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ABSTRACT. This paper studies Lipschitz and commutator estimates in (non-
commutative) symmetric operator spaces [E associated with a general semi-
finite von Neumann algebra M taken in its left regular representation. In
particular, we show that if f’ is of bounded variation and E is a reflexive (non-
commutative) Lp-space on M, then the Lipschitz estimate

) If(@) = f®)lle < cflla—bllg,
holds for arbitrary self-adjoint operators a and b affiliated with M.
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1. INTRODUCTION

In the type I setting, when M coincides with the algebra £(H) of all linear
bounded operators on a Hilbert space H (i.e. when symmetric operator spaces
(respectively, non-commutative Lp-spaces) are symmetrically normed ideals C*
of compact operators on H (respectively Schatten-von Neumann p-classes CP)
[18]), the result described in the Abstract was first obtained in [13] under the extra
assumption that a and b are bounded self-adjoint operators from £(H). For the
special case of the absolute value function, this result was later extended to the
type Il setting in [15], where the assumption that a,b € M was replaced with the
assumption that these operators are taken from the algebra M of all T-measurable
operators affiliated with M [17] (all the relevant terms and definitions are also
given in the next section). The methods from the (abstract) harmonic analysis
used in both [13] and [15] also allowed parallel commutator estimates of the type

) f@,ale <crlixalle xf@les <crlixale x=x cE

with similar restrictions on the operator a. Earlier, in the series of papers [2], [3],
[4], where the type I technique of double operator integrals had been developed,
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M. Birman and M. Solomyak were able to obtain Lipschitz estimates (*) for arbi-
trary ideals CF, in particular for the class of C!-functions f whose first derivative
is Holder of order ¢ for arbitrary small € > 0. Later, in [5], the same authors were
able to apply their technique also to commutator estimates (1.1) in ideals C¥, and
strengthen the results of [13] for reflexive Schatten-von Neumann p-classes, by
removing the assumption that a and b are bounded.

The double operator integral technique has been recently extended to the
type II setting in [25], [23], [24], where the estimates (*) in Abstract and (1.1)
are obtained in the setting of general symmetric operator spaces [E and general
semifinite von Neumann algebras M. However, in the case of reflexive non-
commutative L,-spaces on M, the results obtained in those articles are weaker
than the corresponding result of [5] due to the restrictive T-measurability assump-
tion imposed on the operators a and b in those papers. The fact that this assump-
tion is restrictive is clearly seen from the fact that in all interesting applications
of the estimates (*) in Abstract and (1.1) in quantum mechanics (see e.g. [6]) and
in non-commutative geometry (see e.g. [10]) it is not satisfied. In fact, even in
the simplest example of interest (see e.g. Example 7.1 and Remark 7.4 of [24]),
when the algebra M = Lo (R) acts on H = Lp(R) via multiplication and the

operator a is given by the differentiation %%, it is clear that a does not belong to

the algebra M (furthermore, it is not even affiliated with M). The problem of
obtaining the estimates (*) in Abstract and (1.1) for general self-adjoint operators
a and b and not just for T-measurable and for not necessarily continuously dif-
ferentiable functions f is non-trivial: the difference in the assumptions renders
many existing techniques inapplicable. For example, the fact that our functions
are not C! prevents us from using the approach developed in [24] (based, in turn,
on an earlier idea from [1]), which ultimately views the first inequality in (1.1)
as a statement that f is an operator differentiable function and thus must be con-
tinuously differentiable. It is, perhaps, also instructive to refer to [7] where a
problem, arising in the type II quantized calculus similar to the estimates (*) and
(1.1), has obtained completely different resolution depending on whether opera-
tors in question were T-measurable or just affiliated (see Theorem 0.3(i) and (ii)
of [7] and discussion on p. 144).

We now briefly explain the technical difficulties (and our strategy) arising
in the setting of commutator estimates. Suppose that the operator a is not -
measurable and that x € M. Among various definitions of the symbol [a, x| in
the literature (allowing the treatment of the situation when all three operators, a, x
and [a, x] may be unbounded), we have chosen the least restrictive approach artic-
ulated in [6], allowing us to consider a wider class of operators than those in [24]
and [7]. We say that [,x] € E if and only if the subspace x~!(Dom a) N Dom a
contains a core of the operator 4 which is invariant under the unitary group
{el*},cr and the operator xa — ax, initially defined on that subspace, is clos-
able with closure [a, x] belonging to E. Assume (for brevity) that the core above
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coincides with Dom 4 (it is of interest to observe that the latter assumption is au-
tomatically satisfied in the type I setting and more generally, when E C M, see
Lemma 5.1 below). Then for a (t-measurable) operator y := [a,x] € E with a
T-dense domain (see next section), we have Dom 4 C Dom y. Now, our general
strategy in proving the estimate (1.1) consists in linking with a given function f
a linear operator Ty, which is bounded on E (indeed, Ty, is just the double op-
erator integral defined via the divided difference function ¢, see Definition 2.3
below) and for which the relation

(12) [a, ()] = Ty, ([a, x]),

holds. The double operator integral Ty is a bounded linear operator on E defined
via a complicated process of vector-valued integration with respect to a finitely
additive measure and the relationship between the domain of the image z :=
Ty, ([x,a]) and that of a is not clear. On the other hand, if (1.2) were to hold,

we should have (at the very least) that Dom a C Dom z and (f(x))~!(Dom a) N
Doma # @. This is a serious obstacle, which is specific to the type II setting.
Indeed, if M is a type I factor, then the operator z is necessarily bounded (due to
the obvious embedding C E C M) and so, the embedding Doma C Domz = H
is trivial.

We solve this problem and achieve a complete extension of the type I re-
sult of [5] to a general semifinite von Neumann algebra M under the additional
assumption that the latter algebra is acting on H in standard form. In many cir-
cumstances the latter assumption is automatically satisfied and in many cases our
results may be transferred to general von Neumann algebras. We illustrate this
in the final section of this paper suggesting a simple and straightforward vari-
ant of the proofs of corresponding type I results, yielding an additional insight
into methods used in [5]. In the following section, we present necessary prelim-
inaries from the theory of non-commutative integration and a revised version of
double operator integration theory from [25], [23] and [24]. We derive Lipschitz
estimates and the second commutator estimates from (1.1) in Section 3; the first
commutator estimates from (1.1) are obtained in Section 4.

2. PRELIMINARIES

Throughout the text M is a semi-finite von Neumann algebra acting on a
complex Hilbert space ‘H equipped with a semi-finite faithful normal trace 7. The
unit element of M is denoted by 1. A densely defined operator a is called affiliated
with the algebra M if and only if u*au = a, for every u € M’. We refer the reader
to [27] for the general theory of von Neumann algebras.

A closed and densely defined linear operator 2 : Doma — H is called
T-measurable if a is affiliated with M and the space Dom a is 7-dense, i.e. for
every ¢ > 0 there is an orthogonal projection p € M such that p(H) € Doma
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and 7(1 — p) < e. The collection of all T-measurable operators will be denoted
by M. We denote the spectral measure of a self-adjoint operator a by E“, so
E?: B(R) — L(H), where B(R) is the o-algebra of all Borel subsets of R. Observe
that El"l(B) € M whenever a is affiliated with M for all B € B(R). For every

a € M the generalised singular value function y(a) : [0, c0) — [0, c0] is defined by
pu(a) = inf{s > 0: T(El(s,00)) < t}, t>0.

The set of all 2 € M such that y;(a) — 0 as t — oo is denoted as M. We will
say that the net of T-measurable operators {x,} converge to an operator x with
respect to the measure topology if and only if j(x,) — j(x) for every t > 0. M
is a complete topological algebra with respect to the measure topology. We refer
the reader to [22], [28], [17] for the theory of T-measurable operators.

Throughout the text let E = E(0, o) be a symmetric Banach function space,
i.e. E = E(0,00) is a rearrangement invariant Banach function space on [0, )
with the additional property that f,¢ € E and g << f imply that ||g||z < ||f]|g-
Here ¢ << f denotes submajorization in the sense of Hardy, Littlewood and
Polya, i.e.

t '
/Vs(g)ds < /ys(f)ds, t>0.
0 0

The non-commutative symmetric space E = E(M, 7) is defined by
E={a€M:p@a)eE} withlla|g=u@)]e.

IfE=LF,1< p < oo, thenL? is the classical non-commutative LP-space. We note
that the space L* coincides with M and L! coincides with the predual M., of the
von Neumann algebra M, via duality given by (x,y) := t(xy), x € M,y € L.
We shall need the following generalised Holder inequality for non-commutative
LP-spaces, cf. Theorem 4.2.(i) of [17],

1 1

1
(2.1) 187 IlLs < 1€ llwe 17]lLs, s + Pl 1<s,p,q9 < oo

The Koéthe dual E* of a symmetric space E is the symmetric space given by

2) E*={ae M:abel!,wheneverbcEand |a||g:= sup  t(ab)<co},
beL1NL®,||b|g<1

see, for example, [14]. It is a subspace of the dual space E* (the norms || - ||gx and
| - ||g+ coincide on E*) and E* = E* if and only if the space E is separable. We
say that [E has the Fatou norm (respectively, the Fatou property) if and only if the
natural embedding E C E** is isometrical (respectively, isometrical bijection).
We have (L' NL®)* = L' + L*®, (L' + L®)* = L' NL* and the continuous
embeddings

L'NL® CE, E*CL'+L®
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hold for every symmetric operator space E. It follows from (2.2) that L' N L*
separates points in L! + L%, i.e. if, for a € L! + L%, t(ab) = 0 whenever b €
L! NL®, then a = 0. The following lemma relates the operator and the Banach
topological structures of the algebra M.

LEMMA 2.1 ([27], Lemma 1.2, Theorem 1.10). The weak operator (wo)-topology,
o (L, Lt N L*®)-topology and o (L™, 1L1)-topology coincide on the unit ball M of the
von Neumann algebra M.

LEMMA 22. Ifz € L' + L®, D C H is a dense subspace affiliated with M and
Z/ =z|p, thenZ' = z.

Proof. Since D is affiliated with M, it follows that z’ is also affiliated with
M. Since D is dense and z C z, we have z* C z'*. The operator z* is t-
measurable, therefore, z'* is T-measurable also and z’* = z*, cf. Lemma 2.1 of
[19]. Passing to the second adjoints, we obtainz’ = z/** = z** =z,

Let us next recall several basic results of the theory of double operator inte-
grals developed recently in [25]. By £(E) we denote the algebra of all bounded
linear operators on [E. Suppose 4, b are self-adjoint operators affiliated with M.
Let E%, E’ : B(R) — M be the corresponding spectral measures. For every
B € B(R), we define the projections P%(B), Q% (B) : E — E by

P%(B)x = E*(B)x, Q%(B)x =xE’(B), x¢cE.

Evidently, P2, Qb : B(R) — L(E) are two commuting (countably additive) spec-
tral measures (in the sense of Chapter X in [16]) satisfying

IPE(B)lle) <1 and  [[QR(B)llgm) <1, Be B(R).

We denote by A the algebra of subsets of R? generated by all Borel rectan-
gles A x Bwith A,B € B(R). Let Pz ® QIbE : A — L(E) be the product measure,
thatis,

P§ ® Qk(A x B) = Pi(A)Qj(B)

forall A, B € B(R). Itis easily verified that P ® QfE is a (finitely additive) spectral
measure on A.
If E = LL?, then Py, and Q]liz take their values in orthogonal projections of

the Hilbert space 2. As is well known the product measure P, ® Qf[’} extends
uniquely from A to a countably additive spectral measure on the Borel o-algebra
of R?, B(R?), taking its values in orthogonal projections of IL?. This extension is
denoted by P, ® Q]li2 as well, so

Pl ®QY, : B(R?) — L(L?).

In particular, (P, ® QHZ:2 x,y) is a c-additive complex-valued measure on R? for
every x,y € L2, where (x,y) := 7(xy) (see also Remark 3.1 of [25]).
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We denote by B¢ (R?) the algebra of all complex-valued bounded Borel
functions on R?. For every ¢ € B¢ (RR?), the spectral integral

Tgﬁz = /‘Pd(Pﬁiz & Q]}iz)
R2

is a bounded linear operator on > and the mapping ¢ — ng is an algebra

homomorphism from the algebra B¢ (R?) into £(L?).
The following definition is in fact a special case of Definition 2.9 in [25]. See
also Proposition 2.12 in [25] and the discussion there on pages 81-82.

DEFINITION 2.3. A function ¢ € B¢ (R?) is integrable with respect to the mea-
sure P& ® QU if and only if there is a bounded linear operator

Tyk E—E

satisfying the following conditions:
() Ty(L2NE) C L2NEand (Ty)* (L2 NE*) CL2NEX;
(ii) for every x € L2NE and y € L2 NEX

23 (Tehy) = [ (0, m) d(PE® Qbx, ).
R2

If such an operator exists, then it is unique, see Definition 2.9 of [25].

The class of all functions ¢ € B¢ (R?) integrable with respect to P ® Qb for
every 4, b affiliated with M will be denoted by ®@(E). We also set

O5(E) = {¢p € 2(E) : (A, p) = ¢(,A), Ay € R}

It is known that &, (L7) C &s(LP) when 2 < p < g < oo, cf. [20]. It is also known
that &4 (IL1) = &4(IL*®°). The next result extends the latter observation.

LEMMA 2.4. If E is a symmetric operator space with order continuous norm and
has Fatou property, then ®s(E) = ®4(E*). Moreover, T*%. = (T¥%)* and T}, =

¢.E* ¢.E QE
(T(/’jf‘E*)*m, provided ¢ € ®g(E) = dg(E*).

Proof. By the assumption, we have E* = E* and E** = E. Fix ¢ € &5(E)
and set T := Tq%:' for brevity. Let us first show that &5(E) C @,(E*), to this end
it is sufficient to show that

(2.4) T(Z:IbE* — T

Let usalso fix x € L2NE = L2NE**, y € L2NE* = L2NE*. It follows
from Definition 2.3 that T(L?NE)C L?NE, T*(L?NE*) C L?NE* and (T(x),v)
= [ ¢(A, ) (P ® Q% (x),y). Consequently, passing to the adjoint operator T*

R2
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in the latter identity, we obtain

(T W) = [ 900 p) dix, P © Qo (v).
R2

Thus, to finish the proof of (2.4), we only need to show that
T*(L*NE) C L2NE.

The latter is apparent, since T € L(E) and therefore T**(z) = T(z), z € E. Thus,
we have established that ®;(E) C &;(E*).

We now fix ¢ € &5(E*) and set T := TqﬁfE* € L(E*). To prove that &s(E*) C
&, (E) it is sufficient to show that

Tok = T'[E.
Let us again fix x € L2NE* =L2NEX,y € L2NE = L2NE**. According
to Definition 2.3,
(2.5) T(L2NEX) CL2NE*, T*(L*’NE)CL’NE
and

(T(x),y) = [ (A, ) d(PE © Q(x), ).
R2
Taking the adjoint T*, we obtain

(T ) = [ 90 ) dix, Ph & Qh()).
R2

Thus, we need only to show that T* € £(E) and T**(L? NE*) C L? NE*. For
the latter, it is sufficient to note that T € L(E*) and therefore T**(x) = T(x), x €
E* = E*. For the former, we first show that T*(E) C E. Indeed, suppose that
z € E. Since E is separable, there exists a sequence {z;}?*; C L? NE, such that
lim z; = z, where the limit converges with respect to the norm topology in E.

k—o0

Since T* € L(E**) and E C E** isometrically, we obtain that
26) lim T (z) = T*(2),

where the limit converges with respect to the norm topology in E**. In particular,
{T*(zk) }k>1 is a Cauchy sequence in E**. On the other hand, it follows from (2.5)

{T"(z) 2 € E.

Since, E C E** isometrically, the latter sequence is also Cauchy in E. Conse-
quently, from (2.6), T*(z) € E. Thus, we showed that T*(E) C E. Let us recall
that T* € L(E**). Consequently, referring to the isometric embedding E C E**
again, we obtain that T* € £(EE). The lemma is completely proved. 1
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The main interest is attached to the class §(E) which contains all Borel mea-
surable function f : R+ C such that ¢ € ®5(E), where

A) —
en g = TS0 i(” )
It is known that the class of all absolutely continuous functions f on R whose
(weak) derivative has a bounded variation is a proper subclass of F(LF),1 < p <
0o, [25]. In particular, f(A) = |A|, A € R belongs to F(L*),1 < p < co. On
the other hand, the latter function does not belong to F(L*°) = F(IL'), [13]. Tt is
unknown whether F(LL?) # §(L?), when1 < p < 2.

We start with the following lemma.
LEMMA 2.5 ([25], Lemma 7.1). Let a, b be self-adjoint affiliated with M and let
ES = E'([—n,n)), Eb=E'(-nn)), n>1

;o (ALu) ER A#Fp pr(AA) =0.

be the corresponding spectral projections. If f € F(E), then for every x € E,

(2.8) T;'f‘ﬁE(aszEZ — E2xbEY) = f(a)ESxEL — Eixf(D)EL, n>1.

The following proposition complements the result of Lemma 2.5. We re-
place the assumption x € E with the assumption ax — xb € E. Recall that the
fundamental function of a rearrangement invariant space E is given by ¢r(t) :=

Ixj0,6)llE, £ > 0.

PROPOSITION 2.6. Let E=(E,.)*, where E, is a symmetric operator space with an
order continuous norm and the Fatou property. If the fundamental function ¢r satisfies

(2.9) lim 47%(1?) -0,
then, for every complex-valued function f on R such that f € F(E), we have
(2.10) Tl’;’fb,E(ax —xb) = f(a)x — xf(b),

for all self-adjoint operators a,b € M and all operators x € M such that ax — xb € E.

Proof. It readily follows from Proposition 6.6 in [25] that there is a net of
projections {pg} € M such that pg T 1, T(pg) < oo and |bpg — ppbllr < 1.
Since pp T 1and b € M, we have bpg — pgb — 0 in the wo-topology. Moreover,
since the unit ball of E is compact in the ¢ (E, E, )-topology, passing to a subnet, if
necessary, we may assume that bpg — pgb converges in the o(E, E, )-topology. Let
us show that this limit is 0. We note that the o(EE, E, )-topology is stronger than
the ¢(E, L' N 1L*®)-topology, the operators bpg — ppb are uniformly bounded in
L® and the o (L>®, L! NIL®)-topology coincides with the wo-topology on the unit
ball of M = L%, see Lemma 2.1. Hence, the operators bpg — pgb tend to 0 in the
o(E, E,)-topology. For every operator y € E,, y(ax — xb) € L. Since pp — 1in
the o(L*°, L!)-topology, cf. Lemma 2.1, we obtain that (ax — xb)ppg — (ax — xb)
in the o (E, E,)-topology.
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Since T(pg) < o0, xpg € E, applying Lemma 2.5 to the operator xpg yields

(2.11) Tl‘;'fblE(axpﬁ — xpgb) = f(a)xpg — xppf(b).

If follows from Lemma 2.4 that f € §(E,) and T”’fb,IE = (T )*, in particular,

¥ Pf B

the operator T;'be is 0 (E, E.)-continuous. Now it follows that the left hand side

of (2.11) converges to TIZ;?’]E(ax — xb) in the o (E, E.)-topology. Since pg 1 1, the

right hand side converges to f(a)x — xf(b) in the wo-topology and since the right
hand side is uniformly bounded in M, these limits coincide. 1

COROLLARY 2.7. Let a,b be self-adjoint operators affiliated with M, E% and EE,
n = 1 be spectral projections as in Lemma 2.5 and let E satisfy the assumptions of
Proposition 2.6. If x € M, aE&xEL — E2xbEL € B, n > 1and f € F(E), then

T;}’ﬁE(angEg — EAxbEL) = f(a)E%xEL — ESxf(b)EE, n>1.

Proof. Setting a, = aEj, b, = bEZ and x,, = EZxE,ﬁ’, n = 1, we have (by

assumption)
AnXy — Xpby = aESxES — E%xbEY € .

Applying Proposition 2.6 to the operators a,, b, and x, we obtain TIZ;'?}’Z” (apxy, —

Xuby) = f(an)xn — xnf(by). To finish the proof, we note that, according to Defini-
tion 2.3,

n,bn _ b
Tl?’f/E (y) = Tfp'f,E<EﬁyE,’i), yelk n>1. 1

The lemma below generalizes a fairly standard argument for groups of op-
erators on symmetric operator spaces and will be used in the sequel.

LEMMA 2.8. Let E and IF be symmetric operator spaces, B be a closed ball in ¥
and vy := {7t }1er be a group of contractions in both E and F. If y is a strongly (respec-
tively, weakly*) continuous group in E, Dom ¢ is the domain of the strong (respectively,
weak*) generator of vy in I, and the function t — ||v¢(&)||r is Lebesgue measurable, for
every ¢ € B, then the set Dom 6 N B is invariant with respect to y and norm (respec-
tively, weak*) dense in IE N B. In particular, if F is a symmetric operator space with the
Fatou norm such that E N is norm (respectively, weak*) dense in E and -y is o(F,F*)-
continuous in F, then the subspace Dom NI is norm (respectively, weak*) dense in .

Proof. We prove the case when < is strongly continuous and outline the
changes needed for weak* continuous group at the end of the proof.

Since the space Dom ¢ is invariant under 7, ([12], Lemma 1.1) , and the
hypothesis v;(B) C B, we have 7;(Dom N B) C DoméNB, t € R.

Let R, be the resolvent Ry = (A —§)~1, then R, (&) € Dom 4,

(2.12) Ri& = [e M@ dt
0
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and
|\~|\E-Algr;OARA<€) =¢,

forevery ¢ € E, A > 0, ([26], Lemma 1.3.2). If { € EN B, then AR, ({) € Dom &
and AR, (¢) € B. The last assertion follows from (2.12) and the elementary in-
equality

INRA@) e <A [ E (@l dt < 1Ew, 2> 0.
0

Therefore, for every ¢ € EN B, the elements AR /\(6 ) belong to Dom 6 N B and
tend to ¢, as A — oo with respect to the norm of E. This means that Dom d N B
is norm dense in [E N B. For the second part, we note that, since F has the Fatou
norm,

T(n8) = }ig(;f(mt(é)), neFx,
[¢llp = sup IT(ﬂC)I<1i§r;ionf||%(§)\lm, ZeP.

71l <1

That means that the function t — ||7¢(¢)||r, ¢ € F is semi-continuous and, hence,
measurable. The claim is proved.

For the weak* assertion, we have to apply Proposition 3.1.6 and Corol-
lary 3.1.7 in [6], which are weak* variants of the results used above. 1

Let us recall the notion of the left regular representation M of the algebra
M. Thatis, M| is the algebra of all operators x € £(IL?) given by the left multi-
plication x(&) = x¢ for every & € L?, whenever x € M. The mapping L : x — x
is an *-isomorphism between the algebras M and M. The trace 17 is defined
by 7.(x) = T(x), x € M. A symmetric operator space E; = E(M|, 1) consists
of all operators x where x € E = E(M, 7). The mapping L has a natural exten-
sion E — E; which is an isometric isomorphism of Banach spaces E and E;, cf.
Proposition 2.6 of [25].

3. LIPSCHITZ ESTIMATES

Throughout the section a and b are self-adjoint operators affiliated with
M, and x € M. Let us note that the subspace

Da=DomanL!NL®

is a core of the operator a for every a affiliated with M|, see Lemma 3.6 below.
Since the operator a is affiliated with the algebra M| so is the domain Dom a, i.e.
for every unitary u € M;’, u(Dom a) C Dom a. Consequently, the core Da is
also affiliated with M.

We shall write ax — xb € E; for every a, b affiliated with M and x € M
provided x(Db) C Dom a and the operator ax — xb, initially defined on Db, is
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closable with closure, again denoted ax — xb, in E;. We may now formulate the
main result of the section.

THEOREM 3.1. Let a, b be self-adjoint operators affiliated with My, and x € M.
Ifax—xb € L] and f € F(LLY), for some 2 < p < oo, then f(a)x — xf(b) € LY and

fla)x—xf(b) = T**,  (ax —xb).
In particular
1f(@)x =xf(b)lly < cf,p [lax = xbl|yy.
Applying the theorem for more general symmetric operator spaces, we have

COROLLARY 3.2. Let a, b and x be as in Theorem 3.1 and let E be a symmetric
function space which is separable or dual to a separable symmetric function space with
the Fatou property. If ax—xb € ELNLY and f € F(EL)NF(LY), for some 2< p < oo,
then

b
fa)x =xf(b) = Ty’ (ax —xb).
In particular,

I f(a)x — xf(b)lg, <

REMARK 3.3. Suppose that E is a separable r.i. function space with non-
trivial Boyd indices (see, e.g. [21]). It follows from [15] and [25] that the assump-
tions above are satisfied for the absolute value function.

,b ,b
Proof of Corollary 3.2. We only need to show that T‘*l g, (¥) = T;} L (y) for

everyy € Lz N Ey. First, it immediately follows from Def1n1t10n 2.3, that, for any
two symmetric spaces E; and Fy, and f € F(Er) N §(FL), we have

(3.1) Tots, (¥) = TyPe, (y), y €LLNLY CELNFLNLE.

Let us now note that, according to Lemma 2.4, applied to the spaces E;, and Iy,
together with (3.1), f € F(EL) NF(L}) = F(E)) NF(L] ), where p’ is the conju-

/ /
gate exponent, and there exist bounded operators Ty : LI — LI, T, : Ef — Ef
such that

x —xb||g, .

Tire, V) =Ti(y), y € By To%,(y) = Ta(y), y € Li;
Ti(y) = Ta(y), y € Li NLY".
Hence, for every y € ]Lf NE; and z € ]Li N L, we obtain
(2T, (v) =TT (2) = T(yTa(2)) = 72T, ().
Since L} N L% separates points in L} + L%, it follows that

b b
Tos, () =Ty (v), y € L' NE,. 1«
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If we take into account that @(E;) C @(IL?) = B¢ (R?), we obtain the result
for LP-spaces with 1 < p < 2, namely

COROLLARY 3.4. Let a, b and x be as in Theorem 3.1. If ax —xb € LI N2,
and f € F(LY), 1< p <2, then

b
f(a)x —xf(b) = T;flLi(ax —xb).
In particular,
I (@)~ xf(B)lp < ez lax — xb]l .

REMARKS 3.5. (i) In the special case when x = 1, Corollaries 3.2, 3.4 and
Theorem 3.1 are reduced to inequalities

f(a) — f(b)H]L’L’ < Cfp

provided a—b € L/ N2, and f € F(L}), where a,b are arbitrary self-adjoint
operators affiliated with M, and ¢y, is a constant depending of f and p only.
This result extends Corollary 7.5 of [25] and Corollary 3.5 of [15].

(ii) If a = b are as in Remark 3.5(i) above and x € M, then

|a—b||L;Z, 1<p<oo,

llal x]llr < cpllfaxlpy, 1<p<eo,

provided [a,x] € L} N1L2, where c, is a constant depending on p only. This
complements the result of Theorem 2.2 in [15] and provides a type II extension of
(6.6) in [5].

(iif) If, in addition, a = b has a bounded inverse, then for every symmetric
operator space E;, we have

llal",x]l[e, < cearllla e, 0<r<1,

whenever [a,x] € E; N ]Li, for some 2 < p < co, where the constant cg , , does
not depend on x. This result extends similar inequalities for the case E = L,
obtained earlier in Lemma 1.4 of [9] (see also [11], [29]) by different methods.

LEMMA 3.6. If a is affiliated with M, then the subspace Da = Dom anL! N
L is a core of a.

Proof. Since a is affiliated with M, it follows that el ¢ M| and the latter
means that the group {e!'?},cg may be extended from L? to a group of contrac-
tions in every symmetric operator space E. In particular, {el’®};c is a group of
contractions in L! N L*®. Applying Lemma 2.8 to the group {el?};cg, E = L?
and F = L! N1L*®, we obtain that Da is dense in L2. On the other hand, Da is
invariant with respect to elfa t € R. Thus, it follows from Theorem 1.9 of [12] that
Daisacoreofa. 1

Proof of Theorem 3.1. Let E2 and EP, n > 1 be the spectral projections of the
operators a, b as in Lemma 2.5. Since E?(I.?) € Dom b, we have that EP (L1 N
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L*®) C Db, for every n > 1. Hence, according to definition of ax — xb € L}, we
have

E3(ax — xb)ER (&) = E2axEL (¢) — E3xbER(8), e L'nL>®,n>

The operator on the right is bounded. Since L' N L* is dense in L2, we have that
the operator on the left is also bounded and

(3.2) E3(ax — xb)EE = E2axEl — E3xbEE, n>1.
We claim that
o(L},LY) ~ lim E3(ax - xb)E; = ax—xb € L},

where p’ is the conjugate exponent. Indeed, if p < co, then the space LL? is sep-
arable and this follows from Corollary 2.3 in [8]; if p = oo then this follows from

/
Lemma 2.1. Since the operator T;’bﬂ is U(Lf, ILZ )-continuous (this follows from
freL

Lemma 2.4) we may write that
(3.3) o(Ly,L}) -~ limzy =2, z€Lj,

where
= T;pr(E;(ax—xb)EE), z:= T;‘bL,,( x — xb).
On the other hand, according to Corollary 2.7 and (3.2) we obtain
z, = E3f(a)xE2 — E3xf(b)EE e My, n>1.
We next consider the bilinear form

(za(2),1) = (xER(2), Ef f(a) (1)) — (ERf(B) (&), X"E} (1)),
for every & € Df(b), 7 € Df(a), n > 1. By the definition of the sets Df(b)
and Df(a), we have &* € LI NL® C LY for every ¢ € Df(b),7 € Df(a).
Therefore, it follows from (3.3) that
(za(8), 1) = 1w(2aL(En")) — Tw(2L(En")) = (2(8),n), t— co.

Hence, passing to the limit on the right, we obtain

34 (z(8).1) = (x(2), f(@)()) = (f(®)(5),x"(n)), &€ Df(b),y € Df(a).
For a fixed ¢ € Df(b), the linear form (f(b) (&), x*(17)) is continuous with respect
to 77 € L?. Furthermore, the linear form (z(¢),7) is also continuous with respect
ton € L2, since 2 < p < coand (2.1) yield
[(2(8), m| = [(z8n")| <28l [Inllee < 2lleellgliinme 17l
and so
I1ZllLe 1€ llLinpe < co.



224 DENIS POTAPOV AND FYODOR SUKOCHEV

Consequently, the linear form (x(&), f(a)(77)) is continuous with respect to 17 €
Df(a). Since Df(a) is a core of f(a), this implies that x(¢) € Dom f(a) and
therefore x(Df (b)) C Dom f(a). Now (3.4) becomes

z(¢) = f(a)x(§) —=xf(b)(Z), ¢ € Df(b).

Since Df (b) is affiliated with M, the closure of the operator on the right is z, see
Lemma 2.2. The proof is finished. 1

4. COMMUTATOR ESTIMATES

In this section we consider the commutators [A, x| and [A, f(x)] when x =
x* € M| and A = A* is a densely defined operator on IL? such that:

(i) efAxe A € M and 17 (elfAxe A) = 17 (x), for all x € M.

If A is affiliated with M|, then this assumption is satisfied automatically.
Note that, according to the assumption, the group of isometries x — elfAxe—itA
x € M| induces naturally a group 7 : x — ;(x) := L1 (eAL(x)e A), x € M
of isometries of the original algebra M, such that 7(7¢(x)) = 7(x), t € R. The
group {7t }ier is an R-flow, i.e. an ultra-weakly continuous representation of R
on M by trace preserving *-automorphisms of M. This group extends uniquely
to a group of x-automorphisms of any symmetric operator space, [24]. We also
require that

(i) €A (&) = 7+(¢), for every & € L NIL™.
The condition (ii) is used in the proof of Lemma 4.4 below; if A is affiliated
with M, then the assertion of that lemma is covered by that of Lemma 3.6. We
note that (ii) implies that the group {e!"A},cr induces a group of contractions on

every symmetric operator space. The latter is the only fact used in the proof of
Lemma 4.4.

Following Proposition 3.2.55 in [6], we will write [A,x] € E for x € M if
and only if
(iii) There is a core D C L! NIL*® of A which is invariant under e'*A for every
t € R, ie. eA(D) C D.
(iv) The operator x sends D into Dom A, i.e. x(D) C Dom A and the operator
Ax — xA is closable up to an operator in E;.

In the case when [A, x| happens to be bounded, the operator x preserves the
whole domain Dom A, i.e. x(Dom A) C Dom A. We give a short proof of this
fact in Lemma 5.1 below.

The main result of the section is

THEOREM 4.1. Let E} be a symmetric operator space with the Fatou norm. If
x € My is a self-adjoint operator such that [A,x| € L{ NE;, for some2 < p < oo,
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then for every complex-valued function f on R such that f € F(L) NF(EL), we have
(A, f(x)] e LT NEL and

1A, ), < crelllAXE,,
where

!
Cf,E = sup ||T$'f’f]E||EL—»EL
x,x/

and the latter maximum runs over all operators x and X' affiliated with M.

Applying this result for the spaces E; = L}, 1 < p < 0 and taking into account
that ®(E) C &(LL?) = Bc(R?), we obtain

COROLLARY 4.2. If2 < p < oo (respectively 1 < p < 2), f € F(L]) and
x € M such that [A,x] € L] (respectively [A,x] € L2 NLY), then

1A, FO Ly < efp A X[l
REMARK 4.3. Corollary 4.2 extends Corollaries 6.9 and 7.5 of [24].

Before we proceed with Theorem 4.1, we prove two auxiliary lemmas. We
firstly show that the assumptions (i) and (ii) guarantee that Dom A N L' NL®is
a core of A. This is similar to the assertion of Lemma 3.6 of the previous section.
Moreover, although the operator A may not be affiliated with M, the closure of
DA in an appropriate weak topology is affiliated with M. The exact statement
follows.

LEMMA 4.4. The subspace DA := Dom ANL!'NL® C 12 is a core of the
operator A. Furthermore, DA N By is (L' N 1L, L% + ILP)-dense in L' N 1L N By,
for every 1 < p < 2, where By is the closed unit ball in L2 In particular, for every
n € LYNL*® and every 1 < p < 2, thereis a net {1, } C DA such that 11, — 1 in the
o (L' NL>, L¥)-topology and sup [|7a |2 < [|7]lp2-

[

Proof. The first part is similar to the proof of Lemma 3.6, we leave details to
the reader.

For the second part, we consider the group 7 in the space E = L2 017,
where p’ is the conjugate exponent. If E, = > + L7, then E = (E,)* and EX =
E.. According to Proposition 4.2 of [24], ¥ is weak* (= ¢(E, E*)) continuous. Let
6 be the generator of y. According to Corollary 1.3.8 of [6], the set Dom A may be
considered as a domain of generator of the weakly continuous group ¢ — e'*A(¢)
in the space IL2. Hence, from (ii) and L2 C E,, Dom é N B} C Dom AN B,
where B") = B, N BH(;)QLOQ and B]&)QLOO is the ball of radius r in L' N L*. Applying
Lemma 2.8 to the space E and the set B("), we obtain that the set Dom 6 N B(") C
Dom A N B is o(E, E,)-dense in E N B("), Taking the union over all ¥ > 0, we
obtain that DA N B, is ¢(E, E,)-dense in L' NL* N B,. 1
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The following lemma extends Theorem 7.3 of [24], where it is assumed that
[A,x] € M NE. We assume below only that [A,x] € E; and this relaxation is
possible because the underlying Hilbert space L? for the algebra M) possesses
an additional Banach structure of symmetric operator spaces, in particular L! N
IL® C 2. We also use the assumption (iii) in a crucial way.

LEMMA 4.5. Let E be a separable symmetric function space or E = (E,)* where
E. is a separable symmetric function space with the Fatou property. If x € M and
[A,x] € Ep, then for every t € R,

t
(41) eitAxefitA — X = O'(EL,E£<> _ i/eiSA [A, x]efisA ds.
0

In particular,

oifAyoilA _ o
[ < hiale, e
and
| eitAxeitA _y
o(ELBr) - %l—{% it = [A,x].

If the space E is separable, the integral in (4.1) and the limit above may be taken in the
norm of Ep.

Proof. The proof is similar to that of Theorem 7.3 of [24]. Since [A,x] € E[,
according to (iii)—(iv), there is a core D C L NL® of A such that e'*A (D)C D,te
R and x(D) € Dom A. Fix ¢ € D and consider the function u(t) = e"Axe A (),
t € R with values in IL2. We have

W(EES) —u(t) _ grga, @A TIAQ)) — e A
s s
 alSA o itA (&) g a—itA
LIS NGy

Since & € D, we have e A (&) € D and xe *A(¢) € Dom A. Hence,

u' (1) :lﬂw

=ielA[A,xJe” A (F), teR, FeD.

= tAx(—iAe TA(E)) + A (iA) (xe MA(Z))

Since [A, x] € Ep, the function
(4.2) t — el'A[A, x|e 1A

is continuous with respect to the o(Er, E)-topology (cf. Proposition 4.2 of [24]).
In particular, for any fixed ¢ € D and 7 € L! NL*, the scalar function t —
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(e*A[A, x]e A (), 7) is continuous. Now, it follows from the Fundamental The-
orem of Calculus that, for every fixed t € R,

(43) (e"xe™A(), 1) — (x(8), 1)
t
:<u(f)ﬂ7>—<u(0)ﬂ7>:i/<eiSA[A,X]e*iSA(ﬁ)/fﬁdsf ¢ € Dy eLINL®,
0
If the Riemannian sums are given by

s n

1 ikt :

— 1) eAA,xle A € By,
n.=

then (S, (&), ) converges to the integral in (4.3). If E is dual to a separable sym-
metric space with the Fatou property, then, since the function given in (4.2) is

o(Er, E[)-continuous and the unit ball of Eis o/(Ey, E[*)-complete (this ball is ac-
tually (T(EL,IE )-compact according to Banach- Alaoglu theorem), the Riemann-
ian sums S, converge to

t
(4.4) S = o(BL,EY) — / AA[A, x|e A ds € By,
0

in the o(E, E[)-topology. If E is separable, then the function (4.2) is continuous
in the norm of E;, see Corollary 4.3 of [24]. Therefore, the Riemannian sums S
converge to the integral (4.4) in the norm of E; and the integral itself may be
understood as a Bochner integral of the function (4.2) in Ey. In either case, it
follows that
t
(5(&),m) =1 / (eA[A,x]e A (g),)ds, ¢eDCL'NL™, yeL'nL*.

0

Combining this with (4.3), we have

(5(2),m) = (("*xe™ " —x)(§),n), §eD,nellnL®.
Since L! N L™ separates points in ! + L*, this implies

S(8) = e"xe M(E) = x(¢), ¢eD.

The operator on the right is bounded, and since S is closed, we obtain that S is
also bounded and S coincides with efAxe A — x. This establishes (4.1). The
function (4.2) is o (Er, E[ )-continuous, therefore it follows from (4.1) that
1 17
ET((eitAxe*itA—x—it[A, x])x") :ﬂ/’r((eiSA[A, xje A _[A,x])x)ds —0 ast—0

0
for every x' € E. We see that (it) ~!(elAxe A — x) converges to [A, x] with re-
spect to the o(Ey, E[)-topology. When E is separable, a similar argument shows
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that (it) =1 (ef"Axe 1A — x) converges to [A, x| in the norm of E;. Further, for ev-
eryx' e Ef,

t
[7((eAxe A / (A4, xJe Ax) ds| < [¢] [A, X e, X5

The norm estimate in the lemma follows. &

Proof of Theorem 4.1. If follows from Lemma 4.5 that the operators

eltAye—itA _ 4
Yyt = — teR

are uniformly bounded in the norms of L} and E;, namely

lyelley < AN, lyelle, < 1A X]le,, ¢ €R.

Applying Proposition 2.6 to x; = ei'Axe A, x and 1, we have

eitAf(x)efitA _ f(x) - TXt,x eitAxefitA —x
Yy ( )

it it

Zy =

are also uniformly bounded in ]L{ and E; and

/
Since the unit ball of IL’L’ is U(Lf,Lf )-compact, one can assume that there exists
VS ]LZ such that

(Al Nzille, <crellAxXle, teR
L

/
Izl r <crpllAX]lyp, o(L],L])—limz =z.
Ly fr L t—0
Since the space E; has Fatou norm, we have that [|x||g, = [|x||g, <<, for every

x € E;. It follows from (2.2) that

Izlle, = sup 7L (zw).
weLimLf,HwHEZ <1

Since z; is uniformly bounded in [E;, we have that
T (2zW) = }irrSTL(ztw) < max |ztl|g,, wWe€ LI nLe, ||WHE£< <1
— te
Hence, we obtain that z € E; and

Izllpy < [AXllpr, lzlle, < cpell[AX]g,-

If now (-, -) is the inner product in IL?, then simple computation shows that
itA (

<w f(x)(§)> :<77 e f(x)(8) —f(x)(§)>
it ' '

it
. o itA(F) _
— 1, 2(@) ~ (" 0S8 gy e pa
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Since (it) ! (elA(¢) — &) converges to A(¢) in L2 and (1, 2z:(&)) = T(z:¢1*) con-
verges to (1,z(¢)) = 7(z&n*) whenever &7 € DA C DomA C L!'NL®
(&n* € V), passing to the limit gives

(4.5) (A(n), (@) = (n,2(8)) + (1, fF(X)A(G)), & € DA

For every fixed ¢ € DA, the right hand side is a bounded linear functional with
respect to 7 € 2. Indeed, since f(x)A(&) € IL?, it is obvious that the last term on
the right is continuous with respect to 77 € IL? whereas the continuity of the first
term on the right with respect to 7 € L2 follows from the inequalities (see (2.1)),

(7, 2(8))| = |T((z&) )| < I7lle2llz8lle < llezllzler |Ellaqpe, 7 € L2
and
1ZllLp l1Ellinpe < co.

Hence the right hand side in (4.5) is continuous with respect to 7 € L2. This
implies that the form (A(#), f(x)(¢)) is continuous with respect to # € DA and
so, since DA is a core of A, f(x)(¢) € Dom A* = Dom A. Moreover, it now
follows from (4.5)

(f)A = Af(x))(¢) =2(¢), ¢eDA.

Consider the operator z’ = f(x)A — Af(x) with the domain Dom z’ = DA. Let
us show that z"* = z*. This will finish the proof of the theorem, because then
we would have Z = z/** = z** = z. Since z/ C gz, it is sufficient to show
that Dom z* C Dom z*. It follows from the definition of adjoint operator that

¢ € Dom z™* if and only if there is a constant ¢(¢) such that

[T((" 8 )| = [T(G(zn) ) = (&, 2" ()] < (@) lInll2, 1 € DA.
Since z* € L? and ¢ € 12, it follows that z*& € L9, where g ! = 271 4+ p~1
1 < g < 2,see (2.1). On the other hand, it follows from Lemma 4.4 that for every
7 € LI NL®™ there is a net {17,} C DA such that 7, — 7 in the o(L! N LL®,L4)-
topology and sup |77 |2 < [[77/|L2. Hence, we obtain that
o

[7((z"¢)n*) < (@) Il € LT AL,
The latter means that z*& € I.? and, in particular, & € Dom z*. 1

5. APPLICATION TO L(H).

Let us now go back to the original algebra M. Consider a densely defined
self-adjoint operator A which may be neither bounded nor affiliated with M,
such that el xe 4 € M and 7(el*xe™#4) = 7(x) whenever x € M and t € R.

We show via the Stone theorem that we may construct an operator A which
satisfies the assumptions (i)—(ii). Moreover, we will obtain that [A,x] € M|
whenever [A,x] € M and x € M. We will also show using the technique of
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one-dimensional operators that, in the setting of M = £L(’H), the converse to the
last statement is valid, i.e. [A, x] € E provided [A,x] € E;.

We recall that if x € M, then the symbol [A, x] means that there is a core
D of the operator A such that e*4(D) C D for every t € R and x(D) C Dom A.
The symbol [A, x] stands for the closure of Ax — xA. As we mentioned earlier
as soon as [A, x| is bounded, the operator x preserves the whole domain Dom A.
The argument follows

LEMMA 5.1. If [A, x] is bounded, then x(Dom A) C Dom A.
Proof. One has

([A,x]¢,n) = (Ax¢, ) — (xAL, ), ¢&,m€D.

For every fixed ¢ € D, both sides are bounded linear functionals with respect to
7 € 'H which coincide for every # € D and so they coincide for every 1 € H, in
particular,

([A,x]E, 1) = (x& An) — (AE,x*y), &€ D,n € Dom A.

Now, for every fixed # € Dom A, it follows that (A, x*7) is a bounded linear
functional with respect to ¢ € D. The latter means that x*; € Dom A" where
A’ = A|p is the restriction of A onto D. Since Disacore of A, A”* = A" = A* =
A, hence x*57 € Dom A. We obtain that x*(Dom A) C Dom A and [A, x*] =
—[A, x]* isbounded. Applying the above argument again to the operator x* gives
the claim of the lemma. 1

Consider the subspace

itAx,—itA _
Dom A := {CE]].F oIz —%imw—g

exists} C L2
0 it

and define the operator A : Dom A — L? by

eitA(;te—itA _ é’

A(Q) = ”OH]LZ_}I_T)% T , ¢ € Dom A.

According to the Stone theorem, A is a self-adjoint operator.

LEMMA 5.2. If the operator A is as above, then e*A (&) = (&), where y(t) =
L1 (e"AL(&)e A), for every & € LI NL™®. If x € M, then elAxe A € M and
11 (eAxe #A) = 17 (x). Ifx € M and [A,x] € M, then [A,x] € My and [A,x] isa
multiplication operator by [A, x].

Proof. According to the Stone theorem, the unitary group el of the opera-
tor A is given by elA (&) =elfA¢e 14, L2, Now, for every ¢ €%, one has

eitAxefitA(g) — eitA(xefitAgeitA)efitA — eitAxefitAéz
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Axe A is a left multiplication by el xe~1¥4

itA ye~itA whenever x € M and

The latter means that the operator e'*
and so it belongs to M ; moreover 7;(x) = e

7 (eAxe A = 7(elAxe ) = 7(x) = 11 (x), x € M.
Letnow x € M and [A, x] € M. Take ¢ € D, where
D= {FcL?>NL®: &Dom A) C Dom A, [A,¢] € L2NL*}.

It follows from Theorem 7.3 of [24], that D is a core of A and A(¢) = i[A,{],
¢ € D. We show that x¢ € D. Indeed, from Lemma 5.1, x(Dom A) C Dom A, so
x¢(Dom A) C Dom A. Furthermore, one has that

Ax¢(n) — x§A(n) = (Ax —xA)G(n7) + x(A¢ — ¢A)(n7), 1 € Dom A.

Hence, the operator Ax¢ — x¢ A is closable and for the closure one has
Ax(¢) = [A,x8] = [A,x]G +x([4,¢]) = [A,x]¢ +xA(§) € L2 NL*.

This means that the operator x(¢) € D and [A, x|({) = [A, x|¢ for every ¢ € D.
The lemma is completely proved. 1

We shall now demonstrate how our results from the preceding section yield
commutator estimates for the special case M = L(’H). In this special case, non-
commutative symmetric spaces are symmetric ideals of compact operators [18];
in particular, the space L¥, 1 < p < oo is the Schatten-von Neumann ideal C?.
We believe that the proof of the following theorem provides an additional insight
into results of [5] and explains the additional technical obstacles in the type II
setting.

THEOREM 5.3. If x € L(H) is self-adjoint and A is a self-adjoint operator on 'H
such that [A,x] € CP,1 < p < oo, then for every function f such that f € F(CF),
(5.1) 1A, fC)]Iller < egp A, xller-

Proof. Since Cf N C% =C f whenever 1 < p < 2, it follows from Corollary 4.2
and Lemma 5.1 that

(52) 1A FOO]ller < ef,p

A X]ller = crp 1A 2] ller-

It remains to show that (5.2) implies (5.1). To this end, we exploit the technique
of one-dimensional operators. Note that Dom A ® Dom A C Dom A where
Dom A ® Dom A is the algebraic tensor product consisting of all finite linear com-
binations of one dimensional operators ¢ ® #, {,77 € Dom A, given by

Fon) = nmE (eH.
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Indeed, since || ® 77{|c2 = ||&]|% [|117||2¢, we have, for every {, 7 € Dom A,

it

itAx ) itA,,
:¥®elmq+x1®¥—%é®n+é®m, ast — 0.

This means that { ® # € Dom A. Moreover,
(5.3) A(l®n)=At@n+® Ay, {1 € Dom A.

It follows from (5.2) and Lemma 5.1 that f(x)(Dom A) C Dom A. We show that
f(x)(Dom A) C Dom A. To this end let us fix ¢,# € Dom A. We obtain that

f)EG®n) =f(x)(®n) = (f(x){) ®n € Dom A, that is
e (f(x)d) ® neji“‘ —(f(x)¢) @7

I olle2 — PL% m exists.
Repeating the argument above gives
itA _ . itA,
(5.4) € f(x)i f(x)¢ ®eltA;7 + (f(0)E) ® %
itA —itA _
:et (f(x)§)®779. - (fx)E) @ — Af(x)(¢®n), ast—0.

it
On the other hand, since # € Dom A, we have that
eitA

(F0)8) @ =1~ (f(x)e) @ Ay, ast—0.

According to (5.3) and (5.4), this means that (it) ~!(e"4 £ (x)& — f(x)¢) converges,
which in its turn implies that f(x)¢ € Dom A. Moreover, passing to the limit in
(5.4) gives

(Af(x)8) @1+ (f(x)§) @ A = Af(x)(§ ©17).
Combining the last identity with (5.3) we obtain that

(A, f()l(E®n)
=Af(x)(c®n) — f(x)A(f®n)
=(Af(x)Q)@n+(f(x)0)@An—(f(x)AD)@n—(f(x)§) ® An=([A, f(x)]§)®7.

Consequently, the operator [A, f(x)] coincides with that which yields [A, f(x)] €
C f as a left multiplication. The theorem is proved. 1
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