]. OPERATOR THEORY © Copyright by THETA, 2009
62:1(2009), 125-149

UNIFORM SUBELLIPTICITY
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ABSTRACT. We prove that uniform subellipticity of a positive symmetric sec-

ond-order partial differential operator on L, (R?) is self-improving in the sense
that it automatically extends to higher powers of the operator. The range of
extension is governed by the degree of smoothness of the coefficients of the

operator. Secondly, if the operator is of the form Z X} X;, where the X; are

i=
vector fields on R with coefficients in (G (R%) satlsfymg a uniform version of
Hoérmander’s criterion for hypoelhpt1c1ty, then we prove that it is uniformly
subelliptic of order r~1, where 7 is the rank of the set of vector fields.

KEYWORDS: Subelliptic operator, Hormander sums of squares, double commutators.

MSC (2000): 47B47, 47B44, 58G03.

1. INTRODUCTION

Our aim is to derive two global subellipticity properties of second-order
self-adjoint elliptic operators on Ly(R?). Initially we consider operators of the
form

d
(1.1) Hy = — Z al‘ Cij 8]
i,j=0

with domain D(Hy) = W?(R?), where 9y = il and 9; = 9/9x; if j € {1,...,d}.
We assume throughout that the coefficients cij € W’"+1'°°(]Rd), where m € N,
are complex-valued and C = (c;;) is a symmetric positive-definite matrix. In
particular, the coefficients are always at least twice differentiable. Although we
allow the ¢;; to be complex one could use symmetry to re-express Hy in the form
(1.1) but with real-valued coefficients. Then, however, the corresponding cjp and
coj are not necessarily in WL (R4 Since cij € W2 (R4 it follows, however,
that Hy is essentially self-adjoint on Weo:2 (Rd) (see, for example, Section 6 of [17],
or Proposition 2.3 below) and we denote the self-adjoint closure by H.
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If v € (0,1] then Hy is defined to be subelliptic of order -y if there isa ¢ > 0
such that

(1.2) ¢ (¢, (I+Ho)g) = 147?913

for all p € W2(R?). Then the subellipticity condition extends to H and ¢ (I +
H) > A7 in the sense of quadratic forms. A local version of condition (1.2) arose in
Hormander’s work [10] and is significant as it implies hypoellipticity of Hy. The
global version implies uniform boundedness of the semigroup kernel associated
with H by an argument based on Nash inequalities.

Our first result establishes that the subellipticity condition is self-improving.

THEOREM 1.1. Let Hy be a positive, symmetric, subelliptic operator of order v €
(0, 1] with coefficients c;; € WrHLeo(RE) where m € N, and with self-adjoint closure
H. Then D(H*) C D(A*) foralla € 0,27 (m+1+~1)) and thereisa c > 0 such
that, for all ¢ € D(H"),

(1.3) cll(I+H)*¢l2 = 47 ¢ll2.

The theorem is a strengthened global version of a local result of Fefferman
and Phong (see first part of Theorem 1 of [7]). Fefferman and Phong established
the local version for « = 1 by a double commutator estimate and the theory of
pseudodifferential operators. The latter limits the result to operators with C*-
coefficients. But if the coefficients are smooth then much more is true.

COROLLARY 1.2. If Hy is a subelliptic operator of order v € (0, 1] with coeffi-
cients c;j € C(RY) then D(H®) C D(A™) and (1.3) is valid for all a > 0.
Our proof of Theorem 1.1 uses a double commutator estimate combined

with techniques of functional analysis [3], [17].
Our second result deals with operators

N
(1.4) Ho=)Y X/ X;
i=1

constructed from C;’-vector fields X, ..., Xy, i.e. vector fields on R? with co-
efficients in Cff’(]Rd ), satisfying a uniform version of Hérmander's criterion for
hypoellipticity. Specifically, if » € N then the vector fields Xj, ..., Xy are defined
to satisfy the uniform Hormander condition of order r if each Cp’-vector field X can
be expressed as a linear combination
X= Y Xy
a: 1<]a| <
with ¢, € Cg"(Rd) where &« = (iy,...,iy) is a multi-index with i € {1,...,N},
|a| = n, and
X = [Xip, Xy o0 [ X3,y X -]

is the corresponding multi-commutator. This version of the Hérmander condi-
tion was introduced by Kusuoka and Stroock (see condition (H) on page 400 of
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[12]). In Section 5 we present several different characterizations of the uniform
Hoérmander condition.

THEOREM 1.3. Let Hy be given by (1.4) where Xy, ..., Xy are Cy’-vector fields
on RY satisfying the uniform Hormander condition of order r. Further let H denote the
closure of Ho. If n € N then D(H") C D(A™") and there exists a ¢ > 0 such that, for
all p € D(H"),

(1.5) c(I+H)"gl2 > 4" g]).

Theorem 1.3 follows from Theorem 1.1, or Corollary 1.2, once one estab-
lishes that the operator Hy given by (1.4) satisfies the estimate (1.2) with ¢ = 1.
The latter is a global version of Hormander’s key estimate ([10], Theorem 4.3).
Hormander proved a local version of (1.2) for all v € (0,7~ 1). Rothschild and
Stein [18] subsequently established the local estimate for the optimal value ¢y =
r~1. The arguments of Rothschild and Stein, which also give optimal local ver-
sions of the estimates (1.5), are based on an application of their general lifting
theory. Our arguments are completely independent of this technique and pro-
vide an alternative proof of the optimal local results.

2. IMPROVEMENT PROPERTIES

In this section we prove Theorem 1.1 by use of commutator estimates. Com-
mutator theory was initially developed by Glimm and Jaffe [8] to derive self-
adjointness and regularity properties of quantum fields. It has since developed
into a useful tool for various applications in mathematical physics (see, for ex-
ample, Section 19.4 of [9], Section X.5 of [16], Section I1.12 of [6], or Section 4.1 of
[2]). Most of these applications are based on single commutator estimates but the
analysis of degenerate operators requires double commutator estimates [3], [17].

In the sequel we need to estimate double commutators such as [4, [A, Hy]]
or analogous commutators with powers and fractional powers of A. If the coef-
ficients of Hy are in Cff’(Rd ) then the commutators are defined as operators on
W2 (R4). If, however, the coefficients of Hy are only twice differentiable then
the double commutators have to be defined as sesquilinear forms on W*?2(R%) x
W*2(R%). In general, if A, B are two symmetric operators in a Hilbert space H
and D C D(A) N D(B) is a subspace of H then the commutator [B, A] is defined
as a sesquilinear form, with form domain D, by

(¢, [B, Alg) = (By, Agp) — (A, Bp).

Moreover, if A, By, B, are three symmetric operators in H and D C D(A) N
D(B;B1) N D(AB;1) N D(AB;) then the double commutator is defined as a sesqui-
linear form [By, [By, A]], with form domain D, by

(¢, [B1, [B2, Al]@) = (B2B19, Ap) — (AB1¢, B29) + (A, BoB19) — (AB2¢, B19).
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Although this is a slight abuse of notation it should not cause any confusion. Sub-
sequent calculations of commutators involving differential operators and multi-
plication operators have to be interpreted in this form sense. Such commutators
simplify by use of the relations [0;, c ¢ = (0;c) ¢ where ¢ is a differentiable func-
tion acting as a multiplication operator.

Double commutators enter estimates through the two identities

1) Re(B2¢, [B1, Alp) = 27" (¢, [B2, [B1, All ),
(22) Re(Ag, B*p) = (Bp, ABp) +27 (¢, B, [B, Allg)
for all ¢ € D. In particular if A > 0 the first term on the right of (2.2) is positive
and the double commutator gives a lower bound.
Throughout the rest of this section we set L = I + A and let S; denote

the self-adjoint contraction semigroup generated by L. Further we let Hy be the
second-order positive operator in divergence form with coefficients c;; given by

(1.1) where the ¢;; € Wt (RY) and m € N are fixed.

LEMMA 2.1. The following commutator estimates are valid.
(i) There is a ¢ > 0 such that, for all g, p € W*2(R?),

d
Y. 1(p, (07 [0, Hollg)| < ¢ IL™ 29Iz [IL™ % g]>.
k=0
(ii) There is a ¢ > 0 such that, for all ¢, € W®2(R%),

3m
|(p, [L™, [L™, Hollg)| < Y L™ 2p]lo L=/ 2p|)5.

n=m
(iii) If, moreover, c;j; € W3 (RY) then there is a ¢ > 0 such that, for all ¢, €
W>2(R4),
(¥, [L, [L, Hollp)| < e [ILll2 [IL]l2-
Proof. The proof is by straightforward calculation using the fact that the

coefficients are m + 1 times differentiable. &

The lemma has an important corollary which is in two parts. The first was
a key observation of [17]. The second will be used in our analysis of Hérmander
operators in Section 4.

COROLLARY 2.2. The following commutator estimates are valid.
(i) There is a ¢ > 0 such that

| (@, [St, [St, Holl@)| < c[[¢ll2 [l ¢l

uniformly for all ¢, € W*2(R%) and t > 0.
(ii) If, moreover, c;j € W3 (R) then there is a ¢ > 0 such that

[, [St, [St, Holl@)| < e [[(T=St)9ll2 [I(I = St)oll2
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uniformly for all ¢, € W*2(R%) and t > 0.
Proof. The proof of both statements is based on the identity

(lp [St, Sy, H(] /du/dv Su+v¢ [LIHOHSZt—u—v(P)-

If ¢ > Ois as in Lemma 2.1(ii) applied with m = 1, then

3

t t
[, [5t, (51, Hollp)| < c / du [ dv)|L"2Sopll2 L4255 og
n=1

0
3
ey ( / du " (1)~ g [l
"=t

for all g, € W*2(R%) and t > 0 and the first statement follows.
The second statement follows from Lemma 2.1(iii) and the Cauchy-Schwarz
inequality, to obtain the bounds

(51,150, Hollp)| <c /du /dv||Lsu+v¢u2 /du /dUHLszt v oolB)”

Then, however, one has, with a similar estimate for the ¢-factor,

t t t t
[au [dolLSuiopl3 < [ du [ do LS 2918 = (1= Y13 ¥
0 0 0 0

The foregoing commutator estimates allow one to extend the argument used
to prove Theorem 2.10 in [17] and to conclude the essential self-adjointness of Hy.
Further if ¢;; € C7° (R%) one can deduce from Theorems 2.16 and 2.17 of [17] that
the closure H of Hj generates a semigroup T which leaves the Sobolev spaces
W2(R4) = D(L‘/?) invariant. We will give shorter self-contained proofs of
these results and establish a key invariance property of T for coefficients ¢;; €
wmtleo (Rd) .

First, note that Hy maps W*?(R¢) into W"2(R¢) since cij € WL (R,
Secondly, note that for all ¢ > 0 the space W??(R¢) is a Hilbert space with respect
to the inner product (-, - ), given by (¥, @)y = (L7/%p,L7/2¢). Moreover, if
n € Ny then the inner product (-, - )/, on W*?(R¥) defined by

d

(. @)n =) (9 ¥, 9% 9)

k=0
is norm-equivalent to (-, - ).

PROPOSITION 2.3. Let Hy be a positive, symmetric, second-order, divergence form
operator with coefficients c;; € W +Le(RT) where m € N. Then the operator Hy
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is essentially self-adjoint on W2(R%). If T is the self-adjoint contraction semigroup
generated by the closure H of Hy then T leaves the Sobolev spaces W7 (RY) invariant
for all o € [0,m]. Moreover, the restriction of T to W?(R) is a continuous semigroup
on Wo2(R%) and W2 (R4 is a core for its generator H (@)

The proof consists of verifying the criteria of the Lumer—Phillips theorem
on the Hilbert spaces L,(R?) and W"-2(R?) with inner product (-, - )/,.

LEMMA 2.4. There is an w > 0 such that, for all ¢ € W*2(R9),
(2.3) Re(e, (Hy + wl)e),, = 0.
Proof. Since (id;)™ is symmetric one deduces from (2.2) that
d

d
Re(p, Hop)y, =Y (37 9,0 Hop) =Y (90" @, Hod{' 9) +(~1)"2 (g, 9}, [0}, Hol )
k=0 k=0

> —271c||IL"29)3 = =27 c (@, @)m

forall ¢ € W°°'2(Rd), where c is the constant in Lemma 2.1(i). Then (2.3) is valid
because the norms associated with the inner products (-, - ), and (-, - )}, are
equivalent. 1

LEMMA 2.5. There exists an ¢ > 0 such that (I + eHy)W®2(R?) is dense in
Ly(R%) and W™2(R4).

Proof. Let n € {0, m}. We establish below that there exists a ¢ > 0 such that
24) —Re(g, HoSa9)y, < ¢ |L" %93

uniformly for all t > 0 and ¢ € W*?2(R¥). Tt then follows by continuity that (2.4)
is valid uniformly for all t > 0 and ¢ € D(L"/?). Moreover, there exists a c; > 0
such that

IL"29l3 < 1 Z 9% ¢ll2

for all ¢ € W®2(RY). Now set ¢ = (2cc;)~!. Let ¢ € D(L"/?) and suppose
that the inner product (¢, (I 4 eHp))), = 0 for all € W*?(R?). Then Sy¢ €
W>2(R%) and

e HISiL 2913 < Z 1S:0fll5 = (9, Sar@)y, = —eRe(q, HoSar )},
k=0

< ce|| L2913 = (201)7HIL" 2 pl3

forallt > 0. So ||[L"/2¢||3 = hm |S:L" 29|13 < 271||L"/?¢|)3 and ¢ = 0. Therefore

it remains to prove (2.4).
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Lett > 0and ¢ € W®?(RY). The starting point is the identity

(25)  Re(p, HoSa¢)y Z Re(dg ¢, HoS2:0; ¢) + Z Re(0¢ ¢, [0k, HolS2t ).
k=0 k=0
We will bound the two terms separately.
The first term satisfies the identity

d d d

Y Re(dfp, HoSx0i9) = ) (S99, HoStdjg) + ) 27" (8, [St, [St, Hollo} )
k=0 k=0 k=0

where we have again used (2.2). Therefore if ¢ > 0 is as in Corollary 2.2(i) then

Z Re (9} ¢, HoSxdj ) > =2 "¢ [|L"?g|[3.
k=0
Note that c is independent of t and ¢. If n = 0 this completes the proof since the
second term in (2.5) is identically zero.
If n = m then, by (2.1), the second term in (2.5) satisfies the identity

d
Y Re (3", [0F', HoS2t¢)

d d

26) = (=1)"Y 27" (S, [0}, [0}, HolIStp) — Y Re ({9, [St, [0}, Hol] St ).
k=0 k=0

But the first term in (2.6) satisfies
d
Y27 [(Seq, [0}, [}, HollSte)| < 27 e [IL"2Ssgll3 < 27Mc | L2913
k=0

with ¢ the constant in Lemma 2.1(i). Finally, if k € {1,...,d} then we estimate the
last term as follows. The Cauchy inequality gives

(% @, [St, 8}, Hol1Ste)| < IL"2pll2 [|[St, 19, HolIStg2.

Moreover,
m dom=l/om p+1 m—p—1 p+1 m—p—1
[ak ,Hol = ”ZO ZO p+1 ((alak C,‘j)ak 8] + (ak Cij)a,'ak a])
i,j=0 p=
Therefore

1S, [a,T, Hol]Stoll2

<L (1) 1ise @ s+ G cplais -1 2l
i,j=1p=0
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The first term on the right is clearly bounded by a multiple of ||L"/2¢||,. But the
second satisfies a similar bound since

1
I[St, (3] cij)]0iSt |22

gt
< Z /du||815u(8,8,’:+1ci]-)8i52t_u +Su(a[af+lcij>alais2t—u||2—>2
=1}

d 1
< Y1100 eyl [ du(u 2@ —w) V24 2 - u) )
0

—

=1

forall p € {0,...,m — 1}. This completes the proof of (2.4) and the proof of the
lemma. 1

Proof of Proposition 2.3. The operator Hj is positive and symmetric on the
space Ly (R?). Tt then follows from Lemma 2.5 that it is essentially self-adjoint in
Lo(R?). Therefore the self-adjoint closure H generates a self-adjoint contraction
semigroup T on L (R?). It follows from Lemmas 2.4, 2.5 and the Lumer—Phillips
theorem ([14], Theorem 3.1) that the operator Hy is closable on Wm'z(Rd) and that
its closure generates a continuous quasi-contraction semigroup on W2 (R%) if
W™2(RY) is equipped with the norm induced from the inner product (-, - )",.
But this quasi-contraction semigroup is automatically the restriction of T to the
space W2 (R%). Moreover, it is a continuous semigroup on W"?(R%) equipped
with the norm induced by (-, ). If ¢ € (0,m) it follows by interpolation
that T leaves the Sobolev space W??(R?) invariant and the restriction of T to
W2(R%) is a continuous semigroup on W7?(R4). Let H, (o) denotes the generator
on Wo2(R4). Then (AI + Hy)W*?(R?) is dense in W2 (R?) for large A > 0 by
Lemma 2.5, s0 (Al + H(U))W""'2 (R?) = (Al + Ho)W*2(R%) is dense in W72(R%).
Therefore W*?2(RR%) is a core for H @- 1

Next we turn to the problem of improving order properties. Note that if A
and B are self-adjoint operators and A > B? then it is not true in general that
A? > B*although it is true if A and B commute. The next lemma draws a similar
conclusion from a double commutator bound.

LEMMA 2.6. Let D be a subspace of a Hilbert space H and A, B a symmetric and
self-adjoint operator on 'H, respectively, such that D C D(A) N D(B) and BD C D.
Assume

(2.7) (¢, Ag) > [|Bo|?
forall ¢ € D. If there are € € [0,1) and ¢ > 0 such that
2.8) (¢, [B, [B, Alle)| < el|B>0l* +cllo|?

forall ¢ € D, then, forall ¢ € D,
1Ag]? > (1 - e)lIB?]* —clgll
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and in particular,
1Agll > (1= e)l|B2gll — /2 [lg].
Proof. One estimates that
1Ag|* + ||B*¢||* > 2Re(Ag, B*p) =2 (Bg, ABg) + (¢, [B, [B, Allp)
> (2-¢) |BZ|* — cllol?

forall ¢ € D where we have successively used (2.2), (2.7) and (2.8). The statement
of the lemma follows immediately. 1

The double commutator estimate (2.8) is a rather weak requirement for
second-order differential operators. For example, if B = L and A = Hj then
Lemma 2.1(iii) gives the much stronger bound

(¢, [B,[B, Allp)| < cl|Bgl|*.

But our proof of the improvement of subelliptic properties follows from applica-
tion of Lemma 2.6 with B a fractional power of L and this leads to a slight “loss
of derivatives”. Recall that we assume c;; € WL (RY) with m € N.

LEMMA 2.7. Forall p € [0,m) and § > 0V (o — 2~ 'm) there isa ¢ > 0 such
that, for all p € W®2(RY),

(¢, [L?, [LF, Holl@)| < ¢ [|ILF+ g 13,

Proof. The case p = 0 is trivial, so we may assume that p > 0. Set T =
m~1p € (0,1). Then
LF = (L") = ¢ /dA AT AL 4 L)L
0

where c; = [[dAATIT(14+ 7)1 Let ¢ > 0 be as in Lemma 2.1(i).
0

Let ¢ € W®?2(RY). Then

(9.1, 117, Hollg) =c; ® [ d [ du (Ap)" (RuRyg, [L", [L™, Hol|RRy)
0 0

3m %
<er? Y [ar [an(am I 2Ry Ryl [LE" 2R Ryl
=m0

where Ry = (Al + L™)~L. Tt follows from spectral theory that |[L*R, [, <
(14 A)~(m=a)/m gorall A > 0 and & € [0, m].
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Letn € {m,...,3m}. Sety; = 27'n) A (o + ) and 15, = (271 (4m — n)) A
(o +9). Then

IL"2RyRyll2 < [LU21/2R) Ry o2 || LT g2
<1+ A) (14 p))~ Um) 7 mons2m) pto g
forall A, y > 0. Similarly,
_ _ -1
ILEm=2R, Ryglla < (14 A) (14 po)) = Wm) = (1F2m) Lot g,

Therefore
[ ar [ duuTIL 2R Ryl [L47 2R, Ry
0 0

¢ 2
< (/d,\,\f (1 +A)—(2M)’1(2m+ﬂl+ﬂz)> 1P 9] 2.
0

So it remains to verify that the integral is finite, i.e. to show that 177 + 1, >
2mt = 2p.

Ifo+6 <2 'mA27 (dm —n) then 1y + 12 = 2(0+6) > 20. If 27V
271(4m —n) < p+éthenn + 12 = 2m > 2p. Finally,if 27 1n < p+6 <271 (4m —
n)then iy +m =2"m+p+6 > 2 'm+p+3 > 20since s > p—2"1m.
Similarly 71 + 12 > 2pif271(4m —n) < p+ 8 < 27 !n. This proves the lemma. 1

The previous lemmas can be applied to establish an improvement of Theo-
rem 1.1.

THEOREM 2.8. Let Hy be a subelliptic operator of order iy € (0, 1] with coefficients
cij € WHL(RY), where m € N, and with self-adjoint closure H. Further, let o €

[0,27m). If € D(H) and Hp € W?72(R?) then ¢ € W +272(R%). Moreover,
there exist ¢, wy > 0 such that

(29) c|IL7(wol + Hzg))ll2 = L7 g2
forall ¢ € D(H yy)), where H ,yy denotes the closure of Hy on W202(R%),

Proof. Since the restriction of S to W272(R) is a continuous semigroup
there exists an wy > 1 such that

IL?@ll2 < [IL7 (wol + Ho)¢ll2
forall 9 € W®?2(R%). Set T = 2. Since || L7¢||3 < 4|/ AT¢||3 + ||¢||3 there exists
by subellipticity a ¢ > 0 such that

¢ (¢, (wol + Ho)g) > ||L"¢|3

for all p € W®?2(R). Set A = c LY (wpl + Hp)LY and B = L“*7. Then (¢, A¢p) >
| Bpl|3 for all ¢ € W®2(R?). So (2.7) in Lemma 2.6 is satisfied with D =W>?2(R¢).
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Fix 6 € {(¢ —27'm+ 1) vV 0,7). Then it follows from Lemma 2.7 that there are
¢/,w > 0 such that, for all ¢ € W®?2(R%),

(¢, [B, [B, All@)| = c|(L7¢, [L7FT, [L7FT, Ho|]L ¢)|
< LT3 <27 L2295 + w || g3
So by Lemma 2.6
AL (wol+Ho) L @[5=27 1|2 2T 9|3 —wllgl5 =27 |IL* |5 —w | L* 9|3

for all p € W*2(R%). Since L is a bijection from W*?2(R%) onto W®?(R) one
may replace L7 ¢ by ¢ and then (2.9) follows by rearrangement uniformly for all
¢ € We2(R?). But W®2(R?) is a core for H 5, by Proposition 2.3. So (2.9) is
valid for all ¢ € D(H(yy))-

The first statement follows immediately from the second. &

Proof of Theorem 1.1. This follows immediately from Theorem 2.8 by inter-
polation and a telescopic argument. 1

We conclude this section with four remarks on Theorem 1.1.
First, Theorem 1.1 can be rephrased in terms of order relations. The estimate
(2.9) with o = 0 is equivalent to the quadratic form estimate

A(I+H)?>L1>.

Then since the order relation between positive self-adjoint operators is respected
by taking fractional powers one has

CZ:x (I + H)Zuc > LZa’y
forall « € (0,1]. But (2.9) with ¢ > 0 is equivalent to the estimate
C2 (I+H)L20(I+H) 2 L20’+2’y

and then the previous argument can be iterated to obtain the order relations cov-
ered by Theorem 1.1.

Secondly, if ¢;; € W**(RRY) then Theorem 1.1 establishes that the subellip-
ticity condition (1.2) implies the estimate (1.3) with « = 1. But the foregoing
observation on order properties establishes the converse. Thus (1.2) is equiva-
lent to (1.3) with « = 1. This is a global strengthening of the first statement in
Theorem 1 of Fefferman and Phong [7].

Thirdly, the statement of Theorem 1.1 is partly redundant since the closed
graph theorem implies that if the inclusion D(H*) C D(A*7) is valid, with a > 0,
then there exists a ¢ > 0 such that (1.3) is valid.

Finally, if v = 1, i.e. if Hp is strongly elliptic, then the statement of the
theorem is also valid for & =271 (m +1+v~!) = 271 (m + 2), and this is the best
estimate one could expect for operators with coefficients ¢;; € WL (R4), The
extension is a consequence of the theorem, applied with & = 271 (m + 1), together
with a simple commutator estimate. In fact for v = 1 the domain inclusion in the
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theorem is an equality which is also valid on the L,-spaces if p € (1,00) (see
Theorem 1.5.11 of [5]).

3. CP-FLOWS

In this section we prepare for the discussion of elliptic operators (1.4) of
Hormander type by recalling some basic properties of the flows corresponding to
Cp’-vector fields. We also give several estimates for products and commutators
of such flows. Local estimates of a similar nature are an important feature in the
work of Hérmander [10] and Nagel, Stein and Wainger [15] but our emphasis is
on estimates which are uniform over R?. The uniform Hérmander condition is
not relevant in this section.

Let X be a C’-vector field on R with coefficients a;. Then it follows from the
theory of ordinary differential equations that there exists a unique C*-function
f:R xR — RY such that

%(t,x) =a;(f(t,x)) and f(0,x) =x
forallx € R, t € Randi € {1,...,d}. We adopt the conventional notation
exp(tX)(x) = f(t,x). Then for all ¢ € C*°(R?) and t € R we define e/X¢p €
C®(RY) by (e!X¢)(x) = ¢(exp(tX)(x)). The relevant properties of these maps
are summarized as follows.

LEMMA 3.1. Let X be a Cy’-vector field on R?. Then one has the following:
(i) exp(tX) (exp(sX)(x)) = exp((t +s)X)(x) forall x € R? and t,s € R. Hence
for each t € R the map exp(tX) is a diffeomorphism of RY.
(i) If p € C®°(RY) and t € R then, for all x € R?, where ~ denotes the Taylor series
(in t) around 0,

P(exp(£X) (1)) = (¥ g) (x) ~ io i1 (X" ) (x).

We also need some quantitative estimates. It is convenient to introduce a
multi-index notation. For all N € N and n € Ny set

Ju(N) = é{L. LNYE O (N) = é{l,...,N}k
k=0 k=0

and let J;7 (N), J*(N) denote the corresponding sets with the restrictions k > 1.
One can prove the next lemma with the aid of Gronwall’s lemma and in-
duction.

LEMMA 3.2. Let X be a Cy’-vector field.
(i) For all k € N there exists an M > 0 such that

3 exp(tX)(x)| < M
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uniformly for all t € R and x € RY.
(ii) Forall « € J(d) and k € Ny with |a| + k > 1 there exist M, w > 0 such that

0% 9% exp(tX) (x)| < Me“l!

uniformly for all t € R and x € RY.
(iii) There are M, w > 0 such that, for all t € Rand ¢ € CP(RY),

le™pll2 < Me“! [ g]l2.

Next we need several estimates which follow from the Campbell-Baker—
Hausdorff formula. The first of these is an estimate for the product of two flows
generated by Cp’-vector fields. The key observation is contained in the following
lemma.

LEMMA 3.3. Let Y1 and Y, be Cg-vector fields and let N € N\{1}. Then there
exist Zy, ..., Zy with Z; € span{Y|,) : & € J(2), |a| = j} forall j € {2,..., N}, such
that, for all ¢ € C“(Rd), xeRYand k € {1,...,N},

(S plep (v Y2))exp(- 11 Jexp(-113)cexp(~22): - -exp(~1VZy) ()] _=0.

Proof. This follows from the Campbell-Baker—-Hausdorff formula as in the
discussion preceding Lemma 4.5 of [10]. See in particular pp. 160-161 of [10]. &

As a direct consequence one has the following estimate which is uniform
d
over R%.

PROPOSITION 3.4. Let Yy and Y, be Ci-vector fields and let N € N\{1}. Then
there exist ¢ > 0and Zy,...,Zy with Z; € span{Y}y : & € J(2), |a| = j} for all
j€{2,...,N}, such that

lexp(t(Y14Y2)) exp(—tY1) exp(—tYy) exp(—12Zy) - - - exp(—tN Zy) (x) — x| <ctN !

uniformly for all x € R and t € [—1,1].
Proof. Define @ : R x R — RY by

D(x,t) = exp(t(Y1 + Ya)) exp(—tY1) exp(—tYs) exp(—1t2Zy) - - -exp(—tN Zy) (x).
If ¢ € C®°(RY) then it follows from Lemma 3.3 and the Taylor integral remainder

formula that

t

|<P(‘P(x,f))—¢(X)|=|<P(‘1’(x,f))—fp(@(x,0))|=‘er ds(t—s)" o (@ (x,5))
0
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forall x € R? and t € R. Now apply the above to ¢ = m;. It follows from
Lemma 3.2(ii) that there exists an M > 0 such that [0N 17 (®(x,s))| < M uni-
formly for all x € RY and s € [~1,1]. Then

70 (D(x, 1)) — x| < NI /ds (t—s)NM = M (N + 1)1~ N+

forallx € RY, t € [-1,1]and k € {1,...,d}. So |®(x,t) — x| < Md tN*1 for all
xcR¥andt € [-1,1].

Finally we give an estimate comparing the flow generated by a combination
of multi-commutators in terms of products of the elementary flows.

LEMMA 3.5. Let Xy,..., XN be C’-vector fields and s € N. Then there exists
an M > 0 such that for all b : J§7(N) — [=1,1] there are n € {1,...,3(2d)%},
i1,...,ip € {1,...,N}and ay,...,a, € [—M, M] such that, for all k € {1,...,N},
¢ € C°(RY) and x € RY,

(%)kq’(e’q’( Y b(w) X ) exp(—atX;,) - exp(—antX;,) (x))| _ =o.

€] (N) =0

Proof. This follows from the arguments given in the proof of Lemma 2.22 in
[15].

PROPOSITION 3.6. Let s € Nand Xy, ..., Xy be C’-vector fields. Then there
exist M, M' > 0 such that for all § € (0,1 and b : J;F(N) — [—1,1] with [b(a)| <
ol for all w € J;(N) there are n € {1,...,3(2d)°}, iy,...,in € {1,...,N} and
ai,...,ay € [—Mé, MJ) such that

exp ( Z b(a)t* Xy > exp(—atX;,) - - - exp(—antX;,) ‘ x| <M (8]t

’Xefs N)
uniformly forall x € R and t € [-1,1].

Proof. Let M > O be as in Lemma 3.5. Let 6 € (0,1] and b : [/ (N) — [-1,1]
with |b(«)| < 6%l for all @ € J;(N). Then 6~1%! |b(a)| < 1foralla € JF(N). By
Lemma 3.5 there are n € {1,...,3(2d)*}, i1,...,i, € {1,...,N} and ay,...,a, €
[—M, M] such that

(i)’ip(exp( Y o) telx )ex (—a1tX;,) - - exp(—antX; )(x))‘ =0
dr (] P 1tA P ntiq, =0
€ ]S (N)
forallk € {1,...,N}, ¢ € C®°(R%) and x € R?. Define @ : R x R — R by
®(x,t) = exp ( Y 5 llb(a) tl"‘|XM) exp(—artX;,) - - - exp(—antX;, ) (x).
ae]d (N)

Then it follows from Lemma 3.2(ii) as in the proof of Proposition 3.4 that there
exists an M’ > 0, depending only on the X[y witha € J&-(N) and n, such that
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|®(x,t) — x| < M |t]**! uniformly for all t € [~1,1] and x € R?. Replacing t by
dt and a; by a;6~! yields the proposition. &

4. SUBELLIPTICITY ESTIMATES

In this section we prove Theorem 1.3. The proof follows closely Horman-
der’s reasoning and the subsequent discussion should be read in conjunction
with Section 4 of [10]. Throughout the section X3, ..., Xy are Cj’-vector fields
but we do not require that they satisfy the uniform Hérmander condition un-

N
til Proposition 4.7. Set Hy = Y. X; X; with domain D(Hy) = W™?2(R“). Then

i=1
Hy is essentially self-adjoint by Proposition 2.3. Let H denote the closure of Hy.
Alternatively, define the quadratic form 1 on Ly (R?) by

N

hip) =Y | Xiol3
i=1

N ~
and domain D(h) = () D(X;). Then the form & is closed. Let H be the positive
i=1

self-adjoint operator associated with the closed quadratic form /. Then obviously
Hy C H and by uniqueness of self-adjoint extensions one has H = H.

Hormander’s proofs are based on the extensive use of Holder norms. There-
fore we associate with each Cg’-vector field X a family of such norms. Specifically
for all v € (0,1] we define the Holder norm || - [|2,x,, by

2xy = |lll2+ sup [t|77[e%p— gl
0<|t<1

o

for all ¢ € C°(R?). In addition we introduce the universal Holder norms

l@ll2;y = ll@llz + sup [x|"7|L(x)p — |2

0<x|<1
for all ¢ € C®(R?), where L( -) denotes the left regular representation of R? on
Ly(R%).
The next two lemmas are similar to Lemmas 4.1 and 4.2 in [10].

LEMMA 4.1. Let X be a C-vector field. Further let € CZ°(RY) and v € (0,1].
Then there exists a ¢ > 0 such that, for all ¢ € C*(RY),

@ll2;pxy < cll@ll2x,q -

Proof. Following Hormander’s proof of Lemma 4.1 we define 7 : RY x R —
R to be the solution for each x € RY of the initial value problem

9rt(x,t) = p(exp(t(x, )X)(x)) and 7(x,0)=0.



140 A.F.M. TER ELST AND DEREK W. ROBINSON

Then it follows from Gronwall’s lemma that there are M, w > 0 such that

(4.1) 9T (x,t)| < Me®l

forallk € {1,...,d}, x € R?and t € R. Consequently one calculates as in [10]
that, for all € [—1,1]\{0} and ¢ € CZ(R?),

WXp — ¢l

<2t fdx [ dolplexp(r(x,t)X) (1)~ g(exp(eX) (1)) F+21tgBx

{o:lol<[t}

le

Fix t € [-1,1]\{0}. Introduce new variables y = exp(cX)(x) and w =
T(x,t) — 0. Then the Jacobian of the coordinate transformation is given by

| _‘ 9y exp(0X)(x) 9sexp(cX)(x)
e (0x7)(x, 1) -1

Since |o| < |t| < 1 it follows from (4.1) and Lemma 3.2(ii) that there exists an
M > 0 such that |Jxs| < M uniformly for all x € Riand o € [—1,1]. Moreover,
[T(x, )] < [[$lles [£], s0 [w] < (1 + [|¢][0) [£]. Hence

7 [dx [ delglexp(r(x HX)(x)) — glexp(eX)(x))
{o:lol<t]}
<My [ dwlg(exp@X)() — o) P<M It gl x
{w:w|<(1+{[¢lleo) [}

for all ¢ € C®(R?), where we have used Lemma 3.2(iii). The statement of the
lemma follows immediately. 1

LEMMA 4.2. Let @ : RY x (—2,2) — RY be a C*-function, N' € Nand y €
(0,1]. Suppose there exists an M > 0 such that

D(x,t) — x| < MY and |9 D(x,t)| < M
uniformly forall x € R4, t € [-1,1] and k € {1,...,d}. Then there exists a c > 0 such
that, for all ¢ € C*®(R%) and t € [-1,1],

/dx p(@(x, 1) — @(x)[ < c [t 7[5, -
R4

Proof. The proof is similar to the proof of Lemma 4.2 in [10], with the same
modifications as in the proof of Lemma 4.1. 1

The conclusion of Lemma 4.2 can be immediately translated into a bound
on the Holder norm.

COROLLARY 4.3. Let X be a Ci°-vector field and let -y € (0,1]. Then there exists
2.y forall ¢ € CE(RY).

ac > 0such that ||¢ll2;x, < cll¢
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Proof. It follows from the Duhamel formula that

t
e (exp (1)) (x) — me(2)] < [ ds | (X7me) (exp(sX)) ()] < [ X7t I8
0
forallk € {1,...,d}. Therefore

[(exp(tX)(x)) — x| < ItIZ X7 |0

forallt € Rand x € RY. Then the corollary follows from Lemma 3.2(ii) and
Lemma 4.2 applied with @(x,t) = exp(tX)(x) and N’ =1. &

Proposition 3.4 immediately yields a global version of Lemma 4.5 in [10].

LEMMA 4.4. Let Yy and Y, be Cy’-vector fields, v € (0,1] and N € N\ {1}.
Let Zy,...,ZyN be as in Proposition 3.4. Then there exists a ¢ > 0 such that, for all
¢ € CO(RY) and t € [-1,1],

(Y1+Y2)

[ ef ¢ — ol

Hz;

N
¢ (I~ gllz + ™20 — gl + Y lle"Zig — pll2 + 111NV g2, ).

j=2
Proof. Define @ : R x R — RY by
D(x,t) = exp(t(Y1 + Y2)) exp(—1Y71) exp(—1Y?) exp(—tzzz) .- -exp(—tNZN)(x).

If ¢ > 0 is as in Proposition 3.4 then it follows that |®(x,t) — x| < ¢ [t|{N*! for all
x € RYand t € [~1,1]. Secondly,

sup sup sup |[(0xP)(x,t)| < o0
ke{1,...d} xeRd te[-1,1]

again by Lemma 3.2(ii). Hence by Lemma 4.2 it follows that there is a ¢; > 0 such
that, for all p € C®°(RY) and t € [~1,1],

[ dxlo(@(x 1) - g(x)?

Next, forall t € R define H; : C*(R?) — C®(RY) by (H;p)(x) = ¢(P(x,1)).
Then ||Hrg — |2 < c1 tNFD7||g]|y,, for all ¢ € C®(R?) and t € [-1,1]. But

Hy = o NN | o Plag 1o tY1 ot (Y1 4Y2)

and
AtV1+Y2) etYlethetZZZ . 'etNZNHt

for all t € R. Then the lemma is a consequence of a concertina formula and
Lemma 3.2(iii). 1

We emphasize that in the next two lemmas it is not necessary for the vector
fields to satisfy the uniform Hérmander condition.
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LEMMA 4.5. Let Xy,..., Xy be Cy-vector fields and let vy, 6 € (0,1]. Then for
all w € J*(N) there exists c1,co > 0 such that, for all ¢ € C®(R?),

N
1ll2,x, p1ai1 < €1 22 92y + e @l
=1

Proof. Leta € JT(N). Fixs € Nwith s > |a| V 46~ 1. By Proposition 3.6 ap-
plied with § = 1 thereexistn € {1,...,3(2d)},41,...,in € {1,...,N}, M,M' > 0
and ay,...,a, € [—M, M] such thatif @ : R? x R — R%is given by

D(x,t) = exp(t*1 X)) exp(—artX;)) - - - exp(—antX;, ) (x)

then |®(x,t) — x| < M’ |t|*T! uniformly for all t € [~1,1] and x € R¥. Moreover,
by Lemma 3.2(ii), there exists an M” > 0 such that |9;P(x,t)| < M uniformly
forallx € R%, t € [-1,1] and k € {1,...,d}. Forall t € R define H; : C*(R%) —
C®(RY) by (Hip)(x) = ¢(P(x,t)). Then by Lemma 4.2 there is a ¢ > 0 such that

[Hip — gll2 < c [+ g

forallt € [-1,1] and ¢ € C*(R?). But

25 < c|t"lgll2e

et“"|XM — ealthl . eantX,'n Ht'

Therefore Lemma 3.2(iii) implies that there is a ¢ > 0 such that

la| x - £X;
e X — 9|, < ¢’ (lee”’ ’90—€0||2+|\Ht§0—€0||2)
i=1

n
<< (1Y llg
I=1

forall t € [~1,1] and ¢ € C*(R?). Then the lemma follows from Lemma 4.1. &

sy ¢ 179l )

LEMMA 4.6. Let X1, ..., Xy be C’-vector fields. For all k € N set
Dk = span{$Xjy 1 ¢ € CP(RY), a € JE(N)}.

Then for all §,7v € (0,1], k € Nand X € DK there exists a ¢ > 0 such that, for all
¢ € CZ(RY),

N
(42) @l et < e (1 Igllaxsy + el )-
j=1

Proof. Fix § € (0,1]. If v < 6k then (4.2) follows from Corollary 4.3. For all
n € Nlet P(n) be the following hypothesis:
Forallk € N, 4 € (0,6k2" 2 A 1] and X € D) there exists a
¢ > 0 such that, for all ¢ € C®(R%),
N

2;X,vk—1 <S¢ ( Z Hq)
j=1

lg 2%, + 9l )
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Then P(1) is valid. Let n € N and suppose that P(n) is valid. Let k € N and
v € (0,6k2"=1 A 1]. Consider

V= {X € D™ . there exists a ¢ > 0 such that

N
lllx it < e (X @l + liglls ) forall g € C(RY) ).
j=1
If « € JF (N) then X|,; € V by Lemma 4.5. Moreover, if in addition ¢ & C(RY)
then X|,) € V' by Lemma 4.1. So it remains to show that V' is a vector space. But
that follows from Lemma 4.4 and the induction hypothesis. 1

The next proposition is the first application of the uniform Hérmander con-
dition.
PROPOSITION 4.7. Let Xq,..., XN be CP-vector fields satisfying the uniform

Hormander condition of order r on R, Then for all v € (0,1] there exists a ¢ > 0
such that, for all ¢ € CZ(R%),

N
el < ¢ (X Iz, + llell2)-
j=1

Proof. Tt follows from Lemma 4.6 that for all X € D) there exists a ¢ > 0
such that

N
@M1 < ¢ (1 Nllasy + 1@l )
=1
for all ¢ € CX(R?), where D) is as in Lemma 4.6. By the uniform Hérmander

condition one has 8; € D) foralli € {1,...,d}. Hence there is a ¢ > 0 such that

d N
191 < 4 L 19laa,50-1 < ¢ ( L ol + ol o)
i= j=

for all ¢ € CZ°(R?). But there is a ¢ > 0 such that

Il 2r1 < ell@llyy +ere gl

for all ¢ € C*(R?) and ¢ > 0. Choosing ¢ = (2c)~! one deduces that, for all
g € CT(RY),

N
@l 1 < 2¢ (1 Illayy +2ccligll2).
j=1

In order to prove Theorem 1.3 we need some additional interpolation spaces.
If » = 1 then Hj is strongly elliptic and the theorem is well known. So we may
assume thatr > 2.
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If L is the generator of a continuous semigroup S on Ly(R?), p € [1,00] and
7 € (0,1] define the functions || - [|1,p,s, [ -115 5, I+ llypr Ly(RY) — [0, 00] by

1

1p,— 1/p

I9llups = llglla+ ([ a1 =s)gllal”) ™,
0

1

C1y,— 1/p

ol s = gl + ([ et e =8 20lal)
0

1

1y, 1/p

Igllvps =gl + ([ dte e (o))
0

if p < oo, where

k(@) = inf{[|¢ — g1ll2 + t[|Le1ll2 - 91 € D(L)}

with obvious modifications if p = co. Define the interpolation spaces

Xyps ={9 € LR : gllyps <o}, Xy, s={peL(R): gl s <co},

with norms || - ||, p,s and || - ||’%p/s. If X and Y are two Banach spaces which are

embedded in a locally convex Hausdorff space denote by (X, Y),,, k the interpo-
lation space with respect to the K-method. Then

(Lo(R), D(L))qpx = {9 € La(RY) : |9

and the norm is equivalent to || - ||, 1.

If S is a continuous semigroup then it follows from Theorem 3.4.2 and Corol-
lary 3.4.9 of [1], that the spaces X, s, X’;,p,s and (Lz(Rd),D(L))%p,K are equal
with equivalent norms if v < 1. Moreover, if S is merely continuous, p = oo
and v = 1 then D(L) C &} s and the embedding is continuous. If, however,
L is a positive self-adjoint operator and p = 2 then a much better result is valid:
D(LY) = X, 5 s and the norms are equivalent (see Lemma 7.1 of [4]).

As in Section 2 we set L = I + A and let S be the semigroup generated by L.

¥,p,L < oo}

LEMMA 4.8. D(H) C (La(R%),D(L)),1 o, g and the embedding is continuous.

Proof. Tt follows from Theorem 3.2 of [4], that the two norms || - ||, and
| ll2-15 00,5 are equivalent for all 6 € (0,1). Moreover, D(X;) C &1, and the
embedding is continuous. Hence it follows from Proposition 4.7, applied with
v = 1, that there is a ¢; > 0 such that

(4.3) sup ¢~ /7[[(1=St)gll3 < cr(llgll3 + (¢, Ho))

0<t<1

for all ¢ € CX(R?). Then by density (4.3) is valid for all ¢ € W2?(R?). Next
let ¢ > 0 be as in Corollary 2.2(ii). Set T = (2r)~! and let t € (0,1]. Choosing
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A =1 (I+ Hp) and B = t~7(I — S;) it follows from (4.3) that (¢, Ap) > ||Bo||?
for all 9 € W22(R9). Moreover,
(¢, [B, [B, Allg)| = c1t™*"|(9, [St, [St, Hollg)| <ccr|| B3 <27 | B2g|3+c*c o3

for all 9 € W®?2(R?) by Corollary 2.2. Therefore the assumptions of Lemma 2.6
are valid with D = W*?2(R¥) uniformly for all ¢ € (0,1]. Hence

c| (I+Ho)gll2=1Ag|l2>27" | B2plla—cer @2 =277 (1= 51)*gll2—cerll o]l
uniformly for all ¢ € W®?2(R%) and t € (0, 1]. Therefore
c|l(I+ Ho)gll2 = 27 [[9ll2r,0,5 — (cc1+1) [[gll2

for all ¢ € W*2(R%). Since W*?(R?) is a core of Hy and Xy o5 1S complete
it follows that D(H) C &, _, s and the embedding is continuous. Finally, the

27,00
lemma follows because X;_ . s = Xor o1, With equivalent norms. 1

Poof of Theorem 1.3. It follows from Lemma 4.8 that
D(H) C (La(R?), D(L)) -1 00,
and the embedding is continuous. Hence
(L2(R?), D(H))y1 5k © (L2(RY), (L2(RT), D(L)),1,00,1)2-1 2 -
But by the reiteration theorem ([1], Theorem 3.2.20) one has
(L2(RY), (L2(R?), D(L)), 1, k)21 2.4 = (L2(RY), D(L))r2

with equivalent norms, where again T = (2r)~!. Moreover,

(L2(RY), D(L))zok = D(LY) and (L2(R?), D(H))y1,x = D(H'?)

with equivalent norms. So D(H'/2) ¢ D(LY) and the embedding is continuous.
Therefore there exists a ¢ > 0 such that

14713 < L7115 < c(llollz + IH20l3) = c(ll¢ll3 + (¢, Hp))
for all ¢ € D(H). Then Theorem 1.3 is a corollary of Theorem 1.1. &

5. THE UNIFORM HORMANDER CONDITION

Let Xy, ..., Xy be Cp’-vector fields on R¥. We conclude by deriving several
characterizations of the uniform version of the Hérmander condition.
Each vector field X; can be expressed as a partial differential operator X; =

d
Y ajx 9 with coefficients a; = X € CY (R%), where 71, denotes the projection

on the k-th coordinate. The multi-commutator X o] i also a G-vector field with
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d
coefficients 4, = X € G (R?). Explicitly X[a = ¥ a4k Then for all
k=1
reNandalli,je{l,...,d} define

CZ(;) = Z Agilyj
aeli" (N)

and set C(") = (cl(jr)). The matrix C(") is real symmetric and positive semidefi-

nite. In particular the operator Hy given by (1.4) is a second-order operator in

d
divergence form with the matrix of coefficients C W=y a ;-
k=1

PROPOSITION 5.1. Let Xq,..., Xy be Cy>-vector fields. For all x € J*(N) and

d
x € R? let an(x) € RY be such that X[a] = X 4k Ok Moreover, fix r € N. Then the
k=1

following statements are equivalent:
(i) The vector fields Xy, ..., XN satisfy the uniform Hormander condition of order r
on R,
(ii) There exists a o > 0 such that C") (x) > o uniformly for all x € RY.
(iii) There exists an M > 0 such that forall x € R?, i € {1,...,d} and a € J;"(d')
there exists a A, € [—M, M] such that

e = Z Agag(x),

agf;(d")
where e; is the unit vector in the i-th direction.

(iv) There exists a o > 0 such that

Vol{ Y Awan(x):|Ag| < 1foralla € ];’(N)} >0
a€]t (N)

uniformly for all x € RY.
(v) There exists a o > 0 such that for all x € RY there are multi-indices a1, ..., ay €
J;7(N) such that

| det((X[a77) (¥))| = [ det(an, (x),. ., ag, (x))[ = 0

Proof. (i)=-(iii). It follows from statement (i) that for alli € {1,...,d} and
a € J;7(N) there are ¢;, € CZ(R?) such that

%= ) YinXp
€l (N)
foralli € {1,...,d}. Thene; = Y ;,(x)a,(x) for all x € R? and state-
ac]t (N)
ment (iii) follows with M = max  max ||i;z]co-

ie{l,..d} ac]; (N)
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(iii)=(iv). Let M > 0 be as in statement (iii). Then

d
{ Y Niei:0< A < (M) for alli} C { Y Awaa(x) :|A] <1 foralltx}
i=1 €] (N)

for all x € R?. Therefore

vol{ 2 Ao (x) ¢ |Aal < 1forallzx}
’Xe]r N)

d
> VOl{ Y Ave; 10 < A < (dM) ! for all i} = (dM)
i=1

for all x € R? and statement (iv) follows.

(iv)=(v). Fix x € R?. By Lemma 3.1.2 in [19] there are a1, ..., a4 € J;F(N)
and for all w € J;/(N)and k € {1,...,d} there are A, € R with |A,| < 2L
such that

d
x) = Z /\akatxk(x)
k=1

where L = card];" (N). Then

d
Z Aatg(x) 1 |Ag] < 1 for allzx} - ZL*dL{ Z Al (x) 1 |Ax] < 1forall k}.
«€ ;" (N) k=1

Therefore
d
| det(ag, (x), ..., ay,(x))] = z—del{ Y Akt (x) : 4] < 1forall k}
k=1

>2"L"vol Y Awan(x):|As] < 1forall zx}.
aef (N)

Thus statement (iv) implies statement (v).
(v)=(ii). Let ¢ > 0 be as in statement (v). Fix x € R%. Then there are
a1, ...,04 € J;F(N) such that

| det(an, (x),...,a0,(x))| > 0.
d
Forallk,l€{1,...,d} setdy = % aa].k(x) aajl(x) and D = (dy;). Then
=1

det D = (det(ay, (x),. .., a0,(x)))* = 2.
Moreover,
C" =D > |D||"" Y (detD) I > ||D||" "V 21

where ||D|| is the norm of the matrix D. Since the coefficients a, are uniformly
bounded statement (ii) follows.
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d
(i))=(i). If X = Y a; 9 then since C(") is invertible one computes that
k=1

X= Y (C")a,a,) Xy
ae]F (N)

But the condition C(") > ¢ implies that the coefficients of the matrix (C (M)~1 are
in CP(RY). 1

Statement (ii) of Proposition 5.1 is the formulation of the uniform Hérman-
der condition used by Kusuoka and Stroock in Section 3 et seq. of [12] and again
in their analysis of long time behaviour in [13] (see Theorems 3.20 and 3.24). The
determinant identified in statement (v) of Proposition 5.1 plays a ubiquitous role
in the analysis of Nagel, Stein and Wainger [15] and was also identified by Jeri-
son as an important parameter in the Poincaré inequality (see condition (2.3c) on
page 505 of [11]).

Finally we note that for operators Hy with C*-coefficients Fefferman and
Phong have shown that the subellipticity condition (1.2) is locally equivalent to a
property of the geometry associated with Hy. Nagel, Stein and Wainger [15] have
then analyzed in detail the local geometry for operators (1.4) constructed from
vector fields satisfying the local Hormander condition. One could expect that
there are global analogues of these results. In a separate paper we will indeed ex-
tend the conclusions of Nagel, Stein and Wainger and obtain uniform properties
of the geometry, properties such as volume doubling, if the vector fields satisfy
the uniform Hérmander condition.
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