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ABSTRACT. In the paper, we study the generator problem for type II; factors.
By defining an invariant closely related to the number of generators of a von
Neumann algebra, we are able to show that a large class of type II; factors are
singly generated, i.e., generated by two self-adjoint elements.
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1. INTRODUCTION

Let H be a separable complex Hilbert space, B(H) be the algebra consist-
ing of all bounded linear operators from H to H. A von Neumann algebra M is
defined to be a self-adjoint subalgebra of B(H) which is closed in the strong op-
erator topology. Factors are the von Neumann algebras whose centers are scalar
multiples of the identity. The factors are classified by means of a relative dimen-
sion function into type I, II, III factors. (see [10])

The generator problem for von Neumann algebras asks whether every von
Neumann algebra acting on a separable Hilbert space can be generated by two
self-adjoint elements (equivalently be singly generated). It is a long-standing
open problem (see [9]), and is still unsolved. Many people (see [3], [4], [6], [10],
[14], [15], [16], [22] ) have contributed to this topic. For example, von Neumann
[11] proved that every abelian von Neumann algebra is generated by one self-
adjoint element and every type II; hyperfinite von Neumann algebra is singly
generated. W. Wogen [22] showed that every properly infinite von Neumann
algebra is singly generated. It follows that the generator problem for von Neu-
mann algebras, except for the non hyperfinite type II; von Neumann algebras,
is solved (see [18] for a good introduction of the history). Theorem 3.5 in [16]
shows that a type II; factor with Cartan subalgebras is singly generated. The-
orem 6.2 in [6] proves that certain type II; factors are singly generated. These
type II; factors include the ones with property I', those that are not prime. In [4],
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Ge and the author proved that some type II; factors with property T, including
L(SL(Z,2m + 1)) (m > 1), are singly generated. This result answered a question
proposed by Voiculescu.

In the early 1980s, D. Voiculescu began the development of the theory of free
probability and free entropy. This new and powerful tool was crucial in solving
some old open problems in the field of von Neumann algebras. In his influential
paper [19], Voiculescu introduced dy(M), called “free entropy dimension” of a
finite von Neumann algebra M, by which Voiculescu was able to show that free
group factors have no Cartan subalgebras [20]. To better understand the free
entropy dimension of von Neumann algebras has become an urgent task for the
subject.

On the other hand, it is believed that the free entropy dimension is closely
related to the number of generators of a von Neumann algebra. It is expected
that a type II; factor, whose free entropy dimension is equal to 1, is then singly
generated. The goal of this paper is to consider the generator problem for type
II; factors from the point of view of free entropy theory.

To measure the number of generators of a diffuse finite von Neumann al-
gebra M, we introduce a new von Neumann algebra invariant G(M), whose
definition is motivated by Voiculescu’s approach to Cartan subalgebra problems
in [20]. This invariant G(M) enjoys many good properties, some of which are
listed as follow:

(i) If M is a type II; factor and G(M) < 1/4, then M is singly generated.
(ii) If M is a diffuse hyperfinite von Neumann algebra with a tracial state T,
then G(M) = 0.

(iii) G(M) = 0 if the type II; factor M is generated by a family of von Neu-
mann subalgebras {\; }724 of M such that G (Nj) = 0and N; N N, is a diffuse
von Neumann subalgebra for all j > 1;

(iv) G(M) = 0 if the type II; factor M is generated by {N,uy,...,uj,...},
where N is a von Neumann subalgebra of M with G(N') = 0 and {uj}}?‘;l is a
family of unitary elements of M such that, for every j > 1, u;-‘ vju; is in N for
some Haar unitary element v; in \V;

(v) G(M) = 0 if the type II; factor M is generated by an ascending sequence
of subalgebras { N }2 ; such that G(Ny) = 0 forall k > 1.

Using the listed properties of G(M), we are able to compute its values for
a large class of II; factors. In fact, we show that G(M) = 0 if M is one of the
followings: type II; factors with Cartan subalgebras, those with property I', non-
prime factors or some II; factors with property T. By property (i) this implies that
all these type II; factors M are singly generated. (see Theorem 5.5, 5.9, 5.10, 5.11
and 5.14) (Unfortunately we are not able to compute G(L(F,)) where L(F,) is the
free group factor on n (n > 2) generators.) Also, we show that G(M) = 0 if
M is one of the type II; factors considered in [7]. As corollaries, we extend the



TYPE II; FACTORS WITH A SINGLE GENERATOR 423

results in [16], [6] and [4] (see Corollary 5.6, 5.7, 5.12 and 5.15) and provide new
examples of II; factors which are singly generated (see Example 5.19).

The organization of the paper is as follows. In Section 2, we introduce our
new invariant G (M) of a diffuse von Neumann algebra M . The value of G(M),
when M is a diffuse hyperfinite von Neumann algebra, is computed in Section 3.
A cut-and-paste theorem is proved in Section 4. In Section 5, we prove our main
results of the paper. We also give some examples of type II; factors which are
singly generated in this section.

In the paper, for a subset S of B(H), we denote W*(S) the von Neumann
algebra generated by the elements of S U S* in B(H).

2. DEFINITION OF G(M)

In this section, we will introduce a von Neumann algebra invariant, which
is closely related to the number of the generators of this von Neumann algebra.

DEFINITION 2.1. Suppose that M is a diffuse von Neumann algebra with
a faithful normal tracial state 7. Let {p]} be a family of mutually orthogonal

projections of M with T(p;) = 1/k for each 1 < j < k. For each element x of M,

we define
i xp; 0

where | - | denotes the cardinality of the set. The support of x on { Pj};';l is de-
fined by

S(x; {pi¥ioy) = VApj | pjx #0, or xp; #0, 1 <j <k},

where \/ denotes the union of the projections. For elements x,...,x, in M, we
define

I(Xl,.. Xn,{}?] = 1 ZIxml{p]}] 1

DEFINITION 2.2. For each positive integer k, let
¢ ={{ p]-};-‘zl | { pj};-czl is a family of mutually orthogonal projections of M .
with T(pj) =1/kforeach1 < j < k}.
Let xq, ..., x,; be the elements in M. We define

Z(xq,...,xpk) =inf {Z(xq,.. xn,{p]}] ) {p] _1 € &}, and

G(M;k)

B inf{Z(xq,...,xu;k) | x1,...,x, generate M as a von Neumann algebra},
oo if Misnot finitely generated.
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Finally, we define
GM) = li;ninf G(M;k).

REMARK 2.3. By the definition, for every k > 1, we know that G(M; k") is
a decreasing function as 1 increases. Thus, G(M) < G(M;k) < G(xq,..., x4 k)
for each k > 1, each family of generators {x1,...,x,} of M.

3. G(M) WHEN M IS A DIFFUSE FINITE HYPERFINITE VON NEUMANN ALGEBRA

In this section, we are going to compute G (M) when M is a diffuse hyper-
finite von Neumann algebra with a faithful normal tracial state 7.

LEMMA 3.1. Suppose M = My & My is a von Neumann algebra with a faithful
normal tracial state T, where My, My are the von Neumann subalgebras of M. Then

G(M) < G(M1) +G(M,).

Proof. The inequality is trivial when one of G(M3), G(M3) is infinite. As-
sume that both G(M) and G(My) are finite. Let ¢; = G(M;) for i = 1,2. By the
definitions of G(M) and G(My), for each positive ¢, we know there exist a large
positive integer k, elements {p]-};-‘zl, {q]-};-‘:l, {x1,...,xp}and {y1,...,ym} of M
such that:

() {P]'};'(:l’ or {q]'};‘:l, is a family of mutually orthogonal projections of M;,
or M, respectively, with 7(p;) = T(Iu,)/k, T(q;) = T(Ipm,)/k, L pj = Ipm, and
)

Zq] = IMZ‘
]

@) {x1,...,xn}, or {y1,...,Ym}, is a family of generators of M, or M, re-
spectively.
(ii)
I(xl,...,xn;{p]-};?zl) <cp+e
<

I(]/1,--',ym}{%'};‘(:l) e te

Note that M = M; @ M,. A little computation shows

I(xl,...,xn,yl,...,ym;{pj+q]'};‘:1) <o+ +2e

Hence, by definitions, we have G(M) < ¢1 + ¢ + 2¢; whence G(M) < G(Mq) +
Q(MQ) 1

The following two propositions are obvious.

PROPOSITION 3.2. Suppose My is a factor of type Iy and {el-j}f,jzl is a system of

k=1
matrix units of M. Let x1 = eqq and x; = Y (eji41 + efiﬂ). Then x1,xp are two
i=1 ’

self-adjoint elements that generate My as a von Neumann algebra.
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PROPOSITION 3.3. Suppose M ~ A® N is a von Neumann algebra with a
tracial state T, where A, N are finitely generated von Neumann subalgebras of M. If A
is a von Neumann subalgebra with G(A) = 0, then G(M) = 0. In particular, if Ais a
diffuse abelian von Neumann subalgebra of M, then G(M) = 0.

The following theorem can be obtained as a corollary of Theorem 5.11. But
the proof we present here motivates the proof of Proposition 5.4, our main tech-
nical result in the paper. So we include it here.

THEOREM 3.4. Suppose that R is the hyperfinite type I1; factor. Then G(R) = 0.
Proof. Let {n;};° ; be a sequence of positive integers with n, > 3 for k =

1,2,.... Itis well-known that R ~ ® M, (C) where My, (C) is the algebra of
k=1

N X 1y matrices with complex entries. Assume that {efl;)}?;le is the canonical

system of matrix units of M, (C). We should identify M, (C) with its canonical

o
image in ® M, (C) if it causes no confusion. Let
k=1

) =1 2 k+1
xXp = 6’51) +k2 ?eéz) ® egz) ® - ® e§2> ® 651 ),
—1

oo M1

< 1) 2 k k+1 k+1
xz_Z(]“l] e ) Z; Vel e - ‘@ ey ® (el + el D).
]7 : =

Note
1) k+1
{ef), ey @ell,.... ) @) @@y @i, .. }
is a family of mutually orthogonal projections in R. By functional calculus, we
get that

D, o, ol o odd e, .}
is in the von Neumann subalgebra generated by x;. Thus eﬁ)xz = eg) and

xzegl) = egl) are W*({x1,x2}). Hence eg) = egll)eg) is in W*({x1,x2}). It fol-

lows that Z ( +elt ) =x— eg) xzeg) is in W*({x1,x2}). Now

11] Jii—1

1 1 )/, 01 1 1
80 = (Bl e ) e Bt 42l
J= =
He)
Ji— 1'] Lj
W*({x1,x2}). Similarly, for each k > 1, {el] }ik =1 is in the von Neumann subal-

is in W*({x1,x2}). Repeating this process, we get that {e ] ¥, are in
gebra generated by x1, xp in R. Thus x1, xz are two self-adjoint elements that gen-
erate R. Moreover, we have Z(x1, xp; {e }] 1) < 3/ny. Therefore, G(R) < 3/ny.
Since 11 can be arbitrarily large, G(R) = 0. 1
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Now we are able to compute G (M) for a diffuse hyperfinite von Neumann
algebra M.

THEOREM 3.5. Suppose M is a diffuse hyperfinite von Neumann algebra with a
tracial state T. Then G(M) = 0.

Proof. Note a diffuse hyperfinite von Neumann algebra M with a faithful
normal tracial state can always be decomposed as

M= Ag@R & (D A® My, (C)),
k=1

where R is the hyperfinite type II; factor, Aj is an abelian von Neumann subal-
gebra of M, and Ay is a diffuse abelian von Neuamnn subalgebra of M. The rest
follows from Lemma 3.1, Proposition 3.2 and 3.3, and Theorem 3.4. 1

4. CUT-AND-PASTE THEOREM

The proof of following theorem, needed in Section 5, is based on a “cut-and-
paste” trick from [6] or [4].

THEOREM 4.1. Suppose that M is a von Neumann algebra with a tracial state T.

Suppose {ei]'}i'{jzl is a system of matrix units of a type Iy subfactor in M with

k
ei; = 1.
=] Ji

If x1,...,xy are the elements in M such that
. k _ 2
I(xl,...,xn,{ejj}]-zl) =c

with ¢ < 1/2 — 1/k, then there exists a projection q in W*({xq, . coxpepl < j <
k}) so that

T(S(g{egHa)) <2+ 2

and
W*({L],ei]‘;l < i,j < k}) = W*({Xl,. . .,xn,eij;l < i,j < k}),
where
I(xl,...,xn;{e]-j};‘:l), and S(q;{ejj};(:l)
are as defined in Definition 2.1 and 2.2.
Proof. Let
T ={(i,j,p) | eiixpejj #0, 1<i,j <k1<p<n}.
Note that
|7T| = K> “I(xq, .., Xn; {ejj};‘zl) = %k?,

and the cardinality of the set
{(s,) |1 <s < [ck]+1, [ck] +2 < t < 2[ck] +2}



TYPE II; FACTORS WITH A SINGLE GENERATOR 427

is equal to ([ck] 4+ 1) > c?k?. There exists an injective mapping from (i, j, p) € T to
(s,t) € {(s,t) |1 <s<[ck]+1, [ck] +2 <t <2[ck] + 2},

and denote this map by (i,/,p) + (s(i,j,p),t(i,j, p)). Then each e;;xyej; may be
forall (i,j,p) € T. Let

replaced by €s(i,j,p)i XpCit(ij,p)
y=" 2 (esliimi¥pCittijp) + (Cstip)ipetiim) )
(ijp)eT
[ck]+1 2[ck]+2
=) es and @p= ) ey
s=1 t=[ck]+2

Without loss of generality, we can assume that ||y|| < 1. Then let

1 1 1

9= 5n 1+ 1A =y)")q+ 5y + 500 - 1=y ).

Note that
y=qy+qyqn  and ¥ = qiyqayq1 + Gayq1y4a-
Letu = q1(1 —y*)"?q1 +y — q2(1 — y*)1/?g,. Thus, u = u* and
= (1= +y — (1 =) ?q2)

= (g1 — (y2y91) " + q1y32 + 0192 — (92 — G2y91992

=q1+ 2.
Now it is not hard to check that

g itaetu (@) o= V)20 +y — q2(1—v*)'200)
2 2

is a projection in M with 7(S(g; {e]-j};‘:l)) < 2c¢ + 2/k. By the construction of g,
we know that W*({g,e;;;1 <i,j <k}) = W*({x1,..., xn, €51 <0, j <k}). W

)1/2)2

The following theorem indicates the relationship between G (M) and singly
generated type II; factors.

THEOREM 4.2. Suppose M is a type I1; factor with the tracial state T. If G(M) <
1/4, then M is singly generated.

Proof. Note that M is a type II; factor. From the preceding theorem and
the definition of G(M), for a sufficiently large integer k, there exist a system of
matrix units, {eij}f?/ =17 of a Iy subfactor of M and a projection g in M so that the
following hold:

@ {q}u {eij};(/jzl generates M; and
(i) T(S(g; {e}E1) <2V/G(M) +2/k < 1-1/k,

Therefore we can assume that e1; and g are two mutually orthogonal pro-
k-1
jections of M. Let x; = e11 +2qand xp = }_ (e;i1 +¢€];,1)- Since 11 and g are

i=1
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mutually orthogonal, we know that ej; and g are in the von Neumann subalgebra
generated by x;. Thus {ei]-}i-‘ =1 is in the von Neumann algebra generated by x;
and x,. Combining with the fact that {g} U {el-j}f-‘, j—1 generates M, we obtain that

x1,x2 are two self-adjoint elements of M that generate M as a von Neumann
algebra. 1

REMARK 4.3. Instead of constructing a projection g in Theorem 4.1, if we are
interested in constructing a self-adjoint element, then the result in Theorem 4.2
can be improved as follows. Suppose M is a type 1I; factor with the tracial state
7. If G(M) < 1/2, then M is singly generated.

5. MAIN RESULTS

The following lemma essentially comes from Popa’s remarkable paper [17].

LEMMA 5.1. Suppose M is a type 111 factor with the tracial state T. Suppose
{pj};le is a family of mutually orthogonal projections in M with each t(p;) = 1/k.
Then there exists a hypetfinite type I subfactor R of M such that R' " M = CI and
pY, R

Proof. By [17], there exists a hyperfinite subfactor R of M such that Rj N
M = CI. Since M is a type II; factor, there exists a unitary element w in M
such that { p]-};le C w*Row. Let R = w*Row. Then R is a hyperfinite type II;

subfactor of M such that R’ N M = CI and {p]*};czl CR. 1

Recall M is called an irreducible subfactor of a type II; factor M if My C
Mand MjN M =CIL

LEMMA 5.2. Suppose that M is a type 111 factor with the tracial state T. Suppose
N is a von Neumann subalgebra of M with G(N') = c. Then for each € > 0, there exists
an irreducible subfactor M, of M such that N C M, C Mand G(M,) < c+e.

Proof. Since G(N) = ¢, there exist some positive integer k > 8/¢, a family
of mutually orthogonal projections { pj};le in N with 7(p;) = 1/kfor 1 < j <k,
and a family of generators {x,...,x,} of N, such that

&
I(xll' . -/xn}{Pj};'czl) < c+ E

By Lemma 5.1, we can find an irreducible hyperfinite type II; subfactor R of M
such that { pj};?zl C R. Thus there exists a system of matrix units {eij}i?, i1 ofal
subfactor M}, of R such that ejj = pj foreachj=1,...,k. Note R ~ R ® M for
some hyperfinite type II; subfactor R of R. By Theorem 3.4 and Theorem 4.2,
we know the hyperfinite subfactor R is generated by two self-adjoint elements
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y1,y2 that commute with M. By Proposition 3.2, My, is generated by two self-
k-1

adjoint elements z; = €17 = pj and zp = '21 (ejj+1 +ej41,/) as a von Neumann
]:

algebra. A little computation shows that

e 2 2
I<x11--'/xl’l/yl/y2121122;{Pj};'{zl)<C+§+E+E<C+E-

Let M, be the von Neumann subalgebra generated by R and N in M, which is
also generated by x1,...,xs,Y1,Y2,21,22 in M as a von Neumann algebra. Since
R is an irreducible type II; subfactor of M, M_ is also an irreducible type II;
subfactor of M. Moreover G(M;) <Z(x1,...,Xn, Y1,Y2,21,22; {p]-};?:l) <cte 1

5.1. THE CASE WHEN THE INTERSECTION OF TWO VON NEUMANN SUBALGE-
BRAS IS DIFFUSE. We start this subsection with the following definition which is
just for our convenience.

DEFINITION 5.3. The family of elements {e;;}¥ j—1 is called a subsystem of
matrix units of a von Neumann algebra M if the following hold:
M {ei}f oy < M;
k
(ii) there exists a projection p in M such that } ¢;; = p;
j=1
(iii) e;‘]- =ejiforl1 <i,j<k
(iV) €i161j = 61‘]‘ for1 < i, l,] < k.
Next proposition is our main technical result in the paper.

PROPOSITION 5.4. Suppose that M is a type 11 factor with the tracial state T.
Suppose { N} 72, is a sequence of von Neumann subalgebras of M such that {N;} 72,
generates M as a von Neumann algebra and Ny N Nyyq is a diffuse von Neumann
subalgebra of M for all k > 1. Suppose, for each k > 1, ¢ > 0, there is an irreducible
subfactor My, of M such that Ny C My, € M and G(My,) < e. Then G(M) =
0. In particular, M is singly generated.

Proof. Let e < 1/8 be a positive number. From the assumption on N, there
exists an irreducible type II; subfactor M; of M such that ;7 C M; C M
and G(M) < e. By Theorem 4.1 and the definition of G(M;), for a sufficiently
large integer my > 3/¢, there exist a projection g1 in M and a system of matrix

m
units {egjl) :1;1:1 of M such that jglll e](jl) =1, t(S(q1; {3](‘]1)}71:]1)) <3¢ and {q1} U

{efjl) :"]1:1 generates M as a von Neumann algebra. Without loss of generality,
(i) (1)

we can assume that e;;’, 62; ,q are mutually orthogonal projections in M.
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CLAIM 1. There is a sequence of positive integers {my};2_,, a sequence of irre-
ducible type 11, subfactors My of M, subsystems of matrix units {{el(]k ik ya 1402, and

a family of projections {qy }3> 1, such that:
() Ny S M C Mfork>1;

my
(ii) ZH e (k+1) eg;) fork > 1;
k k+1
(iii) g1 = eéz)4k+1€§2)/ 4k+1€§1+ ' =0, ‘7k+1€§2 =0fork >

(iv) W(MqU--- UMy =W*({q1,.... 9% € l(], ); <i,j< mp,l p < k}) for
k>1
Proof of Claim. We have already finished the construction when k = 1. Sup-

pose that we have finished the construction till k-step. Note that, by the assump-
tion on Ny 1, there exists an irreducible subfactor M1 of M such that

O

and Ny € My € M, ie, (i) holds.

By the definition of G(M} 1), there exist a sufficiently large integer m; 1 >
4my - - - my + 6, a family of mutually orthogonal projections {pj};n:li“mk“ in My
with each 7(p;) = 1/my - - - mp4 and a family of generators {x1, ..., xn} of My
such that

2
(*) Z(xy, . xn/{P]}ml ) < (ﬁ) .

From the induction hypothesis on each M;, we know that { M ]-}5»“:1 are a family

of irreducible type II; subfactors of M, which implies W*(M7U---U M) is a
type II; subfactor of M. And

(x%) W*({ql,...,qk,eff); 1<i,j<mp,1<p<k}) =W (MiU---UM;).

Let {e (k+1) }m-kjl be a subsystem of matrix units in W*(Mj U - - - U M) such that

i,j=1
mk 1
eg;) = f, ejj (k+1) ,1.e., (ii) holds.
Then
1 k) (k+1) (k
Tj1 = {61(12) e 'egk,)zegt+ )eé,])k 32]1 |1 <ip, jp <mp,1<p<k1< < Mgy}

is a system of matrix units of a Iy m,.-mym,,, subfactor of WH*(M1U -+ UMy);
and
1 k) (k+1) (k 1
Prs1 = {61(12) e 'egk,)268(5+ )é’é/i)k o 'eéil) 1<y <mp, 1< p<hk1<s <mygyq}
is a family of mutually orthogonal equivalent projections in W*(M; U - - - U M)
with sum Iy4. Note the following facts: (1) M} N My, is a diffuse von Neumann
subalgebra; (2) Py1 is a family of mutually orthogonal equivalent projections
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with sum I, in the type II; subfactor W* (M7 U --- U My); (3) {p]-};ﬁ:li"m"“ is
a family of mutually orthogonal equivalent projections with sum I in the type
II; subfactor My, q; (4) The cardinalities of {pj};ﬁ:]i“mk“ and Py, are equal to
my - - - myy 1. Thus there exist unitary elements vy, 1 in W*(Mj; U --- U M) and
Wiy 1 in My 1 such that wy, 10,1 maps Py, 1, one to one, onto {pj}?:linmk“. By

(x), we have that

1 2
* * .
T (0 41 Wy 1 X1 Wk Okt 1) - - O 11 Wi 1 Xn Wi 10k41; Pra1) < (m) '

By Theorem 4.1, there exists a projection g1 in M so that

W0 W X1 Wk Ok, - - -4 U Wiea Xn Wit V15 Tg41})
(k) =W*({qk+1} U Txr1)

and

T(S(Gks1; Prs1)) < + < — .
(8@ +))\2m1"'mk Mpy1 MM M- Mg

Because

k)\ 1 (k+1)\ o (k1) 1
T(ey) ) = P T(ey; /) =7Tley ) Prm—

we might assume that g1 = eg’;)qkﬂeg;), qkﬂeglﬁl) =0, qkﬂegﬂ) =0, ie,
(iii) holds.
Note vy 1 is in W* (M7 U - - - U M), which, by (%), is in the von Neumann

algebra generated by {g1,...,qx} U {{Ei(jp)}i,j:l,.‘.,m,,;lgpgk}- On the other hand,

W (Tiar) = W({el!; 1<, j <mp, 1< p <k+1}).

Together with (x*x), we get that {w] x1Wyy1,..., W[, XnWiy1} is contained in
the von Neumann subalgebra generated by {q1, ..., qx, k31t U g yq in M.
However{w,f 11X W1, - ..,w,t +1xnwk+1} is also a family of generators of
M1, because wy 1 is unitary element in My ;. Hence, Mj,1 is in the von
Neumann algebra generated by {41, ..., 9k, qxks1} U Txi1-
Combining with the facts that

W*(Ml U UMk) = W*({%//Qk/el(]p)rl < l/] < mp/l < p < k}) ) 77{—‘1—1/

and

Tk1 € W ({0f 1 W1 X1 Wi 19k41 -+ Ok W1 Xn Wiy 1941, Txr1 1)
CW'MU--- UM U Mg U'];H_l),
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we know that
WH (MU= UM U Mpyq)
W* (M1 U{q1, . ,qk,ef] 1< j<my 1< p<k+1})
W (M1 U{gn, - a0 T }) S W ({1, - Gre U Trgn)
W qesnell; 1< j <mp, 1 < p<k+1})
CW*(M c UM UM Uy g)
CW (MU---UMUMppq);

whence (iv) holds. This finishes the construction at (k + 1)-th step.

Let

x1:<i—e

k=1

1 +e® )
k J 1] J/]*l ’

| =
2=
—
+
/\
agk
@~
N—
|
[ agk
T M»

Note that, by induction hypothesis (iii), we know {e11 gk > 1} is a family
of mutually orthogonal projections in M. Thus, {e%’i),qk;k > 1} is in the von
Neumann subalgebra generated by x;. By the construction of x> and the fact
that {e11 ;k > 1} is in the von Neumann subalgebra generated by x;, we get that
{ei]. ;1 < i4,j < mk > 1} is in the von Neumann subalgebra generated by
{x1, xz}. Hence, by induction hypothesis (iv), { Mj}{2; is in the von Neumann
subalgebra generated by {x1,x,}, i.e., x1, xp are self-adjoint elements in M that

generate M as a von Neumann algebra. Moreover, a little computation shows
that

21 =1
Tl i {e H) < T (e N ) + (1o g 1 gew e 1)

3
< 3e+ — < 4e.
mq

Therefore, G(M) < 4, for all € > 0. It follows that G(M) = 0. 1

Now we are ready to show our main result in this subsection.

THEOREM 5.5. Suppose that M is a type 11; factor with the tracial state T. Sup-
pose { Ny}, is a sequence of von Neumann subalgebras of M that generates M as a
von Neumann algebra and Ny N Ny is a diffuse von Neumann subalgebra of M for
eachk > 1. If G(Ng) = 0 for k > 1, then G(M) = 0. In particular, M is singly
generated.

Proof. The result follows easily from Lemma 5.2 and Proposition 5.4. 1

The following corollaries follow easily from Theorem 5.5 (also see [4], [6]).
Recall a unitary element v in M is called a Haar unitary element if 7(v™) = 0 for
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all m # 0. It is observed that a Haar unitary element v generates a diffuse abelian
von Neumann subalgebra in M.

COROLLARY 5.6. Suppose M = L(SL(Z,2m + 1)) (m > 1) is the group von
Neumann algebra associated with SL(Z,2m + 1), the special linear group with integer
entries. Then G(M) = 0. In particular, M is singly generated.

Proof. By the structure of L(SL(Z,2m + 1)), there is a sequence of Haar uni-
tary elements uy,...,u, that generate L(SL(Z,2m + 1)) as a von Neumann al-
gebra and satisfy ugugq = ugquy for all 1 < k < n—1. Let Ny be the von
Neumann subalgebra generated by uy, 11 for 1 < k < n — 1. Now the result
follows from Theorem 5.5. 1

COROLLARY 5.7. Suppose M is a nonprime type Il factor, i.e. M ~ M1 @ M,
for some type 11y subfactors N1, N of M. Then G(M) = 0. In particular, M is singly
generated.

Proof. We can assume that M7, or My, is generated by a sequence of Haar
unitary elements uy, ..., Uy, ..., OF U1,...,Up,... respectively. Let Ny, 1 be the
von Neumann subalgebra generated by {uy, vk} in M and N be the von Neu-
mann subalgebra generated by uj 1, v in M for all k > 1. Now the result follows
from Theorem 5.5. 1

5.2. THE CASE WHEN A VON NEUMANN ALGEBRA IS GENERATED BY THE NOR-
MALIZERS OF A VON NEUMANN SUBALGEBRA. Suppose that M is a diffuse von
Neumann subalgebra with a tracial state 7.

LEMMA 5.8. Suppose that M is a type I1; factor with the tracial state T. Suppose
N is a von Neumann subalgebra of M such that G(N') = c. Suppose u is a unitary
element in M such that, for some Haar unitary element v in N, u*vu is contained in
N. Then, for every ¢ > 0, there exists an irreducible type IIy subfactor M such that
W*(NU{u}) C M C M and G(M,) <c+e.

Proof. By Lemma 5.2, there exists an irreducible type II; subfactor N; of M
such that V' C N, C M and G(N;) < ¢+ ¢/2. Thus, by the definition of G(N;),
there exist some positive integer k > 8/¢, a family of mutually orthogonal pro-
jections { pj};‘:l in Ne with 7(p;) = 1/k for 1 < j < k, and a family of generators
{x1,...,xn} of N, such that

€
I(xl/- e Xn, {p]}le) < c+ E

Note u is a unitary element in M such that, for some Haar unitary element v in
N, u*vu is contained in AV. It follows that there exist two families of mutually
orthogonal projections, {ej}}‘zl, {fj};‘:l, in N with 7(e;) = ©(f;) = 1/k such
that u*eju = f; for j = 1,...,k. Note N, is a type IIj subfactor that contains N.
There exist two unitary elements wy, w; in N, such that pj = wiejwy = w; fiw;
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forj=1,...,k Thus wjuwyp; = pjwiuw, forj =1,..., k. It follows

e 1
I(xl,...,xn,wi‘uwz;{pj}}‘:l) <C+§+E <c+e

Let M. be the von Neumann subalgebra generated by x1, ..., x,, wjuw, in M;
whence G(M;) < ¢+ ¢. Note N, is contained in M, so are wy, w,. Thus u is
also contained in M., whence W*(N U {u}) € M, C M. From the fact that
NN M = CI, it follows that M, is an irreducible type II; subfactor of M. 1

THEOREM 5.9. Suppose that M is a type 11y factor with the tracial state T. Sup-
pose N is a von Neumann subalgebra of M and {uy} is a family of unitary elements in
M such that {N,uq,uy,... } generates M as a von Neumann algebra and there exists
a family of Haar unitary elements {vy }3° | in N satisfying u;viuy in N for k > 1. If
G(N) =0, then G(M) = 0. In particular, M is singly generated.

Proof. Let Ny be the von Neumann subalgebra generated by N and 1 in M
for k > 1. Using Lemma 5.8 and Proposition 5.4, we easily obtain the result. 1

The following theorem is the generalization of Proposition 1 of [4].

THEOREM 5.10. Suppose that M is a type 111 factor with the tracial state T. Sup-
pose N is a von Neumann subalgebra of M and {uy } is a family of Haar unitary elements
in M such that {N, u1, uy, ... } generates M as a von Neumann algebra. Suppose u is
in N and u;;_  ugyq is in the von Neumann subalgebra generated by N'U {uy, ..., uy}
fork > 1. IfG(N) =0, then G(M) = 0. In particular, M is singly generated.

Proof. Let N be the von Neumann subalgebra generated by N and uy,. . . ,uy
in M for k > 1. Using Lemma 5.8, inductively, and Proposition 5.4, we can easily
obtain the result. 1§

Using Theorem 3.2 and 5.3, we have the following result.

THEOREM 5.11. Suppose that M is a type 11y factor. Suppose that {u;}{2 | is a
family of Haar unitary elements in M that generate M and u;__juyuy 1 is contained in
the von Neumann subalgebra generated by {uq, ..., uy} fork > 1. Then G(M) = 0. In
particular, M is singly generated.

As another corollary of Theorem 3.5 and Theorem 5.9, we obtain the follow-
ing result from [16].

COROLLARY 5.12. Suppose M is a type 11; factor with Cartan subalgebras. Then
G(M) = 0. In particular, M is singly generated.

5.3. THE CASE WHEN A TYPE II; FACTOR HAS “PROPERTY I'”. In this subsection,
we study the von Neumann algebras with “Property I'” in the sense of Murry and
von Neumann.

LEMMA 5.13. Suppose that M is a type 111 factor with the tracial state T. Sup-
pose N is a von Neumann subalgebra of M such that G(N') = 0. Suppose u is a
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unitary element in M such that, for a family of Haar unitary elements {vy,, wy, }5_, in
N, lim |u*v,u — wy |2 = 0. Then, for every € > 0, there exists an irreducible type Iy
n—oo

factor M such that W*(N U {u}) C M, C Mand G(M,) < e

Proof. Let w be a free ultrafilter in B(N) \ Nand A% be the ultra-product von

Neumann algebras of N along the ultrafilter w, i.e. the quotient of the C*-algebra

[T N by the norm closed ideal Z = { (xn)p g € TI N | t((xx0)q) = 0},
m=1 m=1

where 1, is defined by 7, ((x,)5" ;) = '}ll’Ile T(x,) for each (x,) ; € ﬁ N (see
- m=1

[12]).
Let

u=_[(uu,...u...), V=[(v,v2...,00,...)], W=][(w,wy..., wy,...)],

be unitary elements in N. Thus V, W are two Haar unitary elements so that
U*VU = W. Let k be a positive integer and ¢ = 1/k. There is a family of mutually
orthogonal projections {P;}¥_,, or {Q;}X_,, in the abelian von Neumann subalge-
bra generated by V, or W respectively, in N such that 7, (P}) = 1 (Q;) = 1/k
k k
and U*PU = Q;foreach 1 <i < k. Or, U = Y PU = Y PUQ;. Therefore, we
i=1 i=1
can assume that there exist families of mutually orthogonal projections {p; };‘:1,

k
{’1]'};‘;1 of N with each T(p]') = ’Z_'(qj) = 1/k, such that Hu —jgl pjquHZ < &

k .
Let xp = Y pjugj and Ny = W*(N U {x;}). Thus x; LEE R straightforward
=1
adaption of the proofs of Lemma 5.3 and Proposition 5.4 shows that there exist a
subsequence {k,ﬂ};;o:1 of {k}?>, and an irreducible subfactor M, of M such that

{Nkp}‘;f:l C M, C Mand G(M,) < e But Xy, € Nkp and x, Il U,as p — oo.
Thus u € M,. This completes the proof. 1

Using Lemma 5.13 and Proposition 5.4, we can easily obtain the following
theorem.

THEOREM 5.14. Suppose that M is a type 11 factor with the tracial state T.
Suppose N is a von Neumann subalgebra of M and {uy} is a family of unitary ele-
ments in M such that {N,uq,uy, ... } generates M as a von Neumann algebra. Sup-
pose there exists a family of Haar unitary elements {vy y, W }i— in N such that
nlglc}o | ufv pity — wiylla = 0 fork > 1. If G(N') = 0, then G(M) = 0. In particular,
M is singly generated.

Using Theorem 5.3 in [1] and Theorem 3.5 and Theorem 5.14, we have the
following result from [6].
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COROLLARY 5.15. Suppose M is a type 11y factor with property I'. Then G(M)
= 0. In particular, M is singly generated.

Proof. It follows from Theorem 5.3 in [1] that there exist a hyperfinite II;
factor R and a family of Haar unitary elements {v,,}?° ; of R such that ||xv;, —
vnx||2 — 0asn — 0 for all x in M. The rest follows from Theorem 5.14 by letting
NtobeR. 1

5.4. A SHORT SUMMARY AND SOME COROLLARIES. As a summary of the results
in this section, we have the following corollary.

COROLLARY 5.16. The following statements are true:
(i) G(M) = 0, if M is a diffuse hyperfinite von Neumann algebra with a tracial
state T.

(ii) G(M) = 0 if the type I1; factor M is generated by a family of von Neumann sub-
algebras {./\/]}]“;l of M such that G(N;) = 0and N; N N1 is a diffuse von Neumann
subalgebra forall j > 1;

(iii) G(M) = 0 if the type 11y factor M is generated by {N,uy, ... Uy .}, where
N is a von Neumann subalgebra N of M with G(N') = 0 and {uj}/?“’:l is a family of
unitary elements of M such that, for every j > 1, u]’fvju]- is in N for some Haar unitary
element vj in N;

(iv) G(M) = 0 if a type I1; factor M is generated by an ascending sequence of
subalgebras { Ny } 2, such that G(Ny) = 0;

(v) If M is a type I1; factor and G(M) < 1/4, then M is singly generated.

Proof. (i) follows from Theorem 3.5. (ii) is from Theorem 5.5. (iii) is from
Theorem 5.9. (iv) follows from Theorem 5.5. (v) is from Theorem 4.2 1

Using Theorem 3.5, 5.10 and 5.11, we have the following result.

THEOREM 5.17. Suppose M is a type 11y factor generated by a family {u;;}
of Haar unitary elements in M such that:
(i) for each i,j, u;k+1,juijui+1,j is in the von Neumann subalgebra generated by
{ulj/ x ~ruij})
(ii) for each j > 1, {uqj, ugj, ...} N {uyjy1,uj41,-- -y # @.
Then G(M) = 0. In particular, M is singly generated.

(0]
ij=1

REMARK 5.18. Combining with the results in [4], [7], [8], we have shown
that most of the type II; factors, whose free entropy dimensions are known to be
less than or equal to one, are singly generated.

EXAMPLE 5.19. New examples of singly generated II; factors can be con-
structed by considering the group von Neumann algebras associated with some
countable discrete groups. The following are a few of them:
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(i) Let G be the group (91,82, -- | 8igi+1 = &i+18i,i =1,...). Then G(L(G)) =

0 and L(G) is singly generated, where L(G) is the group von Neumann algebra
associated with G.

(i) Let G be the group (a,b,c | ab’>a=! = b3,ac’a=! = 3). Then G(L(G)) =0
and L(G) is singly generated.

(iii) Let R is the hyperfinite II; factor and B is a diffuse von Neumann subal-
gebra of B. Let

M=Rx*g*xR*g*«R*xg*---

be the amalgamated free product of R over B. Then by Theorem 5.5, we know
that G(M) = 0 and M is singly generated.
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