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SEMICIRCULARITY, GAUSSIANITY AND
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ABSTRACT. S. Artstein, K. Ball, F. Barthe, and A. Naor have shown (cf. [1]) that
if (X;)?2, are iid. random variables, then the entropy of X4 Xy
J v

7

H ( % > ,increases as n increases. The free analogue was recently proven
by D. Shlyakhtenko in [2]. That is, if (xj);?il are freely independent, identically
distributed, self-adjoint elements in a noncommutative probability space, then
Xtodxy o (X
(2

the free entropy of ), increases as n increases. In this pa-

per we prove that if H(X7) > —oo (x(x1) > —oo, respectively), and if the
entropy (the free entropy, respectively) is not a strictly increasing function of
n, then X (x1, respectively) must be Gaussian (semicircular, respectively).

KEYWORDS: Shannon entropy, free entropy.

MSC (2000): 46154, 94A17.

INTRODUCTION

Shannon’s entropy of a (classical) random variable X with Lebesgue absolutely
continuous distribution dux(x) = p(x)dx, is given by

0.1) H(X) =~ [ p(x)log p(x)d,
R

whenever the integral exists. If the integral does not exist, or if the distribution of
X is not Lebesgue absolutely continuous, then H(X) = —co.

The entropy can also be written in terms of score functions and of Fisher
information. Take a standard Gaussian random variable G such that X and G are
independent. Let

X = X+tG, t>0,
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and let j(X®)) = (£)"(1) € L?(py()) denote the score function of X(*) (cf. Sec-
tion 3 of [2]). Then

17 ., 1
0.2) =3 0/ 7 — IHXO) 3]t + 5 log(2re).

The quantity ||j(X("))||3 is called the Fisher information of X(*) and is denoted by
F(X®). Among all random variables with a given variance, the Gaussians are
the (unique) ones with the smallest Fisher information and the largest entropy.

AlJ. Stam (cf. [3]) was the first to rigorously show that if X; and X, are
independent random variables of the same variance, with H(X;), H(Xp) > —oo,
then forall t € [0,1],

H(VEX1 4+ V1 —tX3) > tH(Xq) 4 (1 — ) H(X),

with equality if and only if X; and X, are Gaussian. It follows that if (X j)f.il isa
sequence of i.i.d. random variables with finite entropy, then

X1+ 4+Xon
nr— H( on/2 )

is an increasing function of #, and if it is not strictly increasing, then X; is neces-
sarily Gaussian.
Knowing about Stam’s result, it seems natural to ask whether the map

N H(X1+\~/~~H+Xn>

. . . . . . X1 +Xo+X3 X1+Xp
is monotonically increasing as well, or even simpler: Is H ( 1 7 ) > H ( 1\5 )?

Surprisingly enough, it took more than 40 years for someone to answer these
questions. Both questions were answered in the affirmative in [1] in 2004.
In this paper we extend Stam’s result by showing that if H(X;) > —oo and

if for somen € N,
H(Xﬁ‘\/%nﬂ ) _ H(X1+ﬁ+xn )/
then Xj is necessarily Gaussian (Theorem 2.1).

Free entropy, which is the proper free analogue of Shannon'’s entropy, was
defined by Voiculescu in [5]. If x is a self-adjoint element in a finite von Neumann
algebra M with faithful normal tracial state T and if j, € Prob(R) denotes the
distribution of x with respect to 7, then the free entropy of x, x(x) € [—oc0, 0], is
given by

x(x) = //log |s — t|dpx(s)dpux(t) + Z + %log(27r).

Exactly as in the classical case, x(x) may be written in terms of the free analogue
of the score function (the conjugate variable) and the free Fisher information. That
is, if s is a (0,1)-semicircular element which is freely independent of x and if we let

t):x—i_\/zsl t20/
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then
i 1
- — ®d(x® -
(0.3) =5 0/ T+t D(x )} dt + 5 log(27e),

where @ (x(*)) is the free Fisher information of x(*). In [6] Voiculescu defines for a
(non-scalar) self-adjoint variable y in (M, T) a derivation 9, : C[y]—=C[y]@C[y] by

Then the conjugate variable of y, if it exists, is the unique vector J (y) € L2(W*(y))
satisfying that for all k € N,

(0.4) (T (), v") = 1®1,0,(4")).

Thatis, J(y) = (9y)*(1®1). The conjugate variable is the free analogue of the
score function, and the free Fisher information of y is exactly || 7 (y)||3, so that

17 ) 1

Note that if 7 (y) = y, then the moments of y are determined by (0.4), and
it is not hard to see that y is necessarily (0,1)-semicircular.
In [2] D. Shlyakhtenko showed that if (x]»)]?“’:l are freely independent, iden-

tically distributed self-adjoint elements in (M, 7), then the map

n— X(X1+\'/"E+X11)

is monotonically increasing in n. In fact, the method used in [2] applies to the
classical case as well. In this paper we will dig into the proof of the inequality

09 r{Bte) > a(a2)

and find out what it means for all of the estimates obtained in the course of the
proof to be equalities. We conclude that if x(x1) > —oo and if (0.6) is an equality
for some #n, then x; is necessarily semicircular. With a few modifications, our
method applies to the classical case as well.

1. THE FREE CASE

Recall that the (0, 1)-semicircle law is the Lebesgue absolutely continuous proba-
bility measure on R with density

1
dUO,l(t) e oy 4 —t2 1[,2/2](15) dt.
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More generally, for i,y € R with v > 0, the (y, y)-semicircle law is the Lebesgue
absolutely continuous probability measure on R with density

1
oy, (t) = 2y Ay = (t=p)? 1o s psaym) (1) A

The parameters y and 1y refer to the first moment and the variance of ¢y, -, respec-
tively.

Throughout this section, M denotes a finite von Neumann algebra with
faithful, normal, tracial state T. We are going to prove:

THEOREM 1.1. Let n € Nand let x1, ..., x,11 be freely independent, identically
distributed self-adjoint elements in (M, T). Then

R )

Moreover, if x(x1) > —oo, then equality holds in (1.1) if and only if x1 is semicircular.

Monotonicity of free entropy was already proven in [2]. Likewise, most of the
results stated in this section consist of two parts: An inequality which was proven
in [2] or in [1] and a second part which was proven by us.

PROPOSITION 1.2. Let n € N and let x1,...,x,41 be freely independent self-
adjoint elements in (M, T) with T(x;) = 0and ||xjll2 = [|x1]l2, 1 < j < n+1. Let

ai, ..., ap41 € Rwith Zajz- =1,andlet by, ..., by11 € Rsuch that }_b;, /1 —a]Z =1.
j j

Then
n—+1 n—+1 ) 1

(1.2) b ixi) < b5 d ixX;).
(Fum) <nEito( i Tan)

Moreover, zf<1>( Y aixi) is finite for all j, then equality in (1.2) implies that
i#]

n+1 n+1

1 _ 1 A
(1.3) I (= 2“]"‘1) = Tl & %
= =

n+1
so that 'Y, ajx;is (0, ||x1]3)-semicircular.
=1

LEMMA 1.3. Let Py,..., Py be commuting projections on a Hilbert space 'H. If
C1,--.,Cm € H satisfy that forall 1 <i < m,

PP - Pyué; =0,
then

(1.4) [Pt + 4 P> < (m—1) Y [|2;]1%.
i=1
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Moreover, if equality holds in (1.4), then §; € @ H,, where
j#i

Hi:={EeH: P& = k), BE =0} = () B(H)) N B (M),
k#j
Proof. The inequality (1.4) is the content of Lemma 5 in [1]. The starting
point of their proof is to write each ¢; as an orthogonal sum,

Gi = ). &,
ec{0,1}m\(1,1,...,1)
where fore € {0,1}"\ (1,1,...,1),
G eH={CeH P=¢ 1<j<m}.
Then
Pili+o+Puln= Y Y Pl

ec{0,1}\(1,1,...,1) &;=1

and
2

IPi&1 + -+ Pl = Y. ’ Y Pl

ec{01}M\(1,1,...1) ‘ ei=1

For fixed e # (1,1, ...,1) there can be at most m — 1 i’s for which ¢; = 1. Thus, by
the Cauchy-Schwarz inequality,

(15) | rail < (S 1man) < o) il

81‘21

with the second inequality being an equality if and only if the vector (|| P;¢i||)e,—1
(= (/|&L]|)¢;=1) has m — 1 coordinates and is parallel to the vector v = (1,1,...,1)
€ R™~1. In particular, if the second inequality in (1.5) is an equality for some
¢ € {0,1}" with more than one coordinate which is zero, then (|| P,¢i||)", must
consist of zeros only. It follows now that

(1.6) P&+ -+ Pl < (m—1) Y Y|P

ec{0,1}m\(1,1,...,1) =1

m .

(1.7) = (m—1) Y Y |BEt|?

ee{0,1}"\(1,1,...,1) i=1

m .
(1.8) <(m-1)Y) Y [rA

i=1ee{0,1}"\(1,1,...1)
(1.9) =(m—1)Y_||&|>*

i=1

Moreover, equality in (1.4) implies that all the inequalities (1.5), (1.6) and (1.9) are
equalities. Hence,
(i) ¢l = P& foralle # (1,1,...,1) and all 1 < i < m (cf. (1.7) and (1.8)), and
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(ii) by the Cauchy-Schwarz argument, for all ¢ € {0,1}" with more than one

coordinate which is zero, ||&L|| ® | PéE|| = 0 for all 7.
Thus, if equality holds in (1.4), then &; € P;(H) and &; € D H,;, as claimed.
j#

Proof of Proposition 1.2. (1.2) is the content of Lemma 2 in [2]. Now, assume
that equality holds in (1.2) and that CD( Y aixi) is finite for all j. We are going to

i7]
"backtrack” the proof of Lemma 2 in [2] to show that (1.3) holds. We will assume
that ||x;[2 = 1 for all j. With

Cj—bjj(\/—]Zax) <j<n+1,

i#]
equality in (1.2) implies (cf. the proof of Lemma 2 in [2]) that

n+1 n+1

(1.10) o Lo xj) = b Gl =n 2 13-

Let M = W*(xy,... ,xn+1). We now apply Lemma 1.3 to the projections Eq, ...,
E,11 € B(L*(M)) introduced in proof of Lemma 2 in [2]. That is, E; is the pro-
jection onto L?(W*(x1,...,Xj,...,X,11)). Note that the subspace H; defined in
Lemma 1.3, H; = {¢ € L*(M) : Ex& = & k # j,E;¢ = 0}, is in this case exactly
L;(W* (xj)). Thus, the second identity in (1.10) and the fact that ¢; L C1, implies
that

(1.11) &€ PELAW*(x;)) eC1).
i]

With E : L>(M) — L?(M) the projection onto L? (W* (Zapg)) we have (cf.
j

proof of Lemma 2 in [2]):
(1.12) j( |

n+1 n+1
The first identity in (1.10) then implies that E ( 121 Q) = 'Zl ¢j,and so
j= j=

n+1 n+1 n+1 )
j( y a]-xj) = Y & e PUIA(W(x;) ©Ca).
j=1 j=1 i=1
Now choose elements 7; € Lz(W*(x]-)) ©C1,1 <j<n+1,such that

n+1 n+1

(1.13) I(Lax) =Y
j=1 j=1
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Then
n+1 n+1
0= X aimi, Y- n] = ¥ (asxim; — miayx;).
e = N

A standard application of freeness shows that for (i, j) # (k, 1), the terms a;x;17; —
niajx; and agxiiy; — 1xa;x; are perpendicular elements of L%(M). Thus, the above
identity implies that for all i # j,

(1.14) aix,n]- = ajmxj.

With L2(W*(x))? = L2(W*(x;)) ©C1, 1 < j < n+ 1, consider the free
product of Hilbert spaces

c1o (P ( D LW (3, ) LW (3,) - -2 LAW* (33,)))),

p=1 1<iy, . ip<nt1, iy Fig £ Fip

and notice that x; € L2(W*(x;))? and 1 € L*(W* (x]-))o. It follows from unique
decomposition within the free product that there is only one way that (1.14) can
be fulfilled, namely when 7; is proportional to x;. Thatis, there existcy, ..., 41 €
R such that 1j = ¢jX;j and hence,

n+1 n+1

(1.15) I( L ax) = Y e,
=1 =1

We can assume that a4, ...,a,11 > 0, and then by (1.14), cj = %1]', 1<j<n+1

n+1

In particular, all the ¢;’s have the same sign. Taking inner product with }_ a;x; in
j=1

(1.15), we find that

n+1

(1.16) Y ajci=1,
j=1
so that the cj’s must be positive. Also, since Za]z =1, we have that chz > 1. But
j j
1 2
] 27
j=1 a7

and so ¢; > a1, and in general, ¢ > aj. Then by (1.16), ¢j = aj, and (1.3) holds.

n+1

As mentioned in the introduction, this implies that } a;x; is (0,1)-semicircular
j=1

(when ||x1]2=1). 1
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COROLLARY 1.4. Let x1,...,X,1 beas in Proposition 1.2 and let ay, .. .,a,41 €
R with Zajz = 1. Then
j

a1 () > & (i Do)
. aixi) = a;x;).
X = iXj = X 1_a]2 oy iXi

Moreover, zfx( Y aixi) > —oo for all j, then equality in (1.17) implies that } a;x; is
i#] j
semicircular.

Proof. The inequality (1.17) was proven by D. Shlyakhtenko in Theorem 2
of [2]. Now, assume that X( Yy aixl) > —oo for all j and that

i#]
n41 n+11 — g2
) — J 1 iy
(o) =E S (s Eo).

Take (0,1)-semicirculars si,...,s,+1 such that xq,...,%,41,51,...,5,+1 are free,

(£)

and put x ;=X Vs j. Then by assumption,
® n+11— g2 n+1

a [ Lo (2= Yax) —o( Y ax)]de = 0.
TR ol s ot -o( E o)

Applying Proposition 1.2 with b; = %, /1— ajz, we see that the integrand in (1.18)
is positive. Thus, (1.18) can only be fulfilled if for a.e. t > 0,

n+11 — g2 n+1
t) (1)
(1.19) ) Lo (2 Zaix( =o( ) apx;’).
=1 n (,/17%2 iZ ! ) <j—l ] )
In fact, since both sides of (1.19) are right continuous functions of ¢ (cf. [6]), we
n+1
have equality for all + > 0. Then by Proposition 1.2, ). ajx](.t) is semicircular. By
j=1
n+1

additivity of the R-transform, this can only happenif }_ a;x;is semicircular. 1
=1

Proof of Theorem 1.1. The inequality (1.1) was proven by D. Shlyakhtenko in
[2]. Now, assume that x(x1) > —co and that

<x1+';1':‘13‘n+1> _ <x1+'\/';‘xn).

If we replace x; by %, we will still have equality. Hence, we will assume
j

7(xj)
that T(x;) = 0 and that ||x;[|> = 1. Now,

n+1 1

(x1+---+xn+1 1

1
NCES ) = n+1]§"(ﬁi§xi>’
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Y1t +Xnp

and by application of Corollary 1.4 with a; = \/an, it must be semi-

circular. Additivity of the R-transform tells us that this can only happen if x; is
semicircular. 1

We would like to thank Serban Belinschi for pointing out to us the following
consequence of Theorem 1.1:

COROLLARY 1.5. Among the freely stable compactly supported probability mea-
sures on R, the semicirle laws are the only ones with finite free entropy.

Proof. By definition, a compactly supported probability measure y on R is
freely stable if for all n € N, there exist a, > 0, b, € R, such thatif xq,...,x,
are freely independent self-adjoint elements which are distributed according to
u, then

1

—(x1 4+ xn) + by
an

has distribution y. Note that the set of freely stable laws is invariant under trans-

formations by the affine maps (¢s)seRr y~0, Where

t—s
<ps,r(t) = - teR.

Also, by p. 27 in [4], the semicirle laws are freely stable.

Suppose now that y is a freely stable compactly supported probability mea-
sure on R. By the above remarks, we can assume that y has first moment 0 and
variance 1.

Let x1, xp be freely independent self-adjoint elements in distributed accord-
ing to p. Since y is freely stable, 222 has distribution y as well (by the assump-

V2
tions on p, a; = V2and b, = 0). But then

x(xljixz) = x(x1),

and by Theorem 1.1, either x(x;) = —oo, or x7 is semicircular. 1

2. THE CLASSICAL CASE

In this section we are going to prove the classical analogue of Theorem 1.1:
THEOREM 2.1. Letn € N, and let X4, ..., X117 be ii.d. random variables. Then

21) H(X1+“'+Xn+1>2H(X1+"'+Xn>'

Vn+1 vn

Moreover, if H(X7) > —oo and if (2.1) is an equality, then X is Gaussian.
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LEMMA 2.2. Let n € N. Then for every m € N, the m’'th Hermite polynomial,
H,,, satisfies:

X1+ +Xn m!
(2.2) n"/ 2T = _—
( \/ﬁ kl,...,kngzk: kl'kz
i
Sketch of proof. (2.2) holds for m = 0 (Hy = 1) and for m = 1 (Hy(x) = 2x).
Now, for general m € N,

Hkl(xl)sz(XZ) “Hy,,(xn)-

Hy,11(x) = 2xHy(x) — 2mHy,_1(x).
(2.2) then follows by induction over m. 1

LEMMA 2.3. Let y € Prob(IR) be absolutely continuous with respect to Lebesgue
measure, and let 0y € Prob(R) denote the Gaussian distribution with mean 0 and vari-
ance t. Then if p((—o0,0]) # 0and u([0,00)) # 0, the following inclusion holds:

(2.3) L*(R, px 1) C L*(R,0).

Proof. Let f € L'(R) denote the density of u with respect to Lebesgue mea-
sure. Then the density of y * 0 is given by

d(ﬂdﬂ;(ft) (s) = \/zlimg(]o Flu)-e—w/2. esu/tdu) e 2 — () - (21;1(2( )
where
(2.4) P(s) = 7 Flu)-e w2 gsultqy,
It follows that if gb is bounded away from 0, then (2.3) holds. For s > 0 we
have that ¢(s ff ) e w2 esultdy > Tf(u) e "/2qu, and similarly
fors <0 fo F(u) - e~"*/2tdu. Since f f(u)du > 0 and }of(u)du >0,
both of the integrals f flu)-e */2tdy and f fu)-e /2t dy are strictly posi-

tive. This completes the proof 1

Proof of Theorem 2.1. The inequality (2.1) was proven in [1]. Now, suppose
H(X;) > —oo and that (2.1) is an equality. We can assume that Xj has first mo-
ment 0 and second moment 1. Take Gaussian random variables Gy, ..., G,41 of
mean 0 and variance 1 such that Xj, ..., X,4+1,Gq,..., Gy, G,41 are independent.
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Then with X(t) = X‘ + \/EG', we have

@5 H(Ntii ;07 [ () P+ Lrogare),

where

26) () = () () € (R, )
T Vil

is the score function. Since X; has mean 0 and finite entropy, yix, and px;+-+x,.,
vn+1

satisfy the conditions of Lemma 2.3.

n+1
For t > 0, define /) € 1(R"1,'® yxm) by
® ky

X( )+ +X()
f(t)<x1,-..,xn+l) ]( \/mwrl)(xﬁr\/%ﬁwrl).

As in the free case (cf. (1.13)) equality in (2.1) implies that for each > 0 there
exists a function ¢(*) € LZ(VXM) such that fg(t)dyxw =0and
1 1

n+1

2.7) FOC, . x) = Y g0 ().

j=1
Because of Lemma 2.3 we can now write things in terms of the Hermite polyno-
mials (Hy,)5,_,- That is, there exist scalars (a;;)5;_; and (B )5 _; such that

f(l)(X1,~~rxn+l Z DcmHm(x1+\/jn+1)l and g 1) Z ,BmHm

By Lemma 2.2, this implies that
n+1 oo

2.8) Y. Y. BuHu(xj) =

j=1m=1
S Xm m!
le Z WHkl(xl)HkZ(xZ) Hkn+1(xn+1)‘
"= kl,..., ?H:l/ ,
j

The functions (Hy, (x1)Hy, (x2) -+ Hy,,, (Xn+1) k... k, ., >0 are mutually perpen-

n+1
dicular in L2 (R"“, X 0'1>. Fix m > 2, and take ky, ..., kyiq with Y k;j = m
j=1 j
and k; > 1 for at least two j’s. Then take inner product with Hy, (x1)Hy, (x2) - -
Hy . (x,41) on both sides of (2.8) to see that a,, must be zero. That is,

1) M
j(X1 +‘“+Xn+1) (x1+"‘+xn+l> — Hl(x1+"'+xn+1> B YO s 25
Vntl NG 1 NG LV S

n+1
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Since the score function of a random variable X, j(X), satisfies (j(X), X)2(,,) =

1, we have that a; = %, and so

(1) )
'(X1 +"'+Xn+1) (x1+~-+xn+1) I it SE |

J Vit Vit Vit
x4 x ()
Then —/—~——=—* has Fisher information 1, implying that it is standard Gaussian.

Vn+1
As in the free case, using additivity of the logarithm of the Fourier transform, this

can only happen if Xj is Gaussian. 1
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