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OPERATOR-VALUED DYADIC BMO SPACES
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ABSTRACT. We consider BMO spaces of operator-valued functions, among
them the space of operator-valued functions B which define a bounded para-

product on L?(H). We obtain several equivalent formulations of ||7g|| in
terms of the norm of the "sweep" function of B or of averages of the norms
of martingales transforms of B in related spaces. Furthermore, we investigate
a connection between John-Nirenberg type inequalities and Carleson-type in-
equalities via a product formula for paraproducts and deduce sharp dimen-
sional estimates for John—-Nirenberg type inequalities.
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1. INTRODUCTION

Spaces of BMO functions on the real numbers R or the circle T, taking values
in the bounded linear operators on a Hilbert space, have been investigated in a
number of different contexts in recent years, for example non-commutative L?
spaces [16], [10], matrix-weighted inequalities [4], [5], sharp estimates for vector
Carleson embedding theorem [8], [11], [12], [14], observation operators in linear
systems over contractive semigroups [6], [7], and Hankel operators in several
variables [17].

The theory of operator valued BMO functions is much more complicated
than the scalar theory and remains to be fully understood. Some of the different
yet equivalent characterizations of scalar BMO(T) or BMO(R) lead to distinct
spaces of operator valued BMO functions. In many cases, we can express this
in the language of operator spaces by saying that different operator space struc-
tures on the scalar BMO space arise naturally from the different yet equivalent
characterisations of scalar BMO. These difficulties reflect partly the subtle geo-
metric properties of the dual Banach space £(’H) of bounded linear operators on
a Hilbert space.
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It is often easier to consider dyadic versions of BMO and to work with
dyadic versions of classical operators like the Hilbert transform H or the Hankel
operator with symbol b, I};. Two such dyadic counterparts of a Hankel opera-
tor I} are the dyadic paraproduct 11, and the operator A, = 7}, + ng. While the
former has a natural interpretation as a Carleson embedding operator, the latter
connects more easily in the operator valued case to the theory of vector-valued
BMO functions (in particular to the space BMOZ . (£(H))). Estimates for Han-
kel operators can then be obtained by averaging techniques.

One important difference between the scalar-valued and the operator-
valued settings is the failure of a certain version of the classical John—Nirenberg
Lemma, or in other words, the lack of boundedness of the “sweep”, which governs
the behaviour of the dyadic paraproduct.

The purpose of the present paper is to study in particular the spaces aris-
ing from the operators 71, and A, to investigate the relationship between dyadic
paraproduct, its “real part” A; and the sweep, and to give sharp dimensional
estimates for the sweep in the “strong” BMO norm || - HBMOSO and other norms,
answering a question in [4].

Let D denote the collection of dyadic subintervals of the unit circle T, and let
(h1)1ep, where hy = m%/z (x1+ — X1- ), be the Haar basis of L(T). Let H be a sepa-
rable, finite or infinite-dimensional Hilbert space and let 7y denote the subspace
of L(’H)-valued functions on T with finite formal Haar expansion. Givene, f € ‘H
and B € L*(T,L(H)), we denote by B, the function in L?(T,H) defined by
B,(t) = B(t)(e) and by B, ¢ the function in L%(T) defined by B, ¢(t) = (B(t)(e), f)-
As in the scalar case, let B denote the formal Haar coefficients [ B(t)h;dt, and

I

miB = ﬁ J B(t)dt denote the average of B over I for any I € D. Observe
I

that for By and m;B to be well-defined operators, we shall be assuming that

the £(’H)-valued function B is weak*-integrable. That means, using the dual-

ity L(H) = (H®H)*, that (B(-)(e), f) € L1(T) fore, f € H. In particular, for any

measurable set A, there exist By € L(H) such that (B4 (e), f) = < J B(t) (e)dt,f>.
A

Let us denote by BMOY(T, H) the space of Bochner integrable H-valued
functions b : T — H such that

1 r 5 1/2
(1.1) 1Bllppod ) :sup(T / 1b(t) — myb]| dt) <o
IeD | |'I

and by WBMOY(T, H) the space of Pettis integrable H-valued functions b : T —
'H such that

1 L \12
(1.2) 1Bl wemod (1) = sup (m / [(b(t) —mpb,e)| dt) < oo
IeD,ecH, |le||=1 T
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Let us define different version of dyadic operator-valued BMO to be consid-
ered throughout the paper

We denote by BMOY_ (T, £(H)) the space of Bochner integrable L£(H)-
valued functions B such that

1 N
(1.3) IBllgyog, . = sup (m / 1B(t) —miB|Pdt) " < eo
IeD T

and denote by WBMOY(T, £(H)) the space of weak*-integrable L£(H)-valued
functions B such that

5 1/2
14 Blwemor = (i / [((B(t) = miBe, f)[dt
IEDHt’H HfH 1

= sup HBEHWBMOd(’H‘,H) < oo,
e€H,|le]|=1

or, equivalently, such that

IBllwemod = sup  [[(B, A)llpmoa () < oo
AeSy, || Al <1
Here, S1 denotes the ideal of trace class operators in £(H), and (B, A) stands for
the scalar-valued function given by (B, A)(t) = trace(B(t)A*).
In the operator-valued setting one has another natural formulation. Denote
by SBMOY(T, £(H)) the space of £(H)-valued functions B such that B(-)e €
BMOY(T, H) for all e € H and such that

1 , 172

(1.5) IBlgppod = sup (T/H(B(t) —miB)e|dr) " < .
IeD,ecH, |le||=1 | ‘I

We would like to point out that while B belongs to one of the spaces

BMOd (T, £L(H)) or WBMOY(T, £(H))) if and only if B* does, this is not the

case for the space SBMOY(T, £(H)). This leads to the following notion:
[

16]). We say that B € BMOZ (T, L(H)), if B

DEFINITION 1.1 (see [4], [14],
E(H)) We define HB”BMOSO = ||BHSBMOd+

and B* belong to SBMOY(T,

[1B*[|spyos-

Continuous versions of this space in the more general setting of a von Neu-
mann algebra with a semifinite normal faithful trace were studied by Pisier and
Xu [16] and more recently by Mei [10], together with an H? theory and a rich
duality and interpolation theory.

We now define another operator-valued BMO space, using the notion of
Haar multipliers. As in the scalar-valued case (see [13]), a sequence (®)cp,
&; € L2(I,L(H)) for all I € D, is said to be an operator-valued Haar multiplier, if
there exists C > 0 such that

|  outrm <c( LR forall (f)iep € (D, 1),

L2(T,H)
IeD IeD
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We write || (®]) ||mut for the norm of the corresponding operator on L?(T, H).
Let us observe that

(1.6) 1911l 2230 < (@D lmutel JV/2, T € D.
DEFINITION 1.2. Let us define P;B = } h;Bj, and use the notation
JCI
Ap(f) = ) (PB)(f1)hr.
IeD

We define BMO,,t(T, L(H)) as the space of those weak*-integrable L£(H)-
valued functions for which (P;B)jcp defines a bounded operator-valued Haar
multiplier, and write

(1.7) 1 BllemO, e = IIABI = |(P1B)1eD || mutt-

Let us now give the definition of a further BMO space, the space defined in
terms of dyadic paraproducts.
Let B € Fyy. We define

g L2(T,H) — LX(T, %), f=Y, fii— Y Bi(mif)hy,

IeD IeD
Ay AT H) = I3(TH), f= Y fili— ¥ Bi(fi)
IeD IeD | |

7tp is called the vector paraproduct with symbol B.
It is elementary to see that

(1.8) Ap(f) =) Bi(mif)hi+ ) Bz(fz)%-
IeD IeD 1|
This shows that Ag = 71 + Ap. Observe that Ag = 713.. Therefore (Ap)* =
Ap, and [|Bl|MO, = [1B*1BMO -

DEFINITION 1.3. Let ExB = Y., Bih; for k € N. The space
|I|>2-k
BMOpara(T, L(H)) consists of those weak*-integrable operator-valued functions
for which sup ||7rg,g|| < oo. For such functions, gf = klim g, gf defines a
— 00

keN
bounded linear operator on L*(T, 'H), and we write
(1'9) ||BHBMOpara = ||7TB||'
Let us notice that

(1.10) Apf =Bf — ) (mB)(f1)hr.
IeD

From here one concludes immediately that

(1.11) L*(T, L(H)) € BMOpu(T, L(H)).

However, Tao Mei [9] has shown recently that L®(T, L(H)) ;(_ BMOpara and
therefore in particular BMO,y, 3¢ S,Z BMOgpara- This is in contrast to the situation of
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scalar paraproducts in two variables, where BMOyyt(T?) = BMOpara(T?) ([2],
Theorem 2.8).

The following chain of strict inclusions for infinite-dimensional H can be
shown (see [3]):

(1.12) BMOgorm(Tr‘c(H)) - BMOmult(TIE(H)) - BMOSdO
C SBMO(T, £(H)) € WBMO(T, L(H)).

The reader is referred to [1], [2], [9], [18] for some recent results on dyadic
BMO and Besov spaces connected to the ones in this paper.

Mei’s result implies in particular that BMOZ, ., (T, £(H)) ¢ BMOpara, and
it is also easy to see that the reverse inclusion does not hold (see for example the
proof of BMOp, it € BMOyara at the beginning of Section 2).

To retrieve an estimate of the norm of the paraproduct in terms of the
BMOY, ., norm, we will consider the “sweep”, which is of independent interest,
in Section 2, and averages of martingale transforms in Section 4.

Given B € Fyo, we define the sweep of B as

(1.13) sg= Y BiB/AL.
IeD |I|

Our main result of Section 2, Theorem 2.4, states that
1Bl EM0pare ~ 1158 ]BMOmu: + 1Bl g0

In particular, using the result BMOS_ . (T, £L(H)) € BMO (T, £(H)) (see [3]),
this shows that if B € SBMOY and S € BMOY, ., then 7 is bounded.

Section 3 is devoted to the study of sweeps of functions in different BMO
spaces. The classical John-Nirenberg theorem on BMOY(T) implies (and is es-
sentially equivalent to) the fact that there exists a constant C > 0 such that

(1.14) 1S llBpoe < ClblIGpo

for any b € BMO4.

We will show that this formulation of John-Nirenberg does not hold for
IIBllBMO,,- In fact, it is shown that if (1.14) holds for some space contained in
SBMOY then this space is also contained in BMOpara-

In [8], [11] and [12], the correct rate of growth of the constant in the Car-
leson embedding theorem in the matrix case in terms of the dimension of Hilbert
space H was determined, namely log(dim H + 1). Here, we want to show that
this breakdown of the Carleson embedding theorem in the operator case is inti-
mately connected to a breakdown of the John-Nirenberg Theorem, and that the
dimensional growth for constants in the John-Nirenberg Theorem is the same.
This answers a question left open in [4].
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In Section 4, we investigate “average BMO conditions” in the following

1/2
sense. We show (see Theorem 4.1) that ||B||gmoy,,,, < ( I T‘TBHBM ol da)

rm
More precisely, ||B||BMOpara +||B* ||BMO - ;{ ||TUB||BMOmuhd )

Moreover, the norms ||B||gy0d , [|BllBMO,,,, @nd [|B|lBMmOy,,,, can be com-
pletely described in terms of average boundedness of certain operators involv-
ing either Ap or commutators [T, B]. The results of this section complete those
proved in [4].

2. HAAR MULTIPLIERS AND PARAPRODUCTS

We start by describing the action of a paraproduct 7tp as a Haar multiplier.

PROPOSITION 2.1. Let B € Fyy. Then

1/2
|7esll = [ (Bih1)1eD lmute = | (Pr+ B+ Pr-B)1ep |l mut = H ( Y BjB;
JCl

|]|)I€D’mul’t
In particular,
IBill < ll7esll|11*2, | PpB(e) + Pr-B(e)ll2(m0) < ll7eBlI11"? e, and

(B8] g < s Pl

i L2(T,H)

Proof. The first and second equalities follow directly from the definitions
and |[7rp|| = [|Ap- |-
For the third equality, use |73 ||2 = ||7r§7t3 Il,

-y BIBI<Zf]m1 ) ) |)

mprp(f)(t) = ) BiBi(mi(f)) ‘ |

€D [eD gy
= Y BB (L fy)mnH ) _ L (23131)“( ))f] hy (#)-
€D ) I JeD N IC) 1|

The estimates now follow from (1.6). &

The following characterizations of SBMO will be useful below.
PROPOSITION 2.2 ([4]). Let B € SBMOY(T, £(H)). Then

1 1
”B”§BMOd = sup mHPI(Be)H%Z(H) ~ sup mH )} B]BIH
I€D,|le||=1 IeD JCI

It follows at once from Propositions 2.1 and 2.2 that

BMOpara(T, £(H)) € SBMOY(T, L(H)).
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It is easily seen that, if B and B* belong to BMOpara, then B € BMO s
However, we want to remark that the boundedness of 775 alone does not imply
boundedness of Ag.

To see this, choose some orthonormal basis (e;);en of H, and choose a se-
quence of C"-valued function (by),cy with finite Haar expansion such that
10nllsmoa (7)) = Cn1/2||bn||WBMOd(£(H)) (for a choice of such a sequence, see
[7]). Let By (t) be the column matrix with respect to the chosen orthonormal basis
which has the vector b, (t) as its first column. Then it is easy to see that

172,11 = lI725, | 2 11bu lgvtoace ) = 7 Clbullwimon m.54)-

As pointed out to us [15], it follows from the first theorem in the Appendix in
[16] that || 7p; || < C||bn[lwpmod (T, for some absolute constant C and all n € N.
Forming the direct sum

*
B,,

O

we find that ||7tg|| = 1, but Ag = (7g-)* is unbounded.

||7TB*

One of the main tools to investigate the connection between BMOy,;;; and
BMOypara is the dyadic sweep. Given B € Fqo, we define

oot
sp(t) =Y BIB1X|II(|).
IeD

LEMMA 2.3. Let B € Fyg. Then

(2.1) 7‘[§7‘L’B = Tlgp + 7‘[;8 + Dg = ASB + Dg,
where Dy is defined by Dgh; @ x = hl‘lT‘ EI B}‘B]xforx eH, 1€ Dand

1Dl = ||B|3gpp00-

Proof. (2.1) is verified on elementary tensors h; ® x, hj @ y. We find that:

(i) for I C ], <7T§7T3h1 X X,h] ®y> = <7TEBh1 & X,h] ®y>;

(ii) for I 2 ], <7T§7TBI’11 ®x,h;® y) = <7‘(th1 ® x, hy QY);

(iii) for I =], <7T§7TB]11 ® x, ]’l] & ]/> = (Dg(h; ® X),h] ®]/>.

Since supp 7t hy € I and supp As,hy C I, (mpmph; ® x,hj ® y) = Oin all
other cases.

One sees easily that Dp is block diagonal with respect to the Hilbert space
decomposition L?(T,H) = @ 'H defined by the mapping f — (f;);ep. The

D

Ie
operator 7ts, is block-lower triangular with respect to this decomposition (using
the natural partial order on D), and A, is block-upper triangular. Thus we obtain
the required identity. Note that, by Proposition 2.2,

1
IDsl| = sup WHZB;B]eHzHBHgBMOd. '
repef=1 1 et
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Notice that (Sg)* = Sp. Hence Lemma 2.3 gives
THEOREM 2.4. [|Sg|[pmo,,y + I1Bllgga0a & 177811%

Proof. It suffices to use that | Dp|| ~ ||B||
(using Proposition 2.1). 1

2pmod and that [[Bllsgyviod < (78]l

This provides, among other things, our first link between BMOZ

norm

and BMOypara:
COROLLARY 2.5. ||7g]1? < [|Sallgpos . + 1Bl

2
norm SBMOd :
Proof. Theorem 2.4 and (1.12). 1

3. SWEEPS OF OPERATOR-VALUED FUNCTIONS

Let us mention that by John-Nirenberg’s lemma, we actually have that f €
BMOd, . if and only if

1/
sup(i/HB(t)—mIBdet) ' ¢ s
o (s

for some (or equivalently, for all) 0 < p < co. Since (B — m;B)x; = P;B, we can
also say that f € BMOY _ if and only if

1
sup —7 [Pr(B) [y (£(r)) < oo
rep 1|77 (L(H))

One way to express the John-Nirenberg inequality on scalar-valued BMO?
is to say that the mapping

(3.1) BMOY — BMOY, b — S,

is bounded. In the operator-valued setting, this John—-Nirenberg property breaks
down. Our main result is that any space of operator-valued functions which is
contained in SBMOY(T, £(H)) and on which the mapping (3.1) acts boundedly
is already contained in BMOpara (T, L(H)).

However, we find that (3.1) acts boundedly between different operator-
valued BMO spaces. We also obtain the sharp rate of growth of the norm of the
mapping (3.1) on BMOZ, (T, £(H)), BMOpara(T, L(H)), BMOppu(T, L(H)) and
BMOZ ...(T, £L(H)) in terms of the dimension of H.

Before establishing this dimensional growth, we consider an extension of
the sweep. In the scalar case, one can extend the sweep BMOY — BMO4 to a
sesquilinear map A : BMOY x BMOY — BMO¢9. This map is motivated by the
consideration of “products of paraproducts” nj‘ﬁﬂg, which in turn is motivated
by the long-standing investigation of products of Hankel operators I" ;F ¢ in the
literature (see [18] and the references therein).
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DEFINITION 3.1. Letus denoteby A : Foo x Foo — L'(T, L(H)) the bilinear
map given by
F
= L SR

IeD
In particular Sg = A(B, B) and A(B, F)* = A(F, B).

LEMMA 3.2. Let B € Fog. Then

P;A(B,F) = PjA(B, PjF) = P; Z B]F] P Z B,F,
Pl =110
In particular, P1(Sp) = P1(Sp;g) = Pr1(S(p ++13[7)3).
Proof. PIA(B*, (Ejhy)) = PI(B]F]m) =0if I C J. Hence
PiA(B,F) = P;A(B, PiF) = PiA(B, (P« + P~ )F). ¥
A similar proof as in Lemma 2.3 shows that
LEMMA 3.3. Let B, F € Fyg. Then
TRTTF = TAB,F) T TaE,p) T DBF = AasF) + DB P/
where D p is defined by Dg p(h; @ x) = h1|lT| IEI B}‘F]xfor x € H, I € D. Moreover,
D511 < sup IBellmio) Sup IFelavone-

Let us now study the boundedness of the sesquilinear map A in the various
BMO norms. Again, the properties of the map A are more subtle in the operator-
valued case than in the scalar case.

THEOREM 3.4. There exists a constant C > 0 such that for B, F € Fyo,
(@) [|A(B, F)[[BMO e < ClIBIIBMOpara |l BMOpqrar
(ii) [|A(B, F)lwemod < ClIBllspmod | Fllspmod
(iii) [[A(B, F)llspmod < Cll7all1Fllspamon-

Proof. (i) follows from Lemma 3.3.
(ii) Using Lemma 3.2, one obtains

(PIA(B,F)e, f) = Pr Y_ ((PiF)Je, (PIB)]f> J]
jeD

fore, f € H. Therefore,

X
| (PrA(B, F)e, f)|I;1 = HPI ((P1F)Je, (PIB)1f>J .
JeD

7l
<2|| Y ((PiF)e, (PiB) ) 1

JeD




342 OSCAR BLASCO AND SANDRA POTT

(L Iemyepty”
JeD

1/2

i
<2( L I@ms?) (X I@pel)

JeD JeD

L2 L2

<|(xg (BB FIRE)

Thus if || Bl|sgpod = [[Fllspmod = 1, then
IPLA(B, e, )l 1 < 211 PiByll 2oy | PrFe 2y < 211
This, again using John-Nirenberg’s lemma, gives [|A(B, F)llwpmod (£ (1)) < C-
(iii) From Lemma 3.2, we obtain
IPLA(B, F)ell 23y = 1A (PrFe) [l 2n) < 7B [ PrFellp2(ag)- W
Here comes the main result of this section.
THEOREM 3.5. Let H be a separable, finite or infinite-dimensional Hilbert space.

Let p be a positive homogeneous functional on the space Foo of L(H)-valued functions
on T with finite formal Haar expansion such that there exists constants c1, ¢ with

@) [IBllspmoa < c10(B), and

(ii) p(Sg) < cop(B)? for all B € Fy.
Then there exists a constant C, depending only on ¢ and cy, such that ||B||gmoy,,, <
Cp(B) forall B € Fyp.

Proof. Forn € N, let E, denote the subspace {f € L2(T,H) : f; = 0 for |I| <
27"} of L*(T, H). Let c(n) = sup{||7tg||g, : p(B) < 1}. An elementary estimate
shows that ¢(n) is well-defined and finite for each n € N. Fore > 0, n € N, we
canfind f € E,, ||f|| =1, B € Foo, p(B) < 1such that

c(n)*(1 —e)* < |mpfl* = (7ts, £, f) + {f, 7w f) + (Dsf, f)

< 2¢(n)p(Sp) + c1|Bllspmon < 2c2¢(n) + 1.

It follows that the sequence (c(n)),cy is bounded by C = ¢ + (/c3 +¢1, and
therefore || 7tp|| < Cp(B) forall B € Fyp. 1

One immediate consequence is the following answer to Question 5.1 in [4].

THEOREM 3.6. There exists an absolute constant C > 0 such that for each n € N
and each measurable function B : T — Mat(C,n x n),

(3.2) IS8l gyog, < Clog(n + 1)||B||§Mogo,
and this is sharp.
Proof. From (iii) in Theorem 3.4 one obtains:
1S8lIBMOy, < ClIB[BMOpara [|Bllppog, < Clog(n + 1)||BHZBMOgor
since there exists an absolute constant C > 0 with

|| BllBMOpara < Clog(rn +1)||Bl[gpj00.
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by [8] and [11]. On the other hand, denoting by C;, the smallest constant such that
1S5 lmi0, < CllBl2pgs

for each integrable function B : T — Mat(C, n x n), we obtain from Theorem 3.5
that

IBllovOp < (Ca+4/Ch+1) IBllgnos, < 3CalBligyion

for each integrable B. It was shown in [12] that there exists an absolute constant
¢ > 0 such that for each n € N, there exists B") : T — Mat(n x n,C) such that
IBM) |[BMOpar = clog(n +1)[| B lgpog, - Therefore C, > 5log(n +1), and (3.2)
is sharp. &

Sharp rates of dimensional growth can also be determined for Sp in
BMOY, ., BMOpara and BMOy ;. Interestingly, the rate of growth for BMOY
and BMOgpara is slower than the one for BMOy, ;¢ and BMOﬂorm.

THEOREM 3.7. There exists an absolute constant C > 0 such that for eachn € N
and each measurable function B : T — Mat(C,n x n),

(3.3) 155 |BMOpara < Clog (1 + 1)[IBl[Eno, -
(3.4) 158 ]1BMOy; < C(log(n +1))?||Bllgmo,,,,
(3.5) 158 o, ., < Cllog(n+1))2IBlG 00

and this is sharp.
Corresponding estimates also hold for the sesquilinear map A.

Proof. This is contained in [3]. &

Finally, the following corollary to Theorem 3.5 gives an estimate of || - |[pmO,,y, N
terms of || - ||ggpod With an “imposed” John-Nirenberg property. We need some

notation: Let Sgn = B and let Sén) = Sgm-1)p forn € N, B € Fy.
COROLLARY 3.8. There exists a constant C > 0 such that

1/2"
IBllavoy.,, < Csup 155" Igpmmos (B € Fo)-

Proof. Define p(B) = su}g ”ng) Hé]/s i:[l od- One sees easily that this expression
n

is finite for B € Fpo. Now apf)ly Theorem 3.5. 1

4. AVERAGES OVER MARTINGALE TRANSFORMS AND OPERATOR-VALUED BMO

Let ¥ = {—1,1}P, and let do denote the natural product probability mea-
sure on X, which assigns measure 27" to cylinder sets of length n.
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For o € {—1,1}P, define the dyadic martingale transform

(4.1) Ty : LX(T,H) — LX(T,H), f=) hifi— Y hoifr.
IeD IeD

Given a Banach space X and F € L'(T, X), we write F for the function defined
a.e.on X x T by

F(O’ t ZUIFIhI

In case that X is a Hilbert space, || TUFHLZ(T,X) = [|Fl2(t,x) for any (07)1ep,
and therefore | F|| rozi2(rx)) = IIFlli2(r,x)- More generally, we have for UMD
spaces that || T, F|[ ;21 x) & [|F|l12(r,x)- However, X = L£(H) is not a UMD space,
unless H is finite dimensional.

Whilst ||B||pmo,,,, cannot be estimated in terms of ||B||gmo,,, [9], we will
prove an estimate of ||B||pmo,,,, in terms of an average of || T, B|smo,,,, over Z.

mult

Similarly, whilst the result in [9] implies that ||S BHBMOﬂorm cannot be estimated

mult

in terms of ||B HBMO%orm’ we will prove an estimate of ||Sp ”BMOﬂorm in terms of an
average of ||TyB||lgy;0a  over X. For this, the following representation of the
sweep will be useful:

(4.2) +B)(t)do.

Il
M
&3
S

THEOREM 4.1. Let B € Fyy. Then

”SB”BMogorm N/”TUBHBMOd do.

In particular ||B||BMOPElra < f | T,B||? do.

BMOZrm

Proof. The first inequality follows from the estimate

PS8l 1,200y = IPrSpgller om0y < 2” !(TUPIB*)(TUPIB)dU LLL())

<2/|| (PITyB)*PiTyB| s (T,L(H))dUIZ/H (PIToB) |22, 30y 4
<2/1| / IToB |20, o

Using John-Nirenberg’s lemma for BMOZ, ... (T, £()), one concludes the result.
The second inequality follows from the first, (1.12) and Theorem 2.4. 1

We are going to describe the different operator-valued BMO spaces in terms
of "average boundedness" of certain operators. First we see that the BMOg, -norm
can be described by “average boundedness” of Ap.
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THEOREM 4.2. Let B € Fyg, and let g be the map
L*(T,H) — L*(T x X, H), [+ ApT,f.
Then

1/2
fo5] = sup_ / 148(Te ) o pd7) = Bllsparon-
f L2(H

In particular, || B||gmo,, = ||<;DBH + || @5+l
Proof. Since Ap(Tof) = Y, Pi(B)frhior, we have
IeD

//|| @5 f)(t,0)|2dtde

T

= [ [ IAsTen®)]Pdtdo = ¥ 1Pi(B) fihulFz
zT

IeD
2
T [ lieew - i) (i) [ WilPat < sup 182 o) T 151P

The reverse inequality follows by considering functions f = hje, where e € H,
IeD. 1

We require a further technical lemma, which shows that the L? norm of Bf
may be decomposed in a certain way.

LEMMA 4.3. Let B € Fog and f € L?>(T,H). Write Bf = nigf + Apf + vpf-
Then

1B 12250100 = [ 177,80 Barpdt [ 141,800 B2y 8o+ [ 1177, 8(F) 2y do
X xz xz

and

@3 1A asenn / 77,8 22yl + / 147,092 e
Proof. Observe that mj(T,B)h; (Z U]B]h])h[ Hence

Yr(f) = ¥ mi(TB)(f)h = Y 0By (X fil )y

IeD JeD IC]

This shows that

// nTVBf ’)’Tng dO’dt Z/ Bymf, B[(Zg]h])>‘ |di’—0

IeD

// Y1,8f,A1,88)dodt = Z/ Zf,h, Blg1>|II|dt:0;

1eD JCI
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//<7TTJBf/ATUBg>dUdt / BImIf B1g1> |I‘ =0.
T X

IeD

To finish the proof, simply expand ||B(f) and ||Ag(f) 1

”L2 ExT,H) HLZ(ZXTH

Here is our desired estimate of || B||pmoy,, + [ B*[|BMO,., in terms of an av-

erage over | Bllemo

mult

COROLLARY 4.4. Let B € Fyg. Then

) < ll7sll + (|4l

mult

1 ~
5 Ul + 1145 1) < 1Bl 2z Mo
Proof. To show the first estimate, it is sufficient to use (4.3) in Lemma 4.3, the
identity ||A|| = ||7tp+|| and the invariance of the right hand side under passing

to the adjoint B*.
For the reverse estimate, note that

J1BIo0,80 < [(laz,sll +lIm51)2de = (145] + Ims)% 8
z z
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