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1. INTRODUCTION AND PRELIMINARIES

Every semisimple Hermitian Banach *-algebra .4 can be considered as a *-
subalgebra of the algebra (B(H), || - ||) of all bounded operators on a Hilbert space
H and Sp4(A) = Spp(x)(A) for each A € A. Denote by Ay the set of all normal
operators in A. For a subset o of C, set

An(o) ={A € A, :Sp(A) C o}

Each bounded Borel complex-valued function g on ¢ defines, via the spectral
theorem, a map g : T — g(T) from the set of all normal operators with spectrum
in o into B(H). If we restrict g to A, then g(T) does not necessarily belong to A.
A function g is said to act on A if

(1.1) g(T)e A foreach T € Ay(0).

It is well known that all continuous functions act on C*-algebras. On the
other hand, only holomorphic functions act on the Wiener-Fourier algebra I'(T)
(see [14]). For many Hermitian subalgebras of B(H), however, the situation is not
"black and white”, especially if ¢ C R. Bratteli, Elliott and Jorgensen [6], for ex-
ample, proved that each continuous function g in L' (R) whose Fourier transform
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satisfies
/ [sg(s)|ds < oo

acts on the domains of all closed *-derivations of C*-algebras. A wide class of
semisimple Hermitian Banach x-algebras — differential algebras — was intro-
duced by Blackadar and Cuntz in [5] and by Kissin and Shulman in [15]. These
algebras are operator analogues of algebras of differentiable functions. In partic-
ular, all symmetrically normed ideals of B(H) and all domains of closed deriva-
tions of C*-algebras are differential algebras. In [5] and [15] various smoothness
conditions were obtained for functions to act on differential algebras.

In this paper we study “scalar” and ”operator” smoothness conditions for
functions to act on symmetrically normed ideals (for the sake of brevity, s. n. ideals)
of B(H) and on the domains of weakly closed derivations of these ideals.

Let H be a separable Hilbert space. A two-sided ideal | of B(H) is an s.n.
ideal if it is a Banach space with respect to a norm || - [|; and

(1.2) |AXBI; < [|AlIX]l;|B] for A,B € B(H) and X € J.

By Calkin’s theorem, ] C C(H), where C(H) is the ideal of all compact operators
in B(H).

In Section 2 we study functions g defined on compact subsets & of C that
act on s.n. ideals J. We show that g acts on | if and only if it is Lipschitzian at 0.
Moreover, such a function acts continuously on all separable s.n. ideals. We also
prove that g acts on the unitization | = C1 4 J of ] if and only if it is Lipschitzian
at each point of a. It acts continuously on the unitization of separable ideals if and
only if it is Lipschitzian on «.

For more intricate classes of differential algebras such as the domains of
closed *-derivations, the “scalar” smoothness conditions are not however, always
well-suited to determine the spaces of functions acting on these algebras. In these
cases more suitable conditions turn out to be various “operator” smoothness con-
ditions imposed on the maps T — g(T).

”Operator” smoothness conditions characterize interesting and important
classes of functions. For example, the condition that the maps T — g(T) are
Gateaux or Frechet differentiable defines the classes of Gateaux and Frechet op-
erator differentiable functions; the condition that these maps are Lipschitzian de-
fines the class of operator Lipschitz functions. If, apart from the standard operator
norm on B(H), one considers symmetric operator norms || - ||; and the classes of
Gateaux (Frechet) operator differentiable and operator Lipschitz functions with
respect to these norms, one obtains a rich variety of functional spaces. Thus the
operator theory suggests its own scale of smoothness of functions and defines
naturally new functional spaces. Much work has been done to relate the “opera-
tor” smoothness and the traditional “scalar” smoothness conditions of functions
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in papers of Daletskii and Krein [7], Birman and Solomyak [3], [4], Davies [8],
Farforovskaya [9], [10], Peller [22] and others.

Let A be a Banach *-algebra. A map ¢ from a *-subalgebra D(J) (called the
domain of J) of A into A is a x-derivation if

(13)  5(AB) = AS(B)+5(A)B and J(A*) =3(A)*, for A, B e D(6).

A derivation ¢ is closed if the graph G(6) = {(A,0(A)): A € D(é)} of ¢ is norm
closed in A + A. If A is the dual space of a Banach space A, and the graph G(4) is
closed in A+ Ain the o(A + A, A, + A,)-topology, then ¢ is called weakly closed.

Similar to (1.1), a function g on a subset ¢ of R acts on the domain D(J) of
an unbounded *-derivation ¢ of a Hermitian Banach algebra, if

(1.4) A=A"eD() and Sp(A)C o impliesthatg(A) € D(d).

The first step in finding “operator” smoothness conditions for functions to act
on the domains of closed *-derivations was made by Arazy, Barton and Fried-
man in [2]. They proved that Gateaux operator differentiable functions act on
the domains of the generators of one-parameter groups of automorphisms of C*-
algebras. The authors in [16], [18] and Pedersen in [21] extended their result and
showed that these functions act on the domains of all closed *-derivations on C*-
algebras. In [18] it was also established that a function acts on the domains of
all weakly closed *-derivations on C*-algebras, if and only if it is operator Lips-
chitzian.

In Section 3 we consider “operator” smoothness conditions for functions
to act on the domains of closed and weakly closed unbounded *-derivations on
s.n. ideals. We prove that if | is a coseparable s.n. ideal, then the operator |-
Lipschitz functions act on the domains of all weakly closed *-derivations of J. If
| is reflexive, then the operator J-Lipschitz functions act on the domains of all
closed *-derivations on J. We also extend a result of the second author in [25] and
show that, if J is a closed *-derivation on a C*-algebra or on a separable s. n. ideal
J and if 5(A) belongs to a reflexive ideal I, then g(A) € D(J) and 6(g(A)) € I, for
each operator I-Lipschitz function g on Sp(A).

We apply the above results to extend some operator inequalities in Schatten
ideals CP. It was proved in [8] that, for each 1 < p < oo, there is a constant 7,
(evaluated in [1]) such that, forall T = T* € B(H) and all A = A* € C?,

I[T, 1A, < 7pll[T, Alll,, where [T, A] = TA— AT and |A| = (A*A)V2.

We show that this inequality holds for all unbounded symmetric operators T and
all A = A* € C? that preserve the domain D(T) of T.

2. FUNCTIONS ACTING ON SYMMETRICALLY NORMED IDEALS

We start this section with a brief discussion of some basic properties of s. n.
ideals. Let | be a s.n. ideal of B(H). If V is an isometry from H onto another
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space K, then the ideal V]JV* of B(K) with the norm ||[VAV*|y v+ = ||A]|}, for
A € ], does not depend on the choice of V. We will denote it by the same symbol
J (or J(K) if it is necessary to underline the space). Therefore when we say that
a certain statement holds for an ideal ], we mean that it holds for all ideals J(K)
with K being any separable infinite dimensional space.

Let @ be the set of all positive symmetric norming functions on the space cg of
all sequences of real numbers converging to 0 (see Section IIL3 of [11]). The most
important classes of s.n. ideals are defined by means of these functions in the
following way (see Section IIL.4 of [11]). For each A € C(H), the non-increasing
sequence s(A) = {s;(A)} of all eigenvalues of (A*A)!/2 belongs to cy. For ¢ € @,
the set

J* = {A € C(H): p(s(A)) < oo} withnorm [|Al|jy = p(s(A))
isans.n. ideal.

Denote by F the ideal of all finite rank operators in B(H). The closure ]g) of
Fin || - ;¢ is a separable s.n. ideal and ]g’ C J?. It follows from Theorem II1.6.2
of [11] that an s.n. ideal is separable if and only if it coincides with some ]g’ .

For many functions ¢ € @, the ideals J¥ and ]g coincide. An important class
of such functions consists of the s.n. functions

ad /
p@=(Llal)"” for1<p <o, andgu(c) =supldil
i=1

The corresponding ideals C? are called Schatten classes. In particular, C* =
C(H).

In the following proposition we gathered some known (see, for example,
[17]) results that will be used later on.

PROPOSITION 2.1. Let I and | be s. n. ideals.
@) If ] € I then there exists ¢ > 0 such that || A||; < c||Allj, forall A € ].
(ii) There is a unique, up to equivalence, function ¢ € @ such that ]g) cJcye.
Moreover, the norms | - || ;o and || - ||y coincide on ]g) and ||Allje < [|Allj forall A € ].
(iii) If | is reflexive then there is ¢ € P such that ]g) =J]=J.
For each s.n. function ¢ # ¢4, there is an adjoint s.n. function ¢ such that J¥
can be identified with the dual space of ]g) in the following way. For each T € J¥
and X € ]g) , the operator TX belongs to the trace class C!, the linear functional

2.1) Fr(X) = Tr(TX)

is bounded on ]g with [|[Fr|| = [|T||;4, and each bounded functional on ]g is of
this form. We write ¢ = ¢*. This relation is symmetric: ¢* = ¢ if ¢ # ¢; and
¢ # Po. Thus all ideals J?, ¢ # ¢oo, are dual to separable ideals; we call such
ideals coseparable. By the weak topology in a coseparable ideal J* we mean the

topology ¢(J, J§ ).
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Let | = C1 + J be the unitization of an s.n. ideal J. Then it is a Banach *=
algebra in the norm H)L1—|—AHT = [A] 4+ ||Allj, for A € Cand A € ]. By ]y and ],
we denote the spaces of all normal operators in ] and J.

In this section a will denote a compact subset of C. For any s.n. ideal ],
we set

Ja(e) ={A € Jn:Sp(A) Ca} and Tn(oc) ={A¢c Tn :Sp(A) C a}.

Since 0 lies in the spectra of all compact operators, we always assume that 0 € «
when we consider J,(«). For J,(«) we do not need to assume this.

Recall that a function g on « is Lipschitzian at a point s € «, if there is
D > 0 such that |g(t) — g(s)| < D|t —s| for all € a. Clearly, the above condition
is non-trivial only if s is a limit point of . A function g is Lipschitzian on « if
lg(t) — g(s)] < DIt —s| for all t,s € a. It is easy to construct an example of a
function Lipschitzian at each point of a but not Lipschitzian on a.

We set

g(t)—g(s) fort #s
2.2 (1) = t—s ’
22) &(t) { 0 fort =s.

An operator A € B(H) is diagonal, if there exists an orthonormal basis {e; }
in H such that Ae, = Aye, for all n. We will write A = diag(Ay,..., Ay, ...)
without mentioning the basis.

Before discussing the question which functions act on s. n. ideals, let us note
that for the ideal C(H) the answer is well known: any continuous function g acts

—_—~

on C(H) = C1+ C(H); it acts on C(H) if and only if g(0) = 0.

THEOREM 2.2. Let g be a bounded Borel function on « C C and let | # C*.
Then:

(i) g acts on | if and only if g(0) = 0 and g is Lipschitzian at t = 0;
(ii) g acts on ] if and only if it is Lipschitzian at each point of a.

Proof. If g is Lipschitzian at 0 and g(0) = 0, then g(t) = tgp(f) and o
defined in (2.2) is a bounded Borel function on «. Hence gy(A) € B(H) so
g(A) = AZy(A) € ], for each A € Ju(a).

Conversely, if g acts on | then g(0) = 0. If g is not Lipschitzian at 0, then
there are t;, € a such that |t;| < k=2 and ‘gt—Z‘)

¢ € @ such that ]g) CJCJ?. Set
Ea=(1,...,1,0,...) and R(n) = p(&n).

n

As J® # C(H) we have (see Section IIL.3 of [11]) R(n) — o0, as n — oo,

’ > k4. By Proposition 2.1, there is

(23) 1<R(n)<Rn-1)+1landR(n) =¢(0,...,0,1,...,1,0,...) forall m.
S—— ——

m n
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Hence R(n) < n. Since 1 < k=3|t;|~! and R(n) — oo, we can choose n; such that
(2.4) 1< (k)™ < R(ng) < k(|te)) 7

Let us fix some orthonormal basis in H. The operator A = diag( ety e,
~—

t,.
N

n
te, .-, tg,...)isnormal and A € C(H). For each k, set

N——
Ny

Ak = diag(tl,...,tl,...,tk,...,tk,0,0,...).
S—~— N——
ny Ny

It follows from Properties II and III in Section I11.3.1 of [11] and from (2.3) and
(24) that HAkH]‘P = (P(|t1|,. ..y, |t]‘,. ey ‘tk|r' ..y |tk‘,0,0,. . ) < |t1|R(1’l]) —+ -4

nq ny

k
te|R(ng) < Y m~2. Since Ay converge to A in the weak operator topology and
m=1

sup || Ag[[jo < oo, it follows from Theorem IIL.5.1 of [11] that A € (](‘)P)n(zx) C Jn(a).
On the other hand, by Properties II, III, 1° in Section II1.3.1 of [11] and
by (2.4),

I8(AY o = lim ¢((g(t0), - 8- [8(EL -, g (4L, 0, )
> lim p(0, .., 0, [g(t)l, -, [8(t)}0,- )

LC3

= lim [g(t¢) [R (1) > klimk4\tk|R(nk) > limk = oo.

k—o0

Thus g(A) ¢ J?. Hence g(A) ¢ ], so g does not act on J. Part (i) is proved.

Forseaand B € J,,let A =5s1+B € ﬁl(oc). If g is Lipschitzian at s, then
g(t) = g(s) + (t —s)gs(t) and g5 defined in (2.2) is a bounded Borel function on «.
Hence 35(A) € B(H) so that g(A) € J, since

(2.5) 8(A) = 8(s)1+ (A —s1)8s(A) = g(s)1 + Bgs(A).
Conversely, let g act on J. First show that g is continuous on «. If g is not

continuous at s, there are s, — s in a such that the operator B = diag(s; —s,0,52 —
5,0,...,5: —s,0,...) belongs to ]g C J and g(s;) do not converge to g(s). Then

A=t14+B€Jo(w) and g(A)=diag(g(s1),8(s),8(52),8(s),--.,8(sn),8(5),...)E].

However, since g(s;) do not converge to g(s), we have g(A) ¢ C1+C(H) — a
contradiction.

Let A = diag(t1,t2,...,tn,...) € Jbesuchthatsl1 + A € Tn(ﬂé). Since t,, — 0
and g is continuous, g(s1+ A) — g(s)1 € C(H). Since g acts on ], g(s1+ A) —
g(s)1 € J. Hence the function h(t) = g(s +t) — g(s) defined on the set {z —s:z €
a} acts on J. By (i), /1 is Lipschitzian at t = 0. Hence g is Lipschitzian ats. 1
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Denote by C, the disk of radius p with centre in 0.

LEMMA 2.3. Let {Ax}2 ) be normal operators, let ||Ap — Agl| — 0 and let a
compact set o in C contain all Sp(Ay). Let {hy};> | be Borel functions on « such that
M = sup |h(t)| < oo. Let also hy — hq uniformly outside each disk C,, where the

kt

function,ho is continuous on « \ {0}. Then
|l (Ag)x — ho(Ag)x|| — O foreach x € AgH.
Proof. Since sup |1 (Ax)|| < M, it suffice to prove the lemma for x € AgH.
k

We will even show that || (Ax) Ao — ho(Ag)Ap|| — 0.

Setting fi(t) = thy(t) and fo(t) = thy(t), we have

17 (Ak) Ao — ho(Ao) Aol| < |7y (Ar) (Ao — Al + [l fe(Ak) — fo(Ao) ]|
< M Ao — Akll+[1 £ (Ak) = fo(AR) 1+ 1] fo (Ak) — fo(Ao) -

The first term tends to 0. The second term tends to 0 because f; — fo uniformly

on g, the third term tends to 0 because fy is continuous on a. 1

We will consider now the question of which continuous functions act con-
tinuously on s. n. ideals.

THEOREM 2.4. Let g be a continuous function on « C C and let g(0) = 0.
(i) g acts continuously on a separable ideal | # C* if and only if it is Lipschitzian at
t=0.
(ii) If g is differentiable at t = 0, it acts continuously on all s. n. ideals.
Proof. The part “only if” in (i) follows from Proposition 2.2.
Let operators A and Ay belong to J,(«) and let [|A — Ax||; — 0. The function
Q0 defined in (2.2) is continuous on «\0, |go(t)| < D for some D > 0, and g(t) =
t90(t). Hence
(2.6) 18(A) = &(Ap)lly = [I80(A)A = So(Ax) Axlly
< 1180(A) A = Zo(Ar) Ally + (180 (Ax) (A = Ar) Iy,
27)  1180(A) (A = Ap)lly < I8o(AR) 1A — Aklly < DI|A = Agl[y — 0.
Let Q be the projection on AH. Then A = QA. Setall I = go, k =0,1,...,

in Lemma 2.3. Then the operators gy(Ax)Q strongly converge to go(A)Q. If | is
separable, it follows from Theorem II1.6.3 of [11] that

1(80(A) = 8o (Ar)) Ally = [1(80(A)Q — 8o(A) Q) All; — .

Hence [|g(A) — g(Ax)|l; — 0in (2.6) and part (i) is proved.

Let g be differentiable at t = 0. Changing the value of g(0) from 0 to g’(0),
we may assume that gy is continuous on a. If [|A — Ag|; — Othen ||A — Ag|| — 0,
so that ||go(A) — go(A)|| — 0. Hence

1(80(A) = 8o(Ax)) Ally < [180(A) = Zo(Aw)I[[[All} — 0.
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Taking into account (2.6) and (2.7), we have ||g(A) — g(Ax)|[; — 0. 1

Although, by Proposition 2.2(ii), functions Lipschitzian at every point of a
act on the unitizations of s. n. ideals, only “globally” Lipschitz functions on & act
continuously.

THEOREM 2.5. Let | = ]g # C® be a separable s. n. ideal. A function g on « acts
continuously on | if and only if it is Lipschitzian (in the usual sense) on w.

Proof. Suppose that g is a Lipschitz function on «. Let By, By € | and let
Ag = tol+ By, Ay = t;1+ By belong to Jn(«). Replacing g by the function g(t -+ to)
and « by the set {z — fy: z € a}, we may assume that fy = 0 and Ay = By.

Each function h; = g, defined in (2.2) is continuous on a\{t}. Since g is
Lipschitzian on «, there is D > 0 (see (2.2)) such that | (t)] < D for all t € a.
We have from (2.5) that g(Ax) = g(tx)1 + hx(Ax) By and ||l (Ag)|| < D. Hence

18(A0) = g(Ai)ll7 = 18(0) — g(tx)[ + [lho(Ao) Bo — i (Ax) Blly, and

1ho(Ao)Bo — hi(Ak) Bl
<|[ho(Ao)(Bo — B) |7+l (ho(Ao) — A (Ak)) (Bo — Bi)llj+ | (ho(Ao) — hi(Ax))Bolly
< (2]|ho(Ao)| + 1 (A1) 1IBo — Blly + I(ho(Ao) — hic(Ax))Boll-

Hence
(2.8)  lig(Ao) — &(Ax)llj < Dltx| +3DI[Bo — Blly + [I(7o(Ao) — hx(Ar))Boll}-

Let ||Ag — Ak||]~ — 0. Since t; — tg = 0, the functions  converge uniformly
to hp on & outside C, for any p > 0. Therefore, by Lemma 2.3, the operators
hy(Ay) strongly converge to hip(By) on ByH. Let Q be the projection on ByH. Then
By = QB and hy(Ag)Q strongly converge to hy(By)Q. Since | is separable, it
follows from Theorem II1.6.3 of [11] that

| (ho(Bo) — hi(Ax))Bolly = [ (ho(Bo)Q — hx(Ax)Q)Boll; — 0.

Hence, by (2.8), ||g(Ao0) — §(Ax) ”T — 0, s0 g acts continuously on 7J.

Conversely, let ¢ be a non-Lipschitz function a. There exist A, fy, sy € a such
that ty — A, [sg| < k=2 and |g(si + tx) — g(tr)| = k|si|. Without loss of generality,
assume that A = 0.

Since | = ]g # C*® and since 1 < [s;| k=2, one can find 1y, as in the
proof of Proposition 2.2, such that 1 < |[s;| k2 < R(ng) < kV2(|s| Tk2),
so k72 < |sg|R(ng) < k™32, Set Ay = diag(sy,...,s1,0,...). Then ||A¢]l; =

——

Mk
d(Iskl, - Iskl,0,...) = |s[R(nx) — 0, so that [t + Aklly = [te] + [|Aklly — 0.
N ——
Ny

Hence t;1 + Ay converge to 0 in T
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On the other hand,

g(t1+Ay) = diag(g(te+sk),. - -, §(te+sk), (k). . ) =g(tx)1+ diag(rg,..., 7%, 0,...),
N——

1% o3

where 7, = g(t +s¢) — g(tc) and |rx| > K3|s¢|. Since g(0) = g(0)1, we have

I8 (tx1+Ar) —g(0) 7= B (tx) =g (0)| + diag(|rcl, .-, 1], 0, )

ng
= 18(t) =g (0)|+|rel R (1) =g (t) —g (0) | +K|si R (1)) — 0.
Therefore g does not act continuously on J. 1

REMARK 2.6. It follows from (2.8) that, for all (not only separable) ideals,
the following statement holds: if g is a Lipschitz function on «, then thereis D > 0
such that

8(A) — g(B)l; < 4D||A — B||; + 2D|| A,

for A, B € Ju(a). Thus the map A — g(A) is locally bounded on Ty,

Denote by Lip(«) the Banach algebra of all Lipschitz functions g on a with
norm

18llLip = Stuplg(f)\ +K(g, &), where K(g, ) = sup|gs(t)|.
e

t,sea

Denote by Lipg(«) the Banach algebra of all continuous functions ¢ on « Lips-
chitzian at t = 0 with g(0) = 0 and with norm
I8 l[Lip, = sup|g(t)] + K(g,0), where K(g,0) = sup|go(t)]
tew tea
PROPOSITION 2.7. Let | # C* be an s. n. ideal.
(i) For A € Ju(«), the homomorphism ¢ — g(A) from Lip,(«) into | is bounded.
(ii) For A € Ju(a), the homomorphism g — g(A) from Lip(a) into ] is bounded.
Proof. Let A € Jn(a). By Proposition 2.2(i), the map § — g(A) is a ho-

momorphism from Lipg(a) into J. The function g is continuous on «\{0} and
180(A) || < sup{|o(t)[ : t € a} = K(g,0). Thus

18(A)Iy = 1A (A Iy < 1All7[I8o(A) I < lAIIFlIgILipy-

Letnow A = s1+ B € Jo(a), wheres € a and B € n. By Proposition 2.2(ii),
the map ¢ — g(A) is a homomorphism from Lip(a) into J. The function gs(t)
is continuous on a\{s} and ||gs(A)|| < sup{|gs(f)|] : t € a} < K(g,«). Thus
12(A)]| < K(g, @), so that, by (2.5),

18(A)I; < 8(s)] + 1Bl 185 (Al < |s|K(g, &) + [ BIl;K(g, &) < [[All7llgllLip-
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3. J-LIPSCHITZ FUNCTIONS ACT ON THE DOMAINS OF WEAKLY CLOSED DERIVATIONS

It was proved in [18] that Operator Lipschitz functions act on the domains
of all weakly closed x-derivations of C*-algebras. In this section we show that
J-Lipschitz functions act on the domains of all weakly closed *-derivations of
coseparable s.n. ideals .

Let & be a *-derivation on J? (see (1.3)). It is closed (weakly closed) if its
graph {(A,6(A)) : A € D(d)} is closed in J?@]? in norm (respectively, in the
weak topology o(J# + %, 1§ +J§))

In this section we denote by & a compact subset of R and by I' an open
subset of R. Let Js, be the set of all selfadjoint operators in J. Set

Jsa(a) = {A € Jsa : Sp(A) C a}.

DEFINITION 3.1. Let | be an s.n. ideal or B(H). A continuous function g on
w is J-Lipschitzian, if there is D > 0 such that

(3.1) 18(A) —g(B)ll; < D|A— B} for A, B € Jsa(a).

A function g on I' is J-Lipschitzian, if it is J-Lipschitzian on each & C I' (the
constant D in (3.1) depends on «).

J-Lipschitz functions are Lipschitzian in the usual sense: if Q is a rank one
projection then ||Ql|; = 1 and, for t,s € a,

8() —8(s)| = lI(g(t) = 8(s))Qlly = §(tQ) — 8(sQ)ll; < D[[tQ —sQlly = Dt —s|.

We call B(H)-Lipschitz functions Operator Lipschitzian. They are differ-
entiable (see [13]), but not necessarily continuously differentiable (see [17]). The
class of Operator Lipschitz functions on [a,b] lies between two Besov spaces
BL,(a,b) and B} (a, b) (see [22]). CP-Lipschitz functions, for p € (1, 0), constitute
wider classes than Operator Lipschitz functions; they contain non-differentiable
functions, in particular, g(t) = |t| (see [8]).

It was proved in [19] that if ¢ is a J-Lipschitz function, for | = J¢ or ]g) , then
property (3.1) can be extended from Js; to B(H)s, in the following way: there is a
minimal constant kj(g,«) > 0 such that the condition A—B € |, for A, B € B(H)sa(a),
implies

(3.2) 8(A)—g(B)e] and [g(A)—g(B)l; <kj(g a)lA - Bl

DEFINITION 3.2. Let | be an s.n. ideal or B(H). A continuous function g on
I' is Gateaux J-differentiable at A = A* with Sp(A) C I, if there is a bounded linear
operator gX from Js, into | such that, for any X € Js, and sufficiently small t € R,

g(A+tX)—g(A)e] and ’H(g(A +1X) — g(A)) —gX(X)H] 0, ast— 0.

If ¢ is Gateaux J-differentiable at each A € B(H)sa(I'), it is called Gateaux J-
differentiable on I'.
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For separable ideals | the following conditions are equivalent (see [18]):
(i) g is a differentiable, J-Lipschitz function on an open set I';
(ii) g is Gateaux J-differentiable on I'.
Let ¢ be a Gateaux J-differentiable function on I', let & be a compact in I

and let Sp(A) lie in the interior int(«) of a. It follows from (3.2) and Definition 3.2
that, for any X € Jsa,

(3.3) IgX (X); < ky(g, )Xl

The next lemma (see, for example, [3],[18]) gives us many examples of Gateaux
J-differentiable and J-Lipschitz functions.

LEMMA 3.3. Let ¢ € LY(R) be a continuous function. Let g(s) be its Fourier
transform and

(3.4) / |sg(s)|ds < oo

(for example, " € L2(R)). Let | be an s. n. ideal or B(H). Then g is J-Lipschitzian and
Gateaux [-differentiable on R. For each A = A* and X € [,

© 1
1 ‘ .
Y - _i\G —istAy ,—is(1-t)A
(35) 85X = 5= / (~is)g(s) / eistA X dt)ds.
—00 0

A stronger fact follows from the results of Peller in [23] that the conclusion
of Lemma 3.3 holds for all functions from the Besov space B, .

Bratteli, Elliott and Jorgensen [6] proved that each function g that satisfies
(3.4) acts on the domains of all closed *-derivations é of C*-algebras. It was shown
in [18] that

5(g(A)) = g4 (6(A)) for A= A* € D(6).

To extend this result to closed *-derivations on s. n. ideals we need the following
adaptation of Lemma 2 of [24] to derivations on Banach algebras.

LEMMA 3.4. Let 6 be a closed derivation on a unital Banach algebra A. If A €
D(d) then
1
(3.6) e e D(8) and 6(eh) = / e As(A)ell-DAgt,
0

Any #-derivation & on | extends to a *-derivation é on ] by setting

(3.7) 5(A1+ A) =48(A) €] forall A e D(5),A € C.

It is (weakly) closed if J is (weakly) closed. If ] = B(H), we set J=B (H) and
6=20.
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If J is an s.n. ideal and A = diag(ay,...,an,...) € Jsa With a, € R, then
A 1= diag(el™ —1,...,e" —1,...) € Jand |e" — 1| = 2sin(a, /2) < a,. It
follows from II1.3.1 in [11] that, for s € R,

38) e =1y < [All; solle® ;< T+lsAll; < (1+ Al +[s))-
Hence, for A1+ A € Jand A, s € R,
(3.9) e |5 = [l 7 < (14 [|All ) (1 + |s]).

LEMMA 3.5. Let | be an s. n. ideal or B(H) and let § be a closed x-derivation on J.
If g satisfies (3.4), then, for each A = A* € D(9),

(3.10) g(A) € D) and &(g(A) = g5 (5(A).
Proof. It follows from (3.9) and (3.4) that

7i i —isA _ / —1sAA
g(A)fZH/e g(s)ds Zmlgr;o

Since g is Lipschitzian (in the usual sense), we have g(A) € J, by Proposition 2.2.
We have from (3.7) and Lemma 3.4 that 6(A) € J and é(e 54) € ], for s € R, and

Hg(efisA)H] _ H /1eistA5~(_iSA)eiS(1t)AdtH]

1
(3.11) < / le A1 lls3(A) [y le =4yt = [s][I3(A) -
0
This implies that é(e~%4) is continuous in norm || - || j with respect to s, since

157 =d(e ) ly=[Id(e A (1 —e I,

<[5 5411 — e 094 g e =4 5(e 94 0,
as t — s. Since ¢ € L!(R), the function g is continuous. Hence the integral
f (5 ISA 2(s)ds is the limit of Riemann sums. Since 5 is a closed derivation,

~ n .
we have f e 54g(s)ds € D(4) and f 5(e Mg (s )ds:(5< J e_‘SAg(s)ds).Tak-
-n

—n —n

ing (3.4) and (3.11) into account, we have that the integral [ 6(e74)g(s)ds =

—00

lim f 5( e 154)2(s)ds converges. Since 4 is a closed derivation, we have that

n—oo ~

gA) € DE) and Bg(a) = 5 [ Fe Mgls)ds
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Substituting (3.6) in this formula and comparing it with (3.5), we have

) 1
Sg(A) = 5 [ (-is)gts)( [ e ST A 00Aar) ds = gF (F(A)).
S, /

COROLLARY 3.6. Let g have a continuous second derivative on I'. If | is an s.n.
ideal or B(H) then:
(i) g is J-Lipschitzian and Gateaux [-differentiable on I';
(ii) for any closed x-derivation & on | and for each A = A* € D(d) with Sp(A) C T,

g(A) € Do) and 5(3(A)) =ga(6(A)) €.

Proof. Let o C I and let 1 be an infinitely differentiable function on R such
that supp(h) C I' and h(t) = 1 in some neighbourhood U of «. The function
gh has a continuous second derivative on I' and supp(gh) C I'. Extend gh
to R by setting (gh)(f) = 0, for t ¢ I', and denote this extension also by gh.
By Lemma 3.3, gh is J-Lipschitzian and Gateaux J-differentiable on R. Since
(gh)(B) = g(B)h(B) = g(B), for B = B* with Sp(B) C U, we have that g is
J-Lipschitzian on «, Gateaux J-differentiable on U and g = (gh)j. Hence g is
J-Lipschitzian and Gateaux J-differentiable on I'.

Let A = A* € D(J) with Sp(A) C a. By Lemma 3.5, g(A) = (gh)(A) €

D(é) and
3(g(A)) = 8((gh)(A)) = (s 4(3(A)) = g4 (3(A)) € ]
which completes the proof. 1

Let g and ¢ be continuous functions on R and ¢ have a compact support.
The convolution

g+ 0)0) = [ gt =np(rar
is a continuous function. For h(t) = t”ioo
(h* @)(t) = /(tr)”q)(r)drié( ’: )t”—f / ro(r)dr.

For a bounded operator A,

(h* @)(A) = ZO ( ’: > A 7ri<p(r)dr - 7(A —11)"g(r)dr.

—00 —00

Therefore for any polynomial #,

oo

(s )(A) = /h(A—rl)go(r)dr.

—0
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Let g be a continuous function on I" and let A = A* with Sp(A) C I'. For a
compact B in I' with Sp(A) C int(B), choose w in I" and a > 0 such that

(3.12) Sp(A) Ccint(a), « Cint(f) and t+rep, fortewandr € [—a,a]

Choose a non-negative infinitely differentiable function ¢ with supp(¢)=[—a, 4]
and
(3.13) / @(r)dr =1.
Considering polynomials that uniformly converge to ¢ on 3, we obtain
@19 g+ 0)4) = [ g(A-rDg(r)dr.
Set
¢n(t) =ne(nt) and g, = g* @n.

Then

i a a
(3.15) [ontiar=1 and 7, = supp(pn) = [, %)

LEMMA 3.7. Let g be a Lipschitz function (in the usual sense) on each compact
subset of I
(i) If ] is a separable s. n. ideal or B(H), then ||g(A) — gn(A)
Jsa(T').
(ii) If ] is a coseparable s. n. ideal, then g(A) — gn(A) — 0 in the weak topology on
], for each A € Jea(T).
(iii) Let ] be an s.n. ideal or B(H) and let 6 be a closed -derivation on J. If g is a
J-Lipschitz function on I and A = A* € D(J) with Sp(A) C T, then

HT — 0 for each A €

(3.16) gn(A) € D(0) and 5(gn(A)) = (gn)A(6(A)) € J.
For each compact subset B of I' such that Sp(A) C int(p),
(3.17) 16(gn (AN < Ky(g, B)I16(A)l}-

Proof. For A € Jea(T'),leta C Bin I and a > 0 be as in (3.12) and let ¢, be
as in (3.15). Since g and all g, are Lipschitzian in the usual sense on «, we have
from Proposition 2.2 that g(A), gn(A) € . By (3.14),

I3(4) = gu(Aly = | [ (s(4) - g4 = r)gu(ri]|
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(3.18) < / 18(A) = 8(A = 1) [l5pu(r)dr < sup|ig(A) — g(A —r1)[.

rEYn

If ] # B(H) is separable, it follows from Theorem 2.5 that ||g(A) — g(A —
1’1)||T — 0,asr — 0.

If ] = B(H), then ||g(A) —g(A —1)|| — 0, as r — 0. Thus in both cases
lg(A) — gn(A) HT — 0. Part (i) is proved.

Let | = J? be a coseparable s.n. ideal. Set B, = g(A) — gn(A). It fol-
lows from Remark 2.6 that sup||g(A) — g(A — r1)|\]~ < oo. Hence, by (3.18),

rep
sup |y | < co.
n

Similar to (3.18), we have the following estimate for the operator norm of B;:
1Bull = lig(A) = gu(A)ll < suplig(A) = g(A = 1), where 7 = supp(gn) =
€Y
[—%, %] Since
lg(A) —g(A—r1)ll = sup [g(A)—g(A—1)| < K(g p)lrl,
AeSp(A)

where K(g, B) was defined after Remark 2.6, we have ||B,| < K(g,B)% — 0, as
n — oo, where the constant was defined after Remark 2.6.
Let B, = A41+ A, € J. Since sup HB””T < oo and ||By|| — 0, we have A, —
n

0, M =sup||Ay|; < ccand [[Ayl| — 0. Let I = ]g*, T elande > 0. Since [isa
n

separable ideal, there is a finite rank operator T, such that ||T — T¢||; < 7. By (2.1),
IFr(An)| <IFr, (An) |+ Fr_1, (Aw)| < [Fr.(An)] + T = Tolll| Aully < |Fr(An)| +e.
Since ||Ay|| — 0, we have Fr,(A,) — 0,s0 Fr(A;) — 0. Thus B, — 0 in the weak
topology on J. Part (ii) is proved.

Let now | be an s.n. ideal or B(H). Let A = A* € D(é) with Sp(A) C
int(8) C I'. Choose a compact subset « of  and a4 > 0 as in (3.12). We have

Sp(A—r1) C B, forre v, =supp(pn) = [—%, %] and all n.
Since g, are infinitely differentiable functions on int(«), it follows from Corol-
lary 3.6(ii) that (3.16) holds for them.
If g is J-Lipschitzian on I', we have from (3.3) and (3.16) that

(3.19) 16 (g (ANl = 11 (€n) A (B(AN)Ily < Ky (g, @) [[6(A) |-
We obtain from (3.2) and (3.14) that, if B,C € B(H)sa(«) and B — C € ], then

() — ga(C)]) < / 19(B — 1) — g(C — r1) || pu(r)dr
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< [ ()1~ Cliygn(r)dr = k(g £)15 ~ ).

Hence kj(gu, &) < kj(g, B), so (3.17) follows from (3.19). 1

THEOREM 3.8. Let | be a coseparable ideal. Each J-Lipschitz function gon I’ C R
with g(0) = 0 acts on the domain of every weakly closed x-derivation & on |:

if A= A" € D(6) and Sp(A) C I then g(A) € D(9).
Moreover, for each compact B in I such that Sp(A) C int(p),

16(g (AN} < Kp(8, BIISCAN-

Proof. Let B be a compact in I" such that Sp(A) C int(B). Choose « in I" and
a > 0 satisfying (3.12) and let ¢ satisfy (3.13). For g, = g * ¢y, it follows from
(3.16) and Lemma 3.7(ii) and (iii) that

gn(A) € D(9), 6(gn(A)) €T, 16(8n(A)l} < ky(& BII6(A)ly

and g,(A) — g(A) in the weak topology on J.

Since the sequence {6( gn(A))} is bounded in J, it has a weak cluster point
R e Jand |[R|]; < kj(g,B)|[6(A)];. Hence the pair (g(A), R) belongs to the weak
closure of the graph of 6. Since ¢ is weakly closed, the derivation 4 is also weakly
closed. Thus g(A) € D(6) and 6(g(A)) = R. Since g(0) = 0, we have g(A) € J.

Hence g(A) € D(5). &
For | = B(H), Theorem 3.8 was proved in [18].

COROLLARY 3.9. Let ] be a reflexive ideal (for example, ] = CP,1 < p < o0).
Each J-Lipschitz function g on I C R with g(0) = 0 acts on the domains of all closed
x-derivations on |.

Proof. By Proposition 2.1, | is coseparable. Since ] is reflexive, each closed
*-derivation on | is weakly closed. Thus the proof follows from Theorem 3.8. 1

For abounded derivation 6 on B(H) and A = A* € B(H), Kittaneh obtained
in [20] (see also [12]) that 5(A) € C? implies §(g(A)) € C? for all Lipschitz (in the
usual sense) functions g on Sp(A). In Section 4 of [19] this result was generalized
to all separable and coseparable s.n. ideals | : §(A) € J implies 6(g(A)) € J for
all J-Lipschitz functions g on Sp(A).

In [25] the second author obtained an analogue of these results for un-
bounded closed #-derivations é on C*-subalgebras of B(H): if A = A* € D(d)
and 6(A) € CP, for1 < p < oo, then g(A) € D(6) and 6(g(A)) € CP, for all func-
tions g on Sp(A) from a special subclass of CP-Lipschitz functions introduced in
[8]. The next theorem extends this result to all reflexive ideals I and all I-Lipschitz
functions.
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THEOREM 3.10. Let | be a separable s. n. ideal or B(H) and let 6 be a closed *-
derivation on J. Let I be a reflexive s. n. ideal and I C ]. Suppose that 6(A) € I, for some
A = A* € D(6),and Sp(A) C I'. Then for each I-Lipschitz function g on I" (assume

that g(0) = 0if | # B(H))
g(A)e D) and 6(g(A)) el
Moreover, for each compact subset B of I such that Sp(A) C int(p),

16(g(A)) T < ki(g, B)II6(A)I1-

Proof. Leta,Bin I' and a > 0 be as in (3.12) and let ¢, be as in (3.15). Since
g is a Lipschitz function in the usual sense, it follows from Lemma 3.7(i) that
lg(A) — gn(A) ||]~ — 0, for gy = g * @,. Since g is an I-Lipschitz function, we have
from (3.16) and (3.17) that

gn(A) € D(3), 6(gn(A)) €1 and [|5(gn(A))llr < ki(g, BIIS(A) |1

Let I* be the dual space of I. Since I is reflexive and the sequence {6(gn(A))}
is bounded in I, it has a cluster point R € I in the o (I, I*)-topology and ||R||; <
k(g B)II6(A)| ;- Hence there are linear finite combinations

03 - 03
Re= Y Mib(gn(A)) € Iwith Y A, =1, wheremy <ny,

n=my n=mj

N
converging to Rin | - ||; and my — o0, as k — oo. Set By = ), Augu(A). Then
n=my

B € D(8), Ry = 8(By) and

I8(A) ~ By € - Anllg(4) —gu(A)ll; < sup 18(A) — gu(A)ll; — 0
n=my M SNy

Since I C ], we have from Proposition 2.1(i) that there is ¢ > 0 such that
| X]]; < cllX];, for X € I. Hence Ry = 5(By) converge to Rin || - ||;. Since b is
closed, g(A) € D(6) and 6(g(A)) =R € I.

If ] = B(H), then § = & and the theorem is proved. If | # B(H), then
the condition g(0) = 0 implies g(A) € J. Hence g(A) € D(é) and 6(g(A)) =
Rel 1

Repeating the proof of Theorem 3.10 and using part (ii) of Lemma 3.7 in-
stead of part (i), we obtain the following result.

THEOREM 3.11. Let | be a coseparable s. n. ideal and let & be a weakly closed *-
derivation on J. Let I be a reflexive s. n. ideal and I C ]. Suppose that 6(A) € I, for some
A = A* € D(6),and Sp(A) C I'. Then for each I-Lipschitz function g on I" (assume

that g(0) = 0if ] # B(H))
g(A) e D(d) and O(g(A)) e L
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Moreover, for each compact subset B of I' such that Sp(A) C int(pB),

16(8(ANlr < kr(g BIS(A)I1-

It was proved in [8] that, for each 1 < p < oo, the function h(t) = |¢| is CP-
Lipschitzian on R and there is a universal constant Tp such that, for all bounded
selfadjoint operators T and all selfadjoint A € C?,

(3.20) 1T, 1Ay < vpll[T, Alllp-
The constants -y, were evaluated in [1] and it was shown there in Theorem 1 that

(3.21) kcr (h, ,3) < Ypr

for every compact subset § of R. Using Theorem 3.10, we will extend now in-
equality (3.20) to unbounded operators.

Each symmetric densely defined operator T with domain D(T) defines a
closed *-derivation 61 on C? by the formula:

(3.22) or(A) =i[T,A], where [T, A] = Closure((TA — AT)|p(t)),
with domain

D(é1) ={A e CP:AD(T) C D(T), A*D(T) € D(T) and [T, A] € CF}.
Applying (3.21) and Theorem 3.10 to such derivations, we have

COROLLARY 3.12. Let T be an unbounded symmetric operator. If A = A* € CP,
AD(T) C D(T) and [T, A] € CP (see (3.22)), then |A|D(T) C D(T), [T,|A]] €
CP and

T, 1A < vpll[T, Alllp-

Problem 3.13. It was proved in [18] that functions act on the domains of all
weakly closed *-derivations on C*-algebras if and only if they are Operator Lips-
chitzian. It follows from Theorem 3.8 that, for coseparable ], J-Lipschitz functions
act on the domains of weakly closed *-derivations on J. Do only J-Lipschitz func-
tions act on all weakly closed *-derivations on J?

Problem 3.14. It was shown in [18] that Gateaux B(H)-differentiable func-
tions act on the domains of all closed *-derivations § on C*-algebras and

(3.23) 5(8(A)) = g4(6(A)).

It follows from Corollary 3.9 that J-Lipschitz functions and, therefore, Gateaux J-
differentiable functions act on the domains of all closed *-derivations on reflexive
ideals J.

1. Do Gateaux J-differentiable functions act on the domains of all closed *-deriva-
tions on all s. n. ideals J?

2. All functions g satisfying (3.4) act on the domains of all closed *-deriva-
tions on all s. n. ideals and (3.23) holds for them. Does (3.23) hold for every Gateaux
J-differentiable function that acts on the domain of a closed x-derivation 6 on J?
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