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ABSTRACT. Let T be a Toeplitz operator on the Hardy space H? on the unit
circle, and let the symbol of T be of the form %, where ¢ is inner function, ¢ is

a finite Blaschke product, and deg ¢ < deg ¢. D.N. Clark proved that such T
is similar to an isometry. In this paper, we find this isometry.
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1. INTRODUCTION

Let T = {z € C : |z| = 1} be the unit circle, D = {z € C : |z] < 1} the
unit disk, m the normalized Lebesgue measure on T. Let 12 = Lz(’]l‘, m) be the
Lebesgue space, H> = H?(T) the Hardy space, and P; the orthogonal projection
from L2 onto H2. The Toeplitz operator T¢ with the symbol &, & € L®(T,m),
acts on H? by the formula Toh = P, ®h, h € H?. For some classes of symbols
@ there exist results on Ty concerning their spectral theory. One of the first such
results is a concrete spectral representation of selfadjoint Toeplitz operators T,
that is, for real-valued symbols @, see [13]. Further, it was proved in [12] that T

with @ = %, where f,% € H®%, is similar to a unitary operator, and a concrete

spectral representation of this unitary operator was given in [5], [6] for a large
subclass of such symbols. There exist many results of the similarity of T¢ with
smooth symbols @ to some simpler operators.

For example, in [16], [3], [2] it is proved that T is similar to the direct sum
of a normal operator and analytic and antianalytic Toeplitz operators (that is,
operators of the form Ty and Tz, where f € H*) for some subclass of the class of
smooth symbols @. In [17], [18] it is proved that Ty is similar to the operator of
multiplication by the independent variable on a specially constructed functional
space for some subclass of the class of smooth symbols @, and in [19] a linearly
similar model for some class of operators is constructed and its application to the
similarity of Toeplitz operators with smooth symbols is given.
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On the other hand, in [5] it is proved that if @ has the form

1.1 cp:“’ff,
(1.1) 7

where w is inner, f, % € H®, then Ty is similar to an isometry. Any isometry is
equal to U @ S, where U is unitary and S is a unilateral shift, and if Ty with @
from (1.1) is similar to U @ S, then U is absolutely continuous and the multiplicity
of 5 is equal to the degree of w. But nothing more about U is known in the general
case.

In this paper we consider the Toeplitz operator Ty with @ = %, where 1 is
a finite Blaschke product, deg¢) = N < oo, and ¢ is an inner function, deg ¢ > N
(the degree of an inner function ¢ is the number of Blaschke factors, if ¢ is a
finite Blaschke product, and co in any other case). It is easy to see (Lemma 2.1
below) that such @ can be represented in the form (1.1), therefore Tg is similar
to an isometry U @ S, where the multiplicity of a unilateral shift S is equal to
deg ¢ — N. In this paper, we find the unitary summand U. But no intertwining
operator that gives the similarity of Te and an isometry U @ S is constructed.

If deg ¢ < oo, then Tg (with a little additional assumption on the symbol @)
is a particular case of Toeplitz operator regarded in [3], [1]. The investigation of
Te with @ = %, where ¢ is inner and ¢ is a Blaschke factor (N = 1), was begun
in [4]. In this paper, we follow [1], [4] where it is appropriated.

The main results of the paper are the following theorems.

THEOREM 1.1. Suppose 1 is a finite Blaschke product, degyp = N < oo, ¢ is
inner, N < deg ¢ < oo, ¢ and i are relatively prime, and & = §. Let Tp: H* — H?
be the Toeplitz operator with symbol ®. We put Z,, = {A € T : @ — A has at least n
zeros in D}, and 0y = T\ Z,,n =1,...,N. Then Ty is similar to U & S, where S is a
unilateral shift of multiplicity deg ¢ — N and U is the operator of multiplication by the

N
independent variable in the space @ L2(0,, m).
n=1
THEOREM 1.2. Suppose  is a finite Blaschke product, degyp = N < oo, @ is

inner, N < deg¢@ < oo, ¢ and ¢ are relatively prime, and & = % Then & has a

meromorphic continuation to D given by the formula ®(z) = 38, z € D. We put

Q¢ = {z €D :|d(z)| > 1}. Further, let To: H> — H? be the Toeplitz operator with
symbol @. Then Ty is similar to a unilateral shift if and only if m(0Qe N'T) = 0.

The paper is organized as follows. In Section 2 we introduce the notation
and collect simple facts concerning operators similar to isometries and functions
@ of the form ¢ = %, where ¢ is inner and ¢ is a finite Blaschke product. Also,
in this section we deduce Theorem 1.2 from Theorem 1.1 and properties of @. In
Section 3 we give a description of the subspace K such that the restriction Te |
is similar to a unitary summand U and construct a transformation Z from K to
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N-1
@ L', which intertwines (Tg|xc) ~! with the multiplication by { in @ L!, where
n=0
{ is the independent variable. In the next section, we use this transformatlon V4

to prove Theorem 1.1. Section 5 contains some examples and remarks, which
illustrate Theorems 1.1 and 1.2 and show the difficulties that arise in the present
approach to the subject.

2. PRELIMINARIES

LEMMA 2.1. Suppose ¢ is an inner function, 1 is a finite Blaschke product, deg i
=N <oo,and N < deg ¢ < ©. Then ¢ = % can be represented in the form (1.1) with
degw = deg ¢ — N.

Proof. We take a number a € D such that B, = L‘; is a Blaschke product
(cf. Theorem I1.6.4 in [10]), then we have deg B, = deg ¢ > N, therefore B, = By,
where B, 1y, are Blaschke products, degy; = N, and degB = deg ¢ — N. Let
{6:}}, and {7}, be zeros of 1 and 1, respectively, counted with multiplicities.

N _
We put fi(z) = II—[lll 12 7 € T. We have & = ff1 onTand ¢ = 1_2% on T.
Thus, @ = % = £ 1B has the form (1.1) with f = (1 —a¢)f; and w = B. 1

COROLLARY 2.2. If ¢, ¢ and & are as in Lemma 2.1, then Ty is similar to U &
S, where U is a unitary absolutely continuous operator, S is a unilateral shift, and the
multiplicity of S is deg ¢ — N.

Proof. First, we note the following evident fact. Let T be a completely non-
unitary contraction similar to an isometry. Then this isometry is equal to U @ S,
where U is an absolutely continuous unitary operator, S is a unilateral shift, and
the multiplicity of S is equal to dim ker T*. Any Toeplitz operator that is a contrac-
tion is a completely nonunitary contraction [11]. Let w be inner and f,% € H*,
then TJ7 /F is similar to a unitary operator [5], [12], and, in particular, is invertible.
Therefore T* f/f T55/¢ = TaTy)y and dimker T*f/? = dimker T; = degw.

The corollary is a consequence of this facts. 1

LEMMA 2.3 ([4]). Let T be an operator on a Hilbert space H, and let T be similar

to an isometry U @ S, where U is a unitary operator and S is a unilateral shift. We

put K= N (T—ADH. Then K = (O (T — AI)H for any A C D such that A has
AeD AEA
a cluster point in D. Moreover, the restriction T|i of the operator T on its invariant

subspace IC is similar to U.

LEMMA 2.4 (see [5]). Let T be an operator on a Hilbert space K, which is similar
to an absolutely continuous unitary operator U. Then
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(i) for k, £ € K the function F y(A) = (T —A) "'k, £), A € C\ T, has the following
representation, where fi., € L}(T, m):
1 fee(©)dg

Fk,é</\) = 27‘[iT C—i)\’ AE (C\T

(ii) for a fixed vector £ € K the mappingk — fi ;, K — LY(T, m) is a linear bounded
transformation.

Proof. Denote by H the space in which U acts. By assumption, there exists
a linear bounded invertible transformation X: K — H such that XT = UX. For
any k, ¢ € K there exist x,y € H such thatk = X1y, 0= X*y, and we have ((T —
N1k, 0) = (T = A) 71X 12, X*y) = (X(T - A)1X Txy) = (U -2) Tx,y).
Therefore in the conclusion of the Lemma k, ¢ and T can be replaced by x, y
and U. Now the result follows from the spectral representation of an absolutely
continuous operator U. 1

LEMMA 2.5. Suppose ¢ is an inner function, 1 is a finite Blaschke product, and
¢ and  are relatively prime. We put A = {A € D : the inner factor of ¢ — A is a
Blaschke product with simple zeros}. Then the logarithmic capacity of D \ A is zero.

Proof. We define the set A in the same way as the set A, but without the
assumption of simplicity of zeros. The proof of the fact that the logarithmic ca-
pacity of D\ Ay is zero is almost the same as the proof of the Frostman’s theorem,
see Theorem I1.6.4 in [10]. The set {A € Aj : ¢ — Ay has a multiple zero} is no
more than countable, and the result follows. &

LEMMA 2.6. Suppose ¢ is an inner function,  is a finite Blaschke product, ¢ and
 are relatively prime, and degp = N. Then for any A € C, |A| > 1, the equation
@ — AP = 0 has exactly N zeros in D (counted with multiplicities).

This lemma is a consequence of the Rouché theorem.
In the following theorem we collect properties of @ that are needed to prove
Theorem 1.2.

THEOREM 2.7 ([8]). Suppose v is a finite Blaschke product, degip = N < oo,
@ is inner, N < deg ¢ < oo, ¢ and y are relatively prime, and @ = % Then @ has

meromorphic continuation to D given by the formula ®(z) = %, z € D. We put
Qp={z€D:|P(z)| >1}and Iy = {A € T : ® — A has N zeros in D}. Then &
has angular boundary value at every point of 0Q2¢ N T. We define @ on 0024 N'T by its
angular boundary values. Then @ is continuous on clos Qgp, Iy = T\ ®(0Qe N'T),

and m(P(0Q¢p N'T)) = 0if and only if m(0Qe N'T) = 0.

Proof of Theorem 1.2. By Theorem 1.1, Ty is similar to a unilateral shift if and
only if m(oy) = 0, where oy = T \ Zy. By Theorem 2.7, oy = (904 NT), and
m(P(00Q¢e NT)) =0if and only if m(dQe NT) =0. 1
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NOTATION. In the remaining part of the paper, we will use the following
notation. N is a natural number, ¢ is a finite Blaschke product, degp = N < oo,
N _ N
9() = IS5 a) = 11z -0), Bz) = n<1 ~%z),z € D, {5}, C D.
i= ! i= i=1

Further, ¢ is an inner function, N < deg ¢ < oo, ¢ and ¢ are relatively prime, ® =

z is a function meromorphic in D, and @ € L®(T, m), Ty is the Toeplitz operator

on H? with symbol &, K = (N (Te — AI)H?, T = Tg|xc. By Corollary 2.2, Tp is
AeD

€
similar to an isometry, we denote by U the unitary summand of this isometry. By
Lemma 2.3 we have that T is similar to U.

3. THE SUBSPACE K

In this section we give a description of the subspace K = ) (Tp — AI)H2.
AeD

By Lemma 2.3 the restriction T = Tg|x is similar to the unitary summand U of
the isometry to which Tg is similar. Then we construct a linear bounded trans-

N-1
formation Z: K — @ L!, such that ker Z = {0} and Z intertwines T~! and the
n=| 0

multiplication by { in 69 L!, where  is the independent variable. We shall use
this transformation Z to fmd U in the next section.

LEMMA 3.1. Let F,: C \T - C,n=0,...,N—1, be analytic functions such
that Nz_l(Fn o ®@)(z)z" = 0 for all z € D such that |®(z)| # 1. Then F, = 0, n =
0. N-1

Proof. Let A € @ \ clos D be such that @ — A has N simple zeros zy, ..., zy in
D. We have NZ_:Fn()\)z;-’ =0,j7=1,...,N, therefore F,(A) =0,n=0,..., N — 1.
Since the se; ;f points A € C \ clos D such that & — A has N simple zeros in D
is dense in C \ closDD and F;, are analytic, we conclude that F,, = 0in C \ clos D,
n =20,...,N—1. Further, let A € A, where A is the set defined in Lemma 2.5.

Then @ — A has infinite number of simple zeros. Taking N different zeros of ® — A
and acting as above we obtain that F, =0inD,n =0,..., N—1. 1

LEMMA 3.2 (see [4]). Let k € H? and let A € C. Then k € (T — A)H? if and
only if there exists ky € H? such that py = ak — B(¢ — Ap)ky is a polynomial and
degpax < N — 1. If these conditions are fulfilled, then k = (T — A)k.

Proof. The "only if" part. We have k = (Tg — A)ky = P (¢ — A)k, for some
k) € H?, therefore (¢ — A)ky = k + zh) for some hy € H?, and (¢ — Ap)k) =
Wk + pzhy. We see that pzl) € H> N ¢zH? = H? © pH? and it is well-known that
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H?o 1,IJH2 = %PN,L where Py_1 is the set of polynomials of degree no more

that N — 1. Therefore zh) = — %p Ak Where p) € Pn_1, and the result follows.
To prove the "if" part the same reasons must be used in the inverse order. 1

THEOREM 3.3. Let k be a function in D. The following are equivalent:
kel
(ii) k € H? and there exist vanishing at infinity functions F, analytic on C \ T and
such that the next equality holds for all z € D such that |P(z)| # 1:

N-1

3.1) (ak)(z) = ) (Fuo ®)(z)2".
n=0
Moreover, if k € KC and F,, are defined by k in (3.1), then
(32) Fu(A) = (ak = B9 = Ap)(T—A)'k,2"), A €T,

and F, has the following representation, where f, € LY(T,m),n=0,...,N —1:

(33) aM)_z;/jg?iQ AEC\T.
T

REMARK. By Lemma 3.1 we have that F, are defined by k in the only pos-
sible way.

Proof. Let k € K. Then, since T — A is invertible for any A € C\ T, by
Lemma 3.2 we have p) x = ak — B(¢ — Ap)(T — A) “tk. We put F,(A) = (par, 2").
Then (3.2) is fulfilled and F, are analytic functions on C\T. The equality )}im F.(A)

= 0 easily follows from the representation p) ; = (T — B¢)(T — A) ~'k. Now, let
N-1

z € D, let A = &(z), and let A ¢ T. Then (ak)(z) = Y, Fi(A)z" + B(z)(¢ —
n=0

M) (z)((T = A) k) (z), but & = %, therefore (¢ — Ay)(z) = 0 and (3.1) follows.
The representation (3.3) is a consequence of (3.2), the fact that T is similar to U
and the part (i) of Lemma 2.4.

Now let k € H?, and let k has a representation (3.1). We take A € A, where

N-1

A is the set from Lemma 2.5, and we put p, x(z) = ¥ Fu(A)z". We shall show
n=0

that k € (Tp — A)H?, and by Lemma 3.2 it is sufficient to show that

(3.4) ok —pix c H2.

Bl —Ap)
Let ¢ — AP = w, g, be the inner-outer factorization of ¢ — Ay, where w) is inner,
Q) is outer. Since |A| < 1 and ¢, i are inner, we have g% € H®, and, evidently,
% € H®. Therefore (3.4) can be rewritten as ak — p, x € w)H?. By assumption on
A, the function w, is a Blaschke product with simple zeros, therefore ak — p, €
w)H? if and only if (ak)(z) = p) x(z) for any zero z of w). But z is a zero of w,
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if and only if @(z) = A, and the equality (ak)(z) = p, x(z) is a consequence of
(3.1). Thus, we proved that k € (T — A)H? for any A € A. By Lemma 2.5, the set
Ahas a cluster point in D, and by Lemma 2.3, N (Tp —AI)H2 =K. &
AEA

In Theorem 3.4 below we shall introduce and study the spaces £(K) for
compact sets K, which turn out to be spectral subspaces of T. We shall see it in the
next section. In Corollary 3.5 below we shall introduce and study the mapping
Z. We shall use this mapping in the next section. It is convenient to formulate
properties of £(K) and Z separately, but to prove them together.

THEOREM 3.4. Let K C T be a compact set. We put E(K) = {k € K : the
functions F, defined by k in (3.1) have analytic continuation to C\ K for all n =
0,...,N —1}. Then E(K) is an invariant subspace of T and o(T|¢(x)) C K. More-
over, let Ay € C\ K, let k € £(K), and let G,(A) = %ﬁ’;w), where A € C\ K,
n=0,...,N —1. Then the equality (3.1) holds with k replaced by (T|g(x) — Ao) 'k
and F,, replaced by Gj,.

COROLLARY 3.5. The mapping

N-1
Z:K— P LY T,m), Zk={fa},
n=0
where f are defined by k in (3.2) and (3.3), is a linear bounded transformation, ker Z =
{0}, and ZT~' = VZ. Here

N-1 N-1
V: P LY(T, m) — <5 LY(T, m)
n=0 n=0

N-1
is an operator defined by the next formula, where {f,}N" € @ L'(T,m),{ € T
n=0

(Vb= (@) = Lh @15
Proof of Theorem 3.4 and Corollary 3.5. The boundedness and injectivity of Z
is a consequence of Theorem 3.3 and the part (ii) of Lemma 2.4. Now, we shall
prove Theorem 3.4. First, the linearity of £(K) follows from (3.2). Further, let
{k]-}]?"’:1 C &(K), and let k; —; k, where k € K. We need to check that k €
E(K). We put Zk; = {fy; N-}and Zk = {f,})2), by already proved part of
Corollary 3.5 we have

1
(3.5) Fai =1 @£, n=0,...,N-1

By the assumption, the functions F;, defined by f,; as in (3.3), are analytic on
C\K. Therefore f,;=0a.e. on T\K, and the same is true for f, by the convergence
(3.5). Now, from (3.3) we conclude that k€& (K). We proved that £(K) is a closed
set.
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Further, let Ag ¢ K, let k € £(K), and let G, be defined as above. We put
N—1
p(z) = ¥ Fu(Ap)z", z € D, and
n=0

_ak—p _lak—p
@ — Aoy PP —Ag '
From (3.6) we conclude that / is analytic on D\ ®~!(Ag) and that

N-1
(3.7) (¥h)(z) = }_ (Guo ®)(z)z"

n=0
for all z € D such that ®&(z) ¢ KU {Ag}. But the right part of (3.7) is analytic
on a neighbourhood of any point z such that @(z) = Ag. Thus, & is analytic on a
neighbourhood of ®~1(Ag), and we have that & is analytic on D.

Now we shall prove that h € H?. Let D(Ag) be a closed disk centered at

Ao and such that F, are analytic on D(Ag), n = 0,...,N —1. Letz € D and

N-1
®(z) = A If A € D(Ag), we use (3.7) to obtain that |(¢h)(z)| < ¥ |Gu(A)]]z]" <
=0

n—=
sup{|Gn(w)|, w € D(Ag), n=0,...,N—1}.If A € D(Ap), we use (3.6) to obtain

that |(ph)(z)] < |(“k)‘();zzl)t)|‘|p“°° < ‘(“k)(Z)SHHPH‘”, where ¢ is the radius of D(Ag).

Now it is easy to see that h € H2.
We put kg = %, from (3.7) and (3.1) we conclude that kg € K, and from (3.7)

we have ky € £(K). By Lemma 3.2 and by (3.6) we have (T — Ag)ko = k.

Thus, for arbitrary k € £(K) there exists kg € £(K) such that (Te — Ag)ko =
k, thatis, (T — A)E(K) D E(K) for Ag ¢ K. In particular, (T —A)E(K) D E(K)
for all A € C\ closD, in the other words, £(K) O (T — A)~1£(K), therefore
TE(K) C £(K). Now, (T — A9)E(K) C £(K), and we have (T — A9)E(K) = E(K).
Since ker(T — Ag) = {0}, we conclude that T|¢ k) — Ag is invertible.

Finally, the intertwining property of Z is a consequence of Theorem 3.4
(Where K=T). 1

(3.6)

4. PROOF OF THEOREM 1.1

In this section we shall find the unitary summand U of the isometry to
which T is similar. Since U is absolutely continuous, it is sufficient to find a local
spectral multiplicity function ni; of U. To do it, we shall use the transformation
Z, which was defined in Corollary 3.5, and the similarity of T = Ty | and U. We

(o]
can consider U as the operator of multiplication by { in the space @ L?(t,, m),

n=1
where T, are measurable subsets of Tsuchthat T D> 1 D -+ D7 D Tyyp1 D -+ -

Then ny () = max{n : { € 7,} forae.{ € T. Let X : é L%(ty,m) — K be a

n=1
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transformation which gives the similarity of T and U. Then the transformation

o N-1
zZX: @ L*(ta,m) — @ LY(T, m)
n=0

n=1
intertwines the operators U~! and V, where V is the multiplication by { in the
space @ LY(T,m), and ker ZX = {0}. The space clos ZX 69 L?(ty,m) is an

mvarlant subspace of V, therefore there exists a measurable farmly of spaces
S(¢) c CN, € T, such that

[eS) N-1
clos ZXEPL?(ty, m) = {fe@Ll(’IF, m)=LYT,m;CN) : £(7) €S({) for a.e. {€ T},
n=l n=0

and ny;({) = dim S({) for a.e. ¢ € T. The conclusion of Theorem 1.1 concerning
U can be rewritten as ny({) = N+1—-min{n : 1 < n < N, { € 0,} for ae.
¢ € T. To prove Theorem 1.1 we shall show that dimS({) > N + 1 — min{n :
1<n<N,{€0,}anddimS({) < N+1-min{n:1<n <N, € oy}
Theorem 4.2 shows that dimS({) > N —v forae.{ € 7, \ Z,41 = 0y41 \ 0v. To
prove the inverse inequality we will use Lemma 4.6.

Before formulating Theorem 4.2 we need to prove Lemma 4.1 and to intro-
duce the notation.

LEMMA 4.1. Let Z be an open subset of T. We put €(Z) = {E C T\Z : E
is separated from (T\Z) \ E}, € (Z) = {E € &(Z) : m(E) = 0}, and J(Z) =
TU U E. Then:

Ecé&y(I)
(i) 3(Z) is an open subset of T;
(i) m(3(Z)) = m(1);
(iii) T\ J(Z) does not contain (nonempty) separated subsets of zero measure;
(iv) if ap, by € T, ag # by, I = [ap, by) is a closed subarc of T and E is a subset of
I\ J(Z) such that E is separated from (I \ J(Z)) \ Eand m(E) = 0, then E C {ao, by},
in particular, if (ag,bo) \ J(Z) # @, then m(I\ J(Z)) > 0.

Proof. First, we will show that €(7) is no more than countable. We denote
by O the collection of finite unions of open subarcs of T which have rational
endpoints. We note that E € &(Z) if and only if there exists O € O such that
closE C Oand ON((T\Z)\E) = @. From the inclusion closE C T\ Z we
conclude that clos E = E. We have that for every E € &(Z) there exists O € O
such that E C Op and O N ((T\Z)\E) = @. If E,E; € €(Z) and E; # Ey,
from the last equality we conclude that O, # Of,. But O is countable, therefore
¢(Z) is no more than countable set. Now (ii) is proved and (i) follows from the
representation J(Z) =ZU U O

Ecéy(T)
Parts (iii) and (iv) of the lemma can be proved in a similar way, so their

proofs are omitted. 1
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Let us recall that @ is a function meromorphic in D, and ¢ = %, where ¢ is
inner, ¢ is a finite Blaschke product, degyp = N < oo, and N < deg ¢ < oo. For
n =1,...,N we introduced the sets Z, = {A € T : & — A has at least n zeros
in D (counted with multiplicities)}. Also, we putZy = T and Iy = @. Itis
evident that 7, is an open subset of T. Now, we put J, = J(Z,), where J(Z)
for an open subset Z of T is defined in Lemma 4.1. Also, we put A = {A € T :
there exists z € D such that (z) = A and ¢'(z) = 0}. Evidently, A is no more
than countable. We recall that the subspace £(K) for a compact set K C T was
defined in Theorem 3.4.

THEOREM 4.2. We use the notation introduced above. Let 0 < v < N — 1, and
let Ag € Zy, \ (AU Jy+1). Then there exists a compact set K(Ag) C T such that Ay €
K(Ag), the set K(Ag) does not contain (nonempty) separated subsets of zero measure, and
there exists a linear bounded transformation

N-1
Y: E(K(Ao)) — €D L (K(Ag), m)

n=v
N-1
such that ker Y = {0}, clos YE(K(Ag)) = @ LY (K(Ag),m) and YT~! = VY, where
n=v
N-1
Vactsin @ L'(K(Ag), m) by the formula
n=v

(V{fn nN;vl )(§) = {Zfﬂ () nN;vl'
To prove Theorem 4.2 we need the following lemmas.

LEMMA 4.3. Let K C T be a compact set, let m(K) > 0, and let v be a number,
0 <v < N. Let y7; : K — C be continuous functions such that 11;(K) N #,(K) = @ for
j# 4L, j,£=1,...,v. Further, let

1 m !
1 7 ... yi-t

be a matrix-function. We put
N-1
L=LKM)= {{fn Nbe @ LYK m): M{f )N = @},
n=0

N-1
and we define the mapping W = W(K,M) : L — @ LYK, m) by the formula
n=v

W{fn nN:_o1 = {fu nN:_v1~
Then W is a linear bounded invertible transformation, and for

No1 . Y
{fu}n=) € LYK, m)
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the elements of W~ 1{ fn L with numbers 0, . .., v—1 are given by the formula { f, }"

= M Mo{f 1051, where the matrix- functlons My and M consist of the columns
of M w1th numbers 1,...,vandv+1,..., N, respectively.
Ifv = N, then the claim of the lemma is that £ = {0}.

The proof of Lemma 4.3 consists in easy computations. We mention only
that the determinant of M; is a Wandermonde determinant, which is not zero
because 77;(K) N1y (K) = @, if j # L.

LEMMA 44. Let 0 < v < N —1, let K C T be a compact set, and let 1js j=
1,...,v, be functions analytic in a neighbourhood D of K and such that for K and 1;,
j =1,...,v, the assumption of Lemma 4.3 holds. Further, let v < ¥ < N —1, and
let fy be afunction on K such that F is bounded on C\ K. We put f, = 0, n # «,

N-1
n = —L {fhime = WHAS), and g4(A) = & F() ()",
n=
A€ D\K,] =1,...,v, where F, are defined by f,, in 3.3),n =0,...,N—1.
Then gy can be extended to functions analyticin D, j=1,...,v.
Proof. We shall use the notation from Lemma 4.3. The elements a;, of the

matrix — M7 ! M3 are functions analytic and bounded on some neighbourhood
Dy CDofK,and f, = aucfx, n =0,...,v— 1. Further,

1 (”gam@)f,c(o)n;ﬂu)+fx<a>n;<m>
g,q-w:ﬁ/ = = a

K

(Zanx A)+ 15 (1) dg

:271

v=1
for A € Dy \ K. Further, Z a,mﬂ]n is the element of Ml(—Mfle) = —Mjon
v—1
the intersection of the jth row and xth column, thatis, }_ anxiy] = —17}‘, and

n=0

v—1 v—1 v—1 v—1

Zamc A) 7 (A Zam 77 (A) =L anx (D)7} (V=)L an (2) = anc (1)1 (A),
n=0 n=0

therefore

We put

n(A) :/Wﬂ‘@dé’ A e D\ K
K
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We recall that f, € L®(K,m) and a, are analytic on D;. It is well-known (and
easy to see by using the Morera theorem) that ¢, are analytic on D;. We have

v=1

Sj = ﬁ ) 77]’76,1 on Dy, therefore gy; are analytic on Dy, and, consequently,
n=0

onD. 1

Before formulating next lemmas we introduce some more notation. Let 0 <
v < N, and let Ag € 7, \ A. Then all zeros of ¢ — A are simple, and @ — A has
at least v zeros z1, . .., z, in D. There exist a closed disk D(Ag) centered at Ay and
open sets Vi, ...,V,, such that zi €V, VinV, =0, j # {, @ is univalent on Vi
and D(Ag) C @(V)), j,£=1,...,v. We put

;=2 pny : D(Ao) =D, j=1,...,v.

Then, evidently, #; are analytic functions, @(77;(1)) = A, A € D(Ag), 7;(®(z)) =
z,z € 1;(D(Ag)), and 1;(D(Ag)) C Vj, therefore 17;(D(Ag)) N1e(D(Ag)) = @ if
jELE=1,...,v.

We shall say that the local branches 11; of the inverse function to ® are well-defined
on D(Ag). Of course, 17; depend on Ao, and, if & — Ag has more than v zeros, on
the choice of zeros z1, ..., zy.

In what follows, we shall substitute z = 17j()t), j=1,...,v,into (3.1) and
study the linear relations that are obtained in this way. Also, Lemmas 4.3 and
4.4, which are formulated for arbitrary functions 7;, really will be applied to local
branches of the inverse function to &.

LEMMA 4.5. Let 0 < v < N, and let Ay € T, \ (AU Jy41). Then there exist
a closed arc I(Ag) C T and a closed disk D(Ag) centered at Ag such that Ay € I(Ay),
(I(A0) \ Tv11) NA =@, I(Ag) \ Jy+1 does not contain (nonempty) separated subsets
of zero measure, I(Ag) C int D(Ag), and local branches of the inverse function to & are
well-defined on D ().

Proof. By the assumption, @ — A has exactly v simple zeros zy, .. .,z, in .
We take closed disks D1(Ag), D(Ag) centered at Ay such that local branches of
the inverse function to @ are well-defined on D(Ag), D1(Ag) C D(Ag), D1(Ag) #
D(Ap), and we put I(Ag) = D1(Ag) N T. By the construction, & — A has exactly v
simple zeros in D for any A € I(Ag) \ Jy+1. In particular, (I(Ag) \ Jy+1) VA = @.

We denote by 4y and by the ends of the arc I(Ag). Let E be a set such that
E C I(Ag) \ Jy+1, m(E) = 0, and E is separated from (I(Ag) \ Jy+1) \ E. Then,
by the part (iv) of Lemma 4.1, E C {ag, by}, thatis, E = @, or E = {ap}, or
E = {bp}, or E = {ag, by}. For definiteness, let E = {ag}. Since {ay} is separated
from (I(Ag) \ Jv+1) \ {a0}, there exists a point {y € T such that the arc (ap, o] is
a subset of I(Ag) and (ag, (o] C Jy+1. In this case we replace I(Ag) = [ag, bo] by
[Co, bo]. If {bg } is separated from (I(Ag) \ Jy+1) \ {bo}, too, we change I(Ag) once
again. Now, the endpoints of the new (changed) arc I(A) belong to 7, 11. By the
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part (iv) of Lemma 4.1 we conclude that I(Ag) \ J,+1 does not contain separated
subsets of zero measure. 1

LEMMA 4.6. Let 0 < v < N, let Ay € T, \ A, and let D(Ag) be a closed disk
such that local branches 17;, j = 1,...,v, of the inverse function to ® are well-defined on
D(Ag). Further, let K C D(Ag) N'T be a compact set such that m(K) > 0, and let M
be the matrix-function defined in (4.1) by nj|x, j = 1,...,v. Then ZE(K) C L(K, M).

We recall that Z is defined in Corollary 3.5, and £(K) for a compact set K is
defined in Theorem 3.4.

Proof. Let k € £(K), let F, be defined by k in (3.1), and let { f, L\] 01 = Zk.
Then for F; and f, (3.3) holds, therefore F, has angular boundary values F, and
F,— from inside of D and from outside of D), respectively, and f, = F,+ — F,—,
n=0,...,N —1. From the definition of £(K) we have f, = 0 on T \ K. Further,
ak is analytic on D and 7; are analytic in D(Ag), j = 1,...,v, therefore (ock) o1

are analytic in D(Ag), j = 1,...,v. From (3.1) we have ((ak) o 77;)(A) = Z (Fyo

@)(1;(A))(17;(A))" for all A € D(Ag) such that |®(#;(A))[ # 1. By the deflrutlon
of 7j we have @(17;(1)) = A, that is,

(4.2) ((ak) o 777)( 2 F, (A

forall A € D(Ag) \ T. But from the analyticity of (k) o 7; on D(Ag) we have that

li k J(A) = i k J(A) forall € K C D(Ag) NT, and
/\H@lﬂkl((‘x ) o 1j)(A) AHS,?}|>1((”‘ ) o1j)(A) forall £ (A0) NT, an
from the last equality and (4.2) we have

N-1 N-1
;) Fat (0)(7j(0))" = ;) Fo () (7;(0)"

N-1
for { € K. Therefore, ) fnﬂ]’ﬂ =0onK,j=1,...,v. 1
n=0

Proof of Theorem 4.2. We apply Lemma 4.5 to the number v and the point Ay.
We put K(Ag) = I(Ag) \ Jy+1. We apply Lemma 4.3 to the set K(Ag) and to the
local branches 7; of the inverse function to @. Thus, we have the matrix-function
M and the mapping W. We put Y = WZ, where Z was defined in Corollary 3.5.
By Lemma 4.6 we have ZE(K(Ag)) C L(K(Ag), M). Now we shall use Lemma 4.4

N-1
to prove that clos WZE(K(Ag)) = @ LY(K(Ag), m).
n=v

By Theorem VIII.2.2 in [9], for any compact set K C T such that m(K) > 0
there exists a function F analytic and bounded on C \ K and such that f # 0

a.e. on K, where F(A) = 2m ff dé A ¢ K; evidently, f € L*(K,m). For the

compact set K(A() we denote these functions by F, and f..
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We fix a number x, v < ¥ < N — 1. We construct the functions F,,, n =
0,...,N —1,by Lemma 4.4 with f, = f.. We define a function / by the formula

N-1
=) F(®(z
n=0

for all z € D such that ®(z) ¢ K(Ag). We shall show that /1 can be continued
into D so that this continuation will be from H® (D). By Lemma 4.5, we have

K@) € U (D)), and (D)) A (D) = @, i f # £ We

]_

fix j, 1 < j < v, and we write h = (ho;) o @ on 1;(D(Ag) \ K(Ap)), and we
have hon; = gj, where g; is a function from Lemma 4.4. The function g;
has an analytic continuation to D(Ag), therefore h has an analytic continuation to
11;(D(Ag)). Thus, h has an analytic continuation in D. Now we will check that /1 is

bounded on I. Since F, are bounded on C \ D(Ap), we have that /1 is bounded on
14 v
D\ U 7;(D(Ao)). The set U 1;(D(Ag)) is a compact set (D(Ag) is a closed disk),
=1 =1

and we conclude that & is bounded on . Of course, F,;(c0) =0, n=0,...,N—1,
therefore 1 can be represented in the form h = ak, where k € H® C H?. From
(3.1) we conclude that k € K. By the construction, k € £(K(Ag)) and

0
WZk=| f« |,
0
where the number of f in this column, numerated from v to N — 1, is .
Now we use the intertwining property of the transformations W and Z. We

shall denote by the same letter V the multiplication by { in the spaces EBLl(K m)

for all numbers n, 0 < n < N — 1, and all (measurable) sets K C T. The equality
ZT 1 =VZwas proved in Corollary 3.5, the equality WV = VW is evident from
the definition of W, and the inclusion T~1€(K) C &£(K) for a compact set K is
proved in Theorem 3.4. Now we write

0

n

WZT k= |7"f. |, n=012,....
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Since K(Ag) # T and f. # 0a.e. on K(Ag), we have \/ 7 f. = LY(K(Ag), m).
n=0
Now we conclude that

0
LI(K(Ag),m) | € closWZE(K(Ay)),

0
where the number of LY(K(Ag), m) in this column, numerated from v to N—1, is «.
Since x was arbitrary number from v to N — 1, we can conclude that

@Ll m) C closWZE(K(Ap)).

N-1
Thus, we achieve the equality clos YE(K(Ag)) = @ L'(K(Ag),m). The
n=v

equalities ker Y = {0} and YT~! = VY are evident consequences of the con-
structionof Y. 1

Proof of Theorem 1.1. We recall that U is an absolutely continuous unitary
operator which is similar to T = Tg|x. We can consider U as the operator

of multiplication by ¢ in the space é LZ(Tn, m), where T, are measurable sub-
sets of T such that T D © D L :Zl) Tw D Tyy1 DO ---. Further, there ex-
ists a linear bounded invertible transformation X : é L*(ty,m) — K such
that XU = TX. From Corollary 3.5 we have that tﬁzllinear bounded trans-
formation ZX : é L%(ty,m) — NG_Bl LY(T,m) intertwines U~! and V and that

n=1 n=0

kerZX = {0}. From this facts we obtain that m(7,) = 0 for n > N, that is,
EBL(Tn, ) = EBL(Tn, )-

Letv and /\0 be as in Theorem 4.2, and let Fy = X 1£(K(Ag)). Then Fyis a
subspace of EB L?(ty, m) such that UFy C Fpand U~ Fy C Fy. Therefore U| 5,
is a unitary Z)?)lerator which is unitarily equivalent to the multiplication by ¢ in
@ L?(to,,m), where T D 151 D - -+ D Ton, and, evidently, 7o, C Ty, n =1,...,N.
By Theorem 4.2, there exists a linear bounded transformation

N N-1
Yo : @ L?(ton,m) — EP LY (K(Ag), m)
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such that
N N-1 o
kerYp = {0}, clos Yo( €D L* (o m)) = €O L'(K(A0),m), YT = T¥o-
n=1 n=v

From this fact we conclude that 15, = K(Ag), n = 1,...,N —v, and 19, = O,
n=N-v+1,...,N. From the inclusions 1y, C 7,, n = 1,..., N, we conclude
that K(Ag) C Ty—y- Since v was an arbitrary number between 0 and N — 1 and A
was an arbitrary point from Z, \ (AU J,+1), we conclude that Z,, \ J,+1 C TN—n,
n =0,...,N—1. From the equalities m(7,+1) = m(Z,+1) and 0, = T\ Z,
we conclude that 0,11 \ 0 C TN—y, and, using the inclusions 0, C 0,41 and
Tyt+1 C Ty, Wweobtainoy, 1 C y—p,n=0,...,N—1.

Now let us suppose that for some v, 1 < v < N, the set Ty_,+1 \ 0y has
positive measure. Then there exists a compact set Ky such that Koy C ty_y+1 \ 0,
m(Kp) > 0 and Ky does not contain separated subsets of zero measure. We have
Ky C I, therefore (Z, \ A)NKy # @. Let Ag € (Z, \ A) N Ko, and let D(Ag)
be a closed disk such that local branches n,j=1...,v, of the inverse function
to @ are well-defined on D(Ag). We put K = Ky N D(Ag). By the part (iv) of
Lemma 4.1 applied to T \ Ky = J(T \ Ky), we have m(K) > 0. We put F =

N-v+1
GVB L?2(K,m) and € = XF. Then & C K, the subspace £ is invariant for T, and
n=1

o(T|g) C K. Letk € &, and let {Fn}fq\]:_O1 be the functions defined by k in (3.2).
From the equality (T —A)~!|¢ = (T|¢ —A)~1, A ¢ T, we conclude that F, has
an analytic continuation to C \K,n=0,...,N—1, that is, k € £(K). We have
€ C £(K). By Lemma 4.6 ZE(K) C L(K, M), where the matrix M is constructed
by the functions js j=1,...,v,as in Lemma 4.3. Thus, by Lemmas 4.3 and 4.6

N-1 N-1
we have WZE(K) € @ L'(K,m). Consequently, WZXF C @ L'(K,m). The
n=v n=v

N-v+1 N-1
linear bounded transformation WZX acts from @ L?>(K,m) to @ LY(K,m),
n=1 n=v

has zero kernel and intertwines the multiplications by { in these spaces. From

N—-v+1
this fact we must conclude that the number of summandsin @ L?(K,m)isno
n=1

N-1
more than the number of summands in @ L'(K,m), which is a contradiction.

n=v
We obtainoy, = tn_yt11,n=1,...,N. 1

5. EXAMPLES AND REMARKS
Let us recall that we consider functions @ of the form @ = %, where ¢ is

inner, ¢ is a finite Blaschke product, degyp = N < oo, N < deg¢ < oo, ¢ and ¢
are relatively prime, and we put Q¢ = {z € D : |®(z)| > 1}.



ON TOEPLITZ OPERATORS SIMILAR TO ISOMETRIES 19

5.1. SOME TECHNICAL LEMMAS.

LEMMA 5.1. Let u be a positive atomic measure on T with the weight (denoted by
the same letter ) at the point 1 only. Let ¢, (z) = exp ( - y%), P(z) =z z€D,

and let @, = % Further, let 0 < p < 2. Then arg @, (e") increases on (0, t(p)) U
(2 — t(u),27) and decreases on (t(u), 27w — t(u)), where t(u) = arccos(l — p).
Thus, 0Qe, NT = {elt : t € [t(u),27t — t(u)]}. Further, m(0Qg, N'T) decreases
from 1 to 0, when p ranges over (0,2). If y = 2, then 0Qq, N'T = {1}, and if p > 2,
then 0Q¢, NT = @.

The proof of Lemma 5.1 consists of a trivial computation and is omitted.
The following two lemmas describe some properties of functions that are
compositions with @.

LEMMA 5.2. Let sq, sp be numbers such that —m < s1 < sp < 71, let | = {eis :
s € [s1,52]}, and let w(e®) = ((s —s1)(s2 —8))~V/2, where s; < s < sp. Further, let
w: C\ ] — D be a conformal mapping. Then there exist a constant C > 0 such that

(6.1) 1F 0w g2 < Cllf 2 am)

for every f € L*(J,wdm), where

1 [ f(§)dg &
(5.2) FO) =5 | 725 AeCVL
J
Proof. First, we extend w on T by the formula w(e'*) = (|s — sy |s — s2])
where —7r < s < 71, and we show that w satisfies Helson-5zeg6 condition. The
function 1(z) = log(1 + el (™51)z) 4 log(1 + !(™%2)z), z € D), is analytic in D,
and —%h = v +iv on T, where

—-1/2
7

<s—¥+ﬂ) —7T < s < sy,
(s—@) 51 <5 < s,

(s—@—n) s < 5 < TT.

v(e’) =

NI—= NI= N

We put
|5 — 51/ |s — 52|

. 1
ule®) = —=1 .
(") 2 °8 4sin —'S?ll sin —‘5252‘

Wehavelogw = u+9,u,v € L*(T, m) and |[v||c < %. Thus, w satisfies Helson—
Szego condition. Therefore there exist a constant C; > 0 such that
HFi||L2(T,wdm) < C1||fHL2(],wdm)

for every f € L?(]J,wdm), where F is defined by f in (5.2) and F,, F_ are angular
boundary values of F from inside of I and from outside of D, respectively.
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Further, it is sufficient to check the estimate (5.1) for functions f smooth on
T and vanishing on T \ | only. We have that Fow~! € H* for smooth f. By
usual change of variables

/|Foarl|2dm x/|F+|2wdm+/|F,|2wdm <2C £ 1B )
T J J

(where a < b denotes, as usual, that there exist positive constants c, C such that
ca < b < Ca). Lemma is proved. 1

COROLLARY 5.3. Suppose that the conditions of Lemma 5.2 are fulfilled, and
&: D— C\ ] is a meromorphic function. Then there exist a constant C >0 such that

(5.3) HFO (pHHZ < CHfHU(],wdm)
for every f € L*(J,wdm), where F is defined by f in (5.2).

Proof. We apply the Littlewood subordination theorem (see, for example,
Theorem 1.7 in [7]) to the analytic function w o @: D — . We obtain that there
exists a constant C; (which depends on w o @) such that

(5.4) Iho(wo @) < Cal[h]| g2

for any h € H?. We write Fo @ = (Fow™!) o (w o ®). The estimate (5.3) follows
from the last equality and the estimates (5.1) and (5.4). &

LEMMA 5.4. Let Z C T be an open arc, and let G C D be a simple Jordan domain
such that 3G N'T = closZ. Further, let ®: D — C be a meromorphic function such
that @ has angular boundary values ®({) € T at a.e. { € T and &(closGND) C D.
Finally, let Ty be a closed arc such that Zy C Z. Then there exists a constant C such that
[ |[Fo®|dm < C [ |F|dm for any F € LY(T, m).

i T

Proof. Let w: D — G be a conformal mapping. By well-known properties of
conformal mappings, w can be extended to a continuous function (denoted by the
same letter) w: closDD — clos G, and w™~! is continuous, too. We put I' = w~1(Z)
and Iy = w~!(Zy). We have that w is analytic on I and |w'| < 1 on I.

Further, if { € 7 and @ has angular boundary value ®({) at {, then ® o w
has an angular boundary value ®({) at w=!({). Let ¢ C T be a measurable
set. We put @ 1(¢) = {{ € Iy : @ has angular boundary value ®({) at { and
®(7) € o} and (Pow) (o) = {¢ € I} : ®ow has angular boundary value
(@ ow)(¢) at ¢ and (® o w)(&) € o}. We put u(c) = m(®~1(c)). We have
w((®ow) H(r)) = & (c) Ue, where e C Zy and @ has no angular boundary
values on e. By assumption, m(e) = 0, hence, p(c) = m(w((® o w)~1(0))). By
usual change of variables,

m(w((®ow)H(0))) = / jw'|dm < Crm((® 0 w)™H(0)),
(Pow) ()
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where C; is from the estimate |w’| =< 1 on I3. Now we apply Theorem VIIL30

from [15] to the function ® o w: D — . We obtain that there exists a con-

stant C; such that m((® o w)~1(0)) < Cym(c) for any measurable set ¢ C T.

Thus, u(c) < C1Cym(c), in particular, y is a measure absolutely continuous

with respect to m. By the Radon-Nikodym theorem, there exists a function i €

L®(T,m), h > 0, such that (c) = [ hdm for any measurable set ¢ C T. By the
g

change of variable theorem, [ Fo ®dm = [ Fhdm for any measurable function
T T
F, and the lemma is proved. 1

5.2. SUBARCS OF 02 N'T AND ANALYTICITY OF ¢ ON SUBARCSOFT. LetI C T
be an open arc, and suppose @ has an analytic continuation throughout I. From
well-known properties of analytic functions it is easy to see that I N d(2¢ consists
of no more than a countable union of mutually separated points and subarcs of
I, closed as subsets of I. Moreover, if | is an open arc such that ] C I NdQg,
then arg @ decreases on J. On the other hand, if I C T is an open arc such that
I C 00y, then @ has an analytic continuation throughout I [8].

However, there exist functions @ such that m(0Q¢ NT) > 0and Qe NT
does not contain open arcs. An example of such @ with 1(z) =z, z € D, is given
in [8].

5.3. THE CASE N = 1. In this subsection, we consider the functions @ of the form
P = %, where ¢ is inner and ¢ is a Blaschke factor, that is, deg ¢ = 1.

LEMMA 5.5 ([8]). Let & = %, where ¢ is inner, Y is a Blaschke factor, and let
Q¢ = {z € D: |®(z)| > 1}. Then Qg is a simple Jordan domain and ®|q,, is a
conformal mapping of (2g onto C \ clos D, in particular, @ |30, is a homeomorphism of
00g and T.

REMARK. Aswas mentioned in the previous subsection, there exists a func-
tion @ such that m(0Q¢ N'T) > 0 and 9024 N T does not contain open arcs. By
Theorems 1.1 and 2.7 Ty is similar to U @ S, where S is a unilateral shift of infinite
multiplicity, and U is the operator of the multiplication by independent variable
in the space L?(®(dQ¢ N T), m). By Theorem 2.7, m(®(dQ¢ N'T)) > 0, and by
Lemma 5.5, (0Q2¢ N T) does not contain open arcs.

The following lemma shows that in the case N = 1 the space L! in Corol-
lary 3.5 can be replaced by L2.

LEMMA 5.6. Let @ = %, where @ is inner and 1 is a Blaschke factor. We recall
that the space KC was defined in the end of Section 2, and the transformation Z: K —
LY(T, m) was defined in Corollary 3.5. We have that ZK C L*>(T,m) and Z: K —
L%(T, m) is a linear bounded transformation.
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Proof. We recall that a(z) = z — J, where J is the only zero of 1. By The-
orem 3.3, K = {k € H? : there exists a vanishing at infinity function F analytic
on C\ T such that (ak)(z) = (Fo ®)(z) for all z € D such that |®(z)| # 1}.
But ak is analytic on I, therefore F must be analytic on (D). It is evident
that k € H? if and only if Fo® € H?. Further, if Fo @ € H?, then, act-
ing in the same way as in the proof of Proposition 3.3 of [14], we obtain that
Flp € H*(D) and F ’@\closD € H%(C \ closD). Therefore angular boundary val-

ues F, F_ of F from inside of D and from outside of D belong to 12 (T, m), hence,
f=Fy —F_ € L*T,m). Thus, Zk = f € L?>(T, m). By the closed graph theorem,
Z: K — L*(T,m) is bounded. 1

In the following lemma we consider a particular case of functions @, and we
construct a linear bounded transformation which gives a similarity of T = Tg|x
and the unitary summand U of isometry to which Tg is similar.

LEMMA 5.7. Let & = %, where ¢ is inner, Y is a Blaschke factor, and let Qg =
{z € D : |®(z)| > 1}. Further, let I C T be a closed subarc such that I C 0Qg¢
and there is no arc I such that I is a proper subset of T and T C 0Q¢. We put | =
®(I). We have that | is a closed arc and | # T. For convenience, we suppose that
] = {e : s € [s1,5]}, where —t < s < sy < 7. Further, let ® be analytic
on a neighbourhood of 1. We put w(e®®) = ((s —s1)(sp —5))"/2, where s; < s <
so. Then Z: £(]) — L2(J,wdm) is a bounded invertible transformation, which gives
the similarity of T~'|g;y and the multiplication by { on L*(J,wdm), where T is the
independent variable.

We recall that £(K) for K C T was defined in Theorem 3.4, and the transfor-
mation Z was defined in Corollary 3.5.

Proof. We recall that a(z) =z—4, where ¢ is the only zero of ¢. By Lemma 5.5
®(D) ¢ C\ J, therefore it is easy to see that £(J) = {k € H? : there exists a
vanishing at infinity function F analytic on C\ J such that ak = F o ®}.

We define the mapping Z: L?(J,wdm) — H? by the formula Zf = Fo &,
where F is defined by f in (5.2). By Corollary 5.3 Z is bounded. We define the
mapping Z;: L2(],wdm) — H? by the formula Z; f = 1F o &, where F is defined
by f in (5.2). Since Z is bounded, we have Z; is bounded.

By Lemma 5.6 we have that Z&(]) C L?(], m), therefore to show that Z&(])
C L%(J,wdm) we need to check only that ZE(J) C L?(J; U Jp,wdm), where J;
and J, are some closed arcs such that J1,J» C ], 1N J, = @ and €% € Ji =12
We denote the ends of I by e'i, then ®(e''i) = €', j = 1,2. By the assump-
tion, we can choose closed arcs I, I, such that LNl = elfi, j =12 and @ is
analytic in a neighbourhood of I U I; U I. By the assumption, arg @ decreases
on I and increases on I; and on I, therefore @' (e'/) = 0, and O(I;) C J,if I
is sufficiently small, j = 1,2. We request that &(I;) N ®(L) = @, too. We put
Ji = @(I;), j = 1,2. From the form of ® we conclude that " (eli) #£0,j=1,2.
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Indeed, if @ (e''/) = 0, it would imply that & — A has two zeros in ID for A from a
neighbourhood of €'/, which contradicts to Lemma 2.6. Now let F be a function
analytic on C \ ] and such that F o @ € H2. Then

/|Poq>|2dm> / |F o ®|?dm
g IULUL

—/\ 570 6T /|+|2 ’”1‘ /|+|2 ’”l

where @ ! denote the branch of ®~! with values on I From analyticity of @ on
a neighbourhood of I U I; U I; we obtain that w =< @/ FeaT] forZ = 1,1, I,. Thus,

Fi € L?>(J1U Jp,wdm), and f = F — F_ € L?(J; U J,,wdm). We proved that
ZE(]) C L?(J,wdm). Now we write Z~! = Z;, and Lemma 5.7 is proved. 1

5.4. ON THE SPACE £(K) FOR K C T\ ¢(D). Let K be a compact set, let K C
T\ &(D), and let m(K) > 0. Forn =0,...,N —1 we put

En(K)={ke€&(K): fi=0forj#n,j=0,...,N—1}.
It is easy to see from propositions proved in Sections 3 and 4 that £, (K) # {0},
N-1
&n(K) is a linear closed subset of £(K), T~1&,(K) = &,(K) and V Z&,(K) =
clos ZE(K) = 69 LY(K, m). From these equalities and the fact that T|g k) is sim-
n=0

ilar to the multiplication by ¢ on Eé L%(K,m) one can obtain that

n=0
N-1
\/ &u(K) = £(K).
n=0

N-1
Indeed, let X: @ L?(K,m) — £(K) be a linear bounded invertible transforma-
n=0

_ N-1
tion such that X = T7'X, let 7, = X '£,(K), and let F = \/ F,. We have
n=0

N-1 N-1 -
ZXF = \/ ZXF, = V ZE(K) = @ LY(K,m) and ZXZ = {ZX, hence,

n=0
F = @ L%(K,m). Thus, \/ En(K) = E(K).
In general Eo(K) + + En-1(K) # E(K). To show this, we consider the

following example.

EXAMPLE 5.8. Let ¥ be a function with the following properties:
HY = %, where ¢ is inner and ¢ is a Blaschke factor (deg ¢ = 1);
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(i) I = 0Oy N T is a closed arc, and ¥ is analytic in sufficiently large neigh-
bourhood of I;

(iii) m(¥(I)) > } and, for convenience, the center of the arc ¥(I) is 1, that is,
Y(I)={e:|t| <ZF+s0}, where 0 < sy < Z

The example of such function ¥ is ¥(z) = — E)(p(_zﬁ
priate choice of y, see Lemma 5.1.

We put & = ¥2 and K = {eis :m—29 < s < m}. Wehave K C | =
{ef :m—2sp <s<mor —mm <s <20~y =T\ ®D). We shall show that
&o(K) + &1(K) # E(K).

First, we introduce the notation. Jy = {e' : |s| < 7 — 250}, i1 and el are
the ends of I, the sets I, I, I3, 14 are the closed subarcs of T with the following
properties: I3, I C I, et € I3, €2 € I, [ NI = ell, j=1,2,%(hL) = ¥(Iy) =
{el : |s—Z| <so}, ¥(h) = ¥(I3) = {e : |s+ ZF| < 50}, and ¥ is analytic
on a neighbourhood of I U I; U I. Assumption (iii) allows us to choose such arcs
I, I, I3, Iy. We have (D( ) =], ] =1,2,3,4. We put nj = (@|[j)_1, U J— I],
j=1234, and o = (@[p(uly) )~ mo: Jo — I\ (I3UI4). Further, we put
wy(e") = |s — (7t — 250)| 712, wy(e¥) = |s — (259 — 71)|7V/?%, s € (—m,7), and
w = wjwy. We have the following estimates:

, z € D, with appro-

1
(5.5) — _=w, j=1,3; =w,, j=24
| o 1 | o 17
) 1 . 1
56 . elhl = —, :1/3/ i —elf2 = 7 :2/4
(5.6) j =M= nj ==

Let fo, fi € L'(J,m), let Fy and F; be defined by fy and f; as in (5.2), and let
g(z) = (Fho ®@)(z) +z(F o ®)(z), z € D. Using the change of variables and (5.5)
we have

| lgfam = /|F0+O© () +£(Fis 0 @)(0)Pam ()

LUI3

+ [ 1(Fo- 0 ®)(©) +5(F- 0 #)(2) Pdm ()

I

1 1
(|F0++771F1+| |¢,/ |+|F0 +7]3Fl | |¢/0173|

(|Fot +mFi4|* + |Foo + naFi— |*)widm.

\4\ ‘\4\

Thus, we have the estimate

(5.7) / |g|2dm/\/ Fou + 1 Fiy 2+ [Fo- + 31 |2)widm,
LUL '
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and, similarly, the estimate

(5.8) / |g|2dm = / (IFo+ + naF1y [+ |[Fo- + naFr [*)wadm,
LUl ]

where F,; and F,_ are angular boundary values of F,, from inside of D and from
outside of D, respectively, n = 0, 1.
Now we shall show that ZE(]) C L?(],m) @ L?(]J,m), and that for k € £(])
fot+elifi e L2(], wjdm), j = 1,2, where (}(0> = Zk. Letk € £(]), weput g(z) =
1
(Foo @)(z) + z(F, o ®)(z), where Fy, F; are defined by k in (3.1). By (5.7) and
(58) [lglPdm > [ [gfPdm =< [(|[Foy +mPFiy|*w1 + |Fos + 12Fiy [fws +
T Ut L J
j=1
|Fo— +n3F1_|?w1 + |Fo— + n4F1_|?w,)dm, where F,+ and F,_ are angular bound-
ary values of F,, from inside of I and from outside of D, respectively, n = 0, 1.
We obtain that Foy + 77;F14 € L2(J,m), j = 1,2, and Fy_ + nik- € L%(],m),
j = 3,4. From these inclusions we have (171 — 72)Fi, (13 — 74)F1— € L2(J,m).
Further, 7711172’ ,731;74 € L®(],m), thus, Fi.,F,_ € L?(],m), and we conclude
that fi = Fi. —F_ € L*(J,m), fo = For — Fp— € L*(J,m). Also we have
fo+mFby —m3Fi_ € L2(J,widm), and fo+ Py — 3R = fo+ (1 —13) Py +
13fi = fo+ (i —e) + (e —113)) Fiy + (13 — &) fy + &1 f1. By (5.6) we have
[y —e)hPwidm < C [ [h]*5-dm < Cy [ [h]*dmfor b € L*(J,m), j = 1,3.
J J J

From the inclusion Fy, f; € L?(]J,m) we conclude that fy +el1 f; € L?(], w;dm).
The inclusion fy + e'2f; € L?(]J,wydm) can be proved in a similar way.

Now let k € £(K), then fy, fi vanish in the neighbourhood of el(2%0-7),
therefore fy +elt f; € L?(K,wdm). By Corollary 5.3, (Fy +el1F}) o @ € H?(D),
hence, (el — z)(F; o @)(z) € H2(D).

We define the mapping Z: L2(K,m) — H?(D) by the formula

(Z2f)(z) = (" —2)(Fo®)(z), z€D,

where F is defined by f as in (5.2), on functions f smooth on T and vanishing
on T\ K. We shall prove that there exists a constant C such that || Zf| ;2(p) <
Cllfll .2(k,m) for smooth functions f. Let f be a such function. We put ¢ = Zf. By
F; and F_ we denote angular boundary values of F from inside of D and from
outside of D, respectively. By (5.7) and (5.6) we have

/ |g[>dm = /(|eit1FJr — i Fy >+ | Fo — y3F_|?)wydm
LUl ]
= [ et = mPIEL P+ e = s PIF- )y
J
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1
<Cr [ (R P [F- P < ol I
J

and we obtain the estimate

59) | laPdm < Collf 1z -
LUI3

Using (5.8), (5.6) and the fact that \eitl — 17]-|, j = 2,4, are bounded, we obtain that

/ |g\201mx/(|eit11%r — oFy|? + [ F_ — y4F_ |2 wodm

LUL ]
I/(\eitl*772\2|F+|2+|eit1*774|2|F7|2)w2dm <C3/(|F+|2+|P7|2)w2dm.
J ]

Now we use that f = 0 in a neighbourhood W of e'(zsﬂ 7). We have F; (1) =

F_(A) = F(A) for A € K, and |F(A)| < f ‘f ‘dm < f |fd1§s)t‘c)l\m1<()§ forA € W,

1/2
therefore |F(1)| < C4(f |f|2dm> = Cal|fllz2(k m), where C4 depends on W.
K

We have [(|F4|*+ |F-[?)wadm < 2C2\|f||L2 Kom) fwzdm. Thus, the estimate
J

(5.10) /Iglzdm Csll 122k m)
LUl

is proved. Further, [ [g|?dm = [ |(elh — 170)1-"_\2‘(19,077 rdm < Ce [ |F-[*dm
N\(I3Uly) Jo Jo
< G ||f|\%2(K y and we have the estimate

(5.11) / 1g17dm < Coll fIIF2 -
N\(LUly)

It remains to obtain the estimate

(5.12) / 1812dm < Crll I T2 -
T\ (IULUL)

To do it, we apply Lemma 5.4. We put Zy = clos(T \ (IU; U L)), and by Z we
denote an open arc such that Zyp C 7 and closZ C T\ I. By the assumption, for
every { € 7 there exists a disk D({) centered at { and such that @(D(¢) ND) C D
and D({) N T C Z. Therefore there exists a sequence {{, }» such that {, € Z and
UD(Zn) D Z. Weput G = JD({,) ND. By Lemma 5.4, there exists a constant Cy
n n
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such that f |G o ®@|dm < C0f|G|dm for any G € L(T, m). Thus,

/ gPdm = / (€ =) (F+ 0 @)(¢) Pelm < sup |e't —¢[? [ |Fy 0 o[
(€T o

< 4C, / |Fy [2dm < ClIf |22 )

and (5.12) is proved.
From (5.9), (5.10), (5.11), and (5.12) we conclude that there exists C > 0 such
that

/ [gPdm < CIf I )

for functions f smooth on T and vanishing on T \ K, where ¢ = Zf. Thus, Z can
be extended from smooth functions to the whole space L?(K,m). We recall that
a(z) = (z —6)?,z € D, where ¢ is the only zero of . We take f € L?(K,m) such
that f ¢ L?(K,wdm), and we putk = 1 Zf. Then k € £(K). We will show that
k ¢ & (K) + & (K). Indeed, if we assume that k € £ (K) + & (K), then we must
have F o @ € H?(D), and, by (5.7) (where Fy = F and F; = 0)

/|Fod>|2dm / |poq>|2dmv/ (|Fs |2+ |- 2w dm,
LUI3

hence, Fi, F- € Lz(],wldm) and f = FL — F_ € Lz(],wldm). But, by the
assumption, f vanishes on T \ K, therefore the last inclusion means that f €
L?(K,wdm), which is a contradiction. Thus, we proved that & (K) + & (K) #
E(K).
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