) to substitute for P, in terms of the forms Sy A (£(11))S;; = SuPyy Ak (t(1))S),
and Sk (t(1))S), = SuPi(upr(t(p))S;- Use the above observations to eliminate
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zero terms and to simplify, then repeat. This process must stop in a finite number
of steps, giving

Py =Y {Suwr(t(1))S  o(u) = x, £(p) < (k— 1,k —1)}

k-1
+ Z;)Z{Sy/\k(t(ﬂ))SZ o(p) = x, L(u) = (j, k) }
=

k-1
+ ) ) ASuo(t()) Sy s o(p) = x, €(u) = (k. j)}
j=0

+ Z{SVS; to(p) = x, p € Xy maximal}
- 22{91‘(#) to(p) = x}.

Now (iii) follows by summing over x € Q}({O,O) |

THEOREM 3.18. (Gauge-invariant uniqueness theorem) Let
¢:(0,T2p) — (C,T?,7)

be an equivariant «-homomorphism between C*-dynamical systems. If ¢|gp is injective
then ¢ is injective.

Proof. We have that ¢ : © x B T? — C x, T? is injective, since it is so on the
ideals I,,. Therefore ¢ : © x g T? X3 7?2 — C x, T? x5 Z? is injective. The result
now follows from Takesaki-Takai duality. 1

COROLLARY 3.19. A = C*(G) is isomorphic to ©, and is simple, purely infinite,
nuclear and classifiable, i.e. a UCT Kirchberg algebra.

Proof. Let A : C*(G) — C;(G) be the left regular representation. Then Ao 77 :
@ — Ci(G). The action of T? on C*(G) clearly descends equivariantly to C;(G),
so that A o 77 is equivariant. We note that A o 7| is injective. This follows from
the facts that @F is AF, and that the minimal projections 8;(y) (Proposition 3.17)

in the subalgebras @f have nonzero image in C.(G)* C C}(G)*. Then Ao 7 is
injective by Theorem 3.18, and hence 7 is injective, and hence an isomorphism.
It follows also that A is injective (this could also be deduced from nuclearity of
C*(G), proved below, and [1]). We have that C*(G) x, T? = 7(® Xp T?) is AF,
and hence A, which is strongly Morita equivalent to A X, T2 X% 72, is nuclear
and classifiable. Simplicity and pure infiniteness follow from Corollary 2.19. 1

The following proposition is necessary for our application of the results of
this paper in [16]. The proof is immediate from the description of ® by generators
and relations. (We remark that in that application, the graphs F; will be chosen to
represent Kirchberg algebras having K-theory of the form (Z,0) or (0,Z), while
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the graphs E; will be chosen to represent Kirchberg algebras with preassigned Ky
and trivial Ky.)

PROPOSITION 3.20. Let I; be a subgroup of Aut (E;) fixing the vertex v;. There
is a homomorphism Iy x I7 — Aut (©) defined on generators by letting Iy act on Eg, I3
on Eq, and the trivial action on D, Fy and Fy. Moreover, if xg € E8 is fixed by Iy, then
the corner of © defined by the projection Py ..y is invariant for the action of Iy x I7.

4. THE K-THEORY OF A

We may now omit the use of the #-isomorphism 7, and identify @ with
A. We let B denote the subalgebra of A generated by the edges of (2 in [J E; x

1
F;. Thus B is isomorphic to the direct sum of the algebras O(E;) ® O(F;). This
isomorphism can be described explicitly by means of generators and relations as
follows

S(ez) = Se®@P, Sy = Py®Ss, Py — Py P

We note that even though P, contains the range projections of S, and S¢;, this
does not affect the above isomorphism. It is here that the infinite valence of the
graphs E; and F; at the vertices v; and wj is crucial.

Note that the K-theory of B is well-understood and easily computed (see,
e.g., [16]). In Theorem 4.7 we will prove that the inclusion of B into A induces an
isomorphism in K-theory. This fact is exploited in [16] and [17]. Let us briefly de-
scribe how UCT Kirchberg algebras with prescribed K-theory may be constructed
in this way (see [16] for details). Let Gy and G; be the desired K-groups. Let Eg
and E; be directed graphs defining Kirchberg algebras with K.O(E;) = (G;,0),
and satisfying the hypothesis of Definition 2.1 (such graphs are described in [16]).
Let Fy and F; be directed graphs (also satisfying the hypothesis of Definition 2.1)
defining the C*-algebras stable-Oq and -Pw (i.e. having K-theory (Z,0) and (0, Z)
— see [16]). By the Kiinneth theorem we have K, (B) = (G, G1).

We now return to the study of the AF-algebra A x, T?. It follows from the
fact that the ideals I, are AF that the inclusion of I, into A x, T? induces an
injection in Ko. We let ¢ denote the automorphism @(q 1), of Ko(A X4 T?). We
have

Ko(A xo T2) = ] 9" (Ko(A")).
nez
We let W = Ko(A x, T?) and Wy, = Ko(I,). Thus W, D W,y and W = |J W,,.

nez
Since Wp = Ko(A"), Wy is generated by elements of the form [S,S;], where p is

a finite path. If t(u) = t(v) and £(p) = ¢(v) then 5,5 is a partial isometry in A*
implementing an equivalence between 5,5} and S, S}, so that [S,,5;] = [SvS7].
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LEMMA 4.1. Let pand o be finite paths with t(c7) = o(p). Then @y (). ([SuS;]) =
[SouSzul-
Proof. Let f € C(T?, A) be givenby f = ( ¢(¢)SouSy- Routine computations
give
f*f = Q(U)Sysﬁ = ag(g)(SVS:l), and ff* = SWS(’;V. 1
We note that B is invariant under «. The crossed product B x, T? is an AF-

subalgebra of A x4 T2, and is isomorphic to a direct sum of tensor products of
AF-algebras:

B x, T? = @ (O(E;) x T) ® (O(F;) x T).

LEMMA 4.2. Leti: B x,T? — A x, T? be the inclusion map. Then i.. is injective
in Ko.

Before giving the proof, we give a preliminary lemma describing the finite
dimensional approximants to the AF core of the relative Toeplitz algebra of an
ordinary graph. We remark that this is an easier version of Proposition 3.17.

LEMMA 4.3. Let E be a finite directed graph. Let S C E° not contain any sink of
E. For k > 1let C(E, S) be the finite dimensional C*-subalgebra of T O(E, S) given by
Ck(E,S) = span{SpS;‘ 1p,q€ U El, ((p) = E(q)}.
j<k
Fory € E®\ S let &, € Cx(E, S) be given by
Zy=DPy— ) S.S;.
ecEl(y)

For0<j<kandy e E°\ S let

N¥ () = {885, - p € B, t(p) =y}
Fory € EO let
NO(y) = 18,85 p € EX, t(p) = y}.
Set
N® = JINO ) c0 <<k ye P\ Sy UUINE @)y € E).

Then
(i) N is a maximal family of pairwise orthogonal minimal projections in Ci(E, S).
(ii) Let a € Nl.(k) (y)and b € N].(k) (z), where 0 < i,j < kand y, z € E°. Then a and
b are equivalent in Cy(E,S) ifand only if i = jand y = z.
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Proof. We first note that

(4.1) ¢ySe =0fory e E° \S, e€ EL
(4.2) §,S¢ = 0if and only if p and g are not comparable, for p, g € E*.

It follows easily that

SpCi(p)SpSaliq)Sq # Oif and only if p = gand t(p), t(q) € EO\ S;
SpSpSeSy = 0if £(p) = £(q) = kand p # g;
SpCi(p)SySqS; = 0if £L(p) < £(q) and t(p) € E°\ S.

Therefore the projections of N*) are pairwise orthogonal. We now consider the
minimality and equivalence of projections in N together. For this, fix paths ,
s € |J Elwith £(r) = £(s). Lett(p), t(q) € E®\ S with £(p), £(q) < k, and suppose

j<k
that

(4.3) Spli(p)SSrSiSatita) Sy # 0.

Then (4.1) and (4.2) imply thatr < p, s < g, and 5;,S; = 5;Ss. Hence t(p) = t(q)
and ¢(p) = ¢(q), as required by (ii). Moreover if p = g then the product in (4.3)
equals S,Cy(,)S;, proving that 5,6, S}, is minimal. If p, g € E¥ and if

(4.4) 5pS55:5:5455 #0,

thenr < p,s < g,and S5;S, = 55, so t(p) = t(q) as required by (ii). Moreover if
p = q then the product in (4.4) equals 5,5}, proving that 5,5}, is minimal. Finally,
let t(p) € EY\ S with ¢(p) < k, and £(q) = k, and consider SpCi(p)SpSrSsSeSy #
0. It follows from (4.1) and (4.2) that » < p and s < ¢g. Then 5,55, = Sy
where ¢(q') = k. Since {(p) < k, it follows from the same considerations that
Ct(p)SpSy = 0. Thus S,¢4(,) S, and S45; are inequivalent.

For the reverse implication in (ii), note that if /(p) = ¢(g) < kand y =
t(p) = t(q) € E®\ S then

(S48ySp)"(S48ySp) = SpCySp, (SqCySp)(SqlySp)™ = S48ySq,
and if £(p) = ¢(q) = kand t(p) = t(q), then

(5555)7(S4S5) = SpSh,  (S455)(S4S3)" = S¢S

Finally, we show that Y N) = 1. For convenience we will let ¢y = 0 for
y € S. Then for any y € E° we have:

Py=Cy+ Y SaSiy=0+ ) 561(‘:t(61)+ )y SezS:z)S;

e1€E(y) e1€E(y) e2€E1(t(ey))
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=%y + 2 SPCt(p)S;“F 2 SPS;;:...:

peE(y) peE2(y)
—Z Z Srfgt(p S* Z SPS;'
i=0 peEi(y) peE(y)

The result follows by summing overy € E°. &

Proof of Lemma 4.2. By repeated application of ¢ it suffices to show that i, :
Ko(B*) — Ko(A") is injective. Letting AY = @5 (via the isomorphism 77), we have
A% = |J A%. We define finite dimensional approximating subalgebras to B* in a

manner similar to the @,’f . Namely, let

1
) _ i j
=U U Bl xFe
i=0j,j'<k
(Thus X,EO) is the set of paths y in X} that do not contain edges from D.) Now let

Bf =span{S,S; :u, v € X,E()), {(n) = £(v)}. It is clear that B* = |J B} and that

k
B,‘i‘ - A,"é. We will show that the inclusion Bli( - Ai induces an injection in Kj.

This will prove the lemma.
We note that B} = @ Ci(E;x, S(Eix)) ® C(Fik, S(Fix)). Thus every mini-

1
mal projection in B corresponds to a tensor product of minimal projections from
Cr(Eix,S(Eix)) and Ci(F;x, S(Fix)), and two such are equivalent in B} if and only
if they are separately equivalent in each factor. Note that, while Ax(x) and pg(x)

(Definition 3.13) belong to By, wi(x) & By if x € {uo, u1}. We define w,ﬁo) (x) € Bf
by
@ (x) = M(@)pelx).
Then wlgo) (u;) is a minimal projection in By (although it is not minimal in @f )-
Note thatif x = (y,z) € Q]({O’O) then Ay (x) corresponds to ¢, ® P;, p(x) corresonds
to Py ® ¢z, and w,(co) (x) corresponds to ¢, ® &z, while if u = (p,q) € X,(CO), then
SuS; corresponds to 5,5, ® 545;. For € X,io) with ¢(p) < (k—1,k—1) and
t(n) = (y,z) withy & S(E;x) and z ¢ S(F; ), we define
03" (1) = Sucy” (H(1))S;, € B,
analogously to Definition 3.16(iv). Then the projections in B of the form 6;(u),

1<i<3 and 920) (), form a complete family of pairwise orthogonal minimal
projections. By Lemma 4.3 we see that they satisfy the conditions for equivalence
given in Proposition 3.17(ii). From Definition 3.13 we see that if 9 ( ) # 04(1),
then

03 () = Ba(j0) + 85, (1) + 01y (72) -+
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where ¢(11), {(T2), ... > £(p). This observation has the following consequence.
Choose bases for Ko(Af) and Ko(Bf) consisting of classes of minimal projections
as above. If the bases are ordered by increasing length of the underlying paths,
then the matrix of the map Ko(B}) — Ko(Af) induced from inclusion is lower
triangular, with 1’s on the diagonal. Thus the map is injective. 1

We let Y denote Ko(B x, T?). By Lemma 4.2 we may identify Y with i,(Y) C
W. We now give a key lemma, that is based on the fact that the (ordinary) graph
D connecting the 2-graphs E; x F; defines the Cuntz algebra O, (with trivial K-
theory).

LEMMA 4.4. (29 —id)W C Y.

Proof. Let x € W. For n € Z large enough we have ¢"(x) € Wy. If (2¢ —
id)¢"(x) € Y, then since Y is ¢-invariant we get (2¢ —id)(x) € ¢~"Y =Y. So
we may assume that x € W. Since Wy = Ky(A%) is generated by elements of the
form [S,S;] for finite paths y1, we may assume that x = [S,,S;].

Case (i). Suppose t(y) € EY x F? for some i. Since the Ko-class of the pro-
jection is unchanged if the path is replaced by a new path with the same length
and terminus, we may assume that y € (E; x F;)*, and so that x € Y.

Case (ii). Suppose t(u) € {ap,a1}. For definiteness we suppose t() = ay.
For the rest of this argument we will omit the subscript on ag, Bo, 7o and Jp. Then
we may assume that y = v™ for some m > 0 and some path v with {(v) = a. We
note that

SpnSgn = Spn(SpSp + S¢Sy + S555)Spm,  while P[SgnSpgn] = [Sguia ngﬂ}.
Hence [SpnSju] = 2[Spn1Sgua] + [SpnsShng] € 20[SpnSju] + Y, since HB"s) =
u;. Therefore (2¢ —id)[SgnSgu] € Y. Thus

(2¢ —id)[SuSy] = (2¢ —id)P[Supn Sy pn]

= @f(v)* (o] (Z(P — ld) [S‘Bm Szm], by Lemma 41,
S &[(V)*(Y) CY. 1

LEMMA 4.5. ker (id — ¢) C Y.

Proof. Let x € ker (id — ¢). Then

x=¢(x) =¢(x) — (id=9)(x) = 2¢ —id)(x) € Y.
The preceding and following lemmas will allow us to show that the K-
theory of A x4 T? x Z is given by the subalgebra B. We let 1 = ®(1,0)+, SO that ¢

and ¢ generate the action of Z? on W. We note that since B is invariant for &, Y is
invariant for ¢ as well as for ¢.

LEMMA 4.6. W/(id—¢)W =2 Y/ (id — ¢)Y, and the isomorphism is equivariant
for .
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Proof. First we show that W = (id — ¢)W + Y. Let x € W. By Lemma 4.4
we have ¢(x) = (id — ¢)(x) + (2¢ —id)(x) € (id — )W + Y. Applying ¢~ we
see that x € (id — ¢)W + Y. Now we have

W C(d-¢p)W+Y Y
[—¢W  Gd-@W YN (Gd—g)W)
We will show that Y N ((id — ¢)W) = (id — ¢)Y, which will conclude the proof.
The containment “D” is clear. For the containment “C”, lety € Y with y =
(id — ¢)(x) for some x € W. Then ¢(x) =y + (2¢ —id)(x) € Y, by Lemma 4.4. It
follows that x € Y, sothaty € (id —¢)Y. 1

B1 Y1 B2 Y2
a1 a2
PN TN
€1 €2
ug Uy Uz

al al
Ay (A
noooA

V3 85
FIGURE 2

THEOREM 4.7. K, (A) = K,(B).

Proof. Lemmas 4.5 and 4.6 and the Pimsner-Voiculescu exact sequence show
that K, (A x, T? X Z) and K, (B x, T? x4 Z) are isomorphic, equivariantly for .
Another application of Pimsner-Voiculescu, together with Takai-Takesaki duality,
gives a commuting diagram of long exact sequences:

W W Ko(A) ——
Tz T% Ti*
Y id—y Y

id—9)Y d—¢)Y Ko(B) ’

o ker(id— @) 2 ker(id—¢) —— Ky(A) —— .-

| | Ji

o ker(id-¢) 2 ker(d—¢) —— Ki(B) —— ---
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It follows from the five lemma that K.(A) = K.(B). &

THEOREM 4.8. Let k > 1 be given. For 0 < iand 1 < j < k let Ei; be an
irreducible directed graph with distinguished vertex v; ; emitting infinitely many edges.
For i > 0 let D; be a copy of the graph D in Definition 2.1 (with vertices u;_q, u;,
a;, a, — see figure 2). Let () be the object obtained from the 1-graphs {D;} and the
product k-graphs {E;, x - - - x E; .} by identifying the vertex u; with (v;1,...,v;) asin
Definition 2.1. Let A be the C*-algebra defined by the generators S and relations R as in
Definition 3.3 (modified in the obvious way). Then A is the unique stable UCT Kirchberg
algebra with K-theory equal to

éK* ( é O(Ei,j)).
i=0 j=1

Proof. This follows from Corollary 3.19 and Theorem 4.7. (The uniqueness
is a result of Zhang, [19].) 1
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