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ABSTRACT. For a higher-rank graph A with sources we detail a construction

that creates a higher-rank graph A that does not have sources and contains A
as a subgraph. Furthermore, when A is row-finite the Cuntz-Krieger algebra

of A, C*(A) is a full corner of C*(A), the Cuntz-Krieger algebra of A.
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INTRODUCTION

Higher-rank graphs are generalizations of directed graphs that were intro-
duced by Kumjian and Pask in [7] who were motivated by the C*-algebras of
buildings that were studied by Robertson and Steger in [15], [16], [17]. In this
paper, we extend a higher-rank graph with sources to another higher-rank graph
that has no sources. We will do this in such a way that the C*-algebras of the
graphs are strongly Morita equivalent, thereby removing one of the technical dif-
ficulties encountered when working with higher-rank graphs.

A higher-rank graph can be viewed as a union of k directed graphs with
the same vertex set, where the edges of the different graphs are painted with k
different colors. A higher-rank graph also includes a factorization property that
dictates how the edges of different colors fit together to form paths. More pre-
cisely, a higher-rank graph A is a countable category together with a degree func-
tor d : A — NF which satisfies the factorization property: for every A € A and
m,n € NF such that d(A) = m + n, there are unique elements ,v € A such that
A = v, d(u) = mand d(v) = n. The rank of A is k, and therefore, A is also
called a k-graph. The C*-algebras of higher-rank graphs include the C*-algebras
associated to directed graphs which have been the focus of much attention in re-
cent years. (See [10] for a detailed account of graph C*-algebras. We will use the
conventions established in [10] when discussing directed graphs.)
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The development of the C*-algebras of higher-rank graphs has progressed
in a manner similar to that of the C*-algebras associated with directed graphs.
The C*-algebras of directed graphs were first defined in terms of groupoids [8].
Next, in [2], the graph C*-algebra is realized as the universal C*-algebra gen-
erated by a collection of projections and partial isometries satisfying certain re-
lations. Both of these methods required that the directed graphs be row-finite,
that is, each vertex has finitely many edges pointing toward it. The groupoid
techniques also required that the directed graphs did not have any sources. (A
source is a vertex that does not have any edges pointing toward it.) In [6], the
C*-algebra of an arbitrary directed graph was defined as a universal C*-algebra.
Using a method similar to that used in [8] for directed graphs, Kumjian and Pask
realized the C*-algebra of a higher-rank graph to be the C*-algebra of a groupoid
associated to the higher-rank graph. Therefore, they also required that the higher-
rank graphs be row-finite and have no sources (Definitions 1.3 and 1.4). Raeburn,
Sims and Yeend in [11] defined, in a universal way, the C*-algebras for a class of
higher-rank graphs known as locally convex k-graphs. Later, they extended their
definition to include the C*-algebras of finitely aligned k-graphs in [12]. Finitely
aligned k-graphs allow for vertices to receive infinitely many edges and appear
to be the most general class of k-graphs to which a C*-algebra can be associated.

One of the main accomplishments of Drinen and Tomforde in [3] is the de-
velopment of the method known as desingularization. 1f E is a directed graph,
possibly with sources and possibly not row-finite, a desingularization of F is
a row-finite directed graph without sources that is obtained from E. Further-
more, the C*-algebras associated with E and F, C*(E) and C*(F), respectively,
are Morita equivalent. Therefore, when studying the C*-algebras associated to
directed graphs, it usually suffices to consider directed graphs that are row-finite
and have no sources. The desingularization method, in addition to providing
easier proofs for the uniqueness theorems of graph C*-algebras, also led to the
description of the ideal structure of graph algebras. (See also [1].)

The construction detailed in this paper, which “removes sources” from a
higher-rank graph, will have similar effects on the study of higher-rank graph C*-
algebras. First of all, by transforming an arbitrary row-finite higher-rank graph
into a locally convex graph, we will be able to use the Cuntz-Krieger relations
from Definition 3.3 in [11] which are much simpler than those used to define the
algebras of finitely aligned k-graphs (Definition 1.9). Also, the construction given
here may allow for some of the results that exist for the C*-algebras of row-finite
higher-rank graphs without sources to be extended to more general higher-rank
graph C*-algebras. For example, in [4], Evans completely describes the K-theory
of the C*-algebras associated to row-finite k-graphs without sources when k = 2
and obtains some partial results for k > 3. Robertson and Sims give necessary
and sufficient conditions describing when the C*-algebra corresponding to a row-
finite k-graph without sources is simple in [14]. Since ideal structure and K-theory
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is preserved under Morita equivalence, it is expected that these results will hold
in the more general setting.

Our goal is to produce a desingularization method for higher-rank graphs
that is analogous to the process used for directed graphs. If a vertex v is a source
in a directed graph E, then the desingularization process “adds a head to v”. This
means we attach a graph of the form

€oq €oy €ug ey
v 2} V2 U3 Up—1 ¢—— Uy

to v. This method was used by Bates, et. al. in [2] as well as by Drinen and Tom-
forde in [3].

In a directed graph, adding an edge to a vertex automatically creates an-
other directed graph. Therefore, dealing with sources in a directed graph is a
local problem. However, in a higher-rank graph, adding an edge of some degree
to one vertex will require that several edges of different degrees be added to other
vertices to ensure that the factorization property still holds. Hence, adding edges
to a vertex in a higher-rank graph is a global issue. The method we develop here
uses the so-called boundary paths of a higher-rank graph to identify the sources
and then extends those boundary paths in the necessary directions.

This paper is designed as follows. In Section 2, we define the terminology
necessary to discuss the C*-algebra of a finitely aligned k-graph. In Section 3,
given a row-finite higher-rank graph A, we construct a row-finite higher-rank
graph A that is source free. We show that the C*-algebra of the original k-graph
sits naturally inside the C*-algebra of the extended k-graph as a full corner. Sec-
tion 4 includes examples of 2-graphs with sources and how they are extended to
graphs without sources using the method in this paper.

1. PRELIMINARIES

DEFINITION 1.1. Given k € N, a k-graph (A, d) is a countable category A
together with a functor d : A — N, called the degree functor, which satisfies the
factorization property: for every A € Mor(A) and m,n € NF with d(A) = m +n,
there are unique elements y, v € Mor(A) such that A =pv, d() =m and d(v) =n.

The factorization property enables the objects of A to be identified with the
morphisms with degree zero. Therefore, we can talk only about the morphisms
of A. We will write A € A instead of A € Mor(A).

We will use the following notation throughout this paper. For n € N, let

A"={A e A:d()) =n}.
Thus, Obj(A) is identified with A°. For E C Aand A € A, define
AE={Ap:pueEr(u)=s(A)} and EA={puA:p€cEs(u)=r(A)}.
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We will use e, e,...,¢e to denote the usual basis for N¥. For m,n € NF,
we denote by m V n the coordinate-wise maximum and the coordinate-wise min-
imum by m A n. For m,n € N¥, m V n is the least element in N¥ that is greater than
or equal to both m and 7, and m A n is the greatest element in N* that is less than

or equal to both m and n.

We will use the convention that V and A precede addition and subtraction
in the order of operations; thus m +n A p = m+ (n A p) for m,n,p € N, For
m,n,p € Nk, it is straightforward to show that (m + p) A (n +p) = (mAn) +p
and (m+p)V (n+p)=(mvn)+p.

Given a path A € Aand m,n € Nk satisfying 0 < m < n < d(A), the
factorization property guarantees that there are unique paths A;, i = 1,2, 3, such
that d()\l) = m, d(/\z) =n-—m, d(/\:;) = d(/\) —nand A = AAA3. We shall
write A(0,m) for Ay, A(m,n) for Ay and A(n,d(A)) for As.

EXAMPLES 1.2. (i) Let E = (E°, El,r,s) be a directed graph. Let E* denote
the category generated freely over all finite paths. Let [ : E¥* — N give the length
of a path. Then (E*, ) is a 1-graph.

(ii) For m € (NU {c0})k, define () ,, to be the k-graph with

Obj( Q) = {p € N1 p<m},
Mor(Q) = {(p,q) € Obj(Q ) x Obj(Qpe) : p < q1,
r(p.q)=p, s(pq9)=4q dp9) =q9-p

Drawn below are (2, (o, o) and (2, (1 7). In the diagrams, edges of degree (1,0) are
solid; edges of degree (0,1) are dashed. In each diagram A = ((0,2), (1,2)) while

p = ((0,0),(0,1)).

i i i
| [ [
LAt £22) (o,lz) P (1,|2)
| [ [
| [ [ ' |
< + <+ + +
7 T |. (0,1) «+——(1,1)
[ [
i [ [
SR S
(0,0)® ° ° (0,0) - (1, 0)
QZ,(oo,oo) QZ,(l,Z)

The path ((0,0),(1,2)) in either of the above graphs is viewed as the 1 x 2 rec-
tangle from (0,0) to (1,2). The factorization property means that any of the ways
that one can connect (1,2) to (0,0) using the segments shown are, in fact, the
same path.
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DEFINITION 1.3. A k-graph (A, d) is row-finite if vA" is at most finite for all
v e AYand n € NF,

DEFINITION 1.4. A vertex v € A is a source if vA" = @ for some n € N,

In Example 1.2 (ii), every vertex in (2, (1 5 is a source. On the other hand,
the 2-graph (2; (o, o) has no sources. The “removing sources” construction in this
paper will extend (25 (1) t0 {25 (0 c0)-

DEFINITION 1.5. For A, u € A, if there exist &, 8 € A such that Aw = up
and d(Aa) = d(A) Vd(u), then Aw is called a minimal common extension of A and .
Define A™"(A, 1) to be the set

AMYA ) = {(a,B) € Ax A: da = puBand d(Aa) = d(A) Vd(u)}.

DEFINITION 1.6. A k-graph (A, d) is finitely aligned if A™™(A, ) is at most
finite forall A, 4 € A.

Definitions 1.4 and 1.6 highlight some key differences between 1-graphs and
k-graphs for k > 2. First of all, in the directed graph setting, a source is a vertex v
for which vA! = @, or equivalently, if vA = {v}. However, a vertex in a 1-graph
is a source in the sense of Definition 1.4 if there exists a path A € vA such that
s(A)A = {s(A)}. This is not the case for arbitrary k-graphs. Consider the graph
(25 (00,1) drawn here:

| | I |
. . . .

Each of the vertices (m,1), m € N is a source since (m, 1)(2;2(00 3

there is no vertex v € Qg,(oo,l) with 902 (1) = {v}. The difference is that in

= @. However,

a k-graph for k > 2, vertices can be sources in some directions, but not in all.
Secondly, if A is a 1-graph and A, u € A, the only way two paths can have a
minimal common extension is if one path is a subpath of the other. Therefore,
the set A™"(A, 1) is either empty or a singleton. Consequently, any 1-graph is
finitely aligned.

DEFINITION 1.7. Let (A, d) be a k-graph; letv € A’ and E C vA. We say that
E is exhaustive if for every yu € vA there exists a A € E such that A™M (A, u) # Q.
We denote the set of all finite exhaustive subsets of Aby FE(A).

EXAMPLES 1.8. (i) For all m € (NU {o0})¥ and v € 0, any finite (non-
empty) subset of v(2; ,, is a finite exhaustive set.
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(i) Consider the k-graph A below:

Dashed edges represent edges of degree (0,1) and solid edges represent edges
of degree (1,0). The edges ¢; where i € N each have degree (1,0). Any finite
exhaustive subset of wA must contain w. The set {1} is a finite exhaustive subset
of vA, whereas {1} is not because A™"(A, uBg;) = @ for any i € N.

DEFINITION 1.9. Let (A, d) be a finitely aligned k-graph. A Toeplitz-Cuntz-
Krieger A-family in a C*-algebra B is a family of partial isometries {f, : A € A}
satisfying the Toeplitz-Cuntz-Krieger relations:

(TCK1)  {ty: v € A%} is a family of mutually orthogonal projections;

(TCK2)  tyy = taty forall A,y € Awiths(A) = r(p);

(TCK3) ity = > tat;g forall A,y € A

(a,p) €A™ (A,p)
A Cuntz-Krieger A-family in a C*-algebra B is a Toeplitz-Cuntz-Krieger A-family
that also satisfies
(CK) Tl (to—trt;) =0forallv € A?and E € v FE(A).
A€E

Of course, the hypothesis that (A, d) is finitely aligned guarantees that the

sums in Definition 1.9 are finite sums and hence make sense in any C*-algebra.

DEFINITION 1.10. Let (A, d) be a finitely aligned k-graph. The C*-algebra
of A, denoted C*(A), is the C*-algebra generated by a universal Cuntz-Krieger
A-family {s) : A € A} which is universal if the sense that if {ty : A € A} isa
Cuntz-Krieger A-family in a C*-algebra B, then there exists a C*-homomorphism
7 : C*(A) — Bsuch that 7t(sy) = t, forall A € A.

We also call C*(A) the Cuntz-Krieger algebra of A.

DEFINITION 1.11. A C*-subalgebra B of a C*-algebra A is called a corner if
there is a projection p in M(A) the multiplier algebra of A, such that B = pAp. A
corner is called full if it is not contained in any proper closed two-sided ideal.

Two C*-algebras A and B are Morita equivalent if there exists an A — B im-
primitivity bimodule X. If B is a full corner of A, then one can show thatan A — B
imprimitivity bimodule exists, and hence the two algebras are Morita equiva-
lent. Many C*-algebraic properties are invariant under Morita equivalence, in-
cluding ideal structure (simplicity, in particular), being AF, pure infiniteness, real
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rank zero, stable rank one, primitive ideal space, K-theory, Ext, KK-theory and E
theory. For this reason, the notion of Morita equivalence is extremely useful in
classifying C*-algebras. See Chapter 3 of [13] for more details.

DEFINITION 1.12. Let (A1,dq) and (Ap, d2) be k-graphs. A graph morphism
is a functor F : A — Ay such thatdp(F(A)) = di(A) forall A € A

DEFINITION 1.13. Let (A, d) be a k-graph. Define the path space of A to be
the set

Xpn={x:Qpy —A:me (NU {oo})¥ and x is a graph morphism}.

We extend the range and degree maps of A to X, by defining, for x : 03y, — A,
r(x) = x(0) and d(x) = m.

REMARKS 1.14. (i) The factorization property of k-graphs implies that each
x € X, is completely determined by {x(0,p) : p < m}: if | < n < p and
x(0,p) = Ap, then x(I,n) = Ap(l,n). Iff m; < oo foralli € {1,2,...,k}, then
x(0, m) completely determines x.
(ii) For each A € A, define x) : (2 4(n) — Aby x,(0,d(1)) = A. Then the map
A — x, embeds Ain X 4.

Let x : (O, — Abe a graph morphism. For p < m, letoPx : Oy, p — A
be defined by 0”x(a,b) = x(a+ p,b+ p) for a,b € Nf such thata < b < m — p. If
Ais a path such that s(A) = x(0) define Ax : O ., g1y — Aby (Ax)(0,d(1)) = A
and (Ax)(0,p) = Ax(0,p —d(A)) for p € N¥ such that d(A) < p < d(x) +d(A).

DEFINITION 1.15. A k-graph (A, d) is locally convex if whenever A € vA®
and y € vA% for some v € A and i,j € {1,2,...,k} with i # j, there exists
Zes(A)A% and 7 € s(p)A“i.

DEFINITION 1.16. Let (A, d) be a k-graph. For g € N, define
AST ={A € A:d(A) < g, and s(A)A% = @ when d(A) +e¢; < g}

EXAMPLES 1.17. (i) For any m € (NU {co}), (O, is locally convex. More
generally, if A has no sources, then A is locally convex since vA® is nonempty for
allo € A%andi € {1,2,...,k}.

(ii) The 2-graph in Example 1.8 (ii) is not locally convex. For the vertex u, we
have 7 € uA® and y € uA®2. However, s(17) A2 and s(y) A are both empty.

REMARK 1.18. Condition (CK) of Definition 1.9 replaced earlier versions
of the Cuntz-Krieger condition that were used for row-finite k-graphs with no
sources [7] and for locally convex k-graphs [11]. The condition from [11] is

(CK) t,= Y tyt}foralloe A’and m € N,
AEASM

It is shown in Appendix B of [12] that the conditions in Definition 1.9 are

equivalent to those in [11] when the k-graph is locally convex.
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DEFINITION 1.19. Let (A, d) be a k-graph; let x : (., — A be a graph
morphism. Then x is a boundary path if there exists ny € N such that 7, < m and
for p € NK

(ny <p<m, and p; = m;) = x(p)A% = @.
We write AS® for the collection of all boundary paths of A.

Boundary paths are essential to the construction detailed in the next section.
Examples of boundary paths are given in Section 3. We will use the following
results about boundary paths.

LEMMA 1.20. Let A be a finitely aligned k-graph.
(i) ([12], Lemma 2.10) If x € AS®, then oPx and Ax are elements of AS®™ for any
p <d(x)and A € x(0)A.
(ii) ([12], Lemma 2.11) For any v € A°, the set vAS®™ is nonempty.

2. REMOVING SOURCES

In this section, we will develop a method that extends a k-graph with
sources, named A, to a k-graph without sources, A. When A is row-finite, C*(A)
is Morita equivalent to C*(A). The following theorem is the goal of this section.

THEOREM 2.1. Let (A, d) be a row-finite k-graph. Then there exists a row-finite
k-graph (A, d) without sources and an isomorphism 1 of A onto a subgraph of A such that
the C*-subalgebra of C*(A) generated by {s) : A € 1A} is a full corner of C*(A) and is
canonically isomorphic to C*(A).

We will spend the rest of the section constructing A and proving Theo-
rem 2.1. We begin by defining two equivalence relations ~ and ~. The equiv-
alence classes given by ~ correspond to the paths that will be added to A, and
the equivalence classes of ~ correspond to the new vertices.

DEFINITION 2.2. Let V4 = {(x;m) : x € AS® and m £ d(x)}.

The set V extends each element of AS® in the proper directions. Notice

that the set V, is disjoint from A° because every vertex in A can be written as
x(m) for some x € AS® and m < d(x). However, extending each boundary path
separately adds many more vertices to A than necessary because boundary paths
can overlap. An example of such overlap would occur when x and y are paths in
AS® such that y = oPx for some p < d(x). To take possible overlap into account,
we define the following relation on V4.

DEFINITION 2.3. Define a relation =~ on V4 by: (x;m) ~ (y; p) if

(V1) x(mAd(x)) =y(pnd(y));
(V2) m—mAd(x)=p—pAd(y).
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Condition (V1) ensures that two new vertices are related if they project
down onto the same vertex in A. Condition (V2) relates two vertices in V, if
they are the same “distance” from A.

The proof of the next proposition is clear.

PROPOSITION 2.4. The relation = on V, is an equivalence relation.
DEFINITION 2.5. Let Py = {(x; (m,n)) : x € AS®,n £ d(x), and m < n}.

Recall the definition of (2 ,, in Example 1.2 (ii) where paths were denoted
by pairs of vertices. Definition 2.5 uses an analogous way to describe the paths
that extend the original k-graph. Since in Definition 2.5 n £ d(x) but m may or
may not be less than or equal to d(x), we are requiring that the additional paths
start (have source) outside of the original k-graph but may or may not end (have
range) in the original k-graph. Again, the elements of P, are paths extending each
boundary path, and therefore, the overlapping of boundary paths must be taken
into account.

DEFINITION 2.6. Define a relation ~ on P by (x; (m,n)) ~ (y; (p.q)) if
(P x(mAd(x),nAd(x)) =y(p Nd(y),q N d(y));

P2) m—mAd(x)=p—pAd(y);

P3) n—m=gqg—p.

PROPOSITION 2.7. The relation ~ on Py is an equivalence relation.

Let P\ = Py/ ~and V4 = V4/ ~. The equivalence classes of P, will be
denoted [x; (1m,n)], and the equivalence classes of V, will be denoted [x; ).

As mentioned earlier, our goal is to define a new category A that extends A.
The elements of V, will become the additional objects joined to A, and the new
morphisms will be the elements of Py. We now proceed by defining the range
and source maps as well as the composition (o) and identity (id) functions on Py
that will be used to define the new category.

DEFINITION 2.8. Define7: Py — (VAU A%) and§: Py — V), as follows:

x(m) ifm<d(x),

7([x; (m,n)]) = {[x;m] if m £ d(x);

PROPOSITION 2.9. The maps ¥ and s are well defined.

s([x; (m,n)]) = [x;n].

Proof. Suppose (x;(m,n)) ~ (y;(p,q)). Then (P1) of Definition 2.6 implies
thatn Ad(x) —mAd(x) =qAd(y) — p Ad(y). Subtracting this from the equation
in (P3) gives

n—m+mAd(x)—nANd(x)=qg—p+pAdy)—qgArd(y)
en—nNd(x)—(m-—mAd(x))=qg—qAd(y) —(p—prd(y))
Sn—nAd(x)=q—qANd(y) using (P2).
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Since (P1) gives x(n Ad(x)) = y(g Ad(y)), it follows that (x;n) ~ (y;4). There-
fore, s'is well defined.

To show 7 is well-defined, first consider the case where m < d(x). Then
m A d(x) = m. Therefore, m —m A d(x) = 0, and (P2) implies that p A d(y) = p.
Hence, x(m) = y(p) by (P1).

If m £ d(x), then (P1) of Definition 2.6 implies x(m A d(x)) = y(p Ad(y)),
and thus condition (V1) of Definition 2.3 is satisfied. Condition (P2) of Defini-
tion 2.6 is precisely (V2) of Definition 2.3. Therefore, (x;m) ~ (y; p), and 7 is well
defined. 1

PROPOSITION 2.10. Suppose x,y, € AS®, and suppose p,q € NF are such that
p<d(x),q<d(y)and oPx = oy. Forall a,b € Nk, ifa <bandb+ p £ d(x), then
b+q £ d(y)and [x;(a+p,b+p)] = [y;(a+49,b+4q)].

Proof. By definition, d(cPx) = d(x) — p and d(c7y) = d(y) — g. Therefore
(2.1) d(x) =d(c’x)+p and d(y) =d(c%y)+q.

Suppose a,b € N are such thata < band b + p £ d(x). Then
b+pLdx) &b+pLd(oPx)+p < bLdoPx) < bLd(oly)
SbLdly) —qeb+qLdy)
Thus [x; (a + p,b+ p)] and [y; (a + ¢q,b + q)] are elements in P,. To show that
[x;(a+p,b+p)] =[y;(a+4q,b+q)], consider
x((a+p) Ad(x), (b+p) Nd(x))
=x(aNnd(cPx)+p,bAd(cPx)+p) =0cPx(and(cPx),bAd(oPx))
= aly(and(ay), b nd(oTy)) = y((a+q) Ad(y), (b+¢) Ad(y)).
Thus condition (P1) of Definition 2.6 is satisfied. To show condition (P2), we have
a+p—(a+p)Ad(x)=a+p—(and(cPx)+p)=a—and(oPx)
=a—aNd(dly)=a+q— (a+q)Nd(y).
Condition (P3) is clear. Hence, [x; (a +p,b+p)| = [y;(a+q,b+q)]. 1
If p = 0, then x = 07y, and Proposition 2.10 implies that for all b £ d(x), we

have [x; (a,b)] = [y; (a+q,b+q)] . N
The following proposition will be used to compose two paths in Px.

PROPOSITION 2.11. Let [x; (m,n)],[y; (p,q)] € Pa be such that [x;n] = [y; p].
Define z = x(0,n A d(x))o?" W)y, Then
(i) z € A<
({ymAd(x)=mAd(z)and n Nd(x) =n Ad(z);
(iii) x(m Ad(x),n ANd(x)) = z(m ANd(z),n Nd(z)) and y(p Nd(y),gNd(y)) =
z(nANd(z),(n+q—p)ANd(2)).
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Proof. (i) Since y € AS®, the path z belongs to AS® by Lemmas 2.10 and
2.11 of [12].

(il) We will show that m Ad(x) = m Ad(z) and n Ad(x) = n Ad(z) on
a coordinate by coordinate basis. Leti € {1,2,...,k}. Since [x;n] = [y;p], it
follows thatn — (n Ad(x)) = p — (p Ad(y)). Therefore,

d(z) =nAd(x) +d(y) —pAd(y) =d(y) +n—p.

Furthermore, since n —n Ad(x) = p—p Ad(y), n; < d(x); if and only if
pi <d(y)i-

Case 1. Suppose d(y); = oo. Then p; < d(y);, and so m; < n; < d(x);.
Moreover, d(z); = oo by definition, so (m Ad(x)); = m; = (m Ad(z)); and (n A
d(x)); = ni = (n Nd(2));.

Case 2. Suppose d(y); < o. We have

d(z)i=d(y)i+ni—pi=d(y)i+ (nAd(x)); — (pAd(y)); < o
Suppose p; < d(y);. Then, as before, m; < n; < d(x);. Also d(y); — p; > 0. This
implies m; < n; < n; +d(y); — pi = d(z);. Thus (m Ad(x)); = m; = (m Ad(z));

and (n ANd(x)); =n; = (n Nd(2));.
If instead p; > d(y);, then n; > d(x); as well, and in this case
d(z)i = (nAd(x))i +d(y)i — (pAd(y))i = d(x)i +d(y)i — d(y)i = d(x);.
Consequently (m Ad(x)); = (mAd(z));and (n Ad(x)); = (n ANd(z));.
So in either case, we have that both (m A d(x)); = (m Ad(z)); and (n A

d(x)); = (n Ad(z));. Since i was arbitrarily chosen, this proves (ii).
(iii) Notice that (ii) implies that m — m A d(x) = m — m A d(z) and that

zmANd(z),nNd(z)) =z(mANd(x),nANd(x)) =x(mAd(x),n Nd(x))
because z = x(0,n A d(x))e? W)y, Thus [x; (m,n)] = [z; (m,n)].
To show [z; (n,n 4+ q — p)] = [y; (p,q)], we have that ")z = gPrd¥)y,
By (ii), we have n Ad(z) = n Ad(x), and since [x;n] = [y; p], it follows that
n—nAd(z) =p—pAd(y). Then
[2;(n,n+q = p)]
=lzn—nAdz)+nANdiz),n+g—p—nANd(z)+nAd(z))]
=y,(n—nANdiz)+pAdly),n+q—p—nAd(z)+pAd(y))] (byProp.2.10)
= (p—pAdy) +pnrdy),p+q—p—prdly) +pAdy)] =y (pq)).
This proves (iii). 1
DEFINITION 2.12. Let P X A P, be the set

{([x; Gm,m)], [y; (p,9)]) € Pa x Pp:8([x; (m,m)]) = 7([y; (p, 9)]) }-
For ([x; (m,n)], [v; (p,q)]) € P Xy, Py, letz = x(0,n Ad(x))o? W)y, Define

[x; (m,n)] o [y; (p,q)] = [z (m,n+4q —p)].
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PROPOSITION 2.13. The composition defined on Py XVAﬁA given in Definition 2.12
is well-defined.

Proof. This follows from Proposition 2.11. 1
PROPOSITION 2.14. For A € Aand (x; (m,n)) € Py with s(A) = x(m), let
z = Ao™x. Then
(i) z € AS®, and
(i) [z; (d(A),n —m+d(A))] = [x; (m,n)].
Proof. Since x € AS®, (i) follows from Lemmas 2.10 and 2.11 of [12].
Using the fact that ¢ (Mz = g™y, Proposition 2.10 implies that

[z (d(A),n—m+d(A))] = [x;(m,n—m+m)| = [x; (m,n)].
Thus (ii) follows. &

DEFINITION 2.15. Let A X 40 P4 be the set
{0 [ (m,m)]) € A x By s(A) = 7([x; (m,m))}
For (A, [x; (m,1)]) € A X q0 Py, let z = Ao™x. Define
Ao [x;(m,n)] = [z (0,d(A) +n—m)].
The proof of the following is a direct consequence of Proposition 2.14.

PROPOSITION 2.16. The composition defined on Ax 4o Py given in Definition 2.15
is well-defined.

REMARK 2.17. If [x; (m,n)], [v; (p,q)], and [z; (m,n + q — p)] are as in Defi-
nition 2.12, notice that [z; (m,n)] o [z; (n,n+q — p)| = [z, (m,n + q — p)] as well.
Thus Proposition 2.13 and Proposition 2.9 imply that

[z (m,n +q = p)]) = 7([z (m,n)]) = 7([x; (m,n)]),
s([z (myn+q—p))) = 5[z (n,n+q—=p)]) =s(ly; (p,9)])-
Similarly, if A, [x; (m,n)], and [z; (d(A),n — m + d(A))] are as in Definition 2.15, it
follows that
[z (d(A),n —m+d(A))]) = r(A),
s([z:(d(A), n —m +d(A))]) = $([x; (m, n)]).

We are now ready to define the k-graph A mentioned in Theorem 2.1. The

objects of A consist of the objects of A together with the elements of V,; the mor-

phisms of A are the morphisms of A and the elements of Py, and Definitions 2.12
and 2.15 describe the composition in A.

DEFINITION 2.18. Define A by
Obj(A) = Obj(A) UV, = A°UV,, Mor(A) = Mor(A)UPy = AUPy,
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with 7 and s defined as follows:
7:Mor(A) — Obj(A); 7 |yer(a)=1, and 7|5 =7
and

5 : Mor(A) = Obj(A); 5 |yor(ay=5, and 5|5 =5,

Define o : Mor(A) X obj(A) Mor(A) — Mor(A) as follows. For an element
(A, [x; (m,n)]) € A X q0 Py define

Aox; (m,n)] = [Ac"x; (0,d(A) +n —m)].
For ([x; (m,n)], [y; (p,q)]) € Pa Xy, Py, letz = x(0,n Ad(x))o? W)y, and define

[x; (m,n)] o [y; (p,q)] = [z; (m,n+4q —p)].

For A,y € Adefine A oy asin A.
Define id|y,,, = [x; (m,m)] for [x;m] € V, and define id, as in Aforv € A?;
that is, id, = v for v € A,

LEMMA 2.19. With the definitions given above, A is a category.

Proof. Using the axioms for a category detailed in Section 1.2 of [9], it must
be shown that:
(i) 7(id¢) = ¢ = 5(id.) for all ¢ € Obj(A);
(ii)5(fog) =5(g) and 7(f o g) = 7(f) forall f,g € Mor(A);
(iii) (fog)oh = fo(goh)forall f,gh € Mor(A);
(iv) foid. = fandid.og = g for all c € Obj(A) and f,g € Mor(A) such that
s(f) = c=7(g)-
(i) Since 7 = rand 5 = s on A, (i) holds for v € A? because A is a category. If
[x;m] € Vy, then m £ d(x). Therefore,

i) = 70 O, m)]) = [x5m) = 5135 O, m)]) = 5(id ).

Thus (i) is true for all ¢ € Obj(A).

(ii) Suppose A,u € A C Mor(A). Then (ii) follows because A is a cate-
gory and § agrees with s on A. If A € A and [x; (m,n)] € P» € Mor(A), then
5([Ad™M X x; (0,d(A) + 1 — m)]) = [Ae™M@) x;d(A) 4+ n — m]. Thus (ii) is true
because [Ac"x;d(A) +n —m] = [c™x;n —m]| = [x;n] by Proposition 2.10 (ap-
plied twice). To show that (ii) holds for [x; (m,1)], [y; (p,q)] € P, the definition
of composition in A yields [x; (1, n)] o [y; (p,q)] = [x(0, n Ad(x))oP W)y, (m,n +
g — p)]. Therefore,

s([x(0,n A d(x))o?" " Wy; (m,n + g = p)]) = [x(0,1n Ad(x))o?" " Wy;n + g — pl,
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and
(0,1 A d(x))o? MOy + g — p] = [ O y;m 4+ g — p— n Ad(x)
=lntg—p—nrdx)+prdy)
(by Proposition 2.10)
=lypn—nnd(x)+q—(p—prdx)]=[yq]
since [x; n] = [y; p] implies thatn —n Ad(x) = p—p AN d(y).
Showing that 7(f o g) = 7(f) follows in a similar manner.
(iii) There are four cases to consider.
Case 1. Suppose A, u,v € A C Mor(A). Condition (iii) holds in this case
because A is a category and composition in A on A C Mor(A) agrees with the

composition in A.
Case 2. Suppose A, € Aand [x; (m,n)] € P C Mor(A). Then

(Aop)olx;(m,n)] = (Ap) o [x; (m,n)] = [(Ap)o™x; (0,n —m +d(Ap))]
= [A(uo"x); (0,n —m+d(A) +d(u))]
(because composition in A is associative)
=Ao[uc"x;(0,n —m+d(u))] = Ao (polx;(m,mn)|).
Case 3. Suppose A € Aand [x; (m,n)], [y; (p,q)] € Px. Then
(Ao [ (m,m)]) o [y (p, )] = A0 (0,1 — m+ d(A))] o [v; (p, )]
=[zOn—m+dA)+q—p)]
where z = (Ad™x)(0, (n — m +d(A)) Ad(Ac™x))oP W)y,
On the other hand,
Ao ([x; (m,n)] o [y; (p,q)]) = Ao [w;(m,n+q—p)]
= [Ad"w; (O,n—m+q—p+d(A))]
where w = x(0,n A d(x))oP W)y,
To show
(2.2) [z (0,n—m +d(A) +q—p)] = [A\d"w; (0,n —m+ g —p+d(A))],
notice that
(2.3) ( Nd(z),(n—m+q—p+dA)) ANd(z))
z(0,(n—m+d(A)) Ad(z))o
oz((n—m+d(A)) Nd(z),(n—m+d(A)+q—p)Ad(z))
= (Ad"x) (0, (n —m +d(A)) Nd(Ad™x))y (p Ad(y), g ANd(y))

by Proposition 2.11 (iii).
Since d(Ac™x) = d(A) —m + d(x), we have that

(n—m-+d(A))Ad(Ac™x) = (n—m+d(A))A(d(x)—m+d(A)) =d(A) —m+nAd(x)
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because addition in N¥ distributes over A. Thus we can continue with the calcu-
lation:

(24) (Ac™x)(0, (n —m +d(A)) Nd(Ac™x))y(p Ad(y),q Nd(y))
= (Ac"x)(0,d(A) —m+nAd(x))y(p Ad(y),q Ad(y))
= A(e"x)(0, —=m +nAd(x))y(p Ad(y),q ANd(y))
= Ax(m,n Ad(x))y(p Ad(y),q Nd(y))-

Equations (2.3) and (2.4) show that

(25) 2 (0Ad(z), (n—m—+q—p+d(A)) Ad(z)) = Ax(m, nAd(x) )y (pAd(y), gAd(y))-
Similarly, it can be shown using Proposition 2.11 that the right hand side of Equa-
tion (2.5) is equal to (Ac™w) (0, (n —m +q— p+d(A)) Ad(Ac™w)) as well. There-
fore, Condition (P1) of Definition 2.6 is satisfied. Condition (P2) holds by Propo-
sition 2.11 (ii). Clearly, Condition (P3) holds; therefore Equatlon (2.2) holds.
Case 4. Suppose [x; (m,n)],[y; (p,9)], [z (t,u)] € Py € Mor(A). We must
show that
([ (m,m)] o y; (p, q)]) © [z (8, w)] = [x; (m,m)] o ([y; (p,q)] o [2; (£ w)]).-
Let Wy = x(0,n Ad(x))oP Wy, Then [x; (m,n)] o [y; (p,q)] = [Wy; (m,q —p+
n)]. Next, define Z; to be the path Wy (0, (g — p + n) A d(W;))o'¥(@)z, Then,
([x; (m,m)] o [y; (p,q)]) © (2,8, u) = [Wi; (m,q — p+n)] o[z (£ u)]
=[Zy;(mu—t+q—p+n).
On the other hand, for the graph morphisms W, and Z, defined as
Wo =y(0,q9 A d(y))amd(z)z, Zy = x(0,n Ad(x))oP W2 W,
we see that
[x; (m,m)} o ([y; (p,9)] o [2; (8, w)]) = [x; (m,m)] o [Wa; (p,u — £+ q)]
= [Zy(mu—t+q—p+n).
We must show [Zy; (m,u —t+q—p+n)] = [Zo;(mu—t+q—p+n)l.
Using Proposition 2.11 (ii) again, we see that
mAd(Zy) =mAd(x) =mANd(Zy).
Therefore m —m ANd(Z1) = m —m Ad(Z,), and so Condition (P2) of Definition 2.6

is satisfied. It is clear that Condition (P3) holds. To show that Condition (P1) is
met, it can be shown using Proposition 2.11 repeatedly that

Zl(m /\d(Zl),(u —t+ q—p-—+ 7’1) /\d(Zl))

=x(mAd(x),nAd(x))y(pAd(y),qAd(y))z(t Ad(z),uNd(z))
= Zo(mNd(Z), (u—t+q—p+n)ANd(Z)).
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Thus the equation
[Z1; (m,u—t+q—p+n)] = [Zy;(mu—t+qg—p+n)],

holds, and composition is associative in this case.

Hence, A satisfies (iii).

(iv) Suppose v is an element of A?. Then (iv) follows for all f,g € A such
that s(f) = v = r(g) because A is a category. There does not exist an f € Py
such that 5(f) = v. However, for a path g € P, such that 7(g) = v, we have that
¢ = [x; (m,n)] for some x € AS® with x(m) = v. Therefore,

vo[x;(m,n)] = [vo"x;(0,n —m)] = [c"x;(0,n — m)]
= [x; (m,n)] (by Proposition 2.10).
Next suppose [x;m] € V5 C Obj(A). There is no path f € A such that
7(f) = [x;m] or 5(f) = [x;m]; thus suppose f € Mor(A) is a path such that
5(f) = [x; m]. Then we can write f = [y; (p,q)] for some [y; (p,q)] € P4 such that

[x;m]| = [y;q]. By definition of composition in A, we have

[y (P, )] oid ) = i (p, )]0 x; (m, m)] = [y(0, gAd (y))o """V x; (p, g +m — m)]

= [y(0,g A d(y))oe"" "W x; (p, q)]
= [y;(p,q)] (by Proposition 2.11 (iii)).

It is shown similarly that if [z; (t,1)] is an element of Py with [x;m] = [z;t], the
equality idy,, o[z; (t,u)] = [z; (t,u)] holds. We have shown that (iv) holds.

Thus A is a category. 1

From now on, we will write Ay instead of A o u for all A, 4 € Mor(A).
We will view NF as a category with one object (%), a morphism set equal to
NF and composition determined by addition in N,

DEFINITION 2.20. Define d : A — NF as follows. For all ¢ € Obj(K), let
d(c) = *. Furthermore, define

d Ivoray=4d, and d([x;(m,n)]) =n—m, for [x;(m,n)] € Py.

It is straightforward to show that d defines a functor. Together A and d
form a k-graph. The key to proving this is the next lemma, which shows that
factorization property of Definition 1.1 holds.

LEMMA 2.21. The category A with the functor d defined in Definition 2.20 satis-
fies the factorization property. That is, for f € Mor(A) with d(f) = a + b, there exist
unique elements ¢,h € Mor(A) such that f = gohwith d(g) = aand d(h) = b.

Proof. If f € A C Mor(A), then since A has the factorization property and d
agrees with d on A, the required elements exist and are unique.
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Suppose that [x; (m,n)] € Py € Mor(A). Then d([x;(m,n)]) = n —m.
Suppose that n —m = a + b. There are three cases to consider: m ¥ d(x); m <
d(x)whilem +a £ d(x);and m < m+a < d(x).

Case 1. Suppose m % d(x). By definition of composition in P, and Re-
mark 2.17, the necessary elements exist, namely [x; (m,m +a)] and [x; (m +a,n)].

For uniqueness, suppose that [x; (m,n)] = [x;(m,m + a)][x; (m + a,n)] as well
as [x;(m,n)] = [y;(p,q)]z (t,u)] with g —p = aand u —t = b. Using the
definition of composition in Py, [y; (p,q)][z; (t,u)] = [w;(p,q + u — t)] where

w = y(0,q Ad(y))ct"¥(?)z. Since A is a category, it follows that
[x;m] = 7([x; (m,n)]) = 7([y; (p,9)]) = ly; p| and
[x;n] =5([x; (m,n)]) = 5([z; (£, w)]) = [z7u].

Also, since 5([y; (p,q)]) = 7([z; (t,u)]), it follows that [y;q] = [z;t]. Therefore,
Condition (V2) of Definition 2.3 gives the following equalities:

(2.6) m—mAd(x)=p—pAd(y),
(2.7) n—nAd(x)=u—und(z),
(2.8) g—qgNnd(y) =t—tANd(z).

Furthermore, since [x; (m, n)] equals both [x; (m, m + a)][x; (m + a,n)] and
[v; (p,q)]]z; (t,u)], Condition (P1) of Definition 2.6 implies that

x(mAd(x),nANd(x)) =x(mANd(x),(m+a) Nd(x))x((m+a) ANd(x),n Nd(x))
=y(pAdly), g Ad(y))z(t Ad(z),u nd(z)).
The equality of the above paths implies that

(2.9) nAd(x) —mAd(x)=qANd(y)—pAd(y) +und(z) —tAd(z).

Ifgnd(y) —pAd(ly) = (m+a) ANd(x) —m Ad(x), then the factorization
property of A will imply that x(m Ad(x), (m+a) Ad(x)) =y(pAd(y),gNd(y)).
Then by (2.6) and the fact that a = (m +a) —m = q — p, it will follow that
[x;(m,m+a)] = [y; (p,q)]. Consequently, we will have [x; (m+a,n)| = [z; (t,u)].
Thus, we must show that g Ad(y) — p Ad(y) = (m+a) Ad(x) —m Ad(x). This
will be done on a coordinate by coordinate basis; i.e., for alli € {1,2,...,k}, we
will show that (g A d(y)); — (p Ad(y)); = ((m+a) Ad(x)); — (m Ad(x)):

Fix i € {1,2,...,k}. Then (2.6) implies that m; < d(x); precisely when
pi < d(y);. Similarly, by (2.7), n; < d(x); if and only if u; < d(z);, and (2.8)
ensures g; < d(y); if and only if t; < d(z);. Therefore there are 5 subcases to
consider:

(1) pi < qi <d(y)iand m; <m;+a; <d(x);
(14i) p; < gq; <d(y)iand m; < d(x); < m; +aj;
(14ii) p; <d(y); < giand m; <m; +a; <d(x);
(1-v) p; <d(y)i < giand m; < d(x); < m;+a;;
(1-v) d(y); < pi < g;and d(x); < m; < m; +a;.
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Cases (1-i) and (1-v) are shown by a simple calculation.

For Case (1-iv), since n; > m; + a; > d(x);, it follows that u; > d(z);. Fur-
thermore, the fact that g; > d(y); gives the inequality t; > d(z);. Substituting into
(2.9), we obtain

d(x); —m; = d(y); — pi +d(z); — d(z); = d(yi) — pi,
which also equals ((m +a) Ad(x)); — (mAd(x)); = (gAd(y))i — (p Ad(y));.
Equations (2.6), (2.7), (2.8) and (2.9) can be used to show that the remaining
subcases do not, in fact, occur.
Case 2. Suppose that m < d(x) and m +a £ d(x). By definition of composi-

tion in P and Remark 2.17, we have [x; (m,n)] = [x; (m, m +a)][x; (m +a,n)]. For
uniqueness, suppose that [x; (m, n)] also equals [y; (p,q)][z; (t,u)] whereq—p = a
and u — t = b. Asin Case 1, since [x; (m,n)] = [y; (p,q)][z (t, u)], we know

x(m) = 7([x; (m,n)]) = 7([y; (p,q)]) = y(p) and
[x;n] = 5([x; (m,n)]) =5([z; (t, u)]) = [z u].
Condition (P1) of Definition 2.6 implies that
x(mnANd(x)) =x(m,(m+a)ANd(x))x((m+a) ANd(x),n Ad(x))
=y(p,and(y))z(t Ad(z),und(z)),

and therefore in this case, equation (2.9) is replaced with
(2.10) nAd(x)—m=qANd(y)—p+und(z) —tANd(z).

Since m < d(x), it follows that p < d(y), and equations (2.7) and (2.8) still hold.
The factorization property of A will give the uniqueness provided that

(m4a)Nd(x) —m=qANd(y) —p.

Again, this will be done on a coordinate by coordinate basis. Fix i € {1,2,...,k}.
This time there are four subcases to consider:
(24) pi < qi <d(y)iand m; <m;+a; <d(x);

(24i) p; < q; <d(y);and m; < d(x); < m; +a;;

(2-iii) p; < d(y); < qiand m; <m;+a; <d(x);

(2-iv) p; <d(y)i < giand m; < d(x); < m; +a;.
Subcases (2-i) is a simple calculation. The same argument used to prove Sub-
case (1-iv) proves Subcase (2-iv). Similar to Case 1, the Subcases (2-ii) and (2-iii)
do not occur.

Case 3. Suppose that m < d(x) and m + a < d(x). Then using the definition
of composition in A, we have [x; (m,n)] = x(m,m + a)[x; (m + a,n)]. To show
uniqueness, suppose that [x; (m,1)] can be written as A[y; (p,q)] for some A € A
and [y; (p,q)] € Pp, withd(A) = aandg—p = b = n— (m+a). Then by
Condition (P1) of Definition 2.6,

x(mnAd(x)) =x(m,m+a)x(m+a,nANd(x)) =Ay(p,g Nd(y)).
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The factorization property of A gives that x(m,m +a) = A. Consequently, the
equality x(m +a,n ANd(x)) = y(p,q ANd(y)) holds. So, [x; (m +a,n)| = [y; (p,q)]
which gives uniqueness in this case. 1

THEOREM 2.22. Let (A, d) be a k-graph. Then the extension of this k-graph given
by the pair (A, d) of Definition 2.18 is a k-graph with no sources.

Proof. The fact that A is a k-graph follows from Lemmas 2.19 and 2.21.

We will show that vA” is nonempty for all v € Aandalli € {1,2,...,k}.
Ifv e ﬁ\AO, then v = [x;m] for some x € AS® and m ¥ d(x). Then for each
i €{1,2,...,k}, the path [x; (m, m + ¢;)] is an element of vA”. If v € A, choose
x € vAS®, which is nonempty by Lemma 2.11 of [12]. Fixi € {1,2,... k}. If
d(x); > 0, then x(0,¢;) € vA% C vA”. If d(x); = 0, then [x; (0,¢;)] € vA”. Hence,
forallv € A'and i € {1,2,...,k}, vA # @. Therefore, A is a k-graph without
sources. 1

Notice that Definition 2.18 provides a way to extend any k-graph to a larger
k-graph without sources. We will show next that if A is finitely aligned or row-
finite, then the extension A will have the same property.

LEMMA 2.23. Let (A, d) be a finitely aligned k-graph and let (A, d) be the k-graph
given in Definition 2.18. For A,y € A, we have A™™(A, ) = A" (A, ).

Proof. Of course A™(A, 1) € A™™ (A, 1) because A C A. To show the other
containment, suppose there is a pair ([x; (m,1)], [y; (p,9)]) € A" (A, 1) which is
not an element of A™"(A, ). Then
211) [Ad"x; (0, n—m~+d(A))|=Alx; (m,n)]=ply; (p, q)|=[noy; (0,9 —p+d(p))]
where d(A[x; (m,n)]) = d(A) Vd(u). Therefore n —m = d(A) Vd(u) —d(A). But
(2.11) and Condition (P1) of Definition 2.6 imply
Ax(m,n Ad(x)) = py(p,q Ad(y))-

Both A and y are subpaths of Ax(m,n A d(x), which means that the inequality
d(A)+nAd(x) —m >d(A)Vd(u) holds. Hence,

nAd(x)—m=dA)Vvd(u)—d(A) =n—m.
It follows that n A d(x) = n, and so n < d(x), contradicting our assumption that
the path [x; (m,n)] is not an element of A. Thus the set A™ (A, 1) is a subset of
A™N(A, 1), and the proof is complete. &

Let A and y be two paths in a k-graph A. Recall from Definition 1.5, that if
(, B) is an element of A™"(A, i), then the path Aa = uf is a minimal common
extension of A and . We denote the set of all minimal common extensions of A
and p by MCE(A, u). Therefore A is finitely aligned if and only if MCE(A, pt) is
finite forall A, u € A.
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THEOREM 2.24. Let (A, d) be a k-graph and let (A, d) be the k-graph given in
Definition 2.18. If A is finitely aligned, the extension A is also finitely aligned. If A is
row-finite, then so is A.

Proof. Suppose that A is finitely aligned. To show A is finitely aligned, we
will show that [ MCE(A, u)| < oo for all A, u € A. Fix two paths A and u in A. Let
L=d(\)Vvd(p).

First, if 7(A) # 7(u), then MCE(A, ) =

Next, suppose A = [x; (m,n)] and u = [y; (p,q)] are elements of A\A such
that 7(A) = 7(i). Any element of MCE(A, pt) is of the form [z; (a,a, + L)] for
some z € AS® and a, € Nf with a, + L € d(z). Also [z; (a,a, +d(A))] = A and
z; (az,az +d(n))] = u. Let & = z(a; ANd(z), (az + L) Ad(z)). Then & € A, and
by Proposition 2.11, we have that

& =z(az Nd(z), (az +d(A)) Ad(2))z((az +d(N)) Ad(z), (a; + L) Ad(z))

d(z
=x(mAd(x),nANd(x))z((az +d(A)) Ad(z), (az + L) Ad(z)).
Also the degree of x(m Ad(x),n Ad(x)) is
nAd(x)—mAd(x) = (n—m)ANd(x)
= (n—m)ANd(z) (byProposition 2.11 (ii))
=d(A) Nd(2).

On the other hand, we have

& =y(pAd(y),q nd(y)z((az +d(u)) Ad(z), (az + L) Ad(z)),
where g Ad(y) — p Ad(y) = d(u) A d(z). The properties of A and V show that

(dA) Ad(z)) v (d(p) Nd(z) = (d(A) Vd(p)) Ad(z) = d(E2).
Therefore, the path ¢, is a minimal common extension of x(m A d(x),n Ad(x))
and y(p Ad(y),q Ad(y)).

If [z; (az,a; + L)] and [w; (4w, aw + L)] are two distinct elements of the set
MCE(A, i), then Condition (P1) of Definition 2.6 is not satisfied. This implies that
¢, and Gy (as defined above) are two minimal common extensions of the paths
x(mAd(x),nANd(x))and y(p Ad(y),q ANd(y)) in A. It follows that

IMCE(A, p)| = [MCE(x(m Ad(x),n Ad(x)),y(p Ad(y),q Ad(y)))],

which is finite because A is finitely aligned.
IfA ¢ Aand p € Asuchthat?(A) = 7(p), then A may be written as [x; (0, 1)]
for some x € AS® with x(0) = r(u). In this case every element in MCE(A, i)
is of the form [z;(0,L)] and z(0,L A d(z)) € MCE(x(0,n Ad(x)),u). An argu-
ment similar to the previous case shows that | MCE([x; (0,7)], i)| is the same as
|MCE(x(0,n Ad(x)),n)|, and the latter is finite because A is finitely aligned.
For A,y € A, Proposition 2.23 implies that A™" (A, ) = A™™(A, u). Thus
mm(

A7 (A, ) is finite since A is finitely aligned.
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Therefore if A is finitely aligned, MCE(A, p) is finite for all A, u € A, show-
ing that A is finitely aligned.

Now, suppose that A is row-finite; fix v € ZO and i € {1,2,...,k}. Since
A C Alis row finite, the set vA% is at most finite. Let P = vA”\ A. Any element in
P is of the form [x; (my, my + ¢;)] for some boundary path x € AS® and m, € Nk,
Two elements [x; (1, 1y + ¢;)], [y; (my, my +e;)] € P, are distinct if and only if

(e A (), (s +e0) A d(x)) # y(my Ad(y), (my +e) A d(y)).
Hence, |P| is equal to
{x(mx Ad(x), (mx +e;) Nd(x)) : [x;my, my +¢;] € P}.

Because A is row-finite and P is a subset of {w} UwA® (where w = x(m A d(x))
for any [x; (my, myx +e;)] € P), Pis a finite set. Thus the k-graph A is row-finite. 1

If {t) : A € A} is a Cuntz-Krieger A-family, we will show that {f, : A € A}
is a Cuntz-Krieger A-family. The key elements to show this are Lemma 2.23,
which proves that A™" (A, 1) equals A™"(A, ) for paths A, u € A, and the fol-
lowing lemma that shows any finite exhaustive subset E of A is exhaustive in
A.

LEMMA 2.25. Let (A, d) be a finitely aligned k-graph and let (A, d) be the k-graph
given in Definition 2.18. Suppose v € A® and E C vA is a finite exhaustive subset of A.
Then E is also finite exhaustive subset of A.

Proof. Since E is a finite exhaustive subset of A, for every A € A such that
r(A) = v, there exists 4 € E with A™"(A, 1) # @. Therefore, it remains to show
the same holds for paths in vA\A.

Fix [x; (m,n)] € Awith 7([x; (m,n)]) = x(m) = v. We may assume, without
loss of generality, that m = 0 because [x; (m,n)] = [c™x; (0,n — m)] by Proposi-
tion 2.10.

Since x € AS®, by definition there exists ny € N such that n, < d (x) and
such that if p € N¥, with n, < p < d(x) and p; = d(x);, then x(p) A% = @. Define

A=x(0,(nNd(x))Vny), &=x(0,nAd(x)), n=x(nAd(x),(nANd(x))Vny).

Notice that if (n Ad(x)); = d(x); for some i, then ((n Ad(x)) V ny); = d(x);. This
implies that d(17); = 0 and that s(57) A% = s(A)A% = @. Hence,

(*) for any path { € A such that r({) =s(A) =s(n),
d(g); = 0if (n A d(x)); = d(x);.

There exists 4 € E and («, ) € A™"(A, 1) because E is a finite exhaustive
subset of A. Thus

Ax=puBandd(Aa) =d(A) vd(p) = ((nAd(x)) V) Vd(p).
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Since A = ¢, and A™M (A, 1) # @, it follows that A™" (&, 1) # @. In particular,
let

v = (Aa)(d($),d(§) vd(u)) = (a)(0, (n Ad(x)) Vd(u) —n Ad(x)) and
w = (Aa)(d(p), (n Nd(x)) Vd(p)).
Then (v, w) € A™N(¢, u). Moreover, foralli € {1,2,...,k} satisfying the equality
(nAd(x)); =d(x);, then0=d(y); = d(a);, giving d(v); = 0 and d({v); = d({);.
There exists y € AS® such that y(0,d(ya)) = na by Lemmas 2.10 and 2.11
of [12]. Also, if (n Ad(x)); = d(x);, then d(y); = 0 by (%).
Claim 1. Consider n — n A d(x). We claim thatn —n A d(x) £ d(y).

Proof of Claim 1. To see this, note that because n £ d(x) there exists i such
that n; > d(x); > 0. For this i, (x) implies that d(y); = 0. Therefore, n; — (n A
d(x)); = n; —d(x); > 0 = d(y);, giving (n —n Ad(x)); £ d(y);. This proves
Claim 1.

Claim 1 establishes that the vertex [y;n — n A d(x)] is an element of A and
that [y; (n —n Ad(x),n —n Ad(x)+d(v))]is a pathin A.

Claim 2. The vertices [y;n —n Ad(x)] and [x; n| are equal.

Proof of Claim 2. In the case where (n Ad(x)); = n;, then (n —n Ad(x)); =0,
and ((n —n Ad(x)) ANd(y)); = 0. If, instead, (n Ad(x)); = d(x);, thend(y); =0
by (x), and ((n —n Ad(x)) Ad(y)); = 0. Therefore (n —n Ad(x)) Nd(y) = 0. It
follows that

y((n—nnd(x)) nd(y)) =y(0) =r(n) = x(n Nd(x)).
Alson —nAd(x)— ((n—nAd(x)) Nd(y)) = n—n Ad(x), which implies that
[y;n —n Ad(x)] = [x;n]. This proves Claim 2.

Claim 2 implies that [x; (0,7)] and [y; (n —n Ad(x),n —n Ad(x) +d(v))] are
composable in A. Composing them produces [x(0,7 A d(x))y; (0,1 + d(v))].

Claim 3. We claim

d([x(0,n ANd(x))y; (0,n+d(v))]) =n+d(v) =nVd(u).
Proof of Claim 3. Since d(v) = (n Ad(x)) Vd(u) —n Ad(x), we have
n+dv)=n+ mnANd(x))Vdu) —nAd(x)
=nVn—nAd(x)+d(u)) (distributing over V).

When (n Ad(x)); = n;, the equation above shows that (n+d(v)); = (nVd(u));.
On the other hand, when (n A d(x)); = d(x);, then d(v); = 0 by (). There-
fore, (n 4+ d(v)); = n;. Distributing over V shows

div) = (nAd(x))Vvd(u) —nAd(x) =0V (d(p) —nAd(x)),
and since d(v); = 0, we see that

(2.12) 0> (d(p) —nnd(x))i = d(p)i — d(x);.
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Equation (2.12) implies
nj zd(u)i+n; —d(x); = d(p); (since n; > d(x);).
Consequently, (nVd(u)); = n; = (n+d(v)); when (n Ad(x)); = d(x); as well,

establishing Claim 3.
Recall that y(0,d(na)) = ya. This gives

x(0,n Ad(x))y = &y = (Ega)oe™ My = (Aa)o TNy = (up)e?M)y
because (&, ) € A™"(A, u). Hence
[x(0,1 A d(x))y; (0,1 +d(v))] = [upo™y; (0,1 +d(v))]
= u[po™™y; (d(pe), n + d(v) — d(p))].
By Claim 2, we may also write
[x(0,n Ad(x))y; (0,n+d(v))] = [x;(0,n)][y; (n —nAd(x),n —nAd(x) +d(v))].

Claim 3 shows that d([x(0,n A d(x))y; (0,n+d(v))]) = nV d(u). Therefore, the
path [x(0,n Ad(x))y; (0,n 4+ d(v))] is a minimal common extension of [x; (0, 7)]
and p. The pair

([y; (n = nAd(x),n—n Ad(x) +d(v)], [Be""y; (d(p),n +d(v) —d(u))])

is an element of A™"([x; (0,7)], ), showing that E is a finite exhaustive subset of
A

The proof of the next theorem follows easily from Lemmas 2.23 and 2.25.

THEOREM 2.26. Let (A,d) be a finitely aligned k-graph and let (A, d) be the k-
graph given in Definition 2.18. If {ty : A € A} is a Cuntz-Krieger A-family, then the
restriction of this set to the elements generated by the subgraph A, {t, : A € A}, isa
Cuntz-Krieger A-family.

Proof. Conditions (TCK1) and (TCK2) of Definition 1.9 follow because the
set {f) : A € A} is a Cuntz-Krieger A-family. Condition (TCK3) is satisfied be-
cause Lemma 2.23 implies that A" (A, ) C A. Lemma 2.25 gives that any finite
exhaustive subset of A is a finite exhaustive subset of A. Therefore, the fact that
{t) : A € A} is a Cuntz-Krieger A-family implies that Condition (CK) of Defini-
tion 1.9 is satisfied, proving the result. 1

In the next theorem, we show that C*(A) is naturally isomorphic to a subal-
gebra of C*(A). The isomorphism is natural in the sense that C*(A) is isomorphic
to the C*-algebra generated by the set of elements of the form ¢, where A is a path
in the original k-graph, A. Furthermore, the isomorphism maps generators to el-
ements in the canonical way.
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THEOREM 2.27. Let (A,d) be a finitely aligned k-graph and let (A, d) be the k-
graph given in Definition 2.18. Let {t) : A € A} be a Cuntz-Krieger A family. Then
C*(A) is isomorphic to the subalgebra of C*(A) generated by the set {t, : A € A}.

Proof. Let C*(A) be generated by {t, : A € A}, and let C*(A) be generated
by the Cuntz-Krieger A-family {sy : A € A}. Let A = C*({t) : A € A}) in
C*(A). By Theorem 2.26, {ty : A € A} is a Cuntz-Krieger A-family; thus the
universal property of C*(A) gives a x*-homomorphism 7t : C*(A) — C*(A) such
that 71(s)) = t) for all A € A. Because 7w maps the generators of C*(A) onto the
set of generators of A, we have 77(C*(A)) = A. Since t, # 0 forallv € A° C ZO,
it follows that 7t(sy) = t, # 0 forallv € A.

Let 6 : T¢ — Aut(C*(A)) and 4 : TF — Aut(C*(A)) denote the gauge
actions on C*(A) and C*(A), respectively. Forallz € Tk and A,y € A,

(62 0 7)(sasp) = 0:(taty,) = 21N 1 = (27N 5, 5%) = (70 72) (s257)-

It follows then that 6, o T = 7 0, for all z € T* because C*(A) is spanned by
elements of the form s, s;; with s(A) = s(u) by Condition (TCKS3) of Definition 1.9.
Therefore by Theorem 4.2 of [12], 7t is injective. The previous paragraph shows
that 7t maps C*(A) surjectively onto A. Thus C*(A) = A. 1

THEOREM 2.28. Let (A,d) be a row-finite k-graph and let (A, d) be the k-graph
given in Definition 2.18. Then C*(A) is a full corner of C*(A).

It is in the following proof that the row-finite condition of A is necessary.
The row-finiteness of A implies that its extension A is also row-finite and does
not have any sources. Condition (CK) of Definition 1.9 is equivalent to Condi-
tion (CK’) in Remark 1.18 when the k-graph is row-finite and has no sources.
Both conditions are used in the proof of Theorem 2.28

Proof of Theorem 2.28. Suppose C*(A) is generated by {t) : A € A}. Let
A =C*({ty: A € A}) C C*(A). Then A = C*(A) by Theorem 2.27. We will
show that A is a full corner of C*(A).

Using an argument like that in Lemma 1.29(c) of [2], the sum }_ t, con-
vEAD
verges strictly in M(C*(A)) to a projection p satisfying

tath if7(A),F(u) € A,
tatip = #
PEAtkP {0 otherwise.

Therefore, forall A, u € A, t)t;, = ptrt;p € pC* (A A)p. Hence A C pC*(A)p
because A is spanned by elements of the form tat, where A and p are paths in A
with s(A) = s(u).

For the reverse conclusion, we must show that pf,t;p € A for all paths A
and p in A with 5(A) = 5(u) (again because pC*(A)p is spanned by elements of
this form).
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If either 7(A) or 7(p) is in ZO\A, then ptt;p = 0 € A. This leaves the case
when A and y are elements in A such that 7(A), 7(u) € A® and 5(A) = 5(u). Thus,
we must prove the following claim.

Claim. If A, u € Awith7(A),7(u) € A’ and 5(A) =5(u) € AY, then ptatpis
an element of A.

Proof of Claim. Since 5(A) and 5(u) are not in A, the paths A and y are paths
in A\ A. Thus there exist x,y € AS®, and m,q € N¥ such that m £ d(x), q £ d(v),
A = [x;(0,m)] and p = [y; (0, g)]. We will proceed by induction on .

Suppose for an inductive hypothesis that for all n < m the Claim holds for
all paths & and 57 with 7(¢),7() € A and 5(¢) = 5(y7) = [x;n].

Since 5(A) = 5(u), (V1) and (V2) of Definition 2.3 show that the paths
[x;(m Ad(x),m)] and [y; (9 Ad(y),q)] are equal. Let

N =x(0,mAd(x)), W =y(0,q7d(y)), v=[x;(mnd(x),m)]=y; (g d(y),q)]
Then A = A'v and y = p'v. There are two cases to consider.

Case 1. There exist ig, i1 € {1,2,...,k} such that m;, > d(x); + 1.

Leta = m—e;. Thenm Ad(x) < a < m,and a Ad(x) = m Ad(x). Fur-
thermore, v = [x; (m A d(x),a)][x; (a,m)]. We will show that {[x; (a,m)]} is a
finite exhaustive subset of [x;a|A. Suppose [z; (t,u)] € [x;a]A. Then the path
[z; (t,t + (m —a) VvV (u—t))] is a minimal common extension of [z; (¢,u)] and

[x; (a,m)]. To see this, we must show that [z; (t,t +m — a)] = [x; (a,m)]. Since
[z;t] = 7([z; (t,u)]) = [x;a] it follows that
(2.13) z(tAd(z)) =x(aNd(x)) and t—tAd(z) =a—aAd(x).

If i # ip, we have a; = m; and so ((t +m —a) A (z)) (t Ad(z));. Since
m;, —a;, = 1and m;; > d(x);, + 1, it follows that a;, > d(x);, which implies that
ti, = d(z);, because of (2.13). Thus d(z);, = (t Ad(z));, (( +m—a) Nd(z)),-
Hence

z(tANd(z), (t+m—a)Nd(z)) =z(t Nd(z),t Nd(z)) = x(aNd(x),mANd(x))

because a A d(x) = m Ad(x). This, together with (2.13) shows that the equality
[z; (t,t +m —a)] = [x; (a,m)] holds. Therefore, the pair

([ (u e+ (m—a) v (u—=1)], [z (t+m—at+ (m—a)V (u—1t))])

is an elementin A" (z,(t u)], [x; (a,m)]). Since [z; (t,u)] € [x;a]A was arbitrary,
this implies that {[x; (a,m)]} is a finite exhaustive subset of [x; a]A
Letv' = [x;(m Ad(x),a)]. Thenv = V/[x; (a,m)], and 7(v') = 7(v) = 5(A).
Furthermore
pt}\t;flp = pt)\’l/’ [x;(a,m)] t;/v’ [x;(a,m)] p= pt/\’ tv/t[x;(a,m)] trx;(a,m)]t;t’t;/p
= ptatytgtytyp  (because {[x;(a,m)|} € [x;a] FE(A))

- pt)\/l// t;;/v/ P
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which belongs to A by the inductive hypothesis since 5(v') = [x;a] and a < m.
This concludes Case 1.

Case 2. Suppose that m = m A d(x) + e;, for some iy € {1,2,...,k}. Letu
be the vertex x(m A d(x)). We will show that uA“\ A is the set {v}. Let & ¢ A
be an element of uA™. Then & = [z; (0,¢;,)] for some z € uAS®. We know that
e, % d(z). This along with the fact that (e;,); < d(z); for j # ip implies d(z);, = 0.
Then ¢;; Ad(z) = 0and 0 — (e;, Ad(z)) = 0; therefore z(0,¢;, A d(z)) = z(0,0) =
u. It is then clear that [z; (0, ¢;))] = [x; (m Ad(x),m)] = v.

Let E = uA™ N A. Then E = uA“\{v}. Since A has no sources by Theo-
rem 2.22 and is row-finite by Theorem 2.24, we have that UAS = yA%. Then
by Proposition B.1 of [12],

b= Y, fetz=hty+ ) tetf
FeuRs‘ A€E

Thus

PAtip = phyyti,p = phututithp = pty (tu -y tg%)t; p
¢eE

which belongs to A because u € Aand E C A. This concludes Case 2, and proves
the claim.

Therefore A is a corner of C*(A)p C A, thatis A = pC*(A)p. To show that
Ais a full corner of C*(A), suppose that ] is an ideal in C*(A) such that A C J. Of
course {t) : A € A} C ] because this set generates A. Let v be a vertex in 7\0\A
Then v = [x;m] for some x € AS® and m £ d(x). Let « = [x; (m Ad(x),m)].
Then & € A; 7(a) = x(m Ad(x)) € A%, and 5(a) = v. Thus t, = tayta €T
because f7,) € ], and as a consequence, f, = f3t, € J. This shows that the
set {t, 1 v € KO} is contained in J. Next let A € A\A. Then 7(A) € A and
th = typtr € J. Hence {t) : A € A}, the set of generators of C*(A) lies in J,
which implies that ] = C*(A). 1

We now conclude the chapter with the proof of Theorem 2.1.

Proof of Theorem 2.1. The pair (A, d) of Definition 2.18 is a row-finite k-graph
without sources by Theorems 2.24 and 2.22. By definition of A, Obj(A) C Obj(A),
and Mor(A) € Mor(A). Furthermore, 7IMor(a) = 7/ SIMor(a) = 8, and dlp = d.
Thus the map ¢ : A — A, where ((A) = A forall A € Ais a k-graph isomorphism
between A and (A. Therefore A = {t) : A € 1A} is isomorphic to C*(A) by
Theorem 2.27, and is a full corner of C*(A ) by Theorem 2.28. 1
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3. EXAMPLES

In this section, we will apply the construction of Section 2 to several exam-
ples of row-finite k-graphs. The examples include k-graphs that are and are not
locally convex. The examples were chosen to illustrate how the conditions in Def-
initions 2.3 and 2.6 affect the construction as well as why they are necessary. For
the diagrams in this chapter, edges of degree (1,0) appearing in the original k-
graph will be drawn with double solid arrows (=>); edges of degree (0, 1) in the
original k-graph will be drawn with double dashed arrows (==-). Edges of de-
gree (1,0) or (0,1) that appear in the extension will be represented, respectively,
by solid arrows (— ) and dashed arrows (— =).

EXAMPLE 3.1. Let A be a row-finite 1-graph with sources. In [2] and [3]
the method of “adding heads to sources” was used to create a row-finite 1-graph
without sources that preserved the Morita equivalence class of C*(A). We will
show that the method developed in Chapter 3 coincides with the previous con-
struction of [2], [3].

Let As = {v € A" : vA! = @}. Letv € Ag. Then Ag is the set of sources
as defined for a directed graph. In [2], adding a head to v means attaching the
following graph to v:

€oy €vy 3 ey
v 01 (%] U3 Up—1 —— U

Let I" denote the 1-graph that results from adding a head to each v € Ag.
Then any path in I is either a path in A or it is of the form Ae;, ey, - - - €y, for some
v€EANg, A€ Avand n € Nwithn > 1.

Suppose x : 1, — Ais a graph morphism for some m € N (so we are
considering only finite paths). Then x € AS® if and only if x(m) = x(d(x)) € As.
Thus,

Va= |J {(x;m): x(d(x)) =vand m > d(x)} and
vEAg

Pa= | {(x;(mn)): x(d(x)) =v,m <nand n > d(x)}.
vEAg

Suppose x and y are paths in AS® such that d(x) and d(y) are finite. Sup-
pose further that x(d(x)) = y(d(y)) = v for some source v € Ag. Then it follows
that ™) x = ¢4y = v. Proposition 2.10 implies that for all m € N, m > 1
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for all m,n € N with m < n. For any [x; (m,n)] € P, let vy = x(d(x)). Then
vy € Ag and we have that

)] — [0x; (m —d(x),n—d(x))] ifm>d(x),
i (m, )] {x(m,d(x)])[vx; (0,n —d(x))] ifm<d(x).

Therefore, the vertices and paths added to A to form A are

Va= U {[o;m] : m >1}, and
'UGAS

Py = U {lo; (m,n)] : m,n € N,m < n} U{A[v; (0,n)] : A € Av,n > 0}.
vEAg

The assignment [v;m] +— vy, and [v; (m — 1,m)] — ey, for allv € A® and
m € N with m > 1 creates a graph isomorphism between A and I when it is
extended in a natural way to the entire category. That is, define @ : A — I" by

[
[v;(m,n)]) = ey, €0, " €v, forallve Ag,m <n; and
( ] forallv € Ag,A € vA,n € N.

,1)]) = Aeg o, - - - €0

n

Then @ is a graph isomorphism, and so for 1-graphs, the desingularization de-
veloped in Section 2 is the same as the method used in [2], [3].

EXAMPLE 3.2 ((2 ,,). Let A be the 2-graph D 11) shown below:
0 Loy
Il

ooy
UO % Ul

For this example, AS® consists of four elements:

w : QZ,(O,O) — A X : Qz[(o[l) — A
w((0,0)) = v3 x((0,0),(0,1)) = w
y . QZ,(LO) — A Z: QZ,(l,l) — A

y((0,0),(1,0)) = B 2((0,0), (1,1)) = Aa = pp.

Since d(w) = (0,0), the set {[w;m] : m € N2, m > (0,0)} lies in V,, and the
set {[w; (m,n)] : m,n € N?> and m < n} is a subset of X. The figure that follows
shows the 1-skeleton of these elements together with the original graph A. In this
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figure, a,, = [w; (1,1)], by = [w; (1,2)] and &, = [w; ((1,1),(1,2))].

From the boundary path x, we have {[x;m] : m € N>,m £ (0,1)} C V,
and {[x;(m,n)]) : m < n,n £ (0,1)} C Ps. Below, we see the 1-skeleton of
these elements as well as A. In this case, a, = [x;(1,2)], by = [x;(1,3)] and

& = [%((1,2),(1,3))].

| I
4 ~ +
O4—Dby¢—o0<—--
| \g |
4 oy
04—y +— 04— -
| [
+ + +
V) <=U34— 04— 00— -
I I I
"y Ve v
V)<=0U14¢—04¢— 04— -

The elements of V, and P, resulting from the boundary paths y and z are
similar. The next two figures show A together with the additional vertices and
paths. In the first figure that follows, we have a, = [y; (2,1)], by = [y;(2,2)] and
¢y = [, ((2,1),(2,2))], while in the second a, = [z;(2,2)], b = [2;(2,3)] and

¢z = 1z((22),(2,3))].
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| | | \ | |
4 4 ~ 4 ¥ 4 ~ 4
O¢—o04—by+—o—-- 04— 04— hy¢— 04— --
| | \ \ | |
Ig |
v v vy v v Loy
04— 04—y ¢— 04— 04— 04— flz &— 04—
| | | \ ! | | |
+ g+ 4 < g+ 4 <+
U <=0U34— 04— 04— V) <=U34— 04— 04— -
I I I I I I
A2 o e L
UO<A:01 V) <=T0]4— 04— 04—
Since x = o(10)z, Proposition 2.10 implies that [x;m] = [z;m + (1,0)] for all

m £ (1,0), and [x; (m,n)] = [z; (m+ (1,0),n + (1,0))] forall m < n, n £ (1,0).
Similarly y = ¢{%Vz and w = ¢(I')z. Therefore by Proposition 2.10, we obtain
the following equalities

[y;m] = [z;m+ (0,1)] forallm £ (0,1);
[y; (m,n)] = [z;(m +(0,1),n+(0,1))] forallm <n,n < (0,1);
[w;m] = [z;m+ (1,1)] forall m > (0,0) and
[w; (m,n)] = [z;(m+ (1,1),n+ (1,1))] forallm < n,n> (0,0).
Thus,

Va={lzm]:m% (1,1)}, and Pp={[z(mmn)]:m<nandn £ (1,1)}.
Therefore, A is (2 (o5 co)-
It can be shown that C*(A) = My (C) and that C*(A) = K(¢?(N?)). So we
see that C*(A) is indeed a full corner of C*(A).
In general, if A = (2 ,,, for some m € (NU {c0})¥, then A = (3. This seems
reasonable since (2 is the simplest k-graph without sources that contains (2 ,, as
a subgraph. In a sense, we are just “filling in the gaps” of (2 ,,, to extend it to (2.

EXAMPLE 3.3 (A non-locally convex graph). Let A be the 2-graph shown
below.
U2
I
al
v
(40} <A: 01

While A is a subgraph of (2; (o, o), the C*-algebra of A is not isomorphic to a full
corner of C* (25 (so,00))- According to [18], C*(A) will have two maximal ideals
corresponding to the saturated and hereditary subsets of A which are {v;} and
{o2}. However, C*(£2; (c0,00)) is @ simple C*-algebra.

For this example, AS® consists of four boundary paths, but there are only
two boundary paths that we must consider. All other elements of AS® are shifts
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of the paths x and y described below. As in the previous example, Proposi-
tion 2.10 implies that A is determined by these paths.
Define x : (25 (19) — Aand y : (2 ;) — A to be the following graph
morphisms:
X Qz,(l,o) — A y: Q2,(0,1) — A
x((0,0),(1,0)) = A y((0,0),(0,1)) = p-.

Both x and y extend to form a copy of (2 (¢ o) N A. Now we must determine if
the extensions of these paths are equivalent according to Definition 2.3 or Defini-
tion 2.6.

Let [x; m] and [y; p] be elements of A Suppose that [x;m| = [y; p]. Then
because x and y agree only at x((0,0)) = y((0,0)) = ©vpg, we must have that
mAd(x) = pAd(y) = (0,0) by Condition (V1) of Definition 2.3. Therefore
m = (0,my) and p = (p1,0) for my, p; > 0. But Condition (V2) would imply that
(0,my) = (p1,0), which is impossible. Hence, [x;m] # [y; p] for all m ¥ d(x) and
p £ d(y). Hence the two copies of (2, (. «) that these boundary paths contribute
to A intersect only at vy. The extension of A is drawn below. For this example
C*(A) & My @ M, and C*(A) = K(£2(N?)) @ K(£2(N?)).

e
W
s
v

I

]

y

V) <=014—04— 04— -
7 An 7 b

s v s v
s s s s
04— 04— 04— 04—+
7 b 7 7
v v s v
v v s v

4. ADDITIONAL QUESTIONS

For directed graphs, the desingularization process developed in [3] takes
any directed graph with sources and infinite receivers and builds a directed graph
without these singular vertices while still preserving the Morita equivalence class
of the graph C*-algebras.
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Consider the following directed graph E. This graph does not have any
sources, but v receives infinitely many edges. Label the edges from w to v as «;,
ieN

The desingularization process will add a head to v and redistribute the
edges to the new vertices. Let F denote the desingularization of E. The directed
graph F is drawn below. There is a bijection between the set of all finite paths of
E and the set of finite paths in F that have range and source in E. This bijection
maps a1 to f1 and sends a;, i > 1 to the path ey, ey, - - - €y, 1 f;.

fi
. . v w ° .
3

o, 7

v

! f3

evy

(%]
803

It remains to be seen if a desingularization process for infinite receivers in a
higher-rank graph can be developed. The process outlined in this paper for deal-
ing with sources in a higher-rank graph is analogous to the process of “adding
a head to a source”. When a head is attached to a source in a 1-graph, a copy
of (21 « is created in the 1-graph. The method developed in Section 2 extends a
k-graph with sources in a way that creates a copy of (2 (o, . o) in the extension.
If the desingularization of a k-graph with infinite receivers is to remain analo-
gous to what occurs in the 1-graph setting, then we must redistribute infinitely
many edges of various degrees throughout a copy of (2 (., . o). Deciding how
to do this is complicated by the fact that adding just one edge to a vertex often
necessitates adding many edges to other vertices to ensure that the factorization
property holds. Furthermore, there are many different ways that a vertex in a
k-graph can receive infinitely many paths of a certain degree. For example, in the
2-graphs A; through Ay below, the vertex vy receives infinitely many edges of
degree (1,1).
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Uzi% Uziva 02%03 Z72%03
R | T oolla [ \ | ol
My . W Hy I y . W y I
?)()Tvl ?)()Tvl 'U()TUl UQ(TUl
Aq A Az Ay
(A = pip) (Aa; = pip) (Aiw = pupi) (Aa; = upi)

When A is a finitely aligned k-graph, the set AS® is used to create a non-
degenerate Toeplitz-Cuntz-Krieger A-family in [11]. For locally convex, row-
finite k-graphs, these paths are related to the sets AS", which appear in the Cuntz-
Krieger relation (CK’) (Remark 1.18). The elements in AS®, in a way, point out
where the sources are in the k-graph and are crucial to the process developed in
Section 2. In [19], a different set of boundary paths, the set dA, is introduced to
study relative Cuntz-Krieger algebras of finitely aligned k-graphs. A graph mor-
phism x : (2, — Abelongs to A if for every n < m and every finite-exhaustive
set E C x(n)A, there exists ¢ € E such that x(n,n +d(u)) = p ([19], Defini-
tion 4.4). The set dA also plays a part in developing a groupoid model for finitely
aligned k-graphs [5]. In general, the set AS® is a proper subset of 9A, and in some
sense, the paths of A are the limits of sequences of paths in AS*®. The elements in
dA identify which vertices in A are infinite receivers as well as sources. Perhaps
a construction using these paths would lead to a desingularization of a k-graph
with infinite receivers.
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