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DIMENSION FORMULA FOR LOCALIZATION OF
HILBERT MODULES
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ABSTRACT. This paper considers a conjecture of Douglas, Misra and Varugh-
ese about the dimension formula of the localization of an analytic Hilbert sub-
module generated by polynomials [8]. The conjecture states that there exists
a relation between the dimension of the localization of an analytic submodule
generated by an ideal of polynomials and the codimension of the zero variety
of the ideal. It is shown that the conjecture is true in most natural cases. Some
examples show that there are exceptions to this conjecture. The results apply
here to compute curvature invariants of quotient submodules.
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INTRODUCTION

The concept of tensor product of Hilbert modules was introduced in [9]. It
is useful to analyze Silov resolutions as well as to construct new Hilbert mod-
ules. Let M be a Hilbert module over a function algebra A, which consists of
holomorphic functions over a domain (2 of C*. Let x € M 4, the maximal ideal
space of the function algebra A, then the module tensor product of M with the
one dimensional Hilbert module C, is called the localization of M at x. One can
obtain much information about the Hilbert modules by using localization tech-
nique. Higher dimensional localization of Hilbert modules was considered in [5].

Note that M ® 4 Cy is isomorphic to the module direct sum of copies of the
one dimensional module Cy, so the only invariant for the localization of M is
dim (M ® 4 Cy). In [8], Douglas, Misra and Varughese made a conjecture about
the following dimension formula for the localization of Hilbert module. Let us
recall it briefly. Let (2 be a bounded, simply connected domain in C" and let
A(Q) denote the algebra consisting of holomorphic functions in 2, which are
continuous on (2, the closure of (2, then it is a closed algebra with respect to
the supremum norm on (2. Assume further that (2 is polynomially convex, then
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A(Q) is the closure of polynomials with respect to the supremum norm on (2. Let
T be an ideal of the polynomial ring C = C|zy,...,z,], H be an analytic Hilbert
module over (2, and let M be a submodule of H formed by the closure of T in
H, then one can see that the localization of the submodule M at a point A =

n
(A1, ..., An) € Qis N ker(My; |p, —Ai)* € M. Douglas, Misra and Varughese
=1

conjectured that

n
dim () ker(Mz; |y, —Ai)* =

{ 1 forA ¢ Z(t)NQ,
i=1

codim Z(7) forA € Z(t)NQ,

where Z(T) is the common zero set of the ideal 7, and codim Z(7) is the codi-
mension of Z(7), which is n — dim Z(7). Using the techniques of the character-
istic spaces cf. [11], [12], [13], it is shown that the conjecture is equivalent to a
problem from elementary algebraic geometry. The problem is: If T is an ideal of
Clz1,...,za),and A € Z(7T) N 2, does it hold that

dim /9T = codim Z(1) ?

where M, = (z1 — Ay, ...,z4 — Ay) is the maximal ideal of C[zy,...,z4] at A. In
this paper, it is shown that if T is prime, and A is any smooth point in Z(7), then
above equality holds. However, some classic examples in algebraic geometry
show that there are exceptions to this equality. Hence, the conjecture is true in
most natural cases. When the ideal is generated by a single polynomial, then the
conjecture is always true. Moreover, if we assume that the Hilbert module H is
in the Cowen-Douglas class By (2*) (cf. [3], [4]), then the Hilbert submodule M,
is locally free, which leads to some calculations about the curvature of the vector
bundle associated with the Hilbert submodule M. We apply this calculation to
show that some Hilbert submodules are not equivalent.

1. PRELIMINARIES

In this section, we will give some preliminaries. First we recall the method
of characteristic space, which is systematically developed by Guo (cf. [11], [12],
[13]).

Let C = Clzy, ..., zx] denote the polynomial ring, and let

_ my _myp m
q= Zamlr---rmnzl ZZ T Zy "

be a polynomial in C. We use g(D) to denote the linear partial differential opera-

tor
oM tmyt iy

q(D) = Zaml,.‘.,mn aZTlaZ?z see azz’ln .

For an ideal | of C, the characteristic space of ] ata = (aq,...,a,) € C" is defined
to be

Ju=1{9€C:q(D)pla =0,Yp €]},
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where g(D)p|. denotes (q(D)p)(«). One can easily check the following identity:

4(D)(zif) la= a;g(D)f |a +§2(D)f W i1 n

Basic facts about ], are that |, is invariant under the action of the partial
differential operators {%, cee, %}, and that J, # 0if and only if & € Z(]).

For ideals I, I of C satisfying Iy O I, I; and I are said to have the same
multiplicity at a if I, = Ip,. We use the symbol Z(I;)\Z(I;) to denote the set {a €
Z(Ip) : Iy # Ly} (note that I, C I,). For a € Z(Ip)\Z(1;), the multiplicity of I,
relative to [; at « is defined to be dim Ip, / I1,, and the cardinality of Z(I;)\Z(1;),
denoted by card(Z(I)\Z(Iy)), is defined by the equality

Card(Z(IZ)\Z(Il)) = 2 dim Iy / [14-
a€Z(L)\Z(hL)

We need the following two lemmas. The first lemma appeared in [11], which
is a generalization of a result of Ahern and Clark [1].

LEMMA 1.1 ([11], Theorem 3.1). Let H be an analytic Hilbert module over the
domain QQ C C", and I, I be two ideals of C satisfying I D I, and Z(I)\Z(I;) C Q.
Let [I], [I2] be the closures of I, I respectively in H. Then

LEMMA 1.2 ([11], Corollary 2.5). If I, I, are two ideals in C, Iy D I, and
dimI; /I, =k < oo.

Then we have
dim /I, = card(Z(L)\Z(L)).

Next we recall the concept of localization of Hilbert modules. Let M and
M be two Hilbert modules over the function algebra A, let M; ® M; denote
the Hilbert space tensor product of M; and M, then M; ® My can be made
into a Hilbert module over A using the action either on M;j or on M,. Let N/
denote the closure of the linear span of the vectors

{fxy—xfy|feAxeMyye My},

then N is a Hilbert submodule of M; ® M. By forming the quotient of M; ®
Mj by N, we see the two actions on the quotient are equal. The quotient with
this action is called the module tensor product of M; and My, and denoted by
Mi & 4 M.

Let x € M 4, then the one dimensional module Cy is defined to be the space
of complex numbers with the module action as follows:

f-i=fx), feAcCeC.

As in the introduction, for an analytic Hilbert module H over the function
algebra A(Q2), and a submodule M of H, we see ([9], Theorem 5.14) that the
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localization of My ata point A = (Ay,...,A,) is identified with

n n n
ﬂ ker(Mzi |M0 —)\i)* = ﬂ (Mo S, (Zi — /\i)./\/lo) = MO S) ( Z(Zl' — /\l’)./\/l(]).
i=1 i=1 i=1
Moreover, let T be an ideal of the polynomial ring C, and set M = [7], where [T]
denotes the closure of T in H. Then the above equality implies that

n
(1.1) dim () ker(Mz; |pm, —Ai)* = dim []/ [ 7]
i=1
where A € (2, and M, = (z1 — Aq,..., 2y — Ay) is the maximal ideal of C at A.
From the definition of characteristic space of an ideal, we have the following
assertion.

PROPOSITION 1.3. Z(9M)7)\Z(7) = {A}.

Using Proposition 1.3 and combining Lemma 1.1 and (1.1), we have

n
(1.2) dim () ker(My; |pm, —Ai)* =dimT/9M1, A€ Q.
i=1
From the equality (1.2), the conjecture is equivalent to a problem from elementary
algebraic geometry.

Problem. If 7 is an ideal of C|zy, . ..,z,],and A € Z(7) N, does it hold that
dim T/9MM 7 = codim Z(1) ?

Some more definitions and facts from commutative algebra and algebraic
geometry are also needed. We refer the reader to [6], [15], [18] for more details.
If 7 is prime, then the height of 7, denoted by height(7), is defined to be the
maximal length | among all the properly increasing chain of prime ideals

O=rmCncC---Chy=r.

Since C is Noetherian, every prime ideal has finite height. For an arbitrary ideal,
its height is defined to be the minimum of the height of its associated prime ideals.
For an ideal | of C with height(J) = I, we have

dimZ(J) =n—1=n— codim Z(J),

that is, codim Z(J) = height(]). So correspondingly, dim Z(J) is the maximal
dimension of proper irreducible components of Z(]).

Now assume that 7 is prime, and is generated by polynomials p1, py, ..., pt,
ie., = (p1,...,pt), and assume that codim (7) = r. Then for any point A € Z(7),
it holds that

op;
(1.3) rank(a—z;) 1<ise
S/sn

<r.
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A point A € Z(7) is said to be a smooth (nonsingular) point if the equality in (1.3)
holds, otherwise, A is said to be singular.

2. MAIN RESULT

In this section, we will give the main result on the dimension formula of the
localization of Hilbert submodules.

First, we assert that dim 7/9) T < oo.

In fact, assume that T = (py,..., pt), i.e., T is generated by the polynomials

t
p1,...,pr. Thenfor Vf € T, wehave f = Y h;p;, h; € C. Write
i=1

hi = (hi — hiy(A)) + hi(A) = i(zj —Aj)fij + hi(A),

j=1
where fij € C, it then follows that

f=X

t
j=li=

t
(zj = Apifij+ Y hi(A)pi,
1 i=1

which gives that
(2.1) dim /97 < t < oo,
By Lemma 1.2 and Proposition 1.3, it holds that
dim /9T = dim (MHT), /Ty
Therefore, we need to compute dim (9, 7), /).

PROPOSITION 2.1. IfA & Z(7), then (M 7),/7T)\ = C.

Proof. For A ¢ Z(7), clearly, T, = {0}. Choose f € 7 such that f(A) # 0,
then (z]- — )\]-)f € M7, forj = 1,...,n. Given (ay,...,a,) € C", then for j =
1,...,n, we have

(L az) (D) (2~ APh = B aime (2= A)F)la = aif ().
i=1 i=1 !

n
If (aq,...,a4) # (0,...,0), the above identity shows that Y a;z; ¢ (91,7),. From
i=1

the invariance of (91, 7), under a%' i=1,2,...,n, one concludes that (M, 7)) =
C, and the result follows immediately. 1

Thus, we have that
dim /97 = dim (M 1), /7) =1,
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if A ¢ Z(7). From (1.2) we conclude that:

n
(2.2) dim [ ker(Mz; [pm, —A1)* =1, forA ¢ Z(7).
i=1

This shows that the conjecture of Douglas, Misra and Varughese is true in the case
A ¢ Z(T).

Now we assume that A € Z(7). If T is generated by a single polynomial p,
ie., [1] = [p], then Vf € T, we have f = ph for some I € C. By the equality
pf =p(f — f(A))+ pf(A), a simple reasoning shows that

dimt/9 )T = 1.
This gives the following.
PROPOSITION 2.2. If T is singly generated and A € Z(7), then

n
(2.3) dim () ker(Mz; [p, —Ai)* =1 = codim Z(7).
i=1
Now we reach the main result in this paper, which shows when T is prime,
and A € Z(7) is a smooth point, that the conjecture of Douglas, Misra and
Varughese is true.

THEOREM 2.3. If T = (p1,..., pt) is prime with codim Z(T) = r, for a smooth
point A € Z(T), we have

n
(24) dim () ker(Mz; | s, —A;)* = dim /97 = r.
i=1
Proof of Theorem 2.3. First we make an assertion which follows from the
proof of Theorem 5.1 in [15], we give the details for the reader’s convenience.
Assertion. dim (T +213) /93 =r.
In fact, construct a linear map

@9y — C", o(f) = (%I---,%) A fEM.

Then @ is surjective, moreover, ®(z; — A1),..., P(z, — Ay) is a linear basis in C",
and ker® = 3. It yields that

@ : My /M3 +— C"

is a linear isomorphism. Since A C Z(7), it follows that T C 91,. Moreover, since
B = {py,...,P,} is a linear generating set for (T -+ 23 )/MM3, we obtain that the
cardinal number of the maximal linear independence subset of B equals that of

the set {®(p,), ..., @(P,)}, which is, rank (3—2) A = r. This completes the

1<igt
1<j<n

proof of the assertion.
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Since (T + M3)/9M2 is isomorphic to T/7 N M3 as linear vector space, it
suffices to show that

dimt/9MM, T =dimt/TN 93?%

Since T C M, it follows that W, T C TN zmﬁ Combining this inclusion and (2.1)
gives that

(2.5) t > dim /M7 > dim /7N M3,
Since Mt C TN zmﬁ C 1, then for Va € C", it holds that
T C (rmmﬁ),x C (OMAT)a-
By Proposition 1.3, if « # A, then 7, = (901, T)s, and thus
T = TNy = (MAT)a, a # A
Using Lemma 1.2, we have
dim 7/, T = dim (M) 7), /Ty, dimT/TNIM3 = dim (TN Dﬁ%))l/r,\.
Thus it suffices to prove that
(2.6) (9 7)) = (TNMI)r.

To prove (2.6), we need some technique of localization. First, we recall some
notions and facts which can be found in [10], [16]. Let O, denote the ring of all
germs of analytic functions at A. Then O, is a unique factorization domain (UFD),
and is a Noetherian local ring of Krull dimension n. Let | be an ideal of C, and
f € J. The restriction of f to a neighborhood of A represents a germ in O,, which
is denoted by f). Let M) be the ideal of O, generated by {f) : f € J}, and JM
is called the localized ideal of | at A. Obviously, the characteristic spaces of | and
J) at A are the same [13], i.e., [, = (J),. We denote TN M3 by K for simplicity.
Thus to prove (2.6), it suffices to show that 9t) T and K have the same localized
ideal at A, that is,

2.7) (7)) = KW,

Recall that codim (7) = r and A is a smooth point in Z (). We claim first that:
Claim. ™) can be generated by r germs fyy,.. ., f3 € T™), which are repre-
sented by r holomorphic functions f1, ..., f; in a neighborhood of A with

oh oh
Jzy " 0z

(2.8) rank | .............. =r.
ofr r | 15
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opi |
azj 1<i<t [A
1<j<n

In fact, since the rank of ( equals r, without loss of generality,

we assume that

9p1 91
0z 0z,
rank | ............... =7,
opr apy
0z 0z A

and A =0 = (0,...,0). Now we define a holomorphic map F : C" — C" by

F(z1,...,zn) = (w1, ..., wy),

where
w1 =p1(21,-2Zn), - Wr = Pr(21,- ., 2Zn), Wy = Zpg1, .-, Wy = Zp.

Since rank(%—‘;]f) ‘ = n, it follows from the Inverse Mapping Theorem that there
exist neighborhoods U, W of 0 such that F is a biholomorphic mapping from U
onto W. Let T(%) denote the ideal of Op generated by {f o F~|y : f € 7}, then it
suffices to prove that 7(%) can be generated by r germs of {f o F~ 1|y : f € T} atO.
Observe that
Z(t)yNnU={zeU:py=---=pr =0}
On the neighborhood W of 0, let

ﬁl(wl"”’w”) :ploF_l(wll'”/wn) = w1,
ﬁr(wl""’wn> :propil(wll"-/wi’l) = Wy,

pr(wi, ..., wn) = pt oF_l(cul,...,wn),
which are holomorphic functions in W. So
z=(z1,...,zn) €{z€U:pi(z) =0, i=1,...,t} =Z(t)NnU

if and only if
w=(wy,...,wy) €V

whereV={weW:w;=0,i=1,...,7, ﬁj(w) =0, j=r+1,...,t}

By page 109 of [17], when the algebraic variety Z(7) is viewed as a holomor-
phic subvariety, then their smooth points sets are the same, and the dimensions
are also the same. So we can work with the algebraic variety Z(7) in the category
of holomorphic varieties. Since F maps Z(7) N U biholomorphically onto V, it
follows that

dimV =dimZ(t)NU =n—r.
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Let W = {(wy41,...,wy) € C"7:(0,...,0,wy41,...,wy) € W}, and

Pry1(wri, ..o wn) = Prsa(0,...,0,wpp1, ..., wh)

pi(writ, ..., 0n) = pr(0,...,0,Wp 41, ..., wy).
Define a map IT from W' C C"~" into W as follows:
II(wri1, .., wn) =(0,...,0,0r41,...,wy),
then IT is a biholomorphic map from W’ onto IT(W'). So the dimension of
V' E{W = (Wpi1,...,wn) EW i pl () = = pi(o)) =0}
is equal to the dimension of II(V') = V, and is equal to n — r. Noticing that V' C

W' C C"7", and dimC""" = n — r, there exists a neighborhood of 0 contained in
W', denoted by B,—(0), such that

(2.9) pi(w') =0,
fori=r+1,...,t,and W’ = (wys1,...,wy) € By_s(0). Otherwise, without loss
of generality, we assume that p,_ ; will not vanish identically on any neighbor-
hood of 0 in C"~". Since
V' CH{w' = (wy41,...,wp) € W p) (') =0},
if there is no neighborhood in W' on which p; , ; vanishes identically, then {«’ =
(Wrt1,- -0 wn) € W2 pl 1 (w') = 0} is an analytic hypersurface in C"~", with
dimension n — r — 1, from which it follows that dimV’ < n — r — 1. This yields a
contradiction.
Now by (2.9), we have
5:00,...,0,...,0,Wps1,...,wn) =0,
fori=r+1,...,t, and (wy41,...,wn) € By—+(0). Using the product topology of
C" x C"" = C", we can find a neighborhood B, (0) of 0 in C" such that
B.(0) x B,_,(0) £ X C W.
Now for w = (wy, ..., Wy, Wri1,...,wn) € E,andj=r+1,...,t it holds that

1
d
pi(w)=pj(w) = p;j(0,...,0,wrs1,- .., wn :/d— (twn, ... twr,wpiq, ..., wy)dE
0

1
r
= Z wk/ Dkf)]'(t(dl, .. .,twr,wrﬂ, . .,wn)dt.
k=1
0

Since (%) is generated by wy, . . ., W, Pri10, - - -, Pr.o, the above equality implies
that T(©) is generated by wqy, . . ., wyo, r holomorphic germs in 7(0) Moreover, (2.8)
is obviously true for wy, ..., w; in the coordinate {ws, ..., wy.} We thus complete
the proof of the claim.
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Now we continue to prove Theorem 2.3. For any f € K©), we have f =
t
Y. pih; in some neighborhood of 0, where £; is analytic in some neighborhood of

i=1
Ofori=1,...,t Since

pihi = pi(hi = hi(0)) + pihi(0) and  (pi(h; — hi(0)))o € K'Y,
t
we conclude that ( Y pihi(O)) . € K By the claim, 7(%) is generated by r germs
i=1

r
f10,- -, fro, sO we can write p; = ) gk fx in some neighborhood of 0, for i =
k=1

1,...,t,and gj is analytic in some nezghborhood of0,fori=1,...,t, k=1,...,r
Thus,

E?
MN

( Z glkfk) i ( igikhi(o))fk

[; ik — &ik(0 }fk‘i‘ i [Z Sik(0 }fk

i=1

Il
_

I
- L

»
Il
—_

Since (gix — gik(0))o € (M), it follows that

{k:Zl [Zt; (gik — &ik(0 (@}fk}o e (Me7) @ C KO,

i=1
thus

r

t
(2.10) { X [ Esu@m©)]si}, € o).

By (2.8), we know that the vectors of the first order terms in the Taylor expansion
of fr, k =1,...,rat0 are linearly independent, thus from (2.10), we conclude that

t
(gx(0)h;(0) =0, fork=1,...,r
1

i—
This gives that
(pifi(0))o € (Mo7)?,

and hence (pih;)o € (Mo7)®). This shows that fo € (M7)©®. It follows that
K© C (97)©® and we complete the proof of Theorem 2.3.

It is interesting to understand the roles of primality and smoothness in The-
orem 2.3. In dimension n > 3, the examples in Section 3 will show that the
hypothesis of smoothness is necessary. However, it is not entirely clear if the
hypothesis of primality in Theorem 2.3 is necessary.

Below, we show that in dimension n = 2, (2.4) remains true for YA € Z(71).
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PROPOSITION 2.4. Let T be a prime ideal of C[z1,23], and codim Z(T) = r.
Then for VA € Z(t), it holds that

n
dim (" ker(M;, [pm, —Ai)" =T
i=1

Proof. Since T C Clz1, z5], we have codim Z(7) < 2. If codim Z (1) = 2, then
T is a maximal ideal, and hence T = (z; — 1,22 — &) for some & = (a1, ap) € C2.
This means that

dimt/9M, T = 2.

Combining this equality with (1.2) gives that

n
dim () ker(Mz; |pm, —A1)* =2,
i=1
where A = « is the unique zero point of 7, and hence in this case, the desired con-
clusion holds. If codim Z(7) = 1, then by Proposition 1.13 of [15], T is generated
by a single polynomial. Proposition 2.4 follows from Proposition 2.2 immedi-
ately. 1

3. EXAMPLES AND APPLICATIONS

Now we give some examples to show that there exist exceptions for the
conjecture of Douglas, Misra and Varughese in some cases.

EXAMPLE 3.1. Consider the ideal T = (z%,zlzz,z%) of C[zq,2,], then obvi-
ously, T is primary, but not prime, and Z(t) = {(0,0)}, hence

codim Z (1) = 2.

However, any linear combination of z%, Z12Z2, z% does not belong to the ideal MtpT
= 21T + zoT. Thus, applying (2.1) easily shows that

dimt /Myt = dim7/ (21T + 227T) = 3.
So in this case codimZ (1) # dim /M.

EXAMPLE 3.2. Consider theideal = (2] — 23,23 — 23,25 — z3) in C[z1, 22, 23],
then 7 is prime with codim Z(t) = 2 (cf. Exercise 1.11 of [15]), and (0,0,0)
is a singular point in Z(7). Moreover, by a careful computation, one gets that
any nonzero linear combination of z} — 23,27 — 23,25 — z3 does not belong to
MoT = z1T + 22T + z37. So applying (2.1) shows that dim /97 = 3. Thus

we have codimZ (1) # dimt/9MyT.

EXAMPLE 3.3. Consider the ideal T = (23 — z123,2124 — 223,25 — z124) in
Clz1,22, 23, 24, then T is a prime ideal in C[z1, 23, 23, z4] and (0, 0,0, 0) is a singular
point in Z(7). It is clear that any nonzero linear combination of the generators
z% — 2123, Z1Z4 — 2023 z% — z1z4 does not belong to MyT = 21T + 22T + 23T + 24T.
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By (2.1) again, we have dimt /917 = 3. However, the rank of the Jacobian matrix
at the smooth points of Z(7) is 2, thus one has that

codimZ(t) = 2 # dimt/9MpT.

Note that the algebraic variety determined by such an ideal is called twisted
cubic (cf. Example 1.10 of [14]), see Example 1.14 of [14] for a generalization of this
ideal.

The last two examples show that when n > 2, it is necessary to assume that
A is a smooth point in Z(7) in Theorem 2.3. The dimension formula of the local-
ization of Hilbert modules not only gives an invariant for the Hilbert modules but
also enables one to compute the curvature invariant (cf. [3], [4]) when the Hilbert
module is generated by one polynomial. Thus, we can prove that some Hilbert
modules are not unitarily isomorphic.

EXAMPLE 3.4. For a,8 > 0, let H(*P) be the reproducing kernel Hilbert
module over the bidisk D? with the reproducing kernel

1
(1—z1A1)%(1 — 22A5)F

K((z1,22), (A1, A2)) =

where (z1,23), (A1,A2) € D2 Let M (@) be the Hilbert submodule of H(“#) gen-
erated by z{' — zj, where m, n are positive integers, and m # n. let

Z={z"— 28 =0,(z1,22) € D?}

be the common zero set of the ideal generated by zi' — z7. Note that z]" — 23
is a quasihomogeneous polynomial with weight (1, m), then one can prove that
M(@B) is the largest set of functions in H(“#) which vanish on Z. Let N'(*#) be
the quotient module of H(*#) by M(®#), then the Hilbert quotient module N (*#)
is isomorphic to H&) (cf. [2], [7]). Let 2 = B(1o; 1) be a disk of C which centeres
at 170 = (,0) with radius 1. Let U = Q x Q be the open subset of D?. Let ¥ be
the biholomorphic map

U—V=Y¥YU):u =zI'"—25,up = zp.

Then on U N Z, one will get z; = ug/ ™ zo = up. The curvature invariant of the

Hilbert quotient module N/ (@p) denoted by IC/(\D;’/S Vis computed (cf. (1.6) of [7]) as
follows:

2 *
S2975 logKy ((0,u2), (0,u2)) res(duz A dinp)
- b ! " (dup A diiy)
= gty B [P (1 — PP s 122
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9 gatuy(|upl?)"/m? Buy * ~
= o duy A d
auz{ (1—(|u2|2)”/’”) + (17 |u2|2)}l/1 res( up uz)
_ n\2 (|u2|2)n/m71 (|u2|2)2n/m71 1 X B
=) T ey (g P ] e )
Now let |uy| = @ and % respectively, then by an easy computation one gets that

Kj(\ufl’ﬁ U ICJ(\";Z’I% 2) only if &y = ap and By = B,. Since the curvature invariant is

a complete invariant for the Hilbert module which belongs to the first Cowen—
Douglas Class, i.e., B (Q*), (cf. [3], [4]), we conclude that N/ (@1.81) jg isomorphic
to N(@2P2) only if &y = ap and By = Bo.

Acknowledgements. The authors thank the referee for helpful suggestions which make
this paper more readable. The first author is supported by NSFC(10801028) and Science
Foundation for Young Teachers of Northeast Normal University (20080104). The second
author is partially supported by NSFC(10525106) and NKBRPC (2006CB805905).

REFERENCES

[1] P. AHERN, D. CLARK, Invariant subspaces and analytic continuation in several vari-
ables, J. Math. Mech. 19(1970), 963-969.

[2] N. ARONSZAJN, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68(1950), 337—
404.

[3] M. CoweN, R. DOUGLAS, Complex geometry and operator theory, Acta Math.
141(1978), 187-261.

[4] M. COWEN, R. DOUGLAS, Operators possessing an open set of eigenvalues, in Furnc-
tions, Series, Operators, Vol. I, II (Budapest, 1980), Colloq. Math. Soc. Janos Boyai, vol.
35, North-Holland, Amsterdam 1983, pp. 323-341.

[5] X. CHEN, R. DOUGLAS, Localization of Hilbert Modules, Michigan Math.]. 39(1992),
443-454.

[6] X. CHEN, K. GUO, Analytic Hilbert Modules, r-Chapman & Hall/CRC Res. Notes
Math., vol. 433, Chapman and Hall/CRC, Boca Raton, FL 2003.

[71 R. DOUGLAS, G. MISRA, Geometric invariants for resolutions of Hilbert modules, in
Nonselfadjoint operator Algebras, Operator Theory, and Related Topics, Oper. Theory Adv.
Appl., vol. 104, Birkh&user, Basel 1998, pp. 83-112.

[8] R.DouGLAS, G. MISRA, C. VERUGHESE, Some geometric invariants from resolutions
of Hilbert modules, in Systems, Approximation, Singular Integral Operators, and Related
Topics (Bordeaux, 2000), Oper. Theory Adv. Appl., vol. 129, Birkhduser, Basel 2001, pp.
241-270.

[9] R. DOUGLAS, V. PAULSEN, Hilbert Modules over Functional Algebras, Pitman Res. Notes
Math. Ser., vol. 217, Longman Sci. Tech., Harlow 1989.



452 YONGJIANG DUAN AND KUNYU GUO

[10] R. DouGLAS, K. YAN, On the rigidity of Hardy submodules, Integral Equations Oper-
ator Theory 13(1990), 350-363.

[11] K. GUO, Algebraic reduction for Hardy submoduels over polydisk algebras, ]. Oper-
ator Theory 41(1999), 127-138.

[12] K. GuO, Characteristic spaces and rigidity for Hilbert modules, J. Funct. Anal.
163(1999), 133-151.

[13] K. GUO, Equivalence of Hardy submodules generated by polynomials, J. Funct. Anal.
178(2000), 343-371.

[14] J. HARRIS, Algebraic Geometry. A First Course, Graduate Texts in Math., vol. 133,
Springer, New York 1992.

[15] R. HARTSHORNE, Algebraic Geometry, Graduate Texts in Math., vol. 52, Springer, New
York 1977.

[16] S. KRANTZ, Function Theory of Several Complex Variables, John Wiley&Sons, New York
1982.

[17] J. TAYLOR, Sevaral Complex Variables with Connections to Algebraic Geometry and Lie
Groups, Graduate Stud. Math., vol. 46, Amer. Math. Soc., Providence, RI 2002.

[18] O. ZARiSKI, P. SAMUEL, Commutative Algebra, Vol. I, II, Van Nostrand, Princeton, New
Jersey 1958/1960.

YONGJIANG DUAN, SCHOOL OF MATHEMATICS AND STATISTICS, NORTHEAST
NORMAL UNIVERSITY, CHANGCHUN, 130024, CHINA
E-mail address: duanyjo86@nenu.edu.cn

KUNYU GUO, SCHOOL OF MATHEMATICAL SCIENCES, FUDAN UNIVERSITY,
SHANGHAI, 200433, CHINA
E-mail address: kyguo@fudan.edu.cn

Received March 15, 2007; revised August 29, 2007.



