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ABSTRACT. The present work is motivated by J.L. Taylor’s program on non-
commutative holomorphic functional calculus within the Lie algebra frame-
work. We propose a sheaf T4 of germs of formally-radical functions in ele-
ments of a finite dimensional nilpotent Lie algebra g and prove the functional
calculus theorem for an operator family generating a supernilpotent Lie sub-
algebra based upon the sheaf T. This calculus extends Taylor’s holomorphic
functional calculus for a mutually commuting operator family.
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INTRODUCTION

At the beginning of 70’s of the previous century the multi-operator holo-
morphic functional calculus problem has been solved by J.L. Taylor in [26] based
upon the methods of topological homology. The advantageous of the homolog-
ical approach is to have a general vision to the functional calculus problem for
(not necessarily commutative) operator families. So, the basic ingredients of the
functional calculus are the following:

(1) a base algebra of “polynomials” B;

(2) a Banach left B-module X (or B-functional calculus on X);

(3) a family of topological algebras A(U) of "noncommutative functions on
domains U" with their canonical homomorphisms 17 : B — A(U).

The problem is to select the algebras A(U) such that the space X turns out
to be a left Banach A(U)-module whose new B-module structure via pullback
along the homomorphism ¢; is reduced to the original one. Roughly speaking,
B-functional calculus on X is extended to .A(U)-calculi on X. The family .A(U)
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of topological algebras is usually motivated by the presence of a certain (Fréchet)
sheaf whose sections over all open sets U are the algebras .A(U), respectively. For
instance, if T = (Ty,..., T,y) is an m-tuple of mutually commuting operators on
a Banach space X then the holomorphic functional calculus problem for T can be
handled within this framework in the following way: the base algebra B = P, is
the algebra of all complex polynomials in m-commuting complex variables z =
(z1,...,zm) with its natural B-module structure on X:

PuxX—X, (p(z)x)— p(T)x,

and A(U) are the algebras O(U) of holomorphic functions on domains U C C"™,
respectively. So, we deal with the sheaf O of germs of holomorphic functions
on C™. The relevant functional calculus problem was solved by ]. Taylor [26] in
terms of the joint Taylor spectrum o (T) [24]. Namely, if U is an open subset in C"
enclosing the Taylor spectrum ¢ (T) then X turns into a left Banach O(U)-module
extending the action of P, on X given by the operator tuple T. For a noncommu-
tative base algebra B we encounter the following principle problems, the first
one is to construct of a (Fréchet) sheaf of "germs of functions in noncommuting
variables" which would play the same relation to B as the sheaf O did play with
respect to Py, the second one is the noncommutative joint spectrum.

One of the central parts of Taylor’s program [26] (see also [16]) in the general
framework of "noncommutative holomorphic functional calculus" is to replace B
by the universal enveloping algebra U/(g) of a finite-dimensional Lie algebra g.
Thanks to the recent achievements [1], [3], [17], [9], [13], [14], [15] in the spectral
theory for a nilpotent Lie algebra of operators, the indicated part of Taylor’s pro-
gram for a nilpotent Lie algebra g appears to be quite attractive. In particular, we
have a well defined Taylor spectrum ¢(T) of the operator tuple T = (Ty, ..., Tn)
generating a finite dimensional nilpotent Lie algebra, which possesses the spec-
tral mapping properties with respect to the noncommutative polynomials. The
construction of the relevant Fréchet sheaf of germs of holomorphic functions in
elements of g appeared to be more complicated. Some developments toward
this problem have been done in [10], [11], [12], [23], [13]. It was proposed a
suitable (noncommutative) Fréchet algebra presheaf O4 over the character space
A(g)(= C", m = dim(g/[g, g])) of the nilpotent Lie algebra g, with its all desir-
able properties. But whether Oy is a sheaf remains inexplicit (see [6], [7], [8]).
Meanwhile, one may observe that the formal Fréchet completion T4 of Oy is a
Fréchet algebra sheaf. We are saying that ¥ is a sheaf of germs of formally-radical
functions in elements of g. As a sheaf of the Fréchet spaces, Ty has a relatively
simple structure, namely it is just the projective tensor product

Ty = OBC[wi, .., wi]

of the sheaf O of germs of usual holomorphic functions and the constant sheaf
Cllws, - - ., wg]] of all formal power series in k-variables over C", where k =
dim([g, g]). The algebraic structure on T4(D) for a polydisk D is uniquely lifted
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from the universal enveloping algebra U/ (g) which is its proper dense subalgebra
(see Subsection 5.1). Note that a similar construction is used in the noncommu-
tative algebraic geometry in [22]. In particular, T; = O whenever g is a com-
mutative Lie algebra. Such formal completion of Oy restricts in turn the rele-
vant class of operator tuples to be considered in the functional calculus problem.
That is the class of operator tuples on a Banach spaces X generating supernilpo-
tent Lie subalgebras in the Banach algebra £(X) of all bounded linear operators
acting on a complex Banach space X. Namely, let T = (Ty,...,T;) be a fam-
ily of operators in £(X) generating a finite-dimensional nilpotent Lie subalgebra
gr € L(X). Itis known [27] that the Lie ideal [gr, g7] of commutators consists of
quasinilpotent operators. We say that T generates a supernilpotent Lie algebra gr
if [gT, gr] consists of nilpotent operators. Obviously, each mutually commuting
operator tuple automatically generates a supernilpotent Lie algebra. Moreover,
if X is a finite-dimensional space then each nilpotent Lie subalgebra in £(X) is
a supernilpotent one. The class of noncommutative supernilpotent Lie algebras
of operators on an infinite-dimensional Banach space X is sufficiently wider than
the class of commutative Lie algebras. If T is an m-tuple of operators on X gen-
erating a supernilpotent Lie algebra then X turns out to be a left Banach module
over the Fréchet algebra T4(C™) of all global sections of the sheaf T, that is, all
entire formally-radical functions act on X. Moreover, T4(D) possesses the Koszul
resolution [8], [12], which is a free T (D)-bimodule resolution.

In the present paper we investigate the functional calculus problem for an
operator family generating a supernilpotent Lie algebra based upon the sheaf T.
We propose some modification of Taylor-Helemskii-Putinar framework of the
functional calculus [26], [16], Chapter 6 of [20] (see also Section 2). Within this
framework the functional calculus problem for a g-module X can be formulated
in the following way. Let S be a Fréchet (noncommutative) algebra sheaf over
C™ such that there exists an algebra homomorphism ;7 : U(g) — S(U) for each
open subset U C C" compatible with the restriction mappings, and assume that
X is equipped with a left Banach module structure over the algebra S(C™) of all
global sections of the sheaf S such that its g-module structure via pullback along
icm is reduced to the original one. For which open subsets U C C" the space
X turns into a left Banach S(U)-module such that its S(C™)-module structure
via the restriction mapping S(C™) — S(U) is reduced to the previous module
structure? As the main result we prove that if T is an operator m-tuple in £(X)
generating a supernilpotent Lie subalgebra, and U is an open subset in C" such
that 0(T) C U, then there exists T4 (U)-functional calculus on X, that is, X turns
into a left Banach ¥4 (U)-module extending the polynomial ¢/ (g)-calculus on X.
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1. PRELIMINARIES

All considered linear spaces are complex and algebras are assumed to be
unital and associative. The category (usually we refer as a class) of all Fréchet

spaces is denoted by FS. Given a linear space X, AX = @ /k\X is the exte-
k=0
rior algebra of X. If u = ug A--- Auy € }C\X is a k-vector then we use the
following notation u; = uy A --- Ail; A -+ A uy, for (k — 1)-vector, where ii;
means the omission of the variable ;. If we omit two variables u; and u;, i < j,
from the expression of u, the obtained vector is denoted by u;;. The space of
all X-valued polynomials in s variables is denoted by X[wj, ..., ws|, whereas
X[[w1, ..., ws]] denotes the space of all X-valued formal power series in s vari-
ables, so each of its elements f has the unique formal power series expansion
f=X x]cu], where x; € X, wl = w? - wl. If X and Y are Fréchet spaces

JEZs,
then the space of all continuous linear mappings X — Y is denoted by L(X,Y),
we also write £(X) instead of £(X, X). We use the conventional notation X®Y
for the projective tensor product of these spaces. If {p; : t € A} is a defining
countable seminorm family in X then the space X[[wj, ..., w;]] turns out to be a
Fréchet space with its defining seminorm family {q;x : (t,K) € A x Z% }, where
9k (f) = max{p:(xj) : ] < K}. One may easily verify that the topology gener-
ated by the latter seminorm family is merely the direct product topology of XZ%.
In particular, X[[wy,...,ws]] = X®C[[wy, ..., ws]], and if X is a nuclear space
then so is the space X[[wy, ..., ws]].

Takea = (ay,...,a,) €C",r = (r1,...,14) € EZ, and let D, , be a polydisk
in C" of multiradius r centered at a. If 2 = 0 then we write D, instead of Dy ,. If
X is a Banach space then the space of all X-valued holomorphic functions on an
open set U is denoted by O(U, X). For X = C, we write O(U) instead of O(U, C).
Remember that O(U, X) is a Fréchet space and O(U) is a Fréchet algebra with
respect to the compact-open topology, and O (U, X) = O(U)®X [18] (see also
Chapter 2 of [20]). If U= D, and t € R’} with 0 <t <7, then the seminorm set

(L) |ExE-a| =T lxlxt, tea,
J J

on O(D,,, X) are equivalent to one associated by the compact-open topology due
to the known Cauchy inequality.

The Jacobson radical of an algebra A is denoted by Rad A. The left (respec-
tively, right) multiplication operator on A is denoted by L, (respectively, R,), that
is, Ly(x) = ax and R,(x) = xa for all a,x € A. The unit of A is denoted by
14. Let A be a Fréchet algebra. A Fréchet space X is said to be a left Fréchet A-
module if X has a structure of a left A-module such that the mapping A x X — X,
(a,x) — a - x isjointly (or separately) continuous. By analogy, it is defined a right
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(bi)module over A. The category of all left Fréchet A-modules is denoted by A-
mod. In the same manner mod-A (respectively, A-mod-A) denotes the category
of all right (respectively, bi)modules. The category of all chain complexes in FS
(respectively, A-mod, mod-A, A-mod-A) is denoted by ES (respectively, A-mod
mod -A, A-mod -A). For the cochain complexes we use the notations FS, mod -4,
A-mod and A-mod-A, respectively.

1.1. RESOLUTIONS AND TRANSVERSALITY. Let A be a Fréchet algebra. The pro-

jective tensor product (over A) of Fréchet modules X € mod-A and Y € A-mod

is denoted by X®Y. By definition, X®Y is the quotient space of X®Y with re-
A A

spect to the closed subspace generated by the elements x - a @y —x®a-y, x € X,
y€Y,a€ A. Amodule X € A-mod is said to be a free A-module if X = AQE for
a certain Fréchet space E. The left module structure on A®E is given by the rule:
a-(b®e) =ab®e,a,bc A ec E. Amodule X € A-mod is said to be a projective
A-module if it is a module summand of a certain free A-module. A chain complex
dy— n
(X,d): - — X4 %1)(”31_)(”H - ...

in A-mod is said to be admissible if it splits as a complex in FS. A projective reso-
lution of an A-module X is a complex (P, d) in A-mod with P, = {0} forn < 0,
together with a morphism ¢ : Py — X such that the augmented complex

OHXLP()&Pl&--~

is admissible, and all P, are projective modules. If F : A-mod — B-mod is
an additive functor then by F, we denote the n-th projective derived functor of
F, where B is a Fréchet algebra. By its very definition, F,(X) is just the n-th
homology of the complex (F(P),F(d)) for a projective resolution (P,d) of the
module X. Taking into account that all projective resolutions of a module are
homotopy equivalent (see 3.2.3 of [20]), we conclude that F, (X) does not depend
upon the particular choice of a projective resolution (P,d) of X. If F = X %o, then

we write Torf (X, o) instead of the n-th projective derived functor, as usual. Thus
Tor(X,Y), n € Z, are the homology spaces of the complex

~ ~ 1Qd"  ~
X84Q:0 — XDaQp <A XBaQy — -+,
where (Q,d’) is a projective resolution of the left A-module Y. We set F L X if
Fy(X) = {0}, n > 0. If F = X®o then we write X L4 Y (see [26]) for Y € A-
A

mod whenever F L Y. In this case we say that the modules X and Y are in the
transversality relation.

LEMMA 1.1. Let X € mod-A, Y € A-mod. Then X L, Y if and only if
(o®Y) L X.
A
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Proof. Put F = o®Y which is a functor from mod-A into the category of the
A

Fréchet spaces. By definition, F L X means that F,(X) = {0} for all n € Z,.
Up to an algebraic isomorphism F,(X) = Tor’ (X,Y) thanks to 3.4.26 of [20]. It
remains to note that X |4 Y means that TorZ (X,Y) = {0} foralln € Z,.

In order to have a wider scope of applications, we introduce a pseudoreso-
lution generalizing the resolution concept, which we shall use later. Let X € A-

mod and let 0 « X «— (P,d) be an exact (not necessarily, admissible) sequence,
where (P,d) is a complex in A-mod of projective (respectively, free) modules
with P, = {0} for n < 0. In this case we say that (P, d) is a projective (respec-
tively, free) pseudoresolution of X. A pseudoresolution of a left A-module X is
called a projective (respectively, free) Tor-resolution if for each projective resolution
(Q,d") of X the comparison mapping P — Q should induce isomorphisms

Hy(Y&AP) — Hy(Y®AQ) = Tord(Y,X), neZs

for each module Y € mod-A. Note that if A = O(Q) is the Fréchet algebra of
all holomorphic functions on a Stein domain (2 in C" then the Koszul complex
of the A-bimodule O(Q2 x 2) is a pseudoresolution of the bimodule O(2) ([26],
Proposition 4.3) having the length m, which is (admissible) free resolution if (2 is
a polydomain. Using the nuclearity argument as in Propositions 4.5 and 2.8 of
[25], we can derive that if X € A-mod then the Koszul complex of this module is
a free Tor-resolution.

1.2. LIE ALGEBRAS AND TAYLOR SPECTRUM. Let g be a finite dimensional Lie
algebra. The space of all Lie characters of a Lie algebra g is denoted by A(g). The
universal enveloping algebra of a finite-dimensional Lie algebra g is denoted by
U(g). The space of all characters of U(g) is identified with A(g), that is, each Lie
character A € A(g) has unique extension to a character on ¢/(g) denoted by A
too. Take a basis e = (ey,...,e,) in g. For an n-tuple | = (ji,...,jn) € Z of
nonnegative integers we put e/ = e]f .- ¢! to indicate the ordered monomial in
U(g) taken by the basis e. By Poincaré-Birkhoff-Witt theorem (see 2.2.1 of [4]),
the set {¢/} C U(g) of all ordered monomials is an algebraic basis in (g).

Now let g be a finite-dimensional nilpotent Lie algebra with its vanishing
lower central series {g(®) : s > 1}, g) = g, g©) = [g,g0 V], s > 1. Abasise =
(e1,...,ex) in g is said to be a triangular basis if it obeys to the lower central series.
Thus [e;, ej] = kz‘ci.‘jek whenever i < j. If g = g1 © - -- @ g. is graded with the

>
positive integers {, ..., c then each basis subordinated to the latter decomposition
(called a graded basis) is a triangular one. For a triangular basis e = (ey,...,e,) of
a nilpotent Lie algebra g, e = (ey,41,--.,x) Will be a basis in [g, g] for a certain
m. We say that e; is a radical part of e and es = (ey,...,ey) is a semisimple part
of e. In that context, we also write Js = (ji,...,jm) and Jr = (jms1,---,Jn) if
J=(j1,---,jn) € Z,note also that | = Js U J,.
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Let A be a Banach algebra and let g be its finite-dimensional nilpotent Lie
subalgebra. The closed associative envelope B of g in A is a commutative alge-
bra modulo its Jacobson radical Rad B thanks to Turovskii lemma [27]. There-
fore Rad B is the set of all quasinilpotent elements in B which is just the left (or
right) closed ideal in B generated by the Lie ideal [g, g]. We say that g is a su-
pernilpotent Lie algebra in A if each a € [g, g] is nilpotent in A. Note that if A is
a finite-dimensional Banach algebra then each of its nilpotent Lie subalgebras is
supernilpotent. Moreover, a commutative Lie subalgebra of a Banach algebra A
is supernilpotent too. If A = £(X) is the Banach algebra of all bounded linear
operators on a Banach space X and g is a supernilpotent Lie algebra in A then we
say that g is a supernilpotent Lie algebra of operators [8], [5].

Let g be a finite-dimensional Lie algebra, X a Fréchet space and let« : g —
L(X) be a Lie representation, that is, X is a Fréchet g-module. The following
complex

do dy dp—1 Nod
O<—X<—X®g<—---<—X®/\g<—---

is called the Koszul complex of the pair (X, a), where

M=

dp_1(x@u) =Y (-1 Ma(u)x@u;+ Y (1) x @ [u;, u] AU,

1 i<j

u=uN---ANuy € }ig, and it is denoted by Kos(X, «). Obviously, « — A : g —
L(X) is a Lie representation for each A € A(g). Recall [17], [13] that the Taylor
spectrum o(g, X) of a g-module X is defined as the set of those A € A(g) such that
the Koszul complex Kos(X, a — A) fails to be exact.

2. THE COMPLEX DOMINATING OVER A MODULE

In this section we present Taylor-Helemskii-Putinar framework of the func-
tional calculus, which has purely homological nature (see [26], Chapter 6 of [20],
Chapter 5 of [16]).

Fix a Fréchet algebra A and a finitely-projective (respectively, finitely-free)
module X € A-mod, that is, X has a finite projective (respectively, free) Tor-
resolution (see Subsection 1.1) say P :{P_k,(S_k : 0 < k < n}. In particular,
the complex

0pn . p28p1ilpo t x g
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is exact. For convenience, we are using the cochain form of the resolution. For a
cochain complex Y = {Y,d*,k € Z,} € mod-A, the following bicomplex

T 1 1

, ys-1gp-k+l 1 ®41 ysgp-k+l 24l ystigpkil o
A A A
—k —k s—k
T 1®40 T 1® 40 T 1® 40
. , ys-1lgpk @ lal Ys@p—k @41 ystlgp—k N
A A A
0 1@ 46~ k-1 i 1040~k 1 1® 46 k1
Aap_k_1 Floal ~ g @@yl o
. YS 1®P k—1 A YS®P k—1 A Y5+1®P k—1
A A A

T T T

is denoted by Y®P, and let Y&P be its total complex. By its very definition, the
A A

latter is the following complex:

—n —n+1 -1 0 1
O_>anT_>an+l LA ...T_>ZOL>Zl xr.

where

z"= P YS%P*k and T"=1®46 F+ (-1’ ®,1 on YS%P*’:

s—k=m

m > —n. Thus we have a functor

o<§p:M—>ﬁ, yHM%P, P PRalp.

If HY is the k-th homology functor on FS then as in 6.2 of [20], we set Tor", (), X)
for the composite functor Hk(o(§>73) applied to Y, so Tor’;‘(y, X) = Hk(y§>77).

Let us note that if we deal with the usual projective (C-split) resolution P then it
can be proved that Tor’, (), X) does not depend upon the particular choice of P.
Further, if ) is reduced to a right A-module Y then Tor (), X) = Tor{(Y, X),
for P is a Tor-resolution (see Subsection 1.1). Whence Tor(A4,X) = X and
Tork (A, X) = 0, k # 0 (in this case y%P = y<§7> = A%P =7P).

Let Y ={Yk,d*k € Z,} € mod-A. A morphism of the right A-modules
1 A — Y9 such that d% = 0, is called an augmentation of J) and the pair (), 7)
is called an augmented complex of the right A-modules. The morphism of the aug-
mented complexes is defined in the obvious way. Thus 7 defines a morphism of
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the complexes of the right A-modules77: A — Y :

o
Yl
14°
T, yo0
!
0

l

e U =

if (¥, 1) is an augmented complex. The latter induces a morphism of the bicom-
plexes
TP : AQP —Y®P
A A A
so that the following diagram
AR,P° — Y%®,P° — YI®,PY —
T T T
T T T
AR P" — YOQ,P " — YI® PT" —
is commutative. The latter in turn induces a morphism
Hk(ﬁ(%P) : Tork, (A, X) — Tor’, (¥, X)
for every k € Z. But Hk(ﬁ%ﬂ?) = 0 for all k # 0 (since Tor%, (4, X) = 0) and
1 = HUEP) : X = Tora (¥, X),  1:(e(2)) = ((1a) ©42)" (modim T~1),
wherez € PV, ¢: PO — X, T1: 71 — 70 are the morphisms of the relevant

complexes.

DEFINITION 2.1. An augmented complex of the right A-modules (), 7) is
said to be dominating over X, in this case we write (), ) > X, if 7, is a topological
isomorphism and Tor (), X) = 0 for all k, k # 0.

Let us assume that ) is reduced to a right A-module Y and#y : A —
Y is a right A-module morphism. By Definition 2.1, (Y,#) > X means that
Tor{(Y,X) = 0 for all k, k # 0, and the morphism 7, : X — Tor{!(Y,X) is a
topological isomorphism. Consider the following

0 : Tory (Y, X) — Y%X, 0y ®42)~ mod(im(ly ®4071)) =y @4¢(2),

y € Y,z € Py, continuous linear mapping, which plays the key role in the forth-
coming assertion.
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LEMMA 2.2. Letyy: A — Y be a right A-module morphism and let X € A-mod
be a finitely-projective module. If the morphism 1 : X — Y%X, 7(x) =n(la) ®a x, is
a topological isomorphism then Tor{ (Y, X) = {0} @ X up to a topological isomorphism,
where {0} is the subspace in Tor{ (Y, X) of all points adherent to zero. In particular,
(Y,n) > X if and only if Torf (Y, X) = 0 for all k, k # 0, Tor{!(Y, X) is Hausdorff
and 1 : X — Y%X is a topological isomorphism.

Proof. By assumption we have the inverse continuous morphism 7! : Y&X
A

— X. Consider the following diagram

0— X & PO & Pl —
T ! |
0 Y@uX &4 Yo, U ye,pt
0 \ /7r
Tord' (Y, X)

which is commutative, where
7T YRAPY — Tord (Y, X) = Y&, PY/im(1®@4 67 1)

is the quotient mapping. Note that 0 is surjective. Indeed, take w € Y® 4 X. Then

i1~ (w) = &(z) for a certain z € PV. It follows that (see to the diagram)

0((1(1a) ©a2)7) = 1(1a) ®ae(z) = (104 €)((1a) ®a 2) = 7(e(2)) = w.

Consider the mapping T = 77716 : Tor{' (Y, X) — X. Then

T (x) = T (e(2)) = T(7(14) ®a2)~ =7 '0(7(14) @4 2)"~
=7 ' (n(1a) ®ae(z)) =7 1j(x) = x

for all x € X, thatis, Ti7, = 1x and 7. : X — Tor§ (Y, X) is a topological iso-
morphism onto its range. Further, take w € Y®4P’. Then 6(w™) = 7j(x) for
some x = ¢(z) € X. Thereby 0(w™) = 7j(e(z)) = (1®a¢€)(n(1la) ®az) =
0((7(1a) ®az)™) = On.e(z) = 0(nsx) and w™ — y.(x) € ker(f). But it is
known ([20], 3.4.26) that ker(6) = {0}. Thus we have a continuous projection
p : Tor(Y,X) — Tor§(Y,X), p = 7.7 onto 7.(X), whose kernel is ker(p) =
ker(8) = {0}. Therefore Tor{ (Y, X) = {0} @ 17.(X).

Finally, if Tor{'(Y, X) is Hausdorff then Torj (Y, X) = #7.(X) and the map-
ping 7, : X — Tor{ (Y, X) turns out to be a topological isomorphism, that is,
(Y, %) > X if additionally Tor{(Y, X) = O for all k, k #0. 1

The following technical result from 6.2.25 of [20] will be used later.

LEMMA 2.3. Let X € A-mod be a module with a finite projective resolution P,
(V,n) and (Z,{) augmented complexes of right A-modules, ¢ : (Y, n) — (Z,0) a
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morphism and let N be a Fréchet space bicomplex with bounded diagonals. Assume that
one of the following sequences of Fréchet space bicomplexes

0—>JV—>y<§P¢ﬁlz§7>—>o or o-»yépaﬂfzépﬁﬁ—m

is exact. If the total complex of N is exact then (), 1) > X and (Z,) > X are true or
false simultaneously.

Proof. Assume the first one is exact. If AV is the total complex of the bicom-
plex A then we have the following

0N — Yap %4 zep — 0
A A
exact sequence of Fréchet space complexes. Since A is exact, it follows that the
canonical mappings ¢, : H*(Y®P) — HX(Z&P) are topological isomorphisms
A A
thanks to the open mapping theorem (for the details see 0.5.9 of [20]). Hence
Tor, (), X) = TorX, (Z, X) up to a topological isomorphism for each k. It remains
to note (see Definition 2.1) that the following diagram is commutative and the
mapping ¢ is a topological isomorphism:

Tor%(y, X) &, Tor%(Z, X)
/e \ /é* : 1
X

Now let B be another algebra and let t : A — B be an algebra homomor-
phism. Then B € A-mod-A via the mapping ¢, and using Lemma 2.2, we de-
rive that (B,1) > X means that Tor{\(B, X) = 0 for all k, k # 0, Torj (B, X) is
Hausdorff and X = B(%X up to an isomorphism in FS. In particular, the A-

module structure on X is naturally extended up to a B-module structure on X,
thus X € B-mod. This approach is generalized in the following assertion.

THEOREM 2.4. Let + : A — B be an algebra homomorphism, X € A-mod a
finitely projective module, and let (Y, 1) be an augmented complex of right A-modules
such that Y € B-mod-A, (V,n) > X, and 77 : A — Y is also morphism of left A-
modules. Then X turns into a left B-module such that its A-module structure via 1 is
reduced to the original one.

Proof. By assumption, y<§>7> €B-mod and 7, : X — Tor (Y, X) is a topo-
logical isomorphism. Then Tor% (Y, X) = HO(J/%P) is Hausdorff and we have
Tor?q(y, X) € B-mod. Undoubtedly, y§7> is a complex of left A-modules (via 1)
too. Take x € X. Then x = ¢(z) for a certain z € P°. Moreover,

1 (ax) = 1. (ae(z)) = 1 (e(az)) = ((14) @4 a2)~ (mod im T~)

= (n(1a)a®42)~ (modim T1) = (y7(a) ®4 z)~ (modim T~1)



202 ANAR DOSI

= (((a)y(14) ®4 2z)~ (mod im T~ 1)
= 1(a)(((14) ©a2)"~ (modim T~)) = 1(a)7.(x)

forevery a € A. The latter means that 7, is a morphism of left A-modules. Thus X
is identified with Tor, (), X) as a left A-module. Now we set b - x = ;"1 (b1, (x))
forb € Band x € X. Then X € B-mod and (a) - x = 57 (i(a)n.(x)) =
7 (n.(ax)) = axfora € A. 1

3. FRECHET SHEAVES

In this section we review briefly the Fréchet sheaves and their cohomolo-
gies, that will be used later.

Let (2 be a Hausdorff topological space. By a Fréchet (or more generally
locally convex space) presheaf over (2 we mean a contravariant functor S from the
category of all open subsets in (2 into the category FS. Thus S(U) € FS when-
ever U C 2 is open, and all restriction mappings S(U) — S(V), V C U, are
morphisms in FS. A Fréchet presheaf S over (2 is said to be a Fréchet sheaf if
S possesses the sheaf axioms additionally ([19], 2.1.1) . By analogy is defined a
Fréchet algebra sheaf. The cohomologies of the space (2 with coefficients in a
Fréchet sheaf S (see 2.4 of [19]) are denoted by H"(Q2,S), n € Z.. We say thata
topological space 2 is S-acyclic if H"(Q2,S) = {0} for all n € N. An open sub-
set U C (2 is said to be S-acyclic if the topological space U (equipped with the
topology from ) is S|U-acyclic, where S|U is the sheaf over U induced by S.
Finally, a Fréchet sheaf S over (2 is said to be a nuclear sheaf if S(U) is a nuclear
space whenever U is an open S-acyclic subset in (2. In the same way is defined a
nuclear Fréchet algebra sheaf.

The sheaf of germs of holomorphic functions over a complex space (2 = C"
is denoted by O. Fix a Fréchet space X. The assignment U — O(U, X) defines a
sheaf over C" where U runs over all open subsets in C”. The latter is the sheaf of
germs of X-valued holomorphic functions denoted by O®X. Actually, ORX is
the topological tensor product of the sheaf O and the constant sheaf generated by
the space X. The following result is well known ([21], 4.2.6, and [16], Appendix 1).

PROPOSITION 3.1. Let U be a pseudoconvex open set in C", X a Fréchet space
and let cgfp(u, X)) be the space of all differential forms of bidegree (0, p) with coefficients

in the space C* (U, X) of all X-valued C*®-function on U. Then the 0-sequence is exact:
0 — O(U,X) — CZH(U,X) - C (U, X) % - -4 (U, X) — 0.
The following corollary of this result will be used later.

COROLLARY 3.2. Let X be a Fréchet space and let C(‘fp@)X be the Fréchet sheaf
of germs of X-valued exterior differential forms of bidegree (0, p) over C". All sheaves
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CSf’p@X, 0 < p < n, are soft and the d-sequence

0 — 08X — CHEX 5 P aX -5 o 2 C,BX — 0

is an exact sequence of Fréchet sheaves. Thereby, an open subset U C C" is O® X-acyclic
whenever U is pseudoconvex.

Proof. First, note that there are canonical identifications
Cop (U, X) = C5, (W) @X,

where U C C" is open. Hence, the sheaf CS;@X is completely defined by the as-
signment U — Cg‘,’p(ll, X). Let C* be the sheaf of germs of complex C*-functions
over C". Then C® is a soft sheaf of algebras (see Chapter 2, item 3.7 of [19]). It
follows that all sheaves Cé’f’p@)X as left C*°-modules have to be soft too ([19], Chap-
ter 2, Theorem 3.7.1). The exactness of the asserted sheaf complex immediately
follows from Proposition 3.1. Thus we have a soft resolution of the sheaf O®X,
whence cohomologies H" (U, O®X), n € Z,, may be calculated by means of this
resolution ([19], Chapter 2, Theorem 4.7.1). Appealing again to Proposition 3.1,
we conclude that H" (U, O®X) = {0}, n € N, i.e. U is O® X-acyclic, whenever U
is pseudoconvex. 1

3.1. COHOMOLOGIES OF AN OPEN COVER. Now let us remind cohomologies of
an open cover of the space (). Take a locally convex space (or briefly, lc.s.)
presheaf S and an open cover U = {Vj}ic; of Q. Weset V, = V;; n---NV,
for a (n+ 1)-tuple &« = (iy,...,in) € ", Fix n € Z;. Let us define an
lLc.s. presheaf of Cech n-cochains C" (2, S) over (. For an open set V C (2,
let C"(B,S)(V) = II S(VaNV), whereS(V,NV)is the l.c.s. space of all sec-

acn+1
tions of S over V, N V. If W C V, the restriction mapping of the sheaf S clearly

defines a morphism
C"(T,S)(V) — C"(T,S)(W), f+ flw,

where f|w(a) = f(a)|v,nw, « € I""1. The space C"(,S)(V) equipped with the
direct product topology is an l.c.s. space, and C" (U, S) is an Lc.s. presheaf over
Q. Moreover, C" (U, S) is an l.c.s. sheaf if so is S, and C" (7, S) is a Fréchet sheaf
whenever S is a Fréchet sheaf and 9 is a countable cover. Finally, C" (3, S)(Q) is
a nuclear space if S is a nuclear sheaf and all V,, are S-acyclic. Let V C (2 be an
open subset. We define a continuous linear mapping

n+1 )
3 (V) : C*(T,8)(V) — C™HD,8)(V), (0 (V)f)(a) = Z(:)(_D]f(“j”VmV,
j=

where a = (ig,...,ip41) € 2, aj = (io, - - .,iAj, .., ip41) is the result of throwing
out i; from a. One can easily check that 53 = {0 (V)} implements a morphism
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88 : C" (W, S) — C"L(W, S) of Lc.s. presheaves. Moreover, the mapping
SWV)=J[sSvinV), aw—a, a(i)=alyav,
iel
defines an l.c.s. presheaf morphism eg; : S — CO(QT, S), and the sequence
C*'(0,S) ={C"(1,S), oy, necl}

is a chain complex of presheaves (see Chapter 2, item 5.2 of [19]) augmented by
the morphism eg5. The sequence C* (%0, S) is called a Cech complex of the presheaf
S with respect to the cover 0. The following result is well known (see for instance
Chapter 2, Theorem 5.2.1 of [19]).

THEOREM 3.3. Let U be an open cover of (2 and S is a l.c.s. sheaf over (2. The
following sequence is an exact complex of sheaves, that is, C* (%0, S) is a resolution of the

sheaf S:

0 n—1
5‘1]

1 7
0— 8 <2 00(w,8) 22 cl(w,8) 22 ... 20, oy, 8) 2B
The cohomology of the complex of the global sections
C*(T,8)(Q) = {C"(V,5)(2),655(2),m € Z+}

is called the cohomology of the cover 20 with coefficients in the sheaf S and they are
denoted by H" (%, S), n € Z4. One can easily check that H*(,S) = S(Q) =
HY(Q,S).

4. THE DOMINATING CECH COMPLEX

In this section we present some modification of Taylor-Helemskii-Putinar
framework (Section 2) to demonstrate how does spectrum relate to the functional
calculus problem. First, we introduce the Putinar spectrum of a module over an
algebra of the global sections of a sheaf.

4.1. PUTINAR SPECTRUM. Let S be anl.c.s. sheaf over a topological space (2. We
say that (2 is a locally S-acyclic space if each point in (2 has a fundamental system
of S-acyclic open neighborhoods.

EXAMPLE 4.1. Let Q = C", X a Fréchet space and let S = O®X be the
sheaf of germs of X-valued holomorphic functions over C". Since each point
in the complex space C" has a fundamental system of convex neighborhoods, it
follows that C" is a locally O® X-acyclic space thanks to Corollary 3.2.

The following concept of a spectrum plays a central role in our paper.

DEFINITION 4.2. Let (2 be a locally S-acyclic space, where S is a Fréchet
algebra sheaf over 2, A = S(Q) and let X € A-mod be a Fréchet module. The
resolvent set res(S, X) of the A-module X with respect to the sheaf S is defined
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as a subset of all points A € (2 such that there exists an open neighborhood D, of
A with S(W) L4 X for each open S-acyclic subset W C D,. We set

(S, X) = O\ res(S, X).

This set is called the Putinar spectrum of the A-module X with respect to the
sheaf S.

As immediate from Definition 4.2, res(S, X) is an open set in (2, therefore
the Putinar spectrum ¢ (S, X) is closed.

4.2. THE MORPHISM OF CECH COMPLEXES. Now let us assume that S is an Lc.s.

presheaf over a topological space (2, U an open subset of (2, and let U = {V;};¢;

be an infinite open cover of (2 such that U = |J V; for some subset ] C I. Assume
ic]

that there is a bijection mapping ¢ : I — ] additionally, and let & = {U;}c],

where U; = Vo(i)- Fixn € Z,. For an open subset V. C (2, let us define a

continuous epimorphism

o (V):C"(,8) (V) — C*(8,SU)(VnU), (98" (V)f) (@) = f(o)(a)),

where & = (ig,...,iy) € "1, oM (a) = (¢(ip),..., ¢(in)) € J"*'. One eas-
ily check that ker((p‘(gn)(V)) = JI S(VuNV), where M, is a subset of I"*!

aeM,

comprising all tuples « = (i, ...,i;) such that at least one is; € I\J. Note that
for a such taken « € M,, V, C V; for a certain i € I\J. Moreover, the fam-

ily ps = {(pgl)(V)} is compatible with the restriction mappings and therefore
it defines a presheaf cohomomorphism C"(U,S) — C"(U,S|U) ([2], Chapter 1,

Section 4). Take f € C"(%,8)(V), g = &L(V N U)eL) (V) f. Then

n+1 n+1

8= 1 (=1 (98" M) @)y = Y (D0 @) luow
7= 1=
n+1

v = BN (@)

= LA @)l
£

= (eI (V)3%(V)f)(a),

where & € I"2. It follows that the family ¢g implements a morphism @ :
C*(%/,S) — C*(U,S|U) of presheaf complexes. Note also that

98 (V) (e (V) (i) = (ex (V) (9(0) = flv, v = Flupv = (ea(V N U)F)(D)

foralli € I. It follows that @5 is a morphism of the augmented complexes.

Now let S be a Fréchet algebra presheaf, A = S(Q), B = S(U) and let
C*(V) =C*(T,5)(Q2), C* (W) =C*(YU,S|U)(U), e = ez(Q2). Obviously, A and
B are Fréchet algebras, C*(7), C*(4) € mod-A. Moreover, C*(4) € B-mod-A,
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for S(Uy) € B-mod-A via the restriction homomorphisms S(U) — S(U,) and
S(Q) — S(Uy). Note also that

9 =9s5(Q):C*(V) = C*(YW)

is a right A-module epimorphism of the relevant complexes. Further, let X € A-
mod be a finitely-free Fréchet module with its finite A-free Tor-resolution P =
{P_k, Sk 0<k< n} of length n, so, each P~k = A®E; for some Fréchet spaces
Er. If Y € mod-A is a Fréchet module then we have the following complex

YOP = {Y®F, 1y®40 % : 0 <k < n}.
A

Thus Y 1 4 X if and only if Y&®7P is exact.
A

The mapping @ induces a bicomplex epimorphism (we deal with the cate-
gory FS)

P41 C'(V)Q:?P — c-(u@P

(see 2.4.12 of [20]). Let \V be its kernel. Note that the n-th column of the bicom-
plex C‘(V)(%P (respectively, C*(U )(%73) is the complex C”(V)(%P (respectively,

c(u) (%77). Moreover, the mapping

PR41:C"(V)RE; — C"(U)REy

is reduced to the epimorphism gogi) (Q2):C"(V, S (Q2)—=C"(U, S |U)(U), where
Sy = S®E is a Fréchet presheaf over (2, which is a topological tensor product
of S and the constant presheaf generated by the space Ey. It follows that the n-th
column A" of the bicomplex N'is [T S(Vi)®P.

aEM, A
4.3. THE DOMINATING COMPLEX AND SPECTRUM. Let S be a Fréchet sheaf over
a topological space (2. We say that (2 is an S-space if (2 has a countable base

(called S-base) B comprising open S-acyclic subsets such that U N U’ € B when-
ever U, U’ € B.

EXAMPLE 4.3. Let Q2 = C", X a Fréchet space, S = O&®X and let B be a
countable base in C" of all finite intersections of polydisks centered at points
in C"(= R?") with rational coordinates, and rational radii. By Corollary 3.2,
BB consists of open O& X-acyclic subsets. Thereby, C" is a O% X-space. Note also
that the space C" itself is a O® X-acyclic thanks to Corollary 3.2.

Without any doubt each S-space is locally S-acyclic with a countable base.
Note that an open subset of a S-space can be covered by a countable family of
open S-acyclic subsets.

Now let (2 be an S-space (with an S-base B), where S is a Fréchet algebra
sheaf over (2 and let X € A-mod be a finitely-free Fréchet module over the alge-
bra A of global sections of S. Take an open subset U C (2 such that (S, X) C U,
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and let 4 = {U; };cn be a countable cover of U by U; € B. For each A € res(S, X),
let D) € B be an open neighborhood of A such that S(W) L4 X for each open

S-acyclic subset W C D, (see Definition 4.2). Since 2 = U u; u U D,
Aeres(S,X)
and all U;, D, € B, it follows that Q2 = U u; u U D, for a certain countable

subset {A,} C res(S,X). We set D; = D,\ ,i € N and © = {D;};en. Then
U = {V;}ien = 41U D is a countable cover of O with V; € B, where V,;_1 = U;
and V,; = D;. Consider a bijection mapping ¢ : N — ], ¢(i) = 2i — 1, where ] is
the set of all positive odd integers. The mapping ¢ can be lifted up to a morphism
of Cech complexes @ : C*(0) — C*(4) (see Subsection 4.2).

LEMMA 4.4. If (C*(U),€) > X then (C*(4h),&) > X.

Proof. The morphism ¢ generates the exact sequence of bicomplexes

(4.1) OHNHC%%)%P HC'(M)%P — 0,

where P = {A@Ek,é’k : 0 < k < n}is a finite A-free Tor-resolution of X.

Moreover, the n-th column N of the kernel N'is [T S (V,x)®77 where & ={E;}.
aeM,

If x € M, then V, C V,; = D; for a certain i. All V;, are open S-acyclic subsets,
for V,, € B. By Definition 4.2, S(V,) L X, which in turn implies the exactness of

the complex S (V,x)®73 Consequently, N" = [] S (Va)®73 is an exact complex
aEM;y

and the bicomplex N with exact columns has its exact total complex. Thus (4.1)
is an exact sequence of bicomplexes such that the total complex of N is exact.
Therefore, if (C*(0),€) > X (see Definition 2.1) then (C*(4),¢) > X thanks to
Lemma2.3. 1

PROPOSITION 4.5. Let (2 be a S-space, where S is a nuclear Fréchet algebra sheaf
over (2, B a S-base in 2, and let B = {V;}ien C B be a countable cover of Q. If (2 is
S-acyclic and X € A-mod is a finitely-free Fréchet module then C*(%0) is a dominating
over the module X complex, where A = S(Q2).

Proof. First, note that (4,id) > X by Lemma 2.2, and the morphismée : A —
C* (V) is a morphism of the augmented complexes of the right A-modules. Take
a free Tor-resolution P ={P~k,57%} of X, where P~ = AQE; for some E; € FS,
0 <k <mn, andlet

@41 : ARP — C* (V)P
A A
be a morphism between bicomplexes. Let us note that each row C* (?Z])(%(A@Ek)
of the bicomplex C*(V)&7P is just C*(V)RE;. The relevant row of the first bi-
A

complex AQP is 0 — A®E; — 0 — 0 — - - - (the first bicomplex has only one
A

nontrivial column P).
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By assumption, ¥ = {V;},eny C B, thereby all finite intersections V, =
Vi, ---NYV, taken in U are S-acyclic, that is, H"(V,,S) = {0}, n € N. By
Leray theorem ([19], Chapter 2 Theorem 5.4.1), H"(0,S) = H"(Q,S) up to an
isomorphism for all n € Z,. Since 2 is a S-acyclic space, we conclude that
H"(3,S8) = {0},n € N. Thus 0 — A —— C*() is an exact complex in FS. But
S is a nuclear Fréchet algebra sheaf, therefore A and all members of the complex
C*(0) are nuclear spaces. It follows that the complex

0— ABE, 2 c*(V)BE,

remains exact ([25], Proposition 4.2). Thus £ 411s an embedding and all rows of
the quotient bicomplex M = C*(U )%P /im(g®41) are exact complexes
C*(V)BE;/im(2®1) : 0— CO(V)BE;/im(e®1) — C (V) DE, — C*(V)RE,— - - -

Thus the bicomplex M with exact rows has the exact total complex. But

0— ARP — C*(V)RP — M — 0
A A

is an exact sequence of bicomplexes, where (A4,id) > X and the total complex of
M is exact. Then (C*(),€) > X thanks to Lemma 2.3. &

4.4. FUNCTIONAL CALCULUS. Now we suggest a functional calculus for a finitely
free Fréchet module over an algebra of the global sections of a Fréchet sheaf.

THEOREM 4.6. Let (2 be a S-space, where S is a nuclear Fréchet algebra sheaf over
0, X € §(OQ)-mod a finitely-free Fréchet module and let U be an open neighborhood of
Putinar spectrum o (S, X) in Q. If Q2 is S-acyclic then X € S(U)-mod and its S(Q2)-
module structure via pullback along the restriction homomorphism S(Q) — S(U) is
reduced to the original one.

Proof. Take an S-base B in (2 and a countable cover 4 C B of U, which is
extended up to a countable cover U of the whole space (2 as suggested above.
Note that U C B. By Proposition 4.5, (C*(%0), ¢) > X, which in turn implies that
(C*(Y),€) > X by virtue of Lemma 4.4. But C*({) € S(U)-mod-S(2) and the
augmentation ¢ : S(Q) — C%(4) is a morphism of left S(2)-modules. It remains
to apply Theorem 2.4. 1

To demonstrate how the assertion from Theorem 4.6 works in a particu-
lar case, we consider a typical example, when (2 is a Stein domain in C" and
S = O is the sheaf of germs of holomorphic functions over (2. By definition,
2 is a O-acyclic. Moreover, (2 is a O-space and O is a nuclear Fréchet algebra
sheaf over Q2. Let X€O()-mod be a Fréchet module. Then X is a finitely-free
O(Q)-module by (see Subsection 1.1). Appealing to Theorem 4.6, we conclude
that X turns into a left Fréchet O(U)-module compatible with the O(2)-module
structure whenever U is an open neighborhood in (2 of Putinar spectrum o(S, X)



TAYLOR FUNCTIONAL CALCULUS 209

(see Theorem 5.1.5 of [16]). Below we propose a noncommutative version of this
result.

5. THE SHEAF ¥, OF GERMS OF FORMALLY-RADICAL FUNCTIONS

In this section we introduce a (noncommutative) Fréchet algebra sheaf T of
germs of formally-radical functions in elements of a positively graded nilpotent
Lie algebra g. The sheaf T4 will possess all conditions of the functional calcu-
lus in Theorem 4.6. First we remind the basic properties of the formally-radical
functions in elements of a nilpotent Lie algebra investigated in [12], [8].

5.1. FORMALLY-RADICAL FUNCTIONS IN ELEMENTS OF A NILPOTENT LIE ALGE-
BRA. Everywhere below we fix a finite dimensional positively graded nilpotent
Lie algebra g and its basis e = (ey,...,e,) which obeys to that grading. Since
each nilpotent Lie algebra can be presented as a quotient of a positively graded
nilpotent Lie algebra, that will motivate our choice g as the noncommutative vari-
able space. Indeed, let h be a finite dimensional nilpotent Lie algebra generated
by x1,...,x,. Consider the quotient g of the free Lie algebra generated by m
elements ¢y, ..., e, modulo the appropriate degree its lower central series. Ev-
idently, g admits positive grading with numbers 1,...,c, where c is the nilpo-
tence degree of ). Moreover, there exists a Lie epimorphism 7 : g — h such that
T(e) =x, 1<i<m.

Let v, C U(g) be a subset of all radical monomials e = e{”fj;ll el (1=

e{r for i = (0,...,0)), J; € Z7™. Evidently, t, is a subset of the set {el}
of all ordered monomials (see Section 1). If D, is a polydisk in the character
space A(g)(= C™) of multiradius r centered at the origin then the Fréchet al-
gebra Fy(D;) of all formally-radical functions in elements of g is defined as the
Fréchet space O(D;)[[em+1,---,ex]] of all formal power series over the Fréchet
space O(Dy) in the radical variables e;. Thus each f € F(D,) has unique formal
power series expansion f = Y. fj.el", where f;, € O(D,). If p = Lxjel € U(g)
j J

thenp = Y p ]rezr, where p;, = ¥ xuj,e5. If we identify p;, with a polynomial
]r IS

Y xpuz" in O(D,) then p = 2p]re{' € F4(Dy). Thus U(g) is a dense sub-

I Je

space in F4(D;). Moreover, the multiplication on ¢ (g) can uniquely be lifted to
the jointly continuous (noncommutative) multiplication * on F4(D;) called the
nilpotent convolution [8]. Whence Fy(D;) is a Fréchet algebra and U(g) is its
dense subalgebra. Moreover, the space of all continuous characters on Fy(D;)
is identified with the polydisk D, [8]. If X is a Banach space then the space
Fq(Dy, X) of X-valued formally radical functions in elements of g is defined as the
projective tensor product Fy(D;)®X. It is not so hard to prove that the set {¢/}
of all ordered monomials in ¢/ (g) is an absolute X-valued basis in F4(D;, X) (for
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the details see [8]), that is, each f € F4(D;, X) has unique power series expansion
f=Yxje/, xj€X, as an absolutely convergent in F(D,, X) power series. Without
J

any doubt,
Fg(Dr, X) = O(Dy, X)[[ex]]

up to a topological isomorphism.

Now take a point 2 € A(g) and let g — a be a Lie subalgebra in ¢/ (g) com-
prising all elements u — a(u), u € g. We set F4(Dy) = Fg—a(Dr) for a polydisk
D, C A(g) of multiradius r centered at a. If D;,, C D, C A(g) are polydisks
then we have a well defined restriction mapping

Pgr FQ(D‘I7> _>fg va P”r(Zf]r ) :]Z(f]r’Db,v)e{r’

where f},[p, , is the restriction of the holomorphic function f}, € O(Ds,). This is
a continuous algebra homomorphism [8]. Take arbitrary points a,b,c in A(g )
f € F4(Day), § € Fg(Dypp), and let Doy C Dyy N Dy, Then f = Zf]rer ,

g = ¥ghe{r, where f;. € O(Da,), 8j, € O(Dpy). Assume that PCg (f) = Pl”’(g),

where Py : fg(Pa,,) — Fg(Degq) and Pg’; : Fg(Dpy) — Fg(Dey) are the alge-

bra homomorphisms. Then f},|p,, = §.Ip., for all Ji. Therefore, f},p,,nD,, =

7, ‘Dwml)h/v. In this situation, we write f| DayNDyy = gl D,,ND,,- Let U be a non-

empty open subset in C". Then U has a countable cover U = |JD; by open
i

polydisks D; = Dy, ;,. Let F(U) be a subspace of the topological direct product
[174(D;) comprising all compatible elements {f;};, thatis, fi|p,np; = fjlp,np, for

1
all i, j. Since the “restriction” mappings P} are continuous, it follows that F4(U)
is a closed subspace, thereby, 7, (U) is a Fréchet space. The nilpotent convolution
is extended up to F(U) in the canonical way:

{fiti={giti={fixgi}:

Then (fi * gi)|pinp; = filDin; * &ilDinD; = fjlp;nD; * 8jlD,nD; = (fj * 8j)IDinD; for
all i,j. Thus F4(U) is a Fréchet algebra with respect to the nilpotent convolution.
Moreover,

(5.1) Fo(U) = OU)[[ex]]

as a Fréchet space [8]. In particular, the space Fy4(U) does not depend upon
the particular choice of a polydisk cover {D;} of U. Therefore, if U = D,, is a
polydisk then Fy(U) = Fy4(D,,). If X is a Fréchet space then

(5.2) Fy()@X = O(U, X)&Cller]] = O(U, X) [ex]]
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up to a topological isomorphism of the Fréchet spaces. In particular, each f €
F4(U)®X has unique expansion f = the{‘ as a formal power series, where
Jr

f1, € O(U, X).

. . Ty T, .
Finally, if - -+ «+— X, 1 <— X <~ X, 41 < --- is an exact sequence of

Fréchet spaces then the sequence

S 1 Tn, S n 3
(53) e F(U)BXyy 2! Fy(U)BXy 28 Fp(U)BXpyq —— - -

remains exact. Indeed, it is well known ([20], 2.4.16) that the sequence

1®Tn—1 1T,
i

— O, X,1) o, X,) «— O(U,Xysq) «— -

remains exact. It remains to note that the functor o®C|[e;]] applied to the latter
complex does not change its exactness [25], for C[[e;]] is a Fréchet nuclear space.

5.2. THE KOSZUL RESOLUTIONS. Let U be adomainin A(g)andleta : g — L£(X)
be a Lie representation of g in a Fréchet space X. Then F(U)®X turns out to be
a g-module via the representation

pux 19— L(F(U)EX), pux()(fex)=foa(u)x—frudx,

f € Fg(U),x € X,u € g, thatis, py,x(u) =1® Ly(,) — Ru ® 1, u € g. Hence we
have a Koszul complex Kos(Fg(U)®X, p11,x) (see Subsection 1.2) associated by
the representation py,x. Put pu = py,7,(u)- The Koszul complex Kos(Fy(U)®
Fq(U), p1r) is augmented by means of the multiplication mapping

my s Fo(U)@F(U) — F(U), fog— fg.
It was proved in [8], [12] that the chain complex
(5.4) 0 — F4(D) {2 Kos(F4(D)&F4(D), pop)

is admissible whenever D is a polydisk in A(g), so, Kos(Fy4(D)&F4(D),pp)
is a free Fy(D)-bimodule resolution of the Fréchet algebra F3(D). Moreover,
Fg(D) Lz, Ximplies that D No(g, X) = @, and, whenever X is a Banach space
(see [5])

(5.5) Fg(D) Ly, X < Dno(gX)=0.

LEMMA 5.1. Let X € Fg-mod be a Fréchet module, Y a Fréchet space, and
let D be a polydisk in A(g). Then (Y&F4(D)) Lz, X if and only if the complex
Y® Kos(Fy4(D)®X, pp,x) is exact, where YR F (D) is considered to be the right Fy-
module.

Proof. Since all members of the complex (5.4) are free right F(D)-modules,
it follows that the complex (5.4) splits as a complex in mod-F4(D). In particular,
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so is the complex 0 — Fg & Kos(Fyg®Fg, pcm) in mod-Fy (just put D = C™).
Applying the functor o® X to the latter complex, we obtain that the complex
'7:9

(5.6) 0 — X &£ Kos(Fy®X, pen x)

is admissible, that is, X has the free Koszul resolution in F3-mod. With F; C

Fg(D) in mind, infer F4(D) € Fg-mod-Fg4. Based upon the resolution (5.6), we

infer that (Y& F4 (D)) Lz, X if and only if the complex (Y&F, (D))?@ Kos(Fy®
g

X, pcm x) is exact. Evidently,
(Y@fg(D))§ Kos(Fy®X, pcm x) = Y& Kos(Fy(D)®X, pp.x)
g

up to a topological isomorphism. The rest is clear. 1

PROPOSITION 5.2. Let D be a polydisk in A(g), U an open subset in A(g) such
that U C D, and let X € Fg-mod be a Fréchet module. If F4(D) Lz, X then
Fo(U) Lg, X.

Proof. Assume that Fg(D) Lx, X. First, let us prove that we have the
transversality (F4(U)®F4(D)) L 7, X. By Lemma 5.1, one should prove that
the complex Fy(U)® Kos(F4(D)®X, pp,x) is exact. But the Koszul complex
Kos(F4(D)®X, pp,x) is exact by virtue of Lemma 5.1 (just put Y = C). It fol-
lows that so is the complex F(U)® Kos(F4(D)®X, pp,x) thanks to (5.3). Thus
Fo(U)®F4(D) Lz, X. Being o® X an additive functor, we derive that Fy(U)&

g
Fq(D) ® /k\g Lz, Xforallk > 0.

Undoubtedly, F4(U) € mod-F4(D) (via the restriction homomorphism
Fq(D) — Fg(U)). Since all members of the complex (5.4) are free left F(D)-
modules, it follows that the complex (5.4) splits as a complex in Fg4(D)-mod. Ap-
plying the functor F (U)f@D o to the complex (5.4), we obtain that the complex

g

0 — Fg(U) — fg(U)f%))Kos(]—"g(D)@)}"Q(D),pD)
g

is admissible. But

fg(u)f%) Kos(Fy(D)@Fy(D),pp) = Kos(Fq(U)&F4(D), p£,(u),0)
g

up to a topological isomorphism. Consequently, we have an admissible complex
0 Fo(U) «— Kos(F(U)BF4(D), o, (u),p)

and the left Fj-module X is in the transversality relation with all members of
the complex KOS(FQ(U)@fg(D),p}‘g(u),D). Using 3.3.8 of [20], we deduce that
Fo(U) L, X 0
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5.3. THE SHEAF T,. Consider the constant sheaf C[[wy, ..., wn—m]] over A(g)
generated by the space of all formal power series in n — m variables wy, . .., Wy—p.
The topological tensor product ORC[[wy, . .., wy—m]] of these sheaves is called a
sheaf of germs of formally-radical functions over A(g) and it is denoted by T4. For each
open subset U C A(g), the Fréchet space T4(U) of all sections over U is reduced
to the space Fy(U) = O(U)[[er]] (5.1). Thus T4 is a nuclear Fréchet sheaf. More-
over, T4 can be considered as a (noncommutative) Fréchet algebra sheaf with re-
spect to the nilpotent convolution (see Subsection 5.1). Namely, T4(U) = F4(U)
is the algebra of all formally-radical functions on U in elements of the Lie alge-
bra g, and the restriction mapping of the sheaf ¥4 is an algebra homomorphism.
Thereby, T4 is a nuclear Fréchet algebra sheaf over the character space A(g).

We have already noted above (see Example 4.1) that the character space
A(g) is a locally ¥ g-acyclic space. Moreover, A(g) is turning into a ¥ 4-space (see
Example 4.3) and A(g) is T4-acyclic itself, whence one may apply the functional
calculus theorem stated in Theorem 4.6 to the sheaf ;. Before that we compare
the Putinar spectrum with respect to the sheaf T; with the Taylor spectrum of a
g-module.

PROPOSITION 5.3. Let Fy = T4(A(g)) and let X € Fg-mod be a Fréchet mod-
ule. The resolvent set res(%q, X) coincides with the set of those A € A(g) such that
Tg(Dy) Lg, X for a certain polydisk Dy C A(g) centered at A. In particular, the Tay-
lor spectrum of the g-module X is contained in the Putinar spectrum of the Fy-module
X with respect to the sheaf T, that is,

(g, X) C (g, X)

and they coincide whenever X is a Banach space. Moreover, the spectrum o (%4, X) is
the smallest closed set with the property Tq(D) L Fy X for each open polydisk D C
Alg)\o(Tg, X).

Proof. Take A € A(g) such that F4(D,) Lr, X. Using Proposition 5.2, we
obtain that 7 (U) L7 X whenever U C D, is open. Then A € res(%q, X) by Def-
inition 4.2. Conversely, if A € res(Ty, X) then T4(D)) Lz, X for a certain small
polydisk D, centered at A. It follows that D) No(g, X) = @ [8], in particular,
A ¢ o(g,X). Thus res(T4, X) C A(g)\c(g, X). Consequently, 0(g, X) C 0(%Tg, X).
In order to prove the equality between spectra for the Banach space X, one should
use (5.5).

It remains to prove that if D C res(%q, X) is a polydisk then T4(D) Lr, X.
By its very definition, for each A € D we have T4(D,) Lz, X for a certain small
open neighborhood D) C D of A. The latter means that we have a finite exact
sequence 0 « Kos(T4®X, pp,x) of acyclic sheaves on D (see Corollary 3.2). It
follows that the complex 0 « Kos(%T4(D)®X, pp x) is exact ([2], 2.4.3) that is,
T4(D) Ly, X. W
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Now we formulate the functional calculus theorem with respect to the sheaf
T4 about the Putinar spectrum.

THEOREM 5.4. Let X € Fyg-mod be a Fréchet module and let U be an open
neighborhood of the Putinar spectrum o (g, X) of the Fg-module X with respect to the
sheaf Ty. Then X € T4(U)-mod compatible with the Fg-module structure.

Proof. Aswe have noted above A(g) is a Tg-space and it is T4-acyclic. More-
over, X is a finitely-free Fréchet F3-module (see (5.6) in the proof of Lemma 5.1).
By Theorem 4.6, the result follows. 1

6. THE MAIN RESULT

Now we prove the main result on Taylor’s functional calculus for an opera-
tor family generating a supernilpotent Lie algebra.

Let X be a Banach space and let T = (Ty,..., Tj) be a family of bounded
linear operators on X generating a finite-dimensional nilpotent Lie subalgebra gr
in £(X). If g7 — A is a Lie subalgebra in £(X) generated by the operator family
T—A=(T1—A,..., T —Am), Ay = A(T;), 1 < i< m, A€ Algr), then the
Taylor spectrum o (T') of the operator family T is defined (see [17]) as a set of those
A for which the Koszul complex of the g7 — A-module X fails to be exact. As
we have shown in Subsection 5.1 the Lie algebra gt is an epimorphic image of a
positively graded nilpotent Lie algebra g generated by m-elements ey, . . ., e, that
is, there exists a Lie epimorphism 7 : g — gr such that 7(¢;) = T;, 1 < i < m.
We refer to g as a noncommutative variable algebra. Thus X turns out to be a Banach
module over the noncommutative variable algebra g. Take a triangular basis e in
g generated by ey, ..., e, and consider the Fréchet algebra 7y = F.(A(g)) of all
formally-radical entire functions in elements of g. The Banach space X turns into
a left Banach Fy-module if and only if gt is a supernilpotent Lie subalgebra in
L(X) [8]. Moreover, o(T) = o(g, X) [17].

THEOREM 6.1. Let X be a complex Banach space, T = (T, ..., Ty ) an operator
family in L(X) generating a supernilpotent Lie algebra, g the relevant noncommutative
variable algebra with its generators ey, . .., ey, and let U C C™ be an open neighborhood
of Taylor spectrum o (T) of the operator family T. Then there exists a unital continuous
algebra homomorphism

a:Tg(U) — L(X)

from the Fréchet algebra T4(U) of all formally-radical functions on U in elements of g
into the Banach algebra L£(X) such that a(e;) = T; for all i.

Proof. As we have just noted above X automatically turns into a left Banach
Fg-module and ¢(T) = (g, X). It remains to use Proposition 5.3 and Theo-
rem54. 1
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In particular, if T is a mutually commuting operator family then T generates
a commutative Lie algebra F, and the relevant variable algebra is C" with the
canonical representation C" — L£(X), z; — T;, 1 < i < m, and Theorem 6.1 is
reduced to Taylor’s functional calculus [26].

One of the important properties of the functional calculus is the relevant
spectral mapping theorem. A general approach to this problem was investigated
in [9], [13] for the functional calculi with respect to a Banach space representa-
tions of a nilpotent Lie algebra. In particular, it is proved the spectral mapping
theorem with respect to the sheaf of germs of formally-radical functions when-
ever the considered neighborhood of Taylor spectrum (see Theorem 6.1) is a Stein
T g-rational domain in A(g).
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