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ABSTRACT. In this paper, we establish the L¥ boundedness of a class of max-
imal functions with rough kernels supported by subvarieties. Moreover, sev-
eral L estimates of singular integrals, Marcinkiewicz integrals, and paramet-
ric Marcinkiewicz integrals will be studied.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In recent years, a considerable amount of attention has been given to the
study of singular integral operators with rough kernels ([7], [14], [17], among
others). The main purpose of this paper is establishing L? estimates of certain
maximal functions related to a class of singular Radon transforms defined by
translates of a subvariety determined by polynomial mappings. For background
information on such singular Radon transforms, we refer the reader to Stein’s
survey article ([23], see also [7], [17]).

Let R", n > 2 be the n-dimensional Euclidean space and S"1 be the unit
sphere in R” equipped with the normalized Lebesgue measure do. For non zero
y € R", weshall let y’ = |y|~'y. Let Q be a homogeneous function of degree zero
on R” that satisfies the cancellation property

(11) [ awaew) o,
Sn—1
Let L?(R ., dr/r) be the space of measurable functions  : R, — R that satisfy

7 1/2
(1.2) 1Bl 2R, dr/r) = (/ |h(r)|2r*1dr) <o
0



264 AHMAD AL-SALMAN

We let U(L?(R,dr/r),1) denote the closed unit ball in L2(R,dr/r).
Let P(y) = (P, Py, ..., P;)be a mapping from R" into R? (d > 1), with each
P; being a polynomial. For x € R?, define the maximal function Mg, p by

(1.3) Map(f)(x) = sup Tapn(f)(x)],
hel(L2(R+ dr/r))

where T, p ), is the singular integral operator given by

(1.4) Topn(f)(x) = pv. / Flx =Py (v dy.

If n =dand P(y) = (yl,yz, ...,Y4), we shall simply denote the operator
Map by Mg and the operator T, p j, by Toy -

The study of integral operators in the form (1.3) is motivated by the early
work of R. Fefferman on singular integral operators with kernels multiplied by
bounded radial functions [18]. More precisely, R. Fefferman showed that the op-
erator T, ; is bounded on LP(R")for 1 < p < oo provided that 1 € L*(R ) and
Q) satisfies a Lipschitz condition of positive order on S"~! [18]. Since Fefferman’s
result, the L” boundedness of integral operators with kernels multiplied by radial
functions has been investigated by many authors ([7], [9], [14], [17], [20]).

The classical operator M, was introduced by Chen and Lin in [11]. In [11],
Chen and Lin showed that if 2 is continuous in C(S"~!)and satisfies (1.1), then
Mgis bounded on LP(R")for any p > 2n/(2n — 1). In a very recent paper [5],
we were able to establish an L? boundedness result for Mg, in which the C(S"~!)
condition was substantially weakened. The precise statement of the result in [5]
is the following:

THEOREM 1.1 ([5]). If Q € L(log L)V/2(S"1)is a homogeneous function of de-
gree zero on R"that satisfies (1.1), then, for 2 < p < oo,

[IMa(Hllp < Cpllfllp-

Also, in [5] the condition Q € L(logL)!/2(S"~!) was shown to be nearly
optimal in the sense that if the exponent 1/2 in L(log L)'/2(S"~!) is replaced by
any smaller number, then M may fail to be bounded on L?(R").

It is natural to ask whether the operator Mg, p has the same mapping prop-
erties as that of the classical operator M. This problem is resolved by our next
result:

THEOREM 1.2. If Q € L(log L)Y/2(S"~1) and satisfies (1.1), then

(1.5) [Map(Hllp < Collfllp

for2 < p < oo, where Cy, is a constant that may depend on the degrees of the polynomials
Py, ..., Py but it is independent of their coefficients.

By observing that [T p,f(x)| < [|hll12(r., ar/r) Maop(f)(x) whenever h €
L%(R.,dr/r), we immediately obtain the following result on singular integrals:
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COROLLARY 1.3. Suppose that Q € L(log L)Y/2(S"1) is a homogeneous func-
tion of degree zero on R" satisfying (1.1) and h € L*(Ry,dr/r). Then the singular
integral operator Tq) p j, is bounded on LF for 1 < p < oo with LV bounds independent
of the coefficients of the polynomials Py, ..., Py.

The proof of Theorem 1.2, to be presented in Sections 2-3, can be adapted
to treat other classes of maximal functions. A sample of such maximal functions
will be presented in Section 4. Also, we shall present in Section 4 several results
on singular integrals, Marcinkiewicz integrals, and parametric Marcinkiewicz in-
tegrals that follow from the corresponding results on maximal functions.

Throughout this paper the letter C will stand for a constant that may vary
at each occurrence, but it is independent of the essential variables.

2. A GENERAL THEORY

For a family of measures o= {0, : r € R, }, define the square function S, by

7 1/2
@.1) 5,()(0) = ([ 1w foPriar)
0
Also for any a > 1, introduce the maximal function M, which is defined by
pa(k+1)
dr
(2.2) Mo a(f)(x) = sup |07 * f ()| —.
keZ sak r

LEMMA 2.1. Letd,a € N,and a, p > 0. Let L : RY — R™ be a linear transfor-
mation. Suppose that o = {0, : v € R} is a family of measures that satisfy:

(i) sup ||lov|| < C.
reR
a(k+1)

i) [ [6:(8)*F < aC*L(G)| ™/ for § € RY.
Dak
2a(k+1)

i) [ [0r(§)PSF < aCRL(E)I/ for & € RY.
2ak
(iv) For 1 < p < oo, there exists a constant C;, > 0 that is independent of the
parameter a and the linear transformation L such that the maximal function My, satisfies

[Mea(f)llp < aCpl|fllp-

Then the square function S, satisfies

(2.3) 1S, (F)llp < VaC| fllp

forall 2 < p < oo with LP bounds independent of the linear transformation L and the
parameter a.
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We should point out here that when d = n and L({) = ¢, the inequality
(2.3) was proved in Theorem 2.1 in [3] under the conditions (i)-(iii) above, and
the following condition

(iv') For 1 < p < oo, there exists a constant C, > 0 such that the maximal

function ¢*(f)(x) = sup |oy * f(x)| satisfies ||c*(f)||, < C||fl|p-
teR

Clearly, condition (iv’) above is stronger than the corresponding condition
(iv) in Lemma 2.1. The distinction in Lemma 2.1 between the condition (iv) and
the condition (iv’) is supported by the fact that sometimes (as in this paper), the
former is available while the latter is not. Examples of families of measures for
which (iv) is satisfied while (iv’) is not can be found easily. For instance, if 0; is
such that 3,(8) = [ e 1€¥)"do(y/), then (iv) is satisfied while (iv’) is not. This

sn—1

can be easily seen by observing that My ,(f)(x) < aHL(f)(x) where HL is the

Hardy-Littlewood maximal function which is bounded on L forall1 < p < oo,
while ¢* is the spherical maximal function that is bounded only for p > n/(n—1).

In order to prove Lemma 2.1, we first establish the following analogy of
Lemma 6.4 in [17]:

PROPOSITION 2.2. Let d,a € N. Let 0 = {0y : v € Ry} be a suitable family
of measures. For s < d, let G : RY — RYand H : R — RS be nonsingular linear
transformations and let ¢ € S(R®). Define | and X, by:

J(f)(x) = f(G'(H'®idga-s)x),  Xir(f)(x) =] ((|Paj|©0pa-s) * ] (07 % £)) (x),

where x € R, k € Z, and D, € S(R?) satisfies @a,k(g) = ¢(2*Hr!GE) with
i is the usual projection. Then for 1 < p < oo, there exists a positive constant Cp
independent of a and the linear transformations G and H such that the maximal function

a(k+1)
d
Mxa(f)(x) =sup [ X ()|
keZ ik
satisfies
4 IMxa(£)llp < CpllMaa(F)llp

Proof. Let M®®) and Ips—s be the Hardy-Littlewood maximal function on R®
and the identity operator on R?~* respectively. Then, it is straightforward to see
that

pa(k+1)
d
@5 [ X)W1 < T (Pl 9 50) + T Mol ).
ak
On the other hand, it is obvious that sup ((|®, x| @dga-—s ) * ] (Mg (f)))(x) < C(M®)

keZ
®Ipa-s)(J(Mg,a(f)))(x) with constant C independent of a. Thus by (2.5) and the
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previous, we obtain

(2.6) Mx,o(f)(x) < C[J 7 o (M®) @ Ipa—s) o J1(Mo,a(f))(x).

Hence (2.4) follows by (2.6) and the boundedness of M) and Ipi—s on LP for all
1 < p < oo. This completes the proof. 1

Now, we are ready to prove Lemma 2.1. For reader’s convenience, we prove
the following theorem which is more general than Lemma 2.1:

THEOREM 2.3. LetheN{mS: <Ks<M}PCN{l:1<s<M}C
(0,00), and {e;j: 1 <s < Mand1 < j <2} C(O ). Let Lg : RY — R™s be linear
transformations for 1 < M. Suppose that 05 = {075 :7 € Ry}, 0 < s < Mare
families of measures that satisfy

(i) sup||(7,sH <Csforl<s< M.

reR
(i) op = {0}, i.e., 070 =0 forallr € R.

a(k+1)
(i) [ [5rs(E)PL < aCs|29KLg(E)| 751/ for E € RV and 1 < s < M.

2ak

pa(k+1)
(V) [ 10ns(8) = Trs1(O)PY < aCs|2KLy(§)[52/7) for § € RTand 1< s <

2ak

M.

(v) For1 < p < oand 1 < s < M, there exists a constant Cps > 0 that is
independent of a and the linear transformation Ls such that the maximal function My, 4
satisfies

||Mtfs,a(f)||p an5||f||p
Then the square function S,  satisfies

(2.7) IS0, (Allp < VaCl fllp

forall 2 < p < oo with LP bounds independent of the linear transformations {Ls : 1 <
s < M} and the parameter a.

Proof. We shall combine the method used in the proof of Lemma 5.2 in [16]
with ideas from [3], [5], [11] and Proposition 2.2. By a similar argument as in the
proof of Lemma 5.2 in [16], see also [17] and Proposition 2.2, there exist families
of measures A; = {A,s:7 € Ry}, 1 < s < Msuch that for § € R?and 1<s < M,
we have

(2.8) sup [|[Ars]] < C
reR
na(k+1)

(2.9) / WS@F? < aCsmin{[2 L (§)| 5177, |25 L (&) [/},
2ak

(2.10) [Maga(F)llp < aCpys

fllp forl<p<oo,
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M
(2.11) Or,M = Z Ars,
s=1

where C; and Cp s are positive constants independent of a and the linear transfor-
mations L.
By (2.11) and Minkowski’s inequality, we have S, (f)(x) < E S, (f)(x).

Thus, to prove (2.7) it suffices to show that for any 1 <s < M, the mequahty

(2.12) 1S, (Dllp < VaGslifllp

holds for all 2 < p < oo where C; is a constant independent of the linear transfor-
mation Ls; and the parameter a.

Given 1 < s < M by the same argument in [17], we may assume that
d<mgand L = n%s is the usual projection. Choose a collection of C*° func-
tions {wy4}rez on (0,00) such that supp(@y,) C [27%%,27%+1] 0 < &, <

1/ Z wk,a(u) =4
keZ

i (u)’ < Cu~!, where C; are constants independent of

(a)

a and k. For j € Z, define the square function SASJ by
pa(k+1)

214 \/2

(2.13) S (f ( y o Wt ja * £ (2)Pr dr) .
keZ sk
Thus we have
(2.14) S, () < s ()).
jez *

Now, by Plancherel’s theorem and Fubini’s theorem, we have the following for
Lo ={x € RY : p—ak—a < |7r;‘fls (x)| < 2-k+ay;

oa(k+1)
N ~ dr
(2.15) S@W (A3 < 2 Asr(E)>=)d
LS L [ 17 ( 2{ Rer@P<" ) dg
k+j,a

By (2.15), (2.9), and the properties of {wy , Jxcz, we have
||fH for some « > 0. Thus

(2.16) IS (Hll2 < vac2=lj|f]l.

5\ (FlI3<ac2 i

Next, for p > 2, there exists g € L(P/2) with [gll(p/2)r = 1 such that

2a(k+1

(2.17) A2 = / Ao # @i+ F(0)[2r1dr[g(x)|dx
keZ ik
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2a(k+1)

drdx
< q sup [loz | Y wijax f(2)[? [ As,r| * g(x)
’
teR

R~ keZ Dak

< [ X lekia s QM@ ()2
RYI

keZ

< 0| ( rsza £2) " s @1 < el
S

where g(z) = g(—z), the third inequality follows by Holder’s inequality, and the
last inequality follows by (iii) and the Littlewood-Paley theory. The constant C
may depend on the underlying dimension #, the constants Cs, and p, but it is
independent of k and a (for details see [7]). Thus, we obtained forall 2 < p < o

(2.18) 1S, (I)llp < VaC| fllp -

By interpolation between (2.16) and (2.18), we obtain

(2.19) IS, (F)llp < Cva2 Bl £,

forall 2 < p < oo. Hence (2.12) follows by (2.14), (2.16), (2.19), and Minkowski’s
inequality. This completes the proof. 1

We end this section by the following special case of Proposition 5.1 in [17].

LEMMA 2.4. Let | and n be positive integers. Let V;(n) be the space of real-valued
homogenous polynomials of degree I on R". Let U, (n) be a subspace of V;(n) with |x|" ¢

Uj(n). Let Q € L*(S"1). Then there exists a positive constant A independent of O
such that

2k+1

_— dr -
[ [ eawaew)| T < alalae e
ok gn-1

forall k € Z and functions F : R" — R of the form

1
F(x) =) Pi+W(|x|)
=0

where P] is a homogenous polynomial of degree j, 0 < j < m, P, € Uy(n), and W is an

arbitrary function. The constant A may depend on the subspace U;(n) if | is even, but it

is independent of U;(n) if | is odd. Here, ||Pj|| = Y |a,| where P/(y) = Y a,y*.
|a|=1

|| =1
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3. PROOF OF THEOREM 1.2

Let deg(P) = M. Let opr = {0y : r € Ry} be the family of measures
defined by

G1) om(@ = [ < EP0E)dol).
Sn—l

Then by duality it follows that

(3.2) Map(f)(x) = Sey, (f) (%)

where S, is given by (2.1) with the family ¢ replaced by the family ojs. Now, we
write the function 2 (see [5] or [7]) as follows:

(3.3) Qy)= Y, 6,Au),
meDU{0}

whereD C N, {6, :m e DU{0}} C (0,00),and {A, : m € DU{0}}is a sequence
of homogeneous functions of degree zero on R" satisfying:

(3.4) / A, (v)do(y) =0,
Sn—l

(3.5) |Amli <C, |4, ll2 < C24mFD),

(3.6) Z Vmby, < CHQ”L(logL)l/z(S”’l)'
meDU{0}

Then, by (3.3), we have the following
37) Sou(H)X) < Y 0,Smum()(),
meDU{0}

where S, » has the same definition as Sy, with (2 replaced by A;,. Therefore, to
prove (1.5) and hence the theorem, it suffices by (3.2) and (3.6)—(3.7) to show that

(3.8) 1Sar,m ()l < VmCpllfllp

for all 2 < p < oo with constant C, independent of m and the coefficients of
the polynomials Py, ..., P;. However, (3.8) will follow by an application of Theo-
rem 2.3. To this end, we argue as follows:

First, we choose integers 0 < dy < dp < --- < d; < M, and polynomials

Q](.S) : R" —>R,R]-:R—>Rfor1 <j<dand1 < s <[ such that:
(i) For each 1 < s < [, the polynomial mapping Q) = ( gs), Qés),. e QIEIS)) is
homogenous of degree d;.
ii) Q.7 € Uy, (n) where Uy (n) is a suitable subspace of the space of real-
(i) QI € Uy, (1) where Uy (n) is a suitable subspace of the space of real

valued homogenous polynomials of degree ds on R” with [x|% ¢ U, (n).
(iii) deg(R]') <Mforalll <j<d.
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(iv) P(y) = sil Q¥ (y) + (Ra(lyl),- -, Rally]))-

Next, for1 <j<dand1<s <1 let Q) (y) = Y a(j,pyf. For1<s <!
|Bl=ds
let N; be the number of multi-indices 8 = (B1,...,Bx) € (NU{0})" with || =
B1+ -+ Bu = ds and define the linear transformation L : R? — RN: by

Li() = Ls(G1,- - &) = ( Y Gjali B))

\.
i M&
LN

|Bl=ds

For0 <s <, let

Ps(y) = Y Q") + (Rulyl),---, Ra(ly])

and let )\ = {)\r s> ¥ € Ry} be a family of measures that have the same
definition as the family o with P is replaced by Ps and (2 replaced by A,,. Also,

let oprm = {Ur%} : v € Ri} be the family of measures given by (3.1) with O
replaced by A;,. Then by (iv) above, it is clear that

(3.9) M = opg
On the other hand, by (3.4) and the first inequality in (3.5), we have

(3.10) A — o,
(3.11) sup [|ASY]| < Cs,

r>0

where C; is a constant independent of m and the coefficients of the polynomial
components of Ps;. Next, by the second inequality in (3.5), (ii) above, and Lem-
ma 2.4, we have for § € Riand1<s <

o(m+1)(k+1)

612) [ A @PL <2 n e DL @)1

2(m+1)k
On the other hand, it is easy to see that

2u(k+1)
(3.13) / AL (@) - A (@)

2ak

dr
2L < (m+ 1)C R ()



272 AHMAD AL-SALMAN

for € R and 1 < s < I. Thus, by interpolation between (3.11) and (3.12), and
between (3.11) and (3.13), we obtain for & € R and 1 < s < [:

2(m+1)(k+1)
~ dr B
(3.14) / \Aﬁ?)(g)\27 < (m 4 1)Cy|20m DAk () ~1/16ds (m1)
2(m+1)k
a(k+1)
< - dr
(3.15) / |/\£"s1)(§) — /\521)—1@)‘27 < (m-|-1)Cs|2(m+l)dskLs(§)|1/2(m+1).
2ak

Finally, it is clear that

2k+1

G16) My, (A < (m+DCisup [ If(r=Puly) 1A, (0

Z
Zké\y\<2k+1

dy
lyl™”

Thus by the first inequality in (3.5), (3.16), Holder’s inequality, Proposition 1 from
[24] on page 477 (see also [15]), we get

(3.17) 1My iy (Dl < 0m 4+ 1Copl£1

forall1 < p < co. Hence (3.8) follows by (3.9)-(3.11), (3.14)—(3.15), (3.17), and
Theorem 2.2. This completes the proof.

4. ADDITIONAL RESULTS

This section is devoted to presenting some additional results that can be
obtained by adapting similar argument as those in Sections 2-3.

4.1. MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS ALONG SURFACES. Let
2 and & be as in Section 1. For a suitable function ¢ : Ry — R, we define the
singular integral Ty ,, ; and the maximal function M, ,, by:

(4.1) To,pn(f)(x) = p.v. /f(x —o(lyDy)lyl " r(ly)Q(y")dy,
Rn

(4.2) Mae(f)(x) = sup 1T, 0 (f)(X)]-
hel(L2(R+,dr /7))

We have the following result concerning the operators M, , and Tp 4 i

THEOREM 4.1. If ¢ is a polynomial and Q € L(log L)Y/ 2(S"~1) which satisfies
(1.1), then:
) [ Mop(F)lly < Cpllfllp for2 < p < co.
(1) 1 Ta,pn()llp < Cpllfllp for 1 < p < oo whenever h € L2(R,dr/7)).
Here C) is a constant that may depend on the degree of the polynomial ¢, but it is
independent of its coefficients.
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A proof of Theorem 4.1(i) can be constructed by following exactly the same
argument in the proof of Theorem 1.2. But, the argument here is very much sim-
plified since the linear transformations L; in Theorem 2.3 are the identity ones,
ie., Ls(¢) = ¢. The proof of Theorem 4.1(ii) follows by exactly the same argu-
ment as that for Corollary 1.3.

Similar results for the operators M , and Ty 5 still hold even if ¢ is not a
polynomial. In particular, we have the following:

THEOREM 4.2. Suppose that Q € L(log L)Y/2(S"~1) and satisfies (1.1). If ¢
satisfies the following estimates

(4.3) lp(t)| < Cit?, |9 (1) < Cat™ 2,
(4.4) Cat™1 < @' (1)] < Cut¥ 7,

forsome d # 0and t € (0, o), where C1, Cy, C3, and Cy are positive constants indepen-
dent of t, then:

(@) [Ma,p(F)llp < Cpllfllpfor2 < p < co.

(i) | Teo,pn ()l < Cpllfllp for 1 < p < oo whenever h € L*(Ry,dr/r)).

A proof of Theorem 4.2 (i) can be obtained by first repeating the steps (3.1)-
(3.8) in the proof of Theorem 1.2. Then applying Lemma 2.1 with L(¢) = ¢.
The estimates required to apply Lemma 2.1 can be easily verified. In fact, the
corresponding estimates (ii) and (iii) in Lemma 2.1 follow by an integration by
parts and the assumptions (4.3)—(4.4) on ¢ (see [1]). Finally, the corresponding
estimate (iv) follows by the assumptions on ¢ and simple change of variables.

We remark here that the results above concerning the singular integrals
show that the classes of the operators Ty, I € L?>(R*,dr/r) behave quite
differently from the class of the classical Calderén-Zygmund singular integral
operators.

4.2. INTEGRAL OPERATORS OF MARCINKIEWICZ TYPE. Let (2 be as above. For a
suitable mapping @ : RY — R? and p > 0, we define the operator yg » by

@5 i ef(x) /‘z pt / Flx— o(y))|yl "o dy) dt)m.

ly|<2!

Ifn =dand ®(y) = (y1,Y2, .. .,Y4), we shall simply denote the operator y‘())’@ by
Mo

The operator ‘u’()) is the well known parametric Marcinkiewicz integral op-
erator introduced by Héormander [19]. On the other hand, the operator y}) is the
Marcinkiewicz integral operator introduced by E.M. Stein [21]. For a background
information about Marcinkiewicz integral operators, we refer the reader to con-
sult [3], [4], [2], [10], [13], [19], [21], and the references therein.
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By simple change of variables and duality, it can be easily seen that

(4.6) 1 of(x) < Clo)Ma,o(f) ().

Therefore, by Theorem 1.2 and the inequality (4.6), we immediately obtain the
following:

THEOREM 4.3. Suppose that p > 0 and that Q € L(log L)'/2(S"~1) satisfying
(1.1). Let ‘P be as in Theorem 1.2. Then ||;4?2P(f)||p < Cpllfllp for2 < p < co with LV
bounds independent of the coefficients of the polynomial components of P.

It should be pointed out here that in the case of the classical Marcinkiewicz
integral operator j{,, the result in Theorem 4.3 was obtained in [4]. On the other
hand, Ding-Lu-Yabuta established L? boundedness of uf, under the condition
that 2 € L(logL) (S"~1) [13]. Therefore, Theorem 4.3 is a proper extension of the
results in [4], [13] in the range 2 < p < co.

Also, by the inequality (4.6) and Theorems 4.1-4.2, we have the following
improvement of the corresponding results in [4] and [13] in the range 2 < p < oo:

THEOREM 4.4. Suppose that p > 0 and that Q € L(logL)"/2(S""1) satisfy-
ing (1.1). If ®(y) = @(|ly|)y where ¢ is as in Theorem 4.1 or Theorem 4.2, then
||y§)’®(f)||p < Gplifllp for 2 < p < oo. Moreover, if ¢ is as in Theorem 4.1, then
the LP bounds are independent of the coefficients of ¢.
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