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ABSTRACT. In this study, it is shown that if E; and E; are Hilbert C*-modules
over a C*-algebra of (not necessarily all) compact operators and @ is a *-
isomorphism between C*-algebras £(E;) and L(E;), then @ is in the form
AdU, for some unitary operator U : E; — Ej, and so E; and E; are isomor-
phic as Hilbert C*-modules. This implies that if C*-algebras .A and K(H) are
strongly Morita equivalent then the Picard group of A is trivial.
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Let H and H' be Hilbert spaces and u : H — H' a unitary operator. Then

the map

Adu: B(H) — B(H'), v~ uvu®
is a x-isomorphism. In fact, all *-isomorphisms between B(H) and B(H’) are
obtained in this way. Therefore, whenever B(H) and B(H’) are *-isomorphic,
then the Hilbert spaces H and H' are isomorphic.

Generally, this is not valid for Hilbert C*-modules. For instance, if A is
the hyperfinite type II; W*-factor, then Hilbert C*-modules E; = A and E; =
A2, with the usual A-valued inner products, are not isomorphic as Hilbert C*-
modules, but the C*-algebras C(E;) and K(Ep) (and so £(E;) and L(Ep)) are
s-isomorphic to A [5].

Now we are going to show that this is true for Hilbert C*-modules over
C*-algebras of compact operators on some Hilbert space.

Let us denote by £(E) the set of adjointable operators on Hilbert C*-module
E, and denote by K(E) the set of compact operators in £(E).

As a result derived from the main theorem, if E, F are K(H)-imprimitivity
bimodules, then we have K(E) = K(H) = K(F), and so E = F by Corollary 1.
Therefore, one can conclude the previously known fact that the Picard group of
any C*-algebra of compact operators has to be trivial [4].
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Moreover, one can conclude that if C*-algebras A and K(H) are strongly
Morita equivalent, then all A-K(H)-imprimitivity bimodules are isomorphic to
each other. Also, every automorphism of A is a generalized inner automorphism,
i.e., for every *-isomorphism ¢ : A — A there exists a unitary u € M(.A) such that
¢ = Aduy, since if E is an A-K(H)-imprimitivity bimodule then A = Ky y)(E)
[3]. Consequently, it follows from Theorem 3.9 in [4] that the Picard group of A
is trivial.

Baki¢ and Guljas in [2] discussed a concept of an orthonormal basis for
Hilbert C*-modules and proved that each Hilbert C*-module (E, (-, -)) over a C*-
algebra A of (not necessarily all) compact operators on a Hilbert space H pos-
sesses an orthonormal basis, and consequently the C*-algebra £(E) is naturally
represented on a Hilbert space contained in E. In fact, let ¢y € K(H) be a minimal
projection and let E,; = Eeg = {xep: x € E}.

Observe that E, is an invariant subspace for all K(H)-linear operators on E,
and E,, is a Hilbert space with the inner product (xeg, yeg) = tr({xep, yep)) for all
x,y € E. Also, there exists an orthonormal basis (v, ) for E such that (v,, v)) = e,
for all A, and therefore E,; contains an orthonormal basis for E. This implies that
E., generates a dense submodule in E. The main results of [2] are as follows
(Theorems 5 and 6 in [2]):

Let E be a Hilbert K(H)-module and ey be a minimal projection in K(H).
Then the map ¥ : L(E) — B(Ey,), Y(A) = A|Ee0 is a *-isomorphism of C*-
algebras. Also, A € K(E) if and only if ¥(A) = A| E,, 18 @ compact operator
on Hilbert space E,,. Therefore ¥ : K(E) — K(E,), Y(A) = A|Eeo is a *-
isomorphism, too.

MAIN THEOREM. Let (Ey, (-,-)1) and (Ep, (-, -)2) be Hilbert K(H)-modules and
@ : L(E1) — L(Ey) be a x-isomorphism. Then there is a unitary U : E; — Ep such that
@ = AdU, and so Eq and Ej are isomorphic as Hilbert C*-modules.

Proof. Let eg be a nonzero minimal projection in K(H). As mentioned in
the above statements there exist Hilbert spaces (E1e, (+,-)1) and (Ez, (-, -)2) and
*-isomorphisms

IPZ*:,C(EZ‘) —>B(Ei30), "FZ(A) =A|E fOI‘iZl,Z.

l(’O,
We consider the linear operator @ : B(Ey,,) — B(Ea,) given by &' = ¥, &%, .
Clearly, @' is a *-isomorphism. Therefore, there exists a unitary u : Ej,; — Ep,
such that @' = Adu. Since each Hilbert K(H)-module possesses an orthonormal
basis, we can choose an orthonormal basis (v,) ¢ for E1 such that (v), vy )1 = eg.
Then v, € Eq,, because vy = v (v, va)1 = vyeo. Then (v))ac is an orthonor-
mal basis for Hilbert space Ey,,. Let wy = u(v,), forall A € I, then (wy))¢y is
an orthonormal basis for Hilbert space Ej., such that (w,,w))> = ep, since u is
unitary. Now we can define a linear map U : E; — E; by letting

U(x) =) wy(vy,x)y forallx € Ey.
A
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Obviously U is a K(H)-linear map. Also, we have
(U(x),z)2 = <ZWA<UA,X>1,Z>2 =) (x,ua)1(wy,z)2 = < ZUA Wy, zZ >
A A

for all x € Eq and z € E;. Therefore U is adjointable and U* : E;, — E; will be
given by

= ZU/\<WA,Z>1
A
for all z € E,. Also we have
(U(x), U <Zw/\ vy, X LZZUA vy Y > =Y (x, ua)1{wr, wa)2 (v, y)
A
Z x,00)1(va, ¥)1 = (% ¥
A

where in the third equality, the fact was used that vy = vy(vy, v)) = vA{wy, wy)
forall A € I and the last equality holds by Theorem 1 of [2]. Then U is an isometry.
In a similar way, it can be shown that U* is an isometry, too. Therefore U is a
unitary operator between E; and E,. Also, we can show that U (xep) = u(xep) for
all x € Eq. It can be shown that U*(zeg) = u*(zeg), for all z € E;, too. Therefore
(UAU*)|E2@O (260) = MA|E16014*(Z€0), forall A € £(E1) and z € Es.

Finally, assume that A € £(E1) and z € E;. Then

Hr(A)(ze0) = P'¥1(A)(ze0) = P'(AlE,,, ) (zeo)
= u(Alg, Ju"(ze0) = UAU" g, (zeo) = ¥2(UAU")(zeo).

Hence ®(A)(zep) = (UAU")(zeg) and this implies that ®(A) = UAU", since Ep,,
generates a dense submodule in Ey, and ¢(A) and UAU* are bounded module
maps. 1

Assume that A is a C*-algebra of (not necessarily all) compact operators. It
is well known that A must be in the form A = @ K(H;) for a family {H,}cj of
e
Hilbert spaces. j
Also, it is well known that every x-isomorphism between K(H1) and K(Hp)
is in the form of Adu, for some unitary operator u : Hy — H».
Now, by Theorems 8 and 9 in [2], the following result can be obtained:

COROLLARY 1. Let (Ey,(:,-)1) and (Ep, (-,-)2) be Hilbert C*-modules over a
C*-algebra A of (not necessarily all) compact operators. Then for every x-isomorphism
@ : L(E1) — L(Ey) there is a unitary U : Ey — Ej such that & = AdU. Also, if
Y : K(E1) — K(Ep) is a x-isomorphism, then ¥ is in the form AdU, for some unitary
operator U : Ey — Ey, and so Eq1 and Ep are isomorphic as Hilbert C*-modules.

The following interesting result can be concluded from Theorem 3.9 in [4]
and Lemma 8.1.15 in [3].
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COROLLARY 2. If C*-algebra A is strongly Morita equivalent to C*-algebra of
compact operators, then every automorphism of A is a generalized inner automorphism.
Consequently, the Picard group of A is trivial.
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