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QUASIHYPONORMAL TOEPLITZ OPERATORS
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ABSTRACT. Motivated by a question on subnormal Toeplitz subnormal oper-
ators raised in 1970 by P.R. Halmos, we show that there exist quasihyponormal
Toeplitz operators which are neither hyponormal nor analytic. In addition, for
@ € L®(T) and letting ¢ = f + g, where f and g are in H2, we show that the
Toeplitz operator T, is quasihyponormal if and only if P(gf) = c + Ty f f for
some constant ¢ and some function h € H®(D) with ||i||c < 1. Finally, we
also show that the problem of quasihyponormality for Toeplitz operators with
(trigonometric) polynomial symbols can be reduced to the classical Schur’s
algorithm in function theory.
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1. INTRODUCTION

Let H be an arbitrary complex Hilbert space. A bounded linear operator T
on H is called quasihyponormal if T*(T*T — TT*)T > 0 or equivalently

IT*Tx|| < ||TTx| forall xin H.

For more details on quasihyponormal Toeplitz operators one can refer to [22] and

references therein. L> = L?(T) denotes the space of all complex-valued Lebesgue

measurable functions on unit circle T such that [ |[f|> < co. This space has a
T

canonical orthonormal basis (e,) given by e,(z) = z", for all n € Z, Z being
the set of integers. The Hardy space H?> = H?(T) is the closed linear span of
{en : m =0,1,...}. Anelement f € L? is said to be analytic if f € H? and co-
analytic if f € L? © H2. If P denotes the orthogonal projection from L? to H?,
then for every ¢ € L* the operators T, and H, on H? defined by

Tof = P(¢f) and Hyf = (I—P)(¢f), foreach f € H?
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are called the Toeplitz and Hankel operators, respectively, with symbol ¢. Also
Hyf = J(I=P)(¢f),
where ] is the unitary operator from H?" onto H? defined as
](e—ine) — ei(n—l)Q'
Another way of representing the operator H, [18] is an operator on H? defined
by
(1.1) (zuv, @) = (Hypu,v"),
for all u € H?,v € H® where v*(el) = v(e—1).

This paper has been divided into three sections. The first section is devoted
to a problem initiated by P.R. Halmos [12], [13] in the year 1970. The second
section characterizes quasihyponormal Toeplitz operators while the third section
adopts K. Zhu’s [23] method based on the classical interpolation theorems of I.

Schur [21] to obtain an abstract characterization of the trigonometric polynomials
which yield quasihyponormal Toeplitz operators.

2. A PROBLEM BY HALMOS

In the year 1970, PR. Halmos initiated the following problem:
Is every subnormal Toeplitz operator either normal or analytic?

This was answered in the negative by C. Cowen and J. Long [6]. The ques-
tion has been answered [16] in the affirmative for a certain class of functions ¢
and for quasinormal Toeplitz operators [2]. In 1976, M.B. Abrahamse [1] gave a
general sufficient condition to obtain the answer of the problem to be affirmative.
If the condition of subnormality is weakened to hyponormality then this ques-
tion has been answered in the negative by Ito and Wong [16]. We further ask the
following

Is every quasihyponormal Toeplitz operator either hyponormal or analytic?

In this section we show that the answer to this question is also in the nega-
tive. In fact we show that there exist quasihyponormal Toeplitz operators which
are neither hyponormal nor analytic.

EXAMPLE 2.1. Consider the Toeplitz operator 2U* — U where U denotes the
unilateral shift on the space H2. We have the following:

QU* — U)*(2u* — U) — U* — U)(2U* — U)*
= (2U — U*)(2U* — U) — (2U* — U)(2U — U*) = 3(UU* — I).

Now 3(UU* — I)eg = —3eyp < 0 and for each n # 0,3(UU* — I)e, = 0. Hence
(2U*—U) isnot hyponormal, rather it is a cohyponormal operator as [2U*—U] <0.
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As U = Ty, U* = T, , are Toeplitz operators and since the set of Toeplitz
operators [3] is a self adjoint vector space containing the identity we have that
2U* — U is a Toeplitz operator. We also observe that 2U* — U is a quasihyponor-
mal Toeplitz operator as

QU —Uu)*2u* —Uj2u* —U) = (2u - u*)3uu* —nur-u).
Now

QU -Uu"3(UuUu* —1)Uu* —U)ey = U —U*)3(UU* —I)(—e1) =0,
and forn # 0
U —-Uu"n3Uuu* —nu* —Ue, = (2U —-U")3(UU* —1)(2¢,,_1 —eyy1) = 0.
Hence

(u* —Uu)*2u* —uj2u* - Uu) =0.

Also 2U* — U is not analytic since 2U* — U = To, | ;-

The above Example 2.1 can be generalized in the following way:.

THEOREM 2.2. The Toeplitz operator (all*"® — bU™) with |a| > |b| > 0 and
ng > 0 is a quasihyponormal Toeplitz operator.

REMARK 2.3. The operator in Theorem 2.2 above is not normal when |a| #
|b|. For if |a| = |b|, then

[aU*™ — pU"] = |a]2Umou*™ — |a|? + |b|]> — [b]2Um U™ = 0.
Motivated by Proposition 11 of [4], we observe the following:
THEOREM 2.4. If T, is quasihyponormal then

Ker(HyTy) N Ker(T,[Ty|Ty) = Ker(HgTy).
Proof. For f € H?,
i To(ToTy = ToTy)Tof) = (ToTof, ToTof) = (TyTof, Ty Ty f)-
Now
(ToTof ToTof) = (9Tof, P(9Tyf)) = ||(Pquf||2 - <PL(pT¢f, PL(PT(pﬁ
= lpTofI* = [1Hp Ty f*
Similarly
(ToTof TyTof) = [9Tof 1> — | Hp Ty fI1%.
Consequently
(f Tyl Tol Tof) = | HoTof|I* — | Hp Ty f11*.
Now a vector f € H? is in Ker(HgT,) if and only if HzT,f = 0. So that
|HyTy|*> = 0 and hence

(fi TplTpl Ty f) + |Hyp Ty f|I* = 0.
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Therefore the equation holds if and only if f € Ker(HyTy) N Ker(T5[Ty]Tp). 1

T, is hyponormal [4] if the analytic part of ¢ dominates the conjugate ana-
lytic part. Similar computations yield the following:

THEOREM 2.5. If x is inner and ¢ € L* is such that T, is hyponormal, then Ty,
is quasihyponormal.

3. CHARACTERIZATION

The goal of this section is to characterize quasihyponormality of Toeplitz
operators T, on the space H? by properties of the symbol ¢ € L* following an
elegant theorem of C. Cowen ([5], Theorem 1).

Normal Toeplitz operators were characterized [3] by a property of their
symbols in the early 1960’s by A. Brown and P.R. Halmos. Twenty five years later
the exact nature of relationship between the symbol ¢ € L* and the positivity
of the self commutator [T, ] was understood via Cowen’s theorem [5] which
requires one to solve a certain functional equation in unit ball of H*. Motivated
by Cowen’s theorem we frame the operator theoretic problem of quasihyponor-
mality of Toeplitz operators, into the problem of finding a solution with specified
properties to a certain functional equation in unit ball of H* involving the sym-
bol ¢. The basis of the proof is this Cowen’s theorem again and hence a Dilation
theorem [19]. The proof uses standard results about Hankel operators [5], [18].
However it still remains open to characterize subnormality of Toeplitz operators
in terms of their symbols.

THEOREM 3.1. If ¢ is in L, where ¢ = f + 3 for f and g in H?, then Ty is
quasthyponormal if and only if

P(gf) = c+ Tyff,

for some constant ¢ and some function h € H® (D) with ||h|je < 1

Proof. Let ¢ = f + g where f,¢ € H2. Now if p is any polynomial, then
(To[Tp]Typ, p)

= (T3(T3Ty — TyTy)Typ, p)

(Ty(Tpp), Tp(Typ)) — (Tp(Tep), Ty(Typ))
(PfTyp + PZTyp, PfTyp + P3Top) — (PfTyp + PgTyp, PfTyp + PgTop)
(PfTop, PfTyp) + (PZTyp, PETyp) — (PfTop, PfTop) — (PgTyp, PTyp)
(
{
=|IH

7 @PrfTrpm <8T<ppr P§T¢P> - <JTT¢P/ PJTT¢P> - <§T¢P1§T¢P>
(I-P)(ff+fPg)p, (I-P)(ff+fP3)p)~((I-P)(3f+8P3)p, (I-P)(3f+3PZ)p)
7ro7ogP I — 1 Hgrigrgp > = [ Hyppl? — | Hgpp .
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Since the analytic polynomials are dense in H? and the Hankel and Toeplitz
operators involved are bounded, we see that Ty, is quasihyponormal if and only if

(3.1) |Hgpull < ||[Hzjul, forallu e H?.

Let K denote the closure of range of Hy and S denote the compression of the
unilateral shift U to K. Since K is invariant for U*, the operator S* is the restriction
of U* to K.

Now suppose first that T, is quasihyponormal. Define an operator A on the
range of Hy, by

A(H?fu) = Hgru.

Ais well defined because if Hg 1y = Hguy then Hy f(ul — up) = 0. The inequal-
ity (3.1) implies that Hgf(u1 — u2) = 0 too and it follows Hgruy = Hgsup. Also,
inequality (3.1) implies that ||A]| < 1, so A has an extension to K, which will

also be denoted by A, with the same norm. Now by the intertwining formula for
Hankel operators HyU = U*H,, and the fact that K is invariant for U, we have

HgpU = AHg U = AU"Hy, = AS"Hy,

and also

HgpU = U" Hgp = U AHz; = S™ AHy,.
Since the range of Hf 7 i dense in K, we find that AS* = S*A on K, or taking
adjoints, that SA* = A*S. In the following cases we use the fact: Either Hy is
one-one or Ker(Hy) = xH? where x is an inner function. The closure of the range of
Hy is H? in the former case and (x*H? )L in the later.

Case 1. Hf fis one-one. Then K = H? so that A* is an operator on H? com-

muting with U. Hence by Theorem 1 of [19], (or by the usual theory of the unilat-
eral shift if K = H?), there is a function k in H® (D) with

Kl = 4% = 4] €1, and 4° = T

Case 2. H?f is not one-one, then K = (x*H?)+ = H?> © x*H? and A* is an
operator on K commuting with S, so that by Theorem 1 of [19], there is a function
kin H*® (D) with

[klleo = [lA%] = [All,
such that A* is the compression of Ty to K .

Since K is invariant for Ti+ = T, this means that A is the restriction of T to
K and

(3.2) Hgp = TgHy,.

Conversely, if equation (3.2) holds for some k in H* (D) with ||k|| < 1, then
clearly inequality (3.1) holds for all u, and T, is quasihyponormal. The proof will
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be completed by analyzing the relationship given by (3.2). Using the formulation
(1.1), equation (3.2) holds if and only if for all functions u,v € H*®

(zuv,gf) = (Hgpu,v*) = (TeHppu,v*) = (Hzpu, kv*) = (zuk*v, ff)
= (zuv,k ff) = (zuv, T f ).
Since the closed span of {zuv : u,v € H*} is zH?, this means that equation (3.2)
holds if and only if (¢f — T}*f?) is in H2", so that P(gf) — T%*fj‘ is in H2", and
hence
P(gf) = c+ Tyff,

for some constant ¢ and & = k*, with ||h|cc = [[k*[leo = [[k[leo < 1. 1

4. MATRICIAL REPRESENTATION

We discuss Kehe Zhu's computing process [23] by way of Schur’s functions
so that we can determine any given polynomial ¢ such that T, is quasihyponor-
mal. We reformulate the characterization of quasihyponormality in the case of a
trigonometric polynomial ¢, so that the quasihyponormality of T, can be decided
by applying Schur’s algorithm to the Schur function ®@y. This approach has been
put to use in the works [8], [10], [11], [15], [17] and [23] to study hyponormal
Toeplitz operators on H?.

If ¢ is a trigonometric polynomial of the form

N
p(z) = ) anz",

n=—m

where a_;, and ay are non-zero, then the non-negative integers N and m denote
the analytic and co-analytic degrees of ¢.

Theorem 3.1 says that if f; and f, are functions in H? with f = f; + f,
in L%, then Ty is quasihyponormal if and only if there exist a constant ¢ and a
function g in (H%); (thatis g € H®,[|g]lec < 1) such that P(fof) = ¢ + Tgf1f;.
It is clear that the above holds if and only if P(f,f; — gfif;) = c if and only if
(f2fi — gf1f1) isin H2.

REMARK 4.1. Thus the quasihyponormality of the Toeplitz operator Ty is
equivalent to the solvability of the functional equation

fofi —gfifi=h, forge (H®);andh € H.
By Zhu [23] and in view of the above observation we deduce the following:

COROLLARY 4.2. Suppose f = p +q where p is an analytic polynomial of degree
nand q € H®. If Ty is quasihyponormal, then q must be an analytic polynomial of
degree less than or equal to n.



QUASIHYPONORMAL TOEPLITZ OPERATORS 75

Proof. Write p(z) = Z a;zF,a, # 0. The quasihyponormality of T implies

that there exist functions g 6 (H*®)1 and h € H? such that (Gp — ¢pp) = h. Now
forz € T, we have

$@PEP() = =5(@) [ Laa )2+ ( Laa)z 2+
1:’11 =2 )
+anaozo+( Z aa;_ ) +( Y. Elal,(nfz))z +
i=n i=n—2
+i|ai|zz”+( Z ) ntl (ni Eiai+2)z”+2+--~+ﬁoanzzn]

i=0

Thus z"q(z)p(z) = 2"g(z)p(z)p(z) + h(z)z" is analytic and hence z "q(z)p(z) is
co-analytic. This implies that g is an analytic polynomial of degree < n. 1

Given two analytic polynomials p(z) = Z mzk,q(z) = Z bz, a,ag # 0,
we proceed to determine, in terms of the Coeff1c1ents of pand g the following:
When is the Toeplitz operator Ty, f = p + 9, quasihyponormal?

By the Remark 4.1, we are trying to determine whether or not the functional
equation

ap —gpp =",
has solutions (g, k) in (H*); x H?. Write

= i czf, and h(z Z hizk.
k=0

Comparing Taylor coefficients, we find that the equation gp — gpp = h, has solu-
tions (g, /) in (H®); x H? if and only if
bnig =Coando
by +b, 10 =C1a,a0+Coan a1 +Colp1 a0
byay+by, 1a1+b, 0G0 =Cra,a0+C1a,a1+Coanag+C1a,_140

~+ Coa,1a1+Coan—ag

buay 2+by1ay 3+ - - +bydg =Cy2anag+Cy3aya1+: - - +Colnln2~+Cy 30,140

+Cpadyqa1+- - -+cody—1a,3+- - -+coaaap
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buly1+by1ay2+- - -+b18g =Cy 14080+ Cp2and1+- - - +C0aAnly1+Cp2ay 180
+Cn3ap1a1+- - -+C0ap1an-2
+- - -+craxa9+-coaray +coarag,

where ¢y, 1, ...,c,_1 are the first n coefficients of a function in (H*);. In matrix
form the above equations become

Ban = AnYn/
where

[ by by b3 o+ by byq by

by by by -+ bp1 by O

by by bs --- by, 0 0

Bn = . . . . . . 7

b,_.1 b, 0 --- 0 0 0
b, 0 0 - o 0 0]

[a1a0+- - -+anay,—1 axap+---+apay—o - - AyA1+dy,_140 Apdo |
512504" . ‘+anan—2 aaﬁo_i_. . .+anﬁn_3 . e anﬁo 0
a350+. . .+gnan73 a4ﬁo+. . .+anﬁn_4 . e 0 0

An =
Ap_odp—+---+auydy a,_1a9+ayay, apag - -- 0 0
a,_140+anaq anag 0 . 0 0
L a,ag 0 0o --- 0 0]
Xo=[ad @ @ - + - G2 &1,
and
— — — — — /
Yo=[C @ T - - - Tp2 Cp1 | .

Note that A}, the transpose of the n x n matrix Ay, is equal to A,. Since a,ay # 0,
the matrix A, is invertible. Thus the first n coefficients of the function g in (H*);
are uniquely determined by the coefficients of p and 4.

Summarizing, we obtain the following:

n n
THEOREM 4.3. Suppose p(z) = Y. apzF with a,ag # 0,q(z) = Y. biz* and f
k=0 k=0
= p + q. With the notation as above, let
Y, = A, By X,

Then Ty is quasihyponormal if and only if there exists a function g in (H* )1, whose first
n Taylor coefficients are cy, c1, . ..,y —1 in that order.

The problem of determining the quasihyponormality of T¢, f = p + g with
deg(p) = n and deg(q) < n, is now equivalent to the problem of characterizing
the first n Taylor coefficients of function in (H*);. We adopt Kehe Zhu's method
[23] based on Schur’s solution to this coefficient problem [21] to obtain an abstract
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characterization of those trigonometric polynomial symbols that correspond to
quasihyponormal Toeplitz operators.

We first review Schur’s algorithm [21]: Suppose f(z) = Y. c 2" is a general
k=0

function in (H*);. Let fy := f. Define by induction a sequence { f, } of functions
in (H*®)q as follows:

fu(z) = fn(0)
z(1 = fu(0) fu(2))
Then f,,(0) only depends on the coefficients co, ¢y, . . ., ¢,. Thus we can write
fn(o):©n(C0,C1,...,Cn), n}O,

where @, is a function of n + 1 complex variables. We call the ®},s Schur’s func-
tions. By straight calculations we can see that:

f}’lJrl: n>0,|Z| <1

€1 c2(1 = |co[?) + Toc?
’ (pz Cp,C1,C2) = .
1—eol? ( ) (1—col?)? = |c1?

Po(co) =co,  Pi(co,c1) =
THEOREM 4.4 ([21]). Given n + 1 complex numbers cy,cy, - ..,cn, they are the
first n + 1 Taylor coefficients (in the given order) of a function g in (H®)q if and only if
| @i (co,c1,---,c) <1, 0<k<n.
As a consequence we obtain the following:

THEOREM 4.5. Suppose

n n
fz) =Y af + Y b2k, auag #£0.
k=0 k=0

As in Theorem 4.3, let
Y, = A, !B, X,.
Then Ty is quasihyponormal if and only if
|Pi(co,c1,--00)| <1, 0<k<n—1

We use this characterization to give explicit necessary and sufficient con-
dition for quasihyponormality in terms of the coefficients of the polynomial ¢
when n < 3. It is interesting to note that the conditions coincide with those for
hyponormality as calculated by Kehe Zhu [23].

EXAMPLE 4.6. If f(z) = a_1Z + ap + a1z, then it is easily checked that T is
quasihyponormal if and only if |a_1| < |ay].

EXAMPLE 4.7. If f(z) = ag + a1z + axz> + ¢(z) with ayap # 0 and ¢ € H®,
then Ty is quasihyponormal if and only if g(z) = by + b1z + byz? with

|b2|* + |aghy — arba| < |aa]%.
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Proof. LetY, = A, 1B, X, then Y, = Z5, where

by
a

ZZ = l a2h1—2a1b2 ]/
2

a3
which turns out to be same matrix as obtained by Kehe Zhu [23] for hyponor-
mality of Ty and thus by Corollary 4.2 and Theorem 4.5, Ty is quasihyponormal
if and only if g(z) = by + b1z + bpz? with |by|? + |aoby — a1ba| < |a]?. ¥

Thus by Example 6 of [23] and Example 4.7, we conclude T is quasihy-
ponormal if and only if is hyponormal.

EXAMPLE 4.8. Suppose f(z) = ag + a1z + az% + a32° + g(z) with azay # 0
and g € H®. Then
(i) T is quasihyponormal if and only if g(z) = by + b1z 4 byz? + b3z® with
|bs| < |as| and

|(|a3|2 — ‘b3|2) [a%bl — apasby + ({Il% — alﬂg)bg,] + a353(a3b2 - a2b3)2|
< |as|[(|as|* — |b3|*)* — |asby — azbs|?].
(i) Tf is quasihyponormal if and only if g(z) = by + b1z + byz? with
‘b2|2 + |El3b1 — a2b2| < |u3|2.
Proof. LetY; = Ay 1B3 X5 then Y3 = Z3, where
b3

az
asby—azbs
Z3 == g%
2 2
ﬂ3b1 702&3[72“1’(027111&3)[73
a2
3

These are indeed the Fourier coefficients of the (H*); function for hyponormal-
ity of T as obtained in Example 7 of [23]. The desired result follows from Corol-
lary 4.2 and Theorem 4.5 and previously obtained formulas for ¢y, &1 and ;. 1

Again Example 7 of [23] and Example 4.8 conclude that Ty is quasihyponor-
mal if and only if it is hyponormal. Indeed the case of arbitrary trigonometric
polynomial ¢, though solved in principle by Theorem 3.1 or Schur’s algorithm is
in practice very complicated.
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