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ABSTRACT. We consider bounded linear operators acting on the ¢, space in-
dexed by the nodes of a homogeneous tree. Using the Cuntz relations between
the primitive shifts on the tree, we generalize the notion of the single-scale
time-varying point evaluation and introduce the corresponding reproducing
kernel Hilbert space in which Cauchy’s formula holds. These notions are then
used in the study of the Schur multipliers and of the associated de Branges—
Rovnyak spaces. As an application we obtain realization of Schur multipliers
as transfer operators of multiscale input-state-output systems.
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INTRODUCTION

In this paper we consider bounded operators acting on the Hilbert space
(0.1) 6T ={fT—CfIL% T IfOF < o},
teT

where 7 is a homogeneous tree of order ¢ > 1, that is, an acyclic, undirected,
connected graph such that every node belongs to exactly g + 1 edges (see [26],
[18]). Such operators arise in the theory of multiscale linear systems and mul-
tiscale stochastic processes. Here we would like to mention the works [13], [12],
[14], where Basseville, Benveniste, Nikoukhah and Willsky have developed a the-
ory of stationary multiscale systems and stationary multiscale stochastic processes.
Connections of their theory with the classical setting when g = 1 and the tree 7 is
the tree of integers Z (what we shall call the single-scale setting) were explored in
[8] and [2]. The special case of isotropic processes was considered in [9]; a different
approach to isotropic processes uses the theory of Gelfand pairs (see [24], [10]).
In what follows we consider the general multiscale setting, without the as-
sumption of stationarity. Some of the results stated here were announced in [5].
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In order to explain our approach, let us recall that in the stationary single-
scale setting one considers a function

s(z) =sg+zs1+ 220+,

analytic and contractive in the open unit disk D, a Schur function. Then the mul-
tiplication by s(z) is a causal contractive operator acting on the Hardy space H,
of the unit disk and the kernel
0.2) Ks(z,w) %
is positive in D. The associated reproducing kernel Hilbert space H(s) has the
form

H(s) = VB:sHy  [IVBsf lugs) = (1= m)f Iy,
where Bs = I — M;M; and 7t is the orthogonal projection in H, onto ker B;. The
space H(s) is called the de Branges—-Rovnyak space associated with the Schur
function s; see [16], Appendix of [15] and [25]. It is invariant under the action of
the backward shift operator Ry, defined by

w £(2) = £(0)

(0.3) (Rof)(2) -

Moreover, the formulae

(0.4) Af = Rof, Bc = Ro(s-c),
(0.5) Cf = f(0), Dc =5(0) - ¢,

where f € H(s), ¢ € C, define a coisometry

(€ o) (") = ()

In terms of these operators A, B, C, D the Schur function s(z) admits the represen-
tation

(0.6) s(z) = D+2zC(I —zA)"'B
and the reproducing kernel K;(z, w) can be written as
0.7) Ks(z,w) = C(I —zA) "1 (I —wA)~*C*.

Conversely, if H is a Hilbert space of functions analytic in the open unit disk
such that there exists a coisometry

A B\ (H . H

C D) \C c)’
where A and C are as in (0.4), (0.5) (in particular, the space H is Rp-invariant),
then the formula (0.6) defines a Schur function s, for which the kernel K; is given
by (0.7) and the associated de Branges—Rovnyak space coincides with H. For this

and more general results in the setting of Pontryagin spaces see Theorem 3.12
p- 85 of [6].



DE BRANGES—ROVNYAK SPACES: THE MULTISCALE CASE 89

The representation (0.6) implies that if a function
u(z) = ug +zuy +2%ur +--- € Hy
is given, then the Taylor coefficients v, y1, 2, ... of the function
y(z) =s(z) - u(z) =yo+zy1 +2°y2 +--- € Hy
can be recursively determined as follows:
x0 =0,

(0.8) Xp+1 = Axn + Buy,
Yn = Cxy + Duy,

where x, € H(s). This fact has many important numerical applications; in the
language of system theory it means that the representation (0.6) is a coisometric re-
alization of the Schur function s(z) as the transfer function of the input-state-output
system (0.8) with the state space H(S).

In the non-stationary single-scale setting, the Hardy space is replaced by
the space of upper-triangular Hilbert-Schmidt operators, the Schur functions by
upper-triangular contractions, the complex variable by the bilateral shift Z on
0>(Z) and the constants by diagonal operators (see e.g. [3], [20]). In particular,
any upper-triangular bounded operator S can be written as a power series

0.9) S=Si)+ZSp +ZSp + -+,

where S are bounded diagonal operators. In general, a diagonal operator D
does not commute with the shift Z. However, they satisfy the commutation rela-
tion

zD =Dz,

where DU & ZDZ* is also a diagonal operator. This fact can be used to de-

fine a point evaluation of an upper-triangular bounded operator at a diagonal
“constant”. At the same time S may be viewed as the input-output operator of a
time-varying causal linear system. In order to construct a non-stationary analogue
of the realization (0.6), it is necessary to consider square-summable sequences of
inputs rather than a single input, in other words, the operator of multiplication
by S acting on the space of upper-triangular Hilbert-Schmidt operators.

The multiscale setting considered in this paper can be viewed as the natu-
ral multidimensional generalization of the single-scale non-stationary case. Here
expansions of the form (0.9) are replaced with non-commutative powers series in
g primitive shifts, which satisfy the Cuntz relations (see [19], [17]). Just as in the
single-scale case, the coefficients of these series do not commute with the primi-
tive shifts but satisfy certain commutation relations. Thus the multiscale setting
is different from such multidimensional settings as the classical theory of formal
non-commutative power series with the coefficients which commute with the in-
determinates (see [22] and [11] for recent developments), the Arveson space of
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the ball in C”" (see [21]) and the quaternionic Arveson space (see [4], [7]). In par-
ticular, in the last two cases the de Branges-Rovnyak space associated to a Schur
multiplier is Gleason-invariant rather than backward shift-invariant.

The paper is organized as follows. Section 1 is of a review nature. It presents
the ordering of the homogeneous tree 7 as introduced by Basseville, Benveniste,
Nikoukhah and Willsky and the canonical representation of a bounded linear
operator on the Hilbert space ¢, (7 ) as developed in [8]. Section 2 discusses causal
operators and, in particular, the algebra of constants. In Section 3 we present the
point evaluation of a causal operator at a constant. In Section 4 we study the
space of causal Hilbert-Schmidt operators which plays here the role of the Hardy
space Hjy of the unit disk. In particular, we present the analogue of Cauchy’s
formula; see Theorem 4.4. Schur multipliers, associated kernels, de Branges—
Rovnyak spaces and input-state-output systems are studied in Section 5. In the
last section we present the analogue of a Blaschke factor in the present setting.

1. POWER SERIES REPRESENTATION OF BOUNDED OPERATORS ON 4, (7T)

We start with the ordering of the homogeneous tree 7 of order g > 1. Note
that, as follows from the definition (see Introduction), the tree 7 is infinite. For
each node t € 7 we consider infinite paths, which begin at t. These are infinite
sequences of nodes

(to =t t1,t,...),
where each pair of consecutive nodes t, tx;1 is connected by an edge and each
two consecutive edges are distinct:

tep1 #F bk # tyo, k=0,1,2,....
Two such paths

(1.1) (to =t t1,tp,...) and (sp=s,51,52,...),

which begin at the nodes t and s, respectively, are said to be equivalent if they
coincide modulo finite number of edges: there exist indices m, n such that

(1.2) thrk - Sn+k1 k - O, 1,2,. e

The equivalence classes of paths with respect to this relation are called the bound-
ary points of the tree 7 .

Let us choose and fix some boundary point of 7, which will be denoted by
oo (in the single scale case, this is —o0). Since the graph 7 is connected and
does not contain cycles, for each t € 7 there exists a unique representative of the
equivalence class oo, which begins at the node t.

For a pair of nodes t, 5, let the corresponding representatives of the bound-
ary point oo be given by (1.1). They coincide modulo finite number of edges,
that is, (1.2) holds for some m and n. Let us choose the minimal m and n for
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which (1.2) holds. Then we denote the node t,, = s, by s A t and call the number
m + n the distance dist(s, t) between the nodes s and .

Using these notations, we define the partial ordering < and the equivalence
relation < as follows:

(1.3) st if dist(s,s A t) < dist(t,s A t).
(1.4) st if dist(s,s A t) = dist(t,s A t).

The equivalence classes with respect to the relation < are called horocycles.
Furthermore, we choose and fix ¢ mappings

at, e 0T — T
acting on the right
{tay, ... tag} = {s €T : t <5, dist(t,s) = 1}.

The mappings a1, . .., &, are called primitive shifts.

The induced left action of the primitive shifts a1, ...,a,; on the space />(7)
(see (0.1)) is given by:
(1.5) (if)(t) = f(ta;), felb(T), teT, j=1,...4
Thus the primitive shifts ay, ..., ag can be also viewed as bounded linear opera-
tors on /(7). The adjoint operators are given by

f(s) iftisof the form t = sa;,

(1) (i £)(1) = {0

and satisfy the Cuntz relations:

otherwise.

9
(1.7) l’é,‘lx}k = 5,‘,]‘ -1, lex;‘oc] =T
]:

In other words, the operator matrix

X1

14
N 10(T) — L(T)1

&g
is unitary:
(1.8) xa® = I@Z(T)q, afa = 152(7—)'

Since 7 is a tree, the shifts o form a free semigroup, which we denote by
Fy. Every element w € F acts on the tree 7 on the right:

t— tw,

and on the space ¢;(7") on the left:

frowf, (wf)(t) = f(tw).
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The unit element of 7; will be denoted by @. For w € F; we also use the notation:

0 fw=0Q,
(1.9) || ={

n ifw=a; --«,.

DEFINITION 1.1. A pair of elements wy, w, € Fy is said to be reducible if w;
and w, can be represented as

w1 = &jv1, W2 = &0
for some v1,v; € F; and some primitive shift a;.

REMARK 1.2. Note that a pair of elements wq, w, € Fy is irreducible if and
only if there exists t € 7 such that
(1.10) (twy) A (twy) = t.
In this case (1.10) holds for all t € 7.

Let X(7") denote the C*-algebra of bounded linear operators on ¢,(7"). The
elements of the semigroup F; appear in the non-commutative power series rep-

resentations of elements of X(7). The coefficients of these power series are diag-
onal operators with respect to the standard basis x; of ¢(7) :

w |1 ift=s,
(s) =
At 0 otherwise.

The precise result can be formulated as follows:

THEOREM 1.3. Every operator S € X(7T') can be represented in the form

(1.11) S= Y wjwiSw
w1, Wy EFy
where:
(i) Sw, w, are elements of X(7T ) which are diagonal with respect to the standard basis

xi of 6a(T).

(ii) The notation

Z /
w1, Wy qu

means that the summation is taken over all the irreducible pairs wy, wp € Fy.

(iii) Convergence is absolute pointwise: for every f € €y(T ) and t € T the series

Y (@1 w2Swy w0, ) (1),

w1,w2 E]:l/]

is absolutely convergent and its sum is equal to (Sf)(t).
Moreover, the diagonal coefficients Sy, w, of the series (1.11) are partially deter-
mined by

(1.12) (Swy,w,Xr)(r) = (Sxr)(swy) ifr € T is of the form r = swy.
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The rest of the diagonal entries of Sy, w,, that is, the values (Sw, w,Xr)(7) for r & Tw,,
can be assigned arbitrarily (as long as they are uniformly bounded).

Proof. Let S € X(T), f € £(7) and t € 7 be fixed. Then
(SA(E) =} (Sxr)(B) - f(r),
reT
where the series is absolutely convergent because of the Cauchy-Schwarz in-

equality.
Observe that, in view of Remark 1.2, for each r € 7 there exists a unique
triples € 7,wy, wp € F; such that

t=swy, T =35wy
and the pair wq, w is irreducible. (In particular, s = ¢ A r.) Therefore, we have

(SH)(H) = Y (Sxsws ) (s101) - f (s2).

s€T ,wy,wy € Fyit=swy

Let now Sy, v, be elements of X(7") which are diagonal with respect to the stan-
dard basis x; of ¢3(7) and satisfy (1.12). Then one can rewrite the last identity as

(Sf)(t) = Y (Suwpnf) (sw2) = Y (@ waSu ) (1)

s€T ,wy,wy € Fyit=swy s€T ,wy,wy € Fy:t=sw

But, in view of (1.6), for every w € F,; and g € £2(7 ) we have

(1.13)

. g(s) iftis of the form t = sw,
(w7g)(t) =

0 otherwise.

Hence the identity (1.11) holds in the sense of pointwise absolute convergence.

Furthermore, let t,s € T be fixed and let S € X(7') admit (in the sense of
the pointwise absolute convergence) a representation of the form (1.11), where
the coefficients Sy, v, € X(7') are diagonal with respect to the standard basis x;
of {,(7T). Then

(Sx0)(s) = 1 (01" w2S001) (5),
wy,wrE€F2
but, in view of (1.13), the terms of the series on the right-hand side satisfy the
relations
(Swywyxt)(t) ift = (tAs)wpand s = (t As)wy,
(wl*wZSwlrszt)(s) = {

0 otherwise,

hence the series contains at most one non-zero term and (1.12) follows. 1

REMARK 1.4. In order to avoid ambiguity, we shall usually normalize the
diagonal coefficients Sy, , of the representation (1.11) for an operator S € X(7)
as follows:

(1.14) SwiwXr =0, ifr & Twy.
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Since the diagonal coefficients Sy, «, in the expansion (1.11) do not com-
mute, in general, with the shift operators w]w», it is of interest to study the rep-
resentations (1.11) in the special cases when S is of the form S = Dw* or S = Dw,
where D € X(7) is a diagonal operator with respect to the standard basis x; of
6H(T)and w € Fy.

LEMMA 1.5. Let D € X(7) be a diagonal operator with respect to the standard
basis xt of £o(T) and let w € Fy. Then

Dw* = w*D’, Dw = wD”,
where D', D" € X(T) are diagonal operators given by
D'xt = (Dxio)(tw) - x¢ Vte T,
D'y, — { (Dxs)(s) - xt ifte Tis of the form t = sw,
0 otherwise.
Proof. In view of (1.5), (1.6) we have
Xs if tis of the form t = sw,

1.15 e =
(1.15) WA= Xtw, WX {0 otherwise.

Since the operators D, D’, D" are diagonal, the rest of the proof is straightfor-
ward. 1

2. CAUSAL BOUNDED OPERATORS AND CONSTANTS

DEFINITION 2.1. Let S € X(7). Then S is said to be causal if for every node
s € T and every element f € {,(7 ) such that
f(t)=0 Vt=s
it holds that
(S)(t) =0 Vt=<s.

EXAMPLE 2.2. For every w € F, the adjoint operator w* € X(7') is causal,
as follows from (1.15).

PROPOSITION 2.3. Let S € X(7T') be represented by the pointwise absolutely con-
vergent series

!k
S = Z w1w25101,w2/

wy,wr€Fy

where the operators Sy, w, € X(7') are diagonal with respect to the standard basis x; of
0o(T) and normalized by (1.14).
Then S is causal if and only if

Swy,w, =0 whenever |wy| < |w,|.
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Proof. First let us assume that S is causal. Let wy, w, € F; be an irreducible
pair such that |w;| < |w;| and lets € 7. Then, according to (1.3) and (1.4),

swy X swy and swq ¥ sws.
Therefore, from Definition 2.1 and the formula (1.12) of Theorem 1.3 it follows
that
Swl,wzxswz = (stwz)(swl) “Xsw, = 0.
In view of (1.14), we conclude that Sy, w, = 0.
Conversely, assume that Sy, w, = 0 whenever |w;| < |wy|. Lets,t € T be

such that t < sand t % s. Then there exists a unique pair of elements wy, w, € F;
such that

t=(tAs)wy, s=(tAs)w;.
By definition of ¢ A s, this pair wq, wy is irreducible. In view of (1.3) and (1.4),
|wy| < |ws|. Hence, according to the formula (1.12) of Theorem 1.3,
(Sxs)(£) = (Swy,waxs)(s) = 0.
Thus (Sxs)(t) = 0 for every pair of nodes s,t € 7 such thatt < sand t % s.

In view of Definition 2.1, this means that S is causal. 1

We shall denote the algebra of causal operators S € X(7') by H(7). Note
that, in view of Definition 2.1, the algebra H(7') is closed in X(7') in the pointwise
sense: if a sequence Sy, Sy, ... of elements of H(7') and an element S € X(7') are
such that forevery f € (,(7)and t € T nlgrc}o(snf)(t) = (Sf)(t), then S € H(T).

In order to study the algebra H(7') further, we consider its subalgebra
CE{seX(T):S,5 €H(T)}.
Elements of C play the role of constants in the present setting; we note that
(2.1) SeC <& Sxrespan{ys:s=<t}vteT,

where span denotes closed linear span. Thus the subalgebra C is closed in X(7')
in the pointwise sense.

REMARK 2.4. Note that, according to Proposition 2.3 and Theorem 1.3, an
element S of the algebra X(7') belongs to the subalgebra C if and only if it is of
the form

I x
S= Z w1w25w1,w2/

wy,Wwr € F g, |wy |=[ws|
where Sy, «, are diagonal operators with respect to the standard basis x; of £>(7).

THEOREM 2.5. Let S € H(T'). Then S can be represented as the pointwise abso-
lutely convergent series

(2.2) S = Z w*S[w],

weF,
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where Sy, € C are uniquely determined by

(2.3) (S[w]Xt)(S):{(SXt)(sw) if txs,

0 otherwise,
and satisfy
(24 ISl <|| X oSl < sl
vEFy,|v|=|w|

In the proof of Theorem 2.5 we shall use the following lemma:

LEMMA 2.6. Let T € X(7) and let

(2.5) T = Z ,wi‘ Wy Ty w,,  Where Ty, w, are diagonal,

w1, Wy €Fy

be the pointwise absolutely convergent expansion of T as in Theorem 1.3. Then the series
T[@] dzef Z /wi‘szwlm
w1, W€ Fg|wy|=[w,
converges pointwise absolutely in C and
(2.6) I Tigy | < IT-

Proof. First we observe that, since the series (2.5) is pointwise absolutely
convergent, the series

(Tig f)(H) = Y (@i wa Ty o, f) (£)
wl/wz’Efqz|wl|:|wZ|

converges absolutely for each f € /;(7) and t € 7.
Now let

n
f= Zfi?(tw where f; € C,
i=1
let by, ..., by be horocycles such that
{t,o. ta} ChU---Uby

and let 7y, . . ., 71 denote the corresponding orthogonal projections in ¢5(7 ):

=Y (X0 ty(1) Xt
tEb]'

For each j the relations (1.15) imply

(TigyTif )(t) = {(()nanjf)(f) if t € b,

otherwise,

hence
T[@] 7'[]f = 7T]‘T7T]'f c I'al‘l(T[]‘).
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Since
k
f=Ymf,
j=1

we observe that Tjg; f € £2(7) and, moreover,
2 k 2 ' 2
1T f113,7) = H]g Toif,, 7, = L 17Tl

k
< AT Imf I, ) = 1T AN, -
j=1

Since span{; : t € T} is dense in /(7 ), we conclude that
Tig) € X(T), [ Tigll < IT]-
Finally, in view of Remark 2.4, Tjgy € C. &

Proof of Theorem 2.5. According to Theorem 1.3 and Proposition 2.3, S ad-
mits in the sense of pointwise absolute convergence a representation of the form

/ .
S = Z W W2Sw, w,, Where Sy, , are diagonal.
101rw2€-7‘-q/|w1 ‘ = ‘w2|

Denote
def

S[w] = (‘LUS)[(D], w € fq.

Then, as follows from (1.7), S [w] admits in the sense of pointwise absolute conver-
gence the representation

_ I
S[w] = Z w1w25w1wﬂﬂ2'
w1, wy € Fy, w1 |=|wy|

Hence S admits the representation (2.2) and the relations (1.12) in Theorem 1.3

imply (2.3).
Finally, we note that, as follows from Lemma 1.5 and (1.7),
S[w] =w Z U*S[v] and (Sw)[@] = Z U*S[v]w.

veFy,|v|=|w| veFy,|v|=|w|

Using the identity ww* = I and the inequality (2.6) in Lemma 2.6, we obtain

Iswll<| ¥ oSy

vEFy,[v|=|w]|

= [[(Sw)gw” || < [|Swl| < |[S]-

Thus the inequality (2.4) holds. 1

REMARK 2.7. Letc € C,1etS, T € H(7T) and let

S = Z ZU*S[W], T = Z w*T[w], where S[w]rT[w] ecC,
weF, weF,
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be the pointwise absolutely convergent expansions of S,T as in Theorem 2.5.
Then

Sc+T = Z w*(S[w]c + T[w])/
weF;

where convergence is again pointwise absolute.

Note that the coefficients S, € C in the expansion (2.2) do not commute, in
general, with the shift operators w*. The following lemma deals with the special
case when S is of the form S = Cw*, where C € C.

LEMMA 2.8. Let w € Fyandlet C € C. Then
(2.7) Cw*= )  0°Cy, whereC,=0vCw* €C.
vEFy,|v|=|w|

Proof. Let v € F; be such that [v| = |w| and consider the operator C, =
vCw* € X(7T'). For each t € 7 the relations (2.1) and (1.15) imply that

Coxt = vCxtw € Span{vxy @ u < tw} =span{xs : sv < tw} C span{ys : s < t}

and hence, according to (2.1), C, € C.
Furthermore, we note that the Cuntz relations (1.7) imply

(2.8) Y, ovv=1 n=012,....
vEFy,v|=n
Hence
Cw* = 2 v oCw*
vEFy,[v|=|w|

and (2.7) follows. 1

3. THE POINT EVALUATION OF CAUSAL OPERATORS

In this section we define a point evaluation for the elements of H(7') at the
"points" from C.
We consider the set of g-tuples

6y B e=(a - g) el lim ()" <1},

which plays the role of the unit disk in the present setting.
Letc € B(7)and letS € H(T). Let

(3.2) S= ) w"Sy), whereSy €C,
weF,
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be the pointwise absolutely convergent expansion of S as in Theorem 2.5. Then,
in view of the estimate (2.4), the series

(3.3) SA(C)EfEZ(CW)”( ) W*SMA)
n=0 weFy,|w|=n

converges absolutely with respect to the operator norm. It follows from Lem-
ma 2.8 and the Cuntz relations (1.7) that each term of the series (3.3) belongs to
the algebra of constants C, which is closed in X(7) in the pointwise sense. Hence
SM(c) eC.

In this way we associate with each operator S € H(7') a mapping ¢ — S”(c)
from B(7') to the algebra of constants C. We shall refer to this mapping as the point
evaluation of S. Its main properties are listed in the following lemma.

LEMMA 3.1. (i)Let F,Ge H(T),p€C,c € B(T). Then
(34) (Fp+G)"(c) = F*(c) - p+ G"(c),
(3.5) (FG)"(e) = (F"(c) - G)"(c)-
(i) If S € H(T) and S"(c) = 0 for every c € B(T), then S = 0.

Proof. (i) In view of Remark 2.7, the identity (3.4) follows immediately from
the definition (3.3) of the point evaluation. Therefore, it suffices to establish the
identity (3.5) for F, G of the form

F=wj, G=w;, wherew;, w, € Fy.
But Lemma 2.8 implies that
(wiw3)"(¢) = (ea) 1D wiwg = (ca) 2! (w])" (c)w

= Y ()t (w(w)) (ws)= Y (@) (e)(w(w])" (c)w})

|w|=[wa| [l =]ws|
= (X @) ©w) () = (@) (©wi)" (@),
[w0] = |
(ii) We prove that Sp,,) = 0 for each w € F;. We use induction on |w/. First,
Sig) = $"(0) = 0.
Next, assume that
S =0 Vw : |w|<n
and let
Wpt1 = X Xy = - &G -

We shall prove that 5, ) = 0.
Denote

wp =, 1<k<n+1, wy=0Q.
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Fix tgp € T and consider the diagonal operators ¢ € C,1 < j < g, defined as
follows:
Xtow, ifj=1ikpandt =towy, 0 <k <,
X = {0 otherwise.
We set
= )
and observe that, as follows from (1.5),
Xtow, ift =towrr1, 0 <k <,
(car)xs = {0 otherwise.
Hence
Xto if t = towy,1,

(Ca)nHXt _ { 0

(ca)"™2 = 0.

otherwise,

In particular, c € B(7).
Furthermore, in view of (1.15), for w € F; such that |w| = n + 1 we have

Xt, ift=toandw = w,yq,

n+1, % — n+1 =
(ca)"™ " w*xr = (ca)™™ Xtw {() otherwise.

Thus by the induction assumption
0=5"(c) = (coc)”HwZHS[wnH],

which implies (see (1.15))

* *)n+1

0= Sy a1 @ns1 (&) Xto = i Wni1Xtgns1 = Sl o

Since ty € 7 was chosen arbitrarily, S[ =0. 1

wn+1]

4. THE SPACE OF CAUSAL HILBERT-SCHMIDT OPERATORS

In this section we consider the following spaces of Hilbert-Schmidt opera-
tors:

Hy(7) ¥ {F € H(T); ||F|} & trace(F*F) < oo},
C ¥ CcnHy(T).

As we shall see from Propositions 4.1 and 4.2 below, the space Hy(7) of
causal Hilbert-Schmidt operators plays the role of the Hardy space of the unit
disk in the present setting: elements of the algebra H(7) act on the space Hy(7")
by multiplication. The space C; is the space of constants which appear in the
power series expansions (see Theorem 2.5) of the elements of H, (7).
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PROPOSITION 4.1. (i) The space Hy(7T) is a Hilbert space contractively included
inH(T):
VF e Ha(T) (F,F)a <|F|
(ii) Cy is a closed subspace of the Hilbert space Hp (T ).

(iii) For every F € Hy(T ) and S € H(T) the operators SF and FS belong to Hy(T)
and it holds that

(4.1) max([|SF|l2, [[FS][2) < IS/ |F]l2-

Moreover, the multiplication operators Ms, M defined on Hy(T ) by

def

4.2) MgF =
satisfy

SF, MgFEFS, FeHy(T),

IMs]| = || Ms]| = [|S]I-

Proof. It is well known (see, for instance, [23]) that the space of Hilbert-
Schmidt operators on a given separable Hilbert space is a Hilbert space. In par-
ticular, the space

def 2 def

Xo(7T)={F € X(T); |F||5 = trace(F*F) < oo}
is a Hilbert space. For every F € X5(7) and f € ¢5(7) it holds that

IFfWEry = L 1FACE) 2= Y| E Fxst)

teT seT

< Z Exs(OP 11177y = I1FlI3 ||f||§z<T>

tseT

hence the space X, (7') is contractively included in X(7').
The space H,(7) is the intersection

4.3) Hy(7) = Xo(T) N H(T).

Since the algebra H(7') is closed in X(7') in the pointwise sense, it is also closed
with respect to the operator norm. It follows that Hy(7') is a closed (with respect
to the Hilbert-Schmidt norm || - ||2) subspace of the Hilbert space X(7 ), which
proves the statement (i).

The proof of the statement (ii) is analogous: it uses the fact that the alge-
bra of constants C is closed in H(7) in the pointwise sense and hence also with
respect to the operator norm.

In order to prove the statement (iii), we observe that for every S € X(7)
and F € X;(7) it holds that

ISFI3 = Y ISEx:ll?, 7y < ISIP X I1EX:lIZ, ) = ISIZ I EII3;
teT teT

IES|IZ = [IS*F*[3 < [IS*[I* [1F*[13 = IS ]I | FIl3.
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In particular, taking into account (4.3) and the fact that H(7') is an algebra,
we may conclude that

VS e H(T),VF e Hy(T) SF,FSeHy(T)

and (4.1) holds.
Let f € span{x;} and choose ty € 7 such that f(t) = 0Vt < ty. Consider
the operator F defined by

(4.4) Fu=u(ty)-f, uecb(T).
Then
IFI3 = ¥ Ex2, o) = DI o,
teT
hence F € X3(7). According to Definition (2.1), the operator F is causal, hence

F e Hz(T)
Furthermore, let S € H(7). Then
ISF3 = Z ||5FXt||%2(T) = HSfH%Z(Ty
teT

Since span{x;} is dense in ¢,(7 ), we conclude that the left multiplication oper-
ator Mg satisfies | Mg|| > ||S||. On the other hand, (4.1) implies | Mg|| < ||S]|,
hence || Ms|| = [[S||. ~

The proof of the equality ||Mg|| = ||S|| for the right multiplication operator
Mg is analogous. i

PROPOSITION 4.2. Let F € H(T) and let
(4.5) F= ) w'Fy),

weF,
where Fy,) € C, be the pointwise absolutely convergent expansion for F, as in Theo-
rem 2.5. Then F € Hyp(7) if and only if

(4.6) Vw € Fy Fy €Cy and Y ||Fyyll3 < co.
weF,

In this case the expansion (4.5) converges in the Hy (7T )-norm and

(4.7) IFI3 =Y [IFull3-
weF,

Proof. (=) Assume that F € Hy(7). Then, as follows from the relations
(2.3) in Theorem 2.5 and the statement (iii) of Proposition 4.1, we have

IEIIZ = llwll [FIZ > lwFlz = ). [(wFxe)(s)?

tseT
> Y (wFxd) ()P = Y [(Fujxo) () = | F 13,
tseT tseT

t=<s

hence Fj,) € Ca.
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Furthermore, since F is causal,

(4.8) IFIZ= Y [Fxo)P= Y Y [(Fxs)(tw)?

steT,s=<t s,teT, s<xtweFy
= Z Z |(F[w XS Z HFw]”Z
s,teT, sxtweFy weF,

Thus (4.7) holds.
As a consequence, we obtain the convergence of the expansion (4.5) in the
following sense: if we order somehow the countable set 7, say

Fy=A{wj} 20
then, according to (4.6) and the statement (iii) of Proposition 4.1, for each n =

n
0,1,2,... the finite sum Y w]’fF[wj] belongs to Hy(7) and it holds that
j=0

n 5 oo
HF_ Zw]’fp[wj]Hz = Y. ”F[w]-]H% —0 asn — oo.
j=0 j=n+1

(«=) Assume that F € H(7') and that the coefficients F,,| of the expansion
(4.5) satisfy the conditions (4.6). Then it suffices to reverse the computation (4.8)
in order to show that F € Hy(7). 1

Our next goal is to demonstrate that the space Hy(7") has a reproducing ker-
nel structure with respect to the point evaluation defined in the previous section
(see (3.3)).

LEMMA 4.3. Let F € Hy(T') have the expansion (4.5), where Fy,) € Cy, and let
c € B(7). Then the following series converges absolutely in Cy:

(4.9) FMe) =) (ca)" ( ) w*F[w]).
n=0 weFy,|w|=n
Proof. It follows from the identity (4.7) in Proposition 4.2 that

| X ol

weFy,|w|=n

<||Ell., n=0,1,2....

Hence, in view of the definition (3.1) of B(7 ) and the estimate (4.1) in Proposi-
tion 4.1, the series (4.9) converges absolutely in Hy (7). Since each term of the
series belongs to C, the desired conclusion follows. 1

THEOREM 4.4. Let ¢ € B(T). Then the operator I — a*c* is invertible in H(T)
and its inverse

(4.10) KS & (1 —ac*)?
satisfies
(4.11) (F™(c), k)2 = (F,K4 k)2, VF € Hy(T),Vk € C,.
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Proof. In view of the definition (3.1) of B(7), K is the sum of the absolutely
convergent series

(4.12) K = i (a*c*)".
n=0

Since each term of the series belongs to H(7 ), so does K4. Let us now choose and
fix an element k € C; and an element F € Hy(7 ) with the expansion (4.5), where
Fiy) € Co. Then, according to the statement (iii) of Proposition 4.1,

KS k=Y (a"c*)"k € Hy(T),
n=0

where convergence is absolute with respect to the Hy (7 )-norm. Since, in view of
the identity (2.8),

(4.13) (a'c)"= Y wwc) = Y  w(w) ()
weFy,|w|=n weFy,|w|=n
Proposition 4.2 and Lemma 4.3 imply that

o

(P K= T (@R = T (5w We)),

n=0 =0 weFy|w|=n

:ngo<(c0c)" y w*F[w],k>2:<FA(c),k>2.l

weFy,lw|=n
REMARK 4.5. Note that Theorem 4.4 and the statement (ii) of Lemma 3.1
imply that
span{Kj k : c€ B(7),k € Co} = Hp(7).
We close this section with the description of the counterparts of the back-

ward shift operator Ry in the stationary single-scale setting (see the formula (0.3)
in Introduction).

PROPOSITION 4.6. Let the operators A; : Hy(T) — Ha(7),j =1,...,q, be
defined by

def

(4.14) AF = (F—F"0))aj

]/
Then:

(i) The operator Aj is the adjoint of the right multiplication operator Z\7I“7:

FEHz(T),j=1,...,q.

Aj=My, j=1...4

(i) Fori,j =1,...,q the following relations hold:
(I-C°C) ifi=j,

AiMy = My,  MpAj = ,
17 ik 4 {0 otherwise,
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where
def 1
(4.15) CF= (0)

(iii) Let F € Hy(7') with the expansion (4.5), where Fi, € Cy, be given. Then for
every pair w,v € JFy such that [v| = |w]| it holds that

F[w} =w- (CAUF) 'U*,
where

(4.16) A 408 |

Proof. Consider F € Hy(7) with the expansion (4.5), where Ff,) € C. Then,
in view of Proposition 4.2,

CA;

117

A]'F = (F — F[@])(Xj = Z w*F[w]ocj S Hz(T)
weFy,|w|>1

and for every G € Hy(7) it holds that

<F, Gtx;f>2 = <F — F[@], GD&?)Z = trace(ajG* (F — F[@}))
= trace(G"(F — Fg))u;) = (AjF, G)a.
This proves the statement (i) of the proposition. The statement (ii) follows imme-
diately from the Cuntz relations (1.7).

In order to prove the statement (iii), let us fix a sequence of indices i1, 7, . . .,
such that1 < i, < ¢q. Then

F:F[@]—F(F—P[@]):CF"F(A'F) ot
— CF + (CAL F)a, + (Ap Ay F)aaf, = -

12 11

m
= CA""F)v* 4+ (A"»+1F)o* ., m=0,1,2,...
n m—+1
n=0

where vg = @, v, = a; - --a;,. Now it follows from the identity (2.3) in Theo-
rem 2.5 that

Y. w'Fyd = (CA™F)vy  Vn

|w]=n
and hence
F[w] = ZU(CAU‘W‘F)UTw‘ Yw.

Since the sequence of indices iy, ip,73,... was chosen arbitrarily, this completes
the proof. 1
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5. SCHUR MULTIPLIERS AND DE BRANGES-ROVNYAK SPACES

DEFINITION 5.1. Let S € H(7) be such that ||S|| < 1. Then S is said to be a
Schur multiplier.

THEOREM 5.2. Let a mapping s : B(T) — C be given. Then there exists a Schur
multiplier S € H(T ) such that

s(c) =S"(c) VeeB(T)
if and only if the kernel Ks : B(T) x B(7) — C defined by

(5.1) Ks(c,d) = Y (ca)"(I—s(c)s(d)*)(da)™, c,d € B(T),
n=0
is positive: for any m >0, co, ..., cm € B(T), ko, ..., km € Cy, it holds that
m
Z <K5(Cl‘, C]')kj,ki>2 2 0.
i,j=0

In this case Ks(c,d) = (K%)"(c), where

(5.2) K& (1—88"(d)*)K}, deB(T).

In the proof of Theorem 5.2 we shall use the following lemma:

LEMMA 5.3. (i) Let T : Hy(7) — H(7T) be a bounded linear operator. Then
T is of the form T = Mg for some S € H(T ) if and only if
YQ e H(T) TMg = MqT.

(if) Let T : Co — Cp be a bounded linear operator. Then T is of the form T = M, for

some ¢ € C if and only if
vd e C T]\//\Id = MdT.

Proof. We shall prove only the statement (i) of the proposition; the proof of
the statement (ii) is completely analogous.
(=). The "only if" direction is clear: for every S,Q € H(7) and F € Hy(7) it
holds that

MsMgF = SFQ = MgMgF.
(<=). Assume that an operator T, which commutes with every M, is given. For
each t € 7T let us consider the projection 71 € Cy,
o u(t)x, ueb(T),

and define an operator S on span{x;} by

SXt = (Tﬂt)xt.

Let f € span{x;} and choose ty € 7 such that f(t) = 0Vt < ty. Consider
F € Hy(7) defined by

Fu=u(ty)-f, uect(T),



DE BRANGES—ROVNYAK SPACES: THE MULTISCALE CASE 107

as in the proof of Proposition 4.1 (see (4.4)). Then
F= Z f(t) 'Ftto, where Fttou =u(to)xt, u € 6(7).

teT
Note that Fto = meO = Fto mtt, € Hy(7T), hence for every u € ¢,(7 ) we have
(TE)u = u(to) Y f()(TE)xey = ulto) 1o f(O(Trm) Fxe,
teT teT
t() Z f TT(t Xt = u(to)Sf = SFu.
teT

It follows that
1Sflley(ry < ITEI < ITE[l2 < T - [[Ell2 = NI [l flley )
and (Sf)(t) = 0Vt < ty. Since
span{x: : t€ T} =40(7) and span{F :t,se€T,s <t} =Hy(T),

we conclude that
SeEH(7) and T=Ms. 1

Proof of Theorem 5.2. Let us assume first that s(c) = S”(c¢), where S is a Schur
multiplier. According to Theorem 4.4, for k € Cy and F € Hy(7 ) we have

(K% k, SF)y = (K% k,S"(d)F)y = (S"(d)*K% k, F)y,

hence
(5.3) ME(Kf k) = S"(d)*K] k,
(5.4) Kdk = (I — MsMZ)(K% k).

Furthermore, it follows from the identities (4.12) and (4.13), the definition (3.3) of
the point evaluation and the statement (i) in Lemma 3.1 that

(K&)" () = (K7)" () = (s(c)s(d)*KL)"(c)
- Zo(czx)”(l —s(0)s(d)*) (@ d*)" = Ke(c, d).

Now, given ¢y, ...,cm € B(7), ko, ..., km € Ca, we observe that

m

Y (Ks(ci,¢))k; ki)a = <I—M5M5 (ZKA’k]) ZK > >0,

,j=0

because the operator I — MgM is positive. Thus the kernel Ks(c, d) is positive.
Conversely, assume that the kernel K;(c, d) is positive and define on

span{K%k : d € B(T),k € Cp}

an operator T by
T(K%k) = s(d)*Kik.
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Then T is a well-defined contraction, because
Ir il | £ - 5 comonss < | £ il

Hence, in view of Remark 4.5, T can be extended as a contraction on Hy (7).
The adjoint operator has the property

(5.5) (T*F)c) = (s(c)F)(c) VF € Hy(T), Ve € B(T).

In view of the statement (i) in Lemma 3.1, for every Q € H(7), F € Hy(7),
c € B(7T) we have

(T*MgF)"(¢) = (s(c)FQ)"(¢) = ((s(c)F)"(c)Q)"(¢)
= ((T*F) ()Q)"(¢) = (MT*F)"(c),
which, according to the statement (ii) of the same Lemma 3.1, implies
T*Mg = MgT* VQ € H(T).
Now it follows from Lemma 5.3 that there exists a Schur multiplier S such that
T* = Mg. In view of (5.5) and Lemma 3.1, this Schur multiplier S satisfies
SMNe)=s(c) VeeB(T). n

We recognize in the kernel (5.1) an analogue of the kernel (0.2), mentioned in
Introduction. As in the single-scale case, we consider the associated de Branges—
Rovnyak space defined below.

DEFINITION 5.4. Let S € H(7) be a Schur multiplier, let

def

Bs &1 — MgM;

and let 7rg denote the orthogonal projection in Hy(7') onto ker Bs. The Hilbert
space H(S), defined by

§) = VBsHa(T); |[VBsFlues) = (I - 7s)Flluyr)
is said to be the de Branges—Rovnyak space associated with S.
In the sequel we shall use the following terminology:

DEFINITION 5.5. Let H be a Hilbert space of elements of Hy (7). The space
H is said to be right C-invariant if for every F,G € H and ¢ € C it holds that

FeeH, [[Felu <|[Flullel, (Fe,Gu = (F,Gc")n.

PROPOSITION 5.6. Let S € H(T) be a Schur multiplier. Then the de Branges—
Rovnyak space H(S), associated with S, is a right C-invariant Hilbert space.
Furthermore, for every F € H(S), k € Cp, ¢ € B(T) it holds that

(5.6) Ksk € H(S) and (F,K¢k)usy = (F"(c), k)2,
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where K is as in (5.2). In particular,
(5.7) H(S) = span{Kk : k € Cp,c € B(T)}.

Proof. Let ¢ € C. Since the adjoint of the right multiplication operator M,
in Hy(7) is given by M} = M+, Lemma 5.3 implies that the operators M, and
Bs commute. Hence, in view of Definitions 5.4, 5.5 and the statement (iii) of
Proposition 4.1, the space H(S) is right C-invariant.

Furthermore, as follows from (5.4) and Definition 5.4, for every k € C, K¢k €
H(S). Moreover, for every F € H(S) we have

(F, Ksk)y(sy = (F, K} k)a.

Thus the identity (4.11) in Theorem 4.4 implies (5.6) and the statement (ii) in
Lemma 3.1 implies (5.7). 1
THEOREM 5.7. Let S € H(T) be a Schur multiplier and let H(S) be the associ-
ated de Branges—Rovnyak space. Set
AjF = (F—F"(0))aj, Bjd = (S—S5"(0))du,
CF = F"(0), Dd=S"(0)d,

where1 < j < g, F € H(S), d € Cy. Then the following statements hold true:
(i) The formulae (5.8) define a bounded linear operator

(2 Y- () ()
which satisfies

§ My, 0
(5.9) vjvj:< i >

In particular, the space H(S) is Aj-invariant forj=1,...,q.
(ii) The operators A jr Bj, C, D satisfy the relations

(5.8)

(5.10) AgF = (A]'F)Oé;fag, Bgd = (Bjd)tx;ftkg,
(5.11) Aj(Fc) = (AjF)ajcaj, Bj(dc) = (Bjd)a;ca;,
(5.12) C(Fc) = (CF)¢, D(dc) = (Dd)c
forevery F € H(S),c€C,d € Cp,1<j, 0 <q.
(iii) Let
(5.13) S=Y W*Spy), where Sy € C
weF,

be the pointwise absolutely convergent expansion of S as in Theorem 2.5. Then for every
d € C, it holds that
Dd fw=0,

w(CA"Bjd)v*a; Vw,v € Fy:w|=v[+1, Vji:1<j<yg,

(5.14) Sp,d = {
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where
(5.15) AT A Ay, APEL

Proof. (i) By the idea of Theorem 2.3 in [4], we define a linear operator

C

17j : span { (K:d) :c€eB(T),dec Cz} — H(S)® Cy
by
i7. Kgd _ Bs C g%
(5.16) v,( : ) _ (CM§> (K da +e)

We claim that the operator 17] is well-defined and contractive; moreover, for
C

every I, F, € span { (Kgd) cceB(T),dee Cz}

PN My 0
(517) <V]‘F1,V]'F2>H(S)EBC2: O]] I F,F .
(S)al,

Indeed, denote for the moment by C* the adjoint of C in Hy(7) (that is, the
injection of C; into Hp(7')). Then, in view of Definition 5.4 and the statements (i)
and (ii) in Proposition 4.6, we obtain

(@ (%) ()
€1 €2 H(S)aC,

B " Bg
<(CA§IS> (KCAldlzx] —|—€1), (CM*) (Kf\zdgzx —|—€2)>

=

H(S)aCs
((BS+M5C*CM5)(KCA1d1a +e1), K5 Sdotf +e2)2
=((I—- MSM <AjMg) (KR diaf +e1), KRdoaT +e2)o
= ((I = My MSMS (K dia; + er), Ki2daa! + eg)
= (AMy K5y, K52da)a + (e, e2)2 — (AjMy: MsMEA M Kfl dy, Ki2ds )
= (M BSK td1, K2dy)2 + (e1,e2)2
<Muc o KcldHKczdﬂ H(s) T (e1,€2)2.

Thus (5.17) holds. Since, according to Proposition 5.6, the space H(S) is
right C-invariant and ||oc]’.‘ocj|| = 1, we conclude that V; is well-defined and con-

tractive. Since the span of K¢k is dense in H(S) (see (5.7)), \7] can be extended as
a contraction on H(S) @ C,, which satisfies

V‘*V.: sz]ﬂx]- 0 )
7 0 I
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In order to complete the proof of statement (i), it suffices to observe that
vi=7;

(ii) The identities (5.10)—(5.12) follow immediately from (5.8) and the Cuntz
relations (1.7).

(iii) The proof parallels the proof of the statement (iii) in Proposition 4.6. Let
us fix a sequence of indices j = iy, i1,i2,73,..., 1 < iy < q. Then for d € C; we
have

Sd = Dd + (S — S[@])d = Dd + (B]d)tx;k = Dd + (CB]d)(X;k + (A' B'd)ﬂcflﬂé;f =

nrj
m
=Dd + ZO(CAWBjd)y:;a;f + (AFm 1 Bid)py q0f, m=0,12,...
n=
where ug = @, py = a;, - - a;,. Now it follows from the identity (2.3) in Theo-
rem 2.5, applied to Sd, that
Y, w'Syyd = (CA"Bd)una; Vn>0
|w|=n+1
and hence
S[w]d = ZU(CAV‘W\’lB]'d)‘urw‘, |w| > 1.
Since the sequence of indices iy, i1,1,i3,... was chosen arbitrarily, we obtain

(5.14). ¥

A result which is converse to Theorem 5.7 can be formulated as follows:

THEOREM 5.8. Let H be a right C-invariant Hilbert space included in Hy(T).
Assume that for some j, 1 < j < g, there exists a bounded linear operator

v= (2 3)- (&) — (@)

for which the relations (5.11), (5.12) and (5.9) hold true. Then:
(i) The series

(5.18) S= Z w*S[w],

weF,
where the coefficients Sy, € C are determined by
Dd ifw=Q,

19 d d=
(5.19) VdeCy Spy) {w(cA]f,llB]-d)zx;’* iflwl=n2>1,

defines (in the sense of pointwise absolute convergence) a Schur multiplier S € H(T ).
(ii) The series
(5.20) EcF =) (ca)"- (CATF)-af*, FeH,ceB(T)
n=0
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converges absolutely in Co and defines a bounded linear operator E. from H to Cy. This
operator E. and the kernel K§ defined in (5.2) satisfy

(5.21) (KD (c)k = EcEjk Ve,d € B(T),k € Cy.

(iii) If the operators Aj and C are as in (5.8), then H is the de Branges—Rovnyak space
associated with the Schur multiplier S:
H =H(S).

Proof. Let c € B(7). Then, as follows from (5.9) and (3.1), the series (5.20) is
absolutely convergent in the C;-norm and defines a bounded linear operator E.
from H to C,.

Let us consider the linear operator s(c) : C; — C», defined by

(5.22) s(c)k ¥ Dk + Z ca)” - (CAT'Bjk) -a*, k€ Co.

n=1

Here, in view of (5.9) and (3.1), the series is absolutely convergent in the C;-norm
and the operator s(c) is bounded. Moreover, as follows from (5.11) and (5.12),
the operator s(c) commutes with M, for every d € C. Hence, according to the
statement (ii) of Lemma 5.3, s(c) € C.

Next we observe that

((MCIXA//\I%;‘)EC 1) V] = (EC S(C)).

Note that, as follows from (5.11) and (5.12), the self-adjoint operator ]\//\I‘x;« «; COM-
mutes with E; for every d € C. From (5.9) we obtain

(Ec s(c))(Eq s(d))”
= ((MC“]\Za;«)EC I) V]V]* ((MdocMa]’f)Ed I)
— (MC“AZ“; )ECM,,(;,,(]_E; (Myege Mo ) +1= (Mml\za}« )EcEj (Mg M) +1
hence
I—s(c)s(d)" = E.E} — (MC,XM,X;)ECEz(MMd*Maj).

Therefore, for every k € C, the kernel K;(c,d), which appears in the equa-
tion (5.1) of Theorem 5.2, satisfies

Ks(c d)k
= (I =s(c)s(d)") (a*d")"k

= i ((I = s(c)s(d)") ((a"d") kaf))aj™

3

=
O

2 V(ECE] (o d" ) kel Yo=Y (ca) ™ Y ECEj (" )+ ka1 " = EEjk.

n=0
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In particular, the kernel K;(c, d) is positive. Now, according to Theorem 5.2, there
exists a Schur multiplier S € H(7') such that

s(c) =S"(c) VeeB(T)

and the identity (5.2) implies (5.21).

Furthermore, in view of (5.22) and the statement (ii) of Lemma 3.1, we ob-
tain the formulae (5.19) for the coefficients Sy, of the pointwise absolutely con-
vergent expansion (5.18) of S. This completes the proof of the statements (i) and
(ii) of the theorem.

In order to prove the statement (iii), we note that if the operators A; and
C are as in (5.8), then, according to the statement (iii) of Proposition 4.6 and the
definition (3.3) of the point evaluation,

E.F=F"(c) VFeH,ceB(T).
Therefore, the identity (5.21) implies
K¢k =Eke H VeeB(T) ke Cy
(F,Kékyg = (F"(c), k)2, VFeH,ceB(T),k € Cs.
In view of Proposition 5.6 and the statement (ii) of Lemma 3.1,
H =span{Kgk : k€ Co,c € B(7)} =H(S) and | [[u=|"Illus)- "

The formulae (5.14) in Theorem 5.7 play the role of the backward shift real-
ization (0.6) in the present setting: they allow to represent a given Schur multi-
plier S as the transfer operator of a multiscale input-state-output system, as de-
scribed in the following theorem.

THEOREM 5.9. Let S € H(T) be a Schur multiplier and let H(S) be the associ-
ated de Branges—Rovnyak space. Let the operators

1=(8 ) ()= (). reres

be defined by (5.8) as in Theorem 5.7. Let U € Hy (T ),
U= ) w'lUpy), whereUpy,) € Cy,

weF,
and let Y = SU € Hy(T). Then the coefficients Y|, € C3 of the expansion
Y= ) wYpy
weF,
satisfy the recurrent relations
Xo =0,
(5.23) Xuwa; = AjXo + Bjly,

Yy = w(CXy + DUp)o" Vo € Fy : |v| = [w],
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where
Uw dZEf v* U[U]w
0: [o|=lw|
Proof. The case w = @ is trivial, so let us assume n = |w| > 1. Let v =
a;, - - - &, and denote
Uk = QG Gy, Vg =0 o, U = Ug = O.
As follows from (5.14),
Yoo wYy= ) pSpptUy
ueFy,lul=n uvEFy | +lv|=n
n—1
=) ) CATIB (U)o + ), DUy’
k=0 uecFy,|ul=k ucFy,|ul=n

n—1
= (C ¥ A™By Uy, + DU, )",
k=0
hence, according to (1.7),

Y =w(C Y A% Uy + DU, )o"

0<k<n—1
Denote
Xo= ), AWIB Uy, veF,lv>1
0<k< o] -1
Then
me]- = Z AjAvaikH Uy, + BjlUy = A/‘XU + BilUo.
0<k<|o|—1

In the case v = aj we have
X,X]. = BjU@ = AjX@ + BjU@.
Thus the relations (5.23) hold. 1

6. THE BLASCHKE FACTORS

In this section we present an important example of Schur multiplier, which
plays a role in interpolation. We follow the ideas of [3], p. 86-90. Let ¢ € B(7T)
and consider the operator

[e9)

Re = Y (ca)" ()" = (K§)"(c) € C.

Then R. > 0 and, moreover,

(6.1) Re =T+ c(aRa*)c*.



DE BRANGES—ROVNYAK SPACES: THE MULTISCALE CASE 115

Hence R, > I. Next we define

L. a(R; — Rea*c*R; LeaR, )a* € €174,

PROPOSITION 6.1. The following holds:

(6.2) L. >0,

6.3 L7t = c*c+aR T = I+ ¢*c — acLec*a™,
C C

(6.4) cLe = R caRea.

Proof. Taking into account (6.1),
Le(c* e+ ocR;la*) =aRa*c*c+1— szCtx*c*R;lcaRca*c*c — ucRsz*c*R;lc
= aRea*c*c+ 1 — aRea*c* R (R — I)e — aRea*c*R7 e = I
Since ¢*c + aR; Ly* s positive definite, this means
Le = (c*c +aR; ")~ > 0.
The rest of the identities follow from (6.1) analogously. 1
Note that
(Lec*a®)" = (aRea*c* R e )" = aRea*c* (a*c*)" 1R ¥,
hence aL.c*a* € B(7T).
DEFINITION 6.2. Let ¢ € B(7). The operator
Be = (a* —¢)(1 — Lec*a®) 'L € H(T)
is called the Blaschke factor, corresponding to the constant c.

PROPOSITION 6.3. The operator B. is unitary. In particular, the multiplication
operator Mp_ : Hy(T )1 — Hy (7)) is an isometry.

Proof. We have
(I —acL )L NI — Lec*a®) = (o — ¢*)(a* —¢),
hence B} B, = I and Mp_ is an isometry. Furthermore,
(" —¢) =a™(I —ac)
has a bounded inverse (not causal), hence B, is also invertible and unitary. &

THEOREM 6.4. Let F € Hy(7), ¢ € B(T). Then F(c) = 0 if and only if F is of
the form

F=B.-G,
where G € Hy(T)1, ||Gll2 = ||Fl2-
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Proof. First, let us assume that F = B, - G, where G € Hy(7)7. Then ||F||, =
||G|l2 by Proposition 6.3. Furthermore, as follows from Lemma 3.1, B/'(c) = 0
and F(c) = (B.G)"(c) = 0.

Conversely, assume that F has the expansion F = Zf w*F,) and that

weF,

F/(c) = 0. Then F is represented by the series
F=F-F\()= ¥ @~ (")"(0)Fu

weF,
Denote G’ & (I — ac)~'aF. Then F = (a* — ¢)G', G' € Xo(7 )" and, moreover,

G'= ) (I—ac) "a(w" — (w")"(c))Fyy
weF,
= Y a(l+ca+(ca)®+---+ (cac)‘w|71)w*1-"[w].
weFy,|w|>1

Since each term of the last series is causal, G’ € Hy(7)7. It remains to define

def

G= /LI = Lec*a®) G

to complete the proof. 1

Acknowledgements. D. Alpay thanks the Earl Katz family for endowing the chair
which supports his research and NWO, the Netherlands Organization for Scientific Re-
search (grant B 61-524). The research of A. Dijksma was in part supported by the Center
for Advanced Studies in Mathematics (CASM) of the Department of Mathematics, Ben-
Gurion University.

REFERENCES

[1] D. ALPAY, The Schur Algorithm, Reproducing Kernel Spaces and System Theory,
SMF/AMS Texts Monographs, vol. 5, Amer. Math. Soc., Providence, RI 2001.

[2] D. ALPAY, H. ATTIA, D. VOLOK, Realization theorems for stationary multiscale sys-
tems, Linear Algebra Appl. 412(2006), 326-347.

[3] D. ALPAY, P. DEWILDE, H. DYM, Lossless inverse scattering and reproducing kernels
for upper triangular operators, in Extension and Interpolation of Linear Operators and
Matrix Functions, Oper. Theory Adv. Appl., vol. 47, Birkhéuser, Basel 1990, pp. 61—
135.

[4] D. ALPAY, A. DIJKSMA, J. ROVNYAK, A theorem of Beurling-Lax type for Hilbert
spaces of functions analytic in the ball, Integral Equations Operator Theory 47(2003),
251-274.

[5] D. ALrAY, A. DIJKSMA, D. VOLOK, Evaluation ponctuelle et espace de Hardy: le cas
multi-échelle, C. R. Math. Acad. Sci. Paris 340(2005), 415-420.



DE BRANGES—ROVNYAK SPACES: THE MULTISCALE CASE 117

[6] D. ALPAY, A. DIJKSMA, J. ROVNYAK, H. DE SNOO, Schur Functions, Operator Colli-
gations, and Reproducing Kernel Pontryagin Spaces, Oper. Theory Adv. Appl., vol. 96,
Birkh&user, Basel 1997.

[7] D. ALPAY, M. SHAPIRO, D. VOLOK, Rational hyperholomorphic functions in R4, T
Funct. Anal. 221(2005), 122-149.

[8] D. ALPAY, D. VOLOK, Point evaluation and Hardy space on a homogeneous tree,
Integral Equations Operator Theory 53(2005), 1-22.

[9] D. ALPAY, D. VOLOK, Processus stationnaires sur I'arbre dyadique: prédiction et
extension de covariance, C. R. Math. Acad. Sci. Paris 342(2006), 237-241.

[10] J.P. ARNAUD, Fonctions sphériques et fonctions définies positives sur l'arbre ho-
mogene, C. R. Acad. Sci. Paris Sér. A-B 290(1980), 99-101.

[11] J. BALL, V. VINNIKOV, Formal reproducing kernel Hilbert spaces: the commutative
and noncommutative settings, in Reproducing Kernel Spaces and Applications, Oper.
Theory Adv. Appl., vol. 143, Birkhduser, Basel 2003, pp. 77-134.

[12] M. BASSEVILLE, A. BENVENISTE, A. WILLSKY, Multiscale statistical signal process-
ing, in Wavelets and Applications (Marseille, 1989), RMA Res. Notes Appl. Math., vol.
20, Masson, Paris 1992, pp. 354-367.

[13] A. BENVENISTE, R. NIKOUKHAH, A. WILLSKY, Multiscale system theory, Rapport
de Recherche, vol. 1194, INRIA, Rennes 1990.

[14] A.BENVENISTE, R. NIKOUKHAH, A. WILLSKY, Multiscale system theory, IEEE Trans.
Circuits Systems I Fund. Theory Appl. 41(1994), 2-15.

[15] L. DE BRANGES, ]J. ROVNYAK, Canonical models in quantum scattering theory, in
Perturbation Theory and its Applications in Quantum Mechanics, Wiley, New York 1966,
pp- 295-392.

[16] L. DE BRANGES, ]J. ROVNYAK, Square Summable Power Series, Holt, Rinehart and Win-
ston, New York 1966.

[17] O. BRATTELI, P. JORGENSEN, Wavelets Through a Looking Glass, Appl. Numer. Har-
monic Anal., Birkhduser Boston Inc., Boston MA, 2002.

[18] P. CARTIER, Géométrie et analyse sur les arbres, in Séminaire Bourbaki, 24éme année
(1971/1972), Exp. No. 407, Lecture Notes in Math., vol. 317, Springer, Berlin 1973, pp.
123-140.

[19] J. CUNTZ, Simple C*-algebras generated by isometries, Comm. Math. Phys. 57(1977),
173-185.

[20] P. DEWILDE, A.-]J. VAN DER VEEN, Time-varying Systems and Computations, Kluwer
Academic Publ., Boston, MA 1998.

[21] S.W. DRURY, A generalization of von Neumann'’s inequality to the complex ball, Proc.
Amer. Math. Soc. 68(1978), 300-304.

[22] M. FLIESS, Matrices de Hankel, . Math. Pures Appl. (9) 53(1974), 197-222.

[23] I. GOHBERG, M.G. KREIN, Introduction to the Theory of Linear Nonselfadjoint Operators,
Transl. Math. Monographs, vol. 18, Amer. Math. Soc., Providence, RI 1969.



118 DANIEL ALPAY, AAD DIJKSMA, AND DAN VOLOK

[24] G. LETAC, Problemes classiques de probabilité sur un couple de Gel’fand, in Analyti-
cal Methods in Probability Theory (Oberwolfach, 1980), Lecture Notes in Math., vol. 861,
Springer, Berlin 1981, pp. 93-120.

[25] D. SARASON, Sub-Hardy Hilbert Spaces in the Unit Disk, Univ. Arkansas Lecture Notes
Math. Sci., vol. 10, Wiley, New York 1994.

[26] J.P. SERRE, Arbres, amalgames, SLy, Société Mathématique de France, Paris 1977.

DANIEL ALPAY, DEPARTMENT OF MATHEMATICS, BEN—GURION UNIVERSITY OF
THE NEGEV, BEER-SHEVA, 84105, ISRAEL
E-mail address: dany@math.bgu.ac.il

AAD DIJKSMA, DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GRONIN-
GEN, GRONINGEN, NL 9700AV, THE NETHERLANDS
E-mail address: dijksma@math.rug.nl

DAN VOLOK, DEPARTMENT OF MATHEMATICS, KANSAS STATE UNIVERSITY, 138
CARDWELL HALL, MANHATTAN, KS, 66506, USA
E-mail address: danvolok@math.ksu.edu

Received June 4, 2006.



