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ON THE COMMUTATOR IDEAL OF THE TOEPLITZ ALGEBRA
ON THE BERGMAN SPACE OF THE UNIT BALL IN C"

TRIEU LE

Communicated by Kenneth R. Davidson

ABSTRACT. Let L2 denote the Bergman space of the open unit ball B, in C",
for n > 1. The Toeplitz algebra ¥ is the C*-algebra generated by all Toeplitz
operators Ty with f € L%. It was proved by D. Sudrez that for n = 1, the closed

bilateral commutator ideal generated by operators of the form TTe — Te Ty,
where f,g € L, coincides with T. With a different approach, we can show
that for n > 1, the closed bilateral ideal generated by operators of the above
form, where f,g can be required to be continuous on the open unit ball or
supported in a nowhere dense set, is also all of .
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1. INTRODUCTION

For n > 1, let C" denote the cartesian product of n copies of C. For any
two points z = (z1,...,z,) and w = (wy,...,wy) in C", we use the notations
(z,w) = 2W1 + -+ + 24Wy, and |z| = /]z1[> + - - + |zx|? for the inner product
and the associated Euclidean norm. Let B, denote the open unit ball which con-
sists of points z € C" with |z| < 1. Let dv denote the Lebesgue measure on B, so
normalized that v(B,) = 1. Let du(z) = (1 — |z|>)™"~! dv(z). Then dy is invari-
ant under the action of the group of automorphisms Aut(B,,) of B,,. Even though
dpy is an infinite measure on By, it will be very useful for us later.

Let L2 = [%(B,,dv) and L® = L*(B,,dv). The Bergman space L2 is the
subspace of L? which consists of all holomorphic functions. The orthogonal pro-
jection from L2 onto L2 is given by

Pf(z) = /(1_{2(,% dv(w), fe€lL? z€B,.

n
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The normalized reproducing kernels for L2 are of the form
ka(w) = (1= 2" 21— (w,2) ™, [zl ] <1.

We have ||k, | = 1and (g,k;) = (1 — |z[?)"t1)/2¢(z) for all g € L2.

Let B(L2) be the C*-algebra of all bounded linear operators on L2, Let K
denote the ideal of compact operators on L2.

For any n7 € L% let M, : L? — L? be the operator of multiplication by 7
and P, = PM,,. Then ||P;| < ||7]|c- The Toeplitz operator T, : L3 — L2 is the
restriction of P, to L2. For any subset G of L%, let T(G) denote the C*-subalgebra
of B(L2) generated by {T,, : 7 € G}. The commutator ideal of this algebra is
denoted by €Z(G). It is well-know that ¢T(C(B,,)) is the same as K, see [1].
The algebra T(L*®) which is generated by all Toeplitz operators with bounded
symbols is called the full Toeplitz algebra. Its commutator ideal is €X(L>).

There have been many results on commutator ideals and abelianizations of
Toeplitz algebras acting on Hardy spaces. In contrast with this, there are only few
results for Toeplitz algebras on Bergman spaces. Recently, Sudrez showed in [5]
that the Toeplitz algebra T(L®) on the Bergman space of the unit disk coincides
with its commutator ideal €¢X(L%). In his paper, Sudrez used some explicit com-
putations and identities which are readily available on the unit disk to construct
a function 7 € L* with the property that 7 > ¢ > 0 on the disk and Tj is in
the commutator ideal €¢X(L*). In higher dimensions, the computations become
more complicated and some of the identities which were used by Sudrez are not
available. We could not find a way to get around these difficulties to construct
a function similar to that of Sudrez so we tried a different approach. It turns out
that our new approach gives more general results about commutator ideals of the
Toeplitz algebras. Indeed, we do not need G to be all the functions in L™ to get
€T(G) = T(G). We can take G to be L® N C(By,), the set of all bounded continu-
ous functions on the open unit ball, or we can take G to be all the functions in L*
which are supported in a set E where E can be a nowhere dense set with v(E) as
small as we please.

We next describe a metric on the unit ball which we will mainly use in this
paper. For any z € By, let ¢, denote the Mobius automorphism of B, that inter-
changes 0 and z. For any z, w € By, let p(z,w) = |z (w)|. Then p is a metric which
is invariant under the action of the group of automorphisms Aut(B;) of B;,. These
properties of p can be proved by using identities in Theorem 2.2.2 in [4]. Further
discussion of this metric will appear later in Section 2.

A collection W = {w; : j € J} of points in B, is said to be separated if
r = inf{p(wj, wy) : j # k} > 0.1t is a consequence of Lemma 2.1 that in this case
the index set | is necessarily at most countable. The number r is called the degree
of separation of WW.

Forze B,and 0 <r < 1,let

E(z,r) ={w € By : p(w,z) < r}
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denote the closed r-ball centered at z in the p metric.

THEOREM 1.1. Let {w; : j € N} be a separated sequence of points in By so

that B, = U E(wj, R) for some 0 < R < 1. Let i be a measurable function defined
jeN

on [0,00) withny > 0, n(t) = 0ift > 1and ||f]jee = 1. For each 0 < & < 1

put n¢(z) = z11(|z[/¢). Let Ge be the set of all functions of the form Y. 17e © @w, or
jEF

L 7, © @w; where F is a subset of N. Then the operator

jeF

Ae = Z [Tﬂsowwerﬁgquwj]Z
jeN
belongs to the commutator ideal €X(G,). Furthermore, for all but countably many e, the
operator Ag is invertible.

Put Ec = U @w,(supp(77¢)). Then G, is contained in the subspace {¢ € L* :
jeN

{ is supported on E. }. If 5 is supported in a nowhere dense subset of [0, 1] then
1]e is supported in a nowhere dense subset of B, hence E;, being the union of a
locally finite collection of nowhere dense sets, is a nowhere dense subset of By,
too. Furthermore, we will show that for ¢ > 0, the Lebesgue measure of E; is
O(e?"). We will also show that if 7 is a continuous function then G, is a subspace
of C(By) forall 0 < e < 1.

The fact that A belongs to the ideal €Z(G;) is proved exactly as in Sudrez’s
paper. The reason is that all the properties of the metric p and the kernel functions
which were crucial for Sudrez’s proof hold true in higher dimensions.

The invertibility of A, follows from a general fact about operators which
are diagonalizable with respect to the standard orthonormal basis of L2. In fact,
sums of a “large enough” number of operators which are unitarily equivalent
to operators of the above type are invertible. This is the content of Theorem 1.2
which follows.

For any z € B, the formula

U(f) = (fogo)ks, fe€L?

defines a bounded operator on L2. It is well-known that U, is a unitary self-adjoint
operator and U, T,U; = Ty, for all z € B, and all 7 € L*, see, for example,
Lemma 7 and 8 in [3].

Also a simple computation reveals that for all z,w € By,

1— , n+1
Uz (kw) = (m) ko. (w)-

This implies
U, (kw & kw)u; = kgoz(w) ® k(Pz(W)'
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Now for any multi—index o= (ag,00,...,00), let |a] =a1 4+ +ay, al =
aq!- - apland 2% = 271 -+ - zy". Put

_ ((nAaf)\1/2
ba = ( nla! ) z
Then {e, : « € N"} is the standard orthonormal basis for L2, see Proposi-
tion 1.4.9 in [4].
Recall that for any two nonzero elements f and g in L2, f ® ¢ denotes the
rank one operator (f ® g)u = (u,g)f, forallu € L2.

THEOREM 1.2. Let {s, : « € N"} be a bounded set of strictly positive real num-
bers. Let

S = 2 Spln X ey.
aeN"?

Let {w; : j € N} be a separated sequence of points in By, so that B, = |J E(wj, R)
jeN
for some 0 < R < 1. Then there is a positive constant c so that

Y Un,SU;, > c > 0.
jeN

In the rest of the paper, we will state and prove some lemmas and proposi-
tions before giving the proof for Theorem 1.2 in Section 3 and then Theorem 1.1
in Section 4. Some remarks about Theorem 1.1 will be presented in Section 5.

2. BASIC RESULTS

The following inequalities illustrate the fact that the metric p in higher di-
mensions also possesses all the properties used in Sudrez’s paper. These results
are well-known but since we are not aware of an appropriate reference, we sketch
here a proof.

LEMMA 2.1. For any z, w in B, the followings hold:

|z — wl
1= (zw)|

Proof. Using |(z,w)| < |z||w|, we get the inequalities

‘ 2] — |wl|

<p(z,w) <
el <

z—wP? (-2 —fwP) _ (1-]z)0-|w?)

S T 7 A Ty e . R (g = e

Combining the above inequalities with the identity

1—|gz(w)|* = U _|1|Z_|22;1w_> ||2w|2) (see Theorem 2.2.2 in [4])
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we obtain

_lzmwf (2 = Jwl)*
- Gup < le0F <1 G g

from which the stated inequalities follow. &

From Lemma 2.1 and the invariance of p under the action of Aut(B,), we
have for any z,w,u € By,

zZ, W) = z w |pu(2)] — [pu(w — |pzu CAD
1) pler) = plou) ulw) > [ L2 | et 2ol

From the second inequality in Lemma 2.1, we see that if |z|, |w| <R<1
then
)
1—(z,w)| = 1—-R2

(2.2) p(z,w) <

Forall0 < r < land all0 < R < 1, from the compactness of E(0, R) in
the Euclidean metric, there is an M which depends only on 7,7 and R so that
if {wy,...,wn} is a subset of E(0,R) and |w; —wy| > (1 —R?*)r for all j # k
then m < M. Then (2.2) implies that if {wy, ..., w,} is a subset of E(0, R) so that
p(w],wk) >rforallj # k thenm < M.

The above properties of p allow us to prove the following characteristic of a
separated collection of points in Bj,.

LEMMA 2.2. Let {w; : j € ]} be a collection of points in By so that p(w;, wy) > r
forall j # k, where 0 < r < 1. Let 0 < Rq,Ry < 1 be given. Then there is an N
depending only on n,r, Ry and Ry so that for any u € By, the set {j € ] : E(u,Rq1) N
E(wj, Ry) # @} has at most N elements.

Proof. By applying the Mobius automorphism that interchanges 0 and u
if necessary, we can assume without loss of generality that u = 0. Let R =
(Ry + R2)/(1+ RyRy). Suppose z,w € B, with |[w| < R; and |z| > R. Then
from Lemma 2.1,

— R—R
|z| — |w] - 1

zZ, W) = — =
P02 T ol ~ 1= RRy

So E(0,R1) N E(z,Ry) # @ implies that |z| < R. Hence, {j € J : E(0,R;) N
E(zj,Ry) # @} isasubsetof theset {j € J : [w;| < R}. From the remark preceding
the lemma, the second set has at most N elements, where N depends only on
n,r,R1 and Ry. The conclusion of the lemma follows from here. 1

The following lemma is similar to Lemma 2.1 in [5] but somewhat stronger
even though the proof is almost identical. We state here the lemma and give the
proof, too.
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LEMMA 2.3. Let W = {w; : j € |} be a separated collection of points in B, and
0 < ¢ < 1. Then there is a finite decomposition YW = Wy U --- U Wy such that for
everyl1 <i< N, E(z,0) NE(w,0) = @ forall z # w in Wi.

Proof. Let Wi C W be a maximal subset so that E(z,0) N E(w,0) = @ for
all z # win Wy. If W) = W we are done. Otherwise suppose that m > 2 and
Wi, ..., Wy,_1 are chosen so that E(z,0) N E(w,0) = @ for all z # w in W, all
1<i<m—Tland W\(WU---UW,, 1) #D.Let W,, C W\(W U---UW,, 1)
be a maximal subset so that E(z,0) N E(w,0) = @ for all z # w in W,,. By the
maximality at each of the previous steps, if u € W), then forevery 1 <i < m —1,
there is a u; € W so that E(u;,0) N E(u,0) # @. Therefore {u,uq,...,uy,_1} C
{j € J:E(uw,0)NE(wj,0) # @}. From Lemma 2.2, there is an N depending on
n, o and the degree of separation of W so thatm < N. 1

From now to the end of this section, fixan r € (0,1) and a sequence of points
W = {w; : j € N} in B, so that E(wj, ) N E(wy,r) = @ forall j # kin N.

Now we state some lemmas which are in Sudrez’s paper for the case n = 1
and for LY with 1 < p < oo, see Lemma 2.4-2.6 in [5]. Here we are interested in
the case n > 2 and p = 2. The conclusions of those lemmas in our case still hold
true with no major changes in the proofs.

LEMMA 2.4. Let 0 < B < landr < R < 1and let

(P<Zr w) - 2 XE(zuj,r) (Z)XBH\E(w]-,R) (w>|1 - <Z/w> |7n71'
jeN
Then we have the following, where ¢1(B) > 0:

/CP(ZIW)(l —[2l) 7 dv(z) < cr(B)(1 —w]?) P,
By

LEMMA 2.5. Let 0 < f < landr < R < 1 and ®(z,w) as in Lemma 2.4. Then

[ 0w - P)F dvw) < (8, R)(1 - 21),
By
where c3(B, R) — 0 when R — 1.
LEMMA 2.6. Suppose that R € (r,1) and a;, A; € L™ are functions of norm < 1
such that
suppa; C E(wj,r) and supp A; C By\E(wj, R).
Then the operator Y, M, PM; is bounded on L2, with norm bounded by some
jeN
constant k(R) — 0 when R — 1.
The following proposition is the case n > 1 and p = 2 of Proposition 2.9 in

[5]. Since we have all the needed properties of the metric p and all the necessary
lemmas, the proof is identical to that of Sudrez.
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PROPOSITION 2.7. Foreachj € N, let c]l, .. ] ],b],d ,d}" € L* be func-

tions of norm < 1 supported on E(wj, r). Then the followzng belongs to the commutator
ideal €X (L) of the full Toeplitz algebm'

ZT1~ T;TaTb Ty, Ta)) Tyt -+~ T
jeN / !

In the proof of Proposition 2.7, we are dealing only with Toeplitz operators

with symbols in the subset G of L* which consists of functions of the form ) f;,
jeF

where F is a subset of N and f is one of the symbols .. ,c’,a, b,dl,...,d". So
in the above conclusion, we can replace €¢X(L*) by the smaller ideal €X(G).

3. INVERTIBILITY OF SUMS OF RANK ONE PROJECTIONS

From now to the end of this section, fix a bounded set {s, : « € N"} of
strictly positive real numbers.

LEMMA 3.1. Fix0 < R < 1and e > 0so that (14 ¢)R < 1. Let 6 > 0 be given.
Then there is a constant C(6) > 0 so that for all |z| < R,

3.1) ke @k <C(0) Y Swea®eq+0 / ke @ koo dp(w).
aenr w|<(1+€)R

Proof. Let f bein L2 and |z| < R. Let | be a finite subset of N”. Put
g =Y (fe)en and hy= Y (f e)en

3 a€N"\]
Then

(3.2) ((kz@k2)f, f)=|(f kz) 2= |{gp kz)+(y ko) [P <2([(gy o) P+ (hy z) ).
Now,

k)P X (fedeak)| = =122 T (feden)|

aeN"\] aeN"\J
0o X <f'e“>‘f“(z)\2 <( 5 wrel (Pt Pe)’
aeNm\J a€N"\T ol
<zxe§nl\]| 2(14+¢)R )ZIIXDX(“E%\le 2% ((1+£)R)—2|1x\>‘

On the other hand, the homogeneity of the e,’s shows that

F(A+e)RE) = Y (frea) (14 e)R)ew(])

aeN"
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so that the change-of-variable w = (1 + €)R{ gives

[ Akeskof flau@) = [ 1f@)P dv(w)

|w|<(14+¢€)R |w|<(1+€)R

= (1+e)R>" [ |f(1+)REP dv(?)
B

(34) = (L+eR™ ¥ [{fea)((1+ )R
acN"
> ((L+ R Y [(f,e) P((1+e)R)P.
aeNT\J
This implies
63 L Kfed PR <(+R) > [ ((ko®ka)f, f) di(w).
Y jw]<(1+¢)R

Inequalities (3.3) and (3.5) imply

k< (f U a4 g ry=2) (14 R) 2

el nla!
<[ (k@ ko), f) duw).
|z]<(1+€)R
Now from the identity

Kw(é) = Z W&x(@),

aeN?

for w,{ € By, where Ky ({) is the Bergman reproducing kernel, we have

Y Jea(w) 2 = Ko (w) !

W N (1= Jw)rt

If we take w = z/(1 + €)R, where |z| < R, we obtain
(n+|a))! “2la| _ z 2
Z —z | (1+¢)R) = Z ea(m)’

aeN" nlal acN"
1
. < .
(3 6) (1*1/(1+8)2)”+1

So there is a finite subset | of N which is independent of z so that

(n+ |af)! e N
I e an < S o
Hence for this J,
)
|w|<(1+e)R
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Also,

(3.8) (g k) 1> < llgrll> = X I{f,

ac]

From inequalities (3.2), (3.7) and (3.8), we conclude that

(k:@k)f f) <2Ll(ex@ef. f)+6 [ (ko @ka)f,f) dp(w).

we/ lw|<(1+€)R

Since s, > 0 for all « € ] and ] is finite, there is a constant C(4) > 0 so that
C(6)sy = 2foralla € J. Then for any f € L2, and any |z| < R,

(k@ ko)f, ) SCO) Lsllea®edf,f)+6 [ {(kn®ka)f, f) dp(w)

wef |w|<(14+€)R
6) ¥ sallen@ef. )46 [ (k@ ka)f,f) du(w).
" lw|<(1+€)R
In other words, for any |z| < R,

k: @k, <C(6) Y saea®ex+06 / kw @ ke dp(w). 1
aeN* lw|<(1+¢)R
Proof of Theorem 1.2. Let S = ). sq ex @ ex and W = {w; : j € N} be as in
xeN?
the hypothesis of Theorem 1.2. Choose an € > 0 so that (1 +¢)R < 1.

For each a € By, apply U, to the left and U, to the right of both sides of
inequality (3.1) in Lemma 3.1, we get, for |z| < R:
Uy (k: @ k)Uj < C(6)U,SU; + 6 / Uy (ke ® ke ) U,y dpt(w)
lw|<(1+¢)R
— C(O)U,SU + 6 / Kgu(w) © Koo (an) L1 (0)
|w|<(14+€)R
— C(6)ULSUF +6 / ke @k du(2)
lpa(Q)|<(14)R
(by the change-of-variable w = ¢,({))
— C(6)ULSUF +6 / kz @ kg du(Q).
E(a,(1+£)R)

Since Uy (k: ® kz)U; = kg, (2) ® ky,(2), the above implies

(3.9) Kguz) @ Kgu(z) < C(O)UaSU; +6 / kz @ kg du(Q).
E(a,(1+€)R)
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For each |z| < R, let

Z k‘l’w ® k(Pw )
jeN
Then (3.9) gives, for |z| < R
310)  T(z 8) Y Uy SUZ, +6 Y / ke @ kz du().
jeN TENE (w, (1+€)R)

Decompose W = W; U - - - U Wy as in Lemma 2.3, where N depends only
on 1, (1+ ¢€)R and the degree of separation of W. Then

N .
Y / ke ®@kpdu(Q) <} ) / kg @ kg dp(0)
TENE (wj, (1+)R) EHOWiE (o, (1) R)
N
<Y [keok du(@) =N
z:an
Hence, for |z| < R
(3.11) T(z) <C(8) ), Uy, SU, + ON.
jeN

By integrating T(z) with respect to dv(z) over the ball |z| < R, we get
T(z) dv(z) > (1 — R*)"*! / T(z)(1— |z*) =" du(z)

|z|<R |z| <R

= (1— R / T(z) du(z)

|z]<R
R2 n+1 Z / (Pu ® k(ij(Z) d‘u(Z)
]GN‘ |<R
(3.12) =(1-R)" Y / kg @ kg dp(0)

JGNE(wj,R)

> (1- R2)mH /kg®kg du(¢) (since B, = | J E(wj, R))
B, jeN

Inequalities (3.11) and (3.12) together imply
8) 3, Ux;SU;, + 0N > (1 — RZHmHIR=2,
jeN

Now choose J so small that

SN < 271(1 _ RZ)?H’lszn.
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Then we have

(3.13) C() Y, Un, SUy, > 2 11— R)"IR 2 0,
jeN

4. PROOF OF THE MAIN THEOREM

Suppose 17¢(z) = z14(|z|/€) forallz = (z1,...,2z,) € B, as in the hypothesis
of Theorem 1.1. We will compute directly [T}, Tj | to see that it is a diagonal
operator with respect to the standard orthonormal basis.

For any multi-indices « and 8 in N”, we have

(Tyearep) = / 7e(z)ea(2)2p(2) du(z) = / 1(1z]/e)z1e0(2)25(2) dv(2).

By ‘Z|<£
Now,
()2 (A a])! nt(a+(1,0,...,0))0\1/2
sz = () B2 = (T (n+ [a +1)! )o@
a+1 1/2
= (m) €x+(1,0,...,0) (z).
So
ap+1 \1/2 _
(Tuewes) = (arr) ) 10100 @2() dv(z)

|z|<e

172}
= (o) @) [ e (2e07) do(@) dr
0 Sn

:( oy +1 )1/2

n+lal+1
0 if £ a+(1,0,...,0),
i
/(Zn)rzn_ln(r/s) (%)rm'“dr if=a+(1,0,...,0),
0
(see Proposition 1.4.9 in [4]).

We have

& €
2m) "y (r/e ntlal+1 P02 Qe = [ 2(n + || + 1)2 24y (/) dr
1 : 1
0

0
1

:82n+2\1x\+2/(n+|a|+l)tn+|1x\17(tl/2)dt
0
(by the change-of-variable r = et/?),
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1
Form > 0, put v, = [(m+ 1)t"y(t'/2) dt > 0. Note that y,, depends only

0
on m and the function 77. We then have

T _ ( ) e n+2|a|+
1 = G Jaf + 1

From this we see that for any multi-index «,

VYn+|a| €a+(1,0,...,0)

o 1/2 242
Tfe:( ) g2n+2lal g€y
7.6 "t |0(| Tn+tla)-1 €x—(1,0,...,0)

ifay > 1and Ty ew = 0if g = 0.
Now for multi-indices & with oy > 1,

- X1 172 2n+2|a|
TWSTﬁse“ = Ttyg ((m) € VYn+)a)-1 eocf(l,O...,O))

&1 172 2n+2|a ! 172 2n+2|a
= ( ) € | ")’n+|tx\71( ) € | |7n+\zx\71 Cn

n+ |l n+ |l
_ % a(nt]a) a2
T+ |“|€ 77’1-‘1—‘1)&‘—1 €us

and

DC] +1 1/2 2 2 2
Tf T — Tf (( ) n+ |l¥‘+
Teinele = S\ el 1/ €

:( w41 )1/2€2n+2|a\+2( ap+1 )1/2£2n+2|a\+2

Vn+|al erx+(l,0,..‘,0))

n+laf+1 nta+1 Tntla| G
_omHT a2
B Vitla| G-
Therefore,
e = (% A(nt]a]) 2 __atl a2 )
[Tyer T Jew = <n+\zx\£ Tutlal -1 i a £ 10 Vit laf ) Cn

2
ar e+ 1 Va1 a+1
:( |ex] ntjaf-1 4) S4(n+\a\),yi+‘a| e.

o +1 n+a 731+\a| n+ || +1

This formula also holds for multi-indices & with a1 = 0.
For all 0 < & < 1 so that

2
17 _
€4€{ ap A a4+ 1 Ve 1,

0 +1 n+«f 2

a=(ay,...,ay) € N"},
’yn-&-laI

the operator T = [Ty, T; |* can be written as

T= ) saei®eq,
acN"

where s, > 0 for all «.
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Since {w; : j € N} is separated and B, = | E(wj, R) for some 0 < R <1,
jeN
Theorem 1.2 implies that there is a positive number ¢ so that
Ae= ) Uy TU; = ) uw].[Tm,Tﬁg]zu:,,j >c > 0.
jeN jeN

Now for each j € N,
Uy, [Ty, Tﬁg]u;;j = ij(T,7€ Ty, — Ty, qu)u;;j = Uuw,; Ty Ty, UZ’Z], — Uw; Ty, Ty, U;f,j
= (Uw,-Tm uz*uj)(uijﬁs uz*u]) - (uijﬁguZ;j)(uijmu;;j)

= T’ISO(Pw]- Tﬁgoff’wj - Tﬁgo(ij Tﬂso(ﬁwj [TWSO(Pw]" Tﬁgo(/)w]-}‘

_ . 2
Hence A = Z [TﬂsO(ij/TmO(pw/} .
jeN
Note that for each j, the function 77 © ¢, is supported in the set

{z € Bu: |pu;(2)| <&} = {z € By : p(z,wj) < &} = E(wj, ¢).

We now decompose W = W; U --- U Wy such that E(z,¢) N E(w,e) = @
forall z # win Wj, forall 1 < j < N as in Lemma 2.3. Hence

N
A5 = Z [Tﬂcof.l’w’Tﬁgo(Pw]z/
i=1weW;
where, by Proposition 2.7 and the remark following it, each of the summands is
in €%(G;). Here we remind the reader that G; is the subset of L consisting of all

functions of the form }_ 77 o @u; or ¥ 7, 0 ¢u; where F is a subset of N.
jeF jeF

It then follows that A; itself belongs to € (Gy).

5. REMARKS

In this section we are discussing some remarks about Theorem 1.1. Our
first remark is the existence of a separated sequence as in the hypothesis of Theo-
rem 1.1. This is actually a consequence of Zorn’s lemma. In fact,let0 < r < 1 and
), be the collection of all sets of points {w; : j € ]} in B, so that p(w;, wy) > r for
all j # k. The sets in (2, are ordered by inclusion. Apply Zorn’s lemma, we get
a maximal set in ;. Denote this set by {w; : j € J}. Since ] must be infinite and
countable, we can assume that | is N. Then for any z € B;, by maximality there
isaj € Nso that p(z,wj) <r. Hence B, = 'UNE(wj, 7).

€

The second remark is about the set ég. Note that all functions in G, vanish

on B, \E, where E, is a subset of V; = |J E(wj, ¢). The following lemma gives an
jEN
upper estimate for the Lebesgue meas{n‘e of V; for small € > 0.
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LEMMA 5.1. Suppose 0 < g9 < 1so that E(wj,e9) N E(w;, e9) = @ forall j # 1.
Then for any e < ¢,
€

v(v) < (£) vl

Proof. Forany 0 < < 1and z € B, we have

WEE)) = [ dv(w)

E(z,9)

n+1
/ |1 — @Zz| 20 dv({) (by the change-of-variable w = ¢,({))

n %" dv(g)
= (1 - |Z|2) - / ‘1 _ <5€’Z>|2(n+1)

= (1—|z[)" o> / (1= (1z1)*) 7" ks (§)* dv(2)
E(0,1)
= (1= [z (1 = (8]z)*) ™" ks 1
= (1= [z (1 = (8]z)*) ™"
Now for 0 < & < g9 < 1 as in the hypothesis,

v(Ve) = Y v(E(wj,e)) = ) (1= |wy?)" e (1 = (efany])?) ™"

jeN jeN
= V(1 — [ [2)" 162 (1 — (eo|awj])2) ! (i)zn (1_(€O|wf|)2)"+l
P f ) T (w2
£\ — (eolwj)? _
< (= v(E(wj, €0)) (because —— 5 < lfore < g)
(eo) ].% / 1 — (elwj])?
Fal 2n
= (%) V(Ve,)-

This lemma implies that if the separated set is fixed then the Lebesgue mea-
sure v(V;) can be made as small as we please provided that ¢ is small.

To conclude the paper, we will show that if # is a continuous function on
[0,1] then G is contained in C(By,), the space of continuous functions on the open
unit ball By,. This remark together with Theorem 1.1 implies that €X(C(B,) N L*®)
coincides with the full Toeplitz algebra T(L*). The reader should compare this
with the fact that ¢T(C(By,)) is the same as the ideal K of compact operators.

Suppose 7 is continuous on [0,1], then for each j € N the function 7, o
¢w; is continuous and supported in the ball E(wj, ¢). Suppose F is a subset of N.

Let f = ¥ e puw. Let 0 < R < 1be given. By Lemma 2.2, all but a finite
jEF
number of functions in the series vanish on E(0, R). Thus f, being a finite sum of
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continuous functions on E(0, R), is continuous on E(0, R) forall0 < R < 1. So f

is continuous on the open unit ball B;,. Similarly, functions of the form ) 7, o Pw;
jeF

are also continuous on B;,.
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