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ABSTRACT. Higher-rank graph generalisations of the Popescu—Poisson trans-
form are constructed, allowing us to develop a dilation theory for higher rank
operator tuples. These dilations are joint dilations of the families of oper-
ators satisfying relations encoded by the graph structure which we call A-
contractions or A-isometries. Besides commutant lifting results and character-
isations of pure states on higher rank graph algebras several applications to
the structure theory of non-selfadjoint graph operator algebras are presented
generalising recent results in special cases.
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INTRODUCTION

The starting point of classical dilation theory was the construction of a di-
lation of a contractive operator on a Hilbert space to a unitary by B. Sz.-Nagy
in 1953 [25]. Under a certain minimality condition this dilation is unique up to
unitary equivalence. There exists also a minimal isometric dilation whose adjoint
leaves the original Hilbert space invariant. In particular, this provides a quick
proof of von Neumann’s celebrated inequality for Hilbert space contractions.

There is a connection between Sz.-Nagy’s and Stinespring’s Theorems: a
contraction defines a completely positive map and using this it turns out that
the existence of minimal isometric dilations of contractions can be derived from
Stinespring’s theorem. This idea links dilation theory of contractions to represen-
tations of the Toeplitz algebra and plays a key role in the more recent develop-
ments of dilation theory for tuples of operators.

In 1989 G. Popescu proved in [12] a result analogous to Sz.-Nagy’s for a row-
contraction, that is a (finite or infinite) sequence of contractions (T;)_; on a Hilbert
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n
space H such that }° T;T/ < Iy. Building on the earlier work of A.E. Frazho
i=1

and J. Bunce he showed that each such object can be dilated to a row-isometry,
which in turn provides a representation of the Cuntz algebra O,. This may be
regarded as a dilation of the completely positive map X — i T;XT;. In a series
of further papers G. Popescu unveiled the whole array of (l:oimections between
row-contractions, their dilations, operator algebras related to free semigroups on
n-generators, completely positive maps on B(H) and their dilations to endomor-
phisms. This led him to develop a theory which can be justifiably called noncom-
mutative (free) complex analysis (see for example [16] and references therein),
with concrete operators on a full Fock space playing the role of certain classes of
analytic functions; in particular, it allowed to establish a von Neumann inequal-
ity for row contractions. His most important tool is a noncommutative Poisson
transform (introduced in [14] and later used in [4]).

This C*-algebraic formulation of dilation theory for row contractions has
subsequently also been used to construct dilations of tuples preserving symmetry
conditions. In [2] W. Arveson constructed a universal commuting row contrac-
tion (given by shifts on the symmetric Fock space) and a corresponding Toeplitz
C*-algebra. He studied dilations of commuting row contractions via dilating the
corresponding completely positive maps to representations of this Toeplitz al-
gebra. Similar theories have been developed for g-commuting tuples by S. Dey
[7] and for tuples verifying conditions analogous to these satisfied by the gen-
erators of Cuntz—Krieger algebras by B.V.R. Bhat, S. Dey and the second named
author [3].

Each algebra occuring in these dilation theories is generated by a family
of operators forming a single row contraction. A very general class of algebras
generated in this way is the class of graph C*-algebras which has been studied
intensively in recent years. Initially inspired by the Cuntz—Krieger algebras, it
was soon shown to provide a rich source of new examples of C*-algebras and
also allowed to view and analyse certain known algebras from a new perspective.
An even more general class is the one of higher rank graph algebras introduced
by A. Kumjian and D. Pask in [9]. These were inspired by the higher rank Cuntz-
Krieger algebras of G. Robertson and T. Steger [22]. Graph algebras are usually
defined as certain universal objects or algebras related to groupoids.

Note however that exactly as the Cuntz algebra O, is a quotient of the con-
crete Toeplitz-type algebra acting on the full Fock space of C", the same remains
true for its graph generalisations; the graph Cuntz-type algebra O, arises as a
quotient of a certain concrete algebra of operators 7, acting on the L2-space of
the higher rank graph A. In this picture O, arises from a graph which has one
vertex and n edges. For an exhaustive outline of the theory of the graph alge-
bras we refer to the book [19] and references therein. Note that a rank r-graph
algebra (r € N) can be thought of as an algebra generated by r row contractions
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with specific commutation relations encoded by the higher rank graph. The rel-
evant generators may thus be regarded as higher rank tuples or higher rank row
contractions.

The aim of this paper is to develop a dilation theory in the framework of
higher rank tuples. To stress the dependence on A we call the basic objects of
our dilation theory A-contractions. A-contractions are families of contractions on
a Hilbert space H indexed by paths of A encoding the relevant graph structure.
The set of vertices of A is understood to induce the decomposition of H into or-
thogonal subspaces, and an operator corresponding to a path A is assumed to act
nontrivially only between the subspaces corresponding to the source and range
of A. The additional constraints correspond to the row-contraction-type condi-
tion. If the rank of the graph is greater than one, we may think of edges as having
various colours. Then the conditions defining A-contractions encode also certain
commutation relations between the operators corresponding to edges of varying
colours. In the rank-1 case certain dilation results for objects of that type were
established by M.T. Jury and D.W. Kribs in [8]. Their starting point was however
different: putting it in our language they consider a given row contraction and
then look at the class of potential graphs A for which the row contraction in ques-
tion may be viewed as a A-contraction (the procedure involves incorporating for
each A an appropriate family of vertex projections). This led them to introduce a
certain partial ordering on the class of resulting dilations. It is not clear how to
extend their approach to higher-rank cases.

The basic tool for the analysis of A-contractions will be a generalisation of
the Popescu—Poisson transform introduced in [14]. Already in that paper the
transform is constructed for certain higher-rank objects but restricted to tensor
products of standard Cuntz (respectively Cuntz-Toeplitz) algebras. As a A-con-
traction (of rank r) allows to define r commuting completely positive contrac-
tions, thus defining a canonical semigroup of completely positive maps (o), our
dilation problem amounts to finding a particular dilation of this semigroup. It
is known from the classical theory that one cannot expect joint dilations of three
(or more) commuting contractions to hold without any additional assumptions.
This explains why it was necessary in [14] to restrict attention to the families of
operators satisfying the condition (P). We introduce an analogous constraint for
A-contractions and call it the Popescu condition (see Definition 1.4). It is shown
that every A-contraction satisfying the Popescu condition admits a dilation to a
Toeplitz—Cuntz—Krieger family, which is essentially a family of contractions arising
as a representation of the Toeplitz-type algebra 7,. Similarly each A-isometry
admits a dilation to a Cuntz—Pimsner family, a family of contractions arising as a
representation of the Cuntz-type algebra O,. These dilations may be thought of
as joint dilations of (higher rank) tuples satisfying certain commutation relations
in such a way that the commutation relations are preserved. Graph versions of
the Popescu—Poisson transform also allow to establish two types of commutant
lifting theorems, one related to the commutant of a given A-contraction V and
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another to the fixed point space of the semigroup of completely positive maps
associated with V. Following the methods used by G. Popescu, K. Davidson and
D. Pitts used for the noncommutative H* algebras associated to free semigroups
([13] and [5]), we can further compute the character spaces of the Hardy-type Ba-
nach algebras A, and H 4 and show that A4 is never amenable (wWhen nontriv-
ial). Finally the GNS construction relative to a state on O, is given an alternative
description in terms of “cyclic” A-isometries, and, as was done in [4] for the stan-
dard Cuntz algebras, purity of the state is characterised in terms of the ergodicity
of the associated semigroup of completely positive maps.

The detailed plan of the paper is as follows. In Section 1 we recall the def-
inition of higher-rank graphs, introduce their associated concrete operator alge-
bras (and comment on relations with the universal ones), define A-contractions,
A-isometries and the Popescu condition. Section 2 contains the definition and
basic properties of the Toeplitz—Poisson and Cuntz-Poisson transforms includ-
ing a von Neumann inequality for A-contractions. In Section 3 we show that the
minimal Stinespring construction for the Toeplitz—Poisson transform associated
with a given A-contraction V yields a minimal dilation of V to a Toeplitz—Cuntz-
Krieger family and that if V is a A-isometry then the dilation automatically forms
a Cuntz-Pimsner family. Our two different commutant lifting theorems are also
established in this section. Finally Section 4 contains a number of applications
of our Poisson-type transforms. We use them to describe the character spaces
of the algebras A5 and H,, to prove nonamenability of A, for all nontrivial
graphs A and to characterise pure states on O, in terms of certain corresponding
A-isometries.

1. NOTATION AND BASIC DEFINTIONS

In this section we begin with recalling the definition of higher-rank graphs,
Toeplitz—Cuntz—Krieger and Cuntz-Pimsner families and related concrete graph
operator algebras. We proceed to introduce the crucial concept of A-contractions
and A-isometries and discuss the Popescu condition.

HIGHER-RANK GRAPHS. Higher rank graphs were introduced in [9] as a tool for
constructing C*-algebras generalising higher rank Cuntz—Krieger algebras de-
fined in [22]. In this paper we mostly follow the notation in [19] some of which
we recall briefly.

Let Ng = NU {0}. For r € N the canonical “basis” in Njj will be denoted by
(e1,...,er),and we writee = i e;. The componentwise maximum of n, m € Nj is

i=1

denoted by n V m and we write [n| = 1y + - - - 4+ n,. Throughout the paper A will
denote a rank-r graph, that is a small category with set of objects A” and shape
functor ¢ : A — N’ (where N” is viewed as the category with one object and
morphisms Nj) satisfying the factorisation property defined in [9]. If n € N the set
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of morphisms in A of shape n is denoted by A”. For A € A we write [A| = |o(A)].
The morphisms in A may be thought of as paths in a “multi-coloured” graph
with vertices indexed by the set A’. The range and source maps are respectively
denoted by 7 : A — A%and s : A — A? (called origin and terminus in [22]). The
factorisation property says that if n,n € Njj then every morphism A € A" 1" is a
unique product A = pvofapy € A" and v € A", where s(u) = r(v). To simplify
the language we will assume that A is countable. In fact all the results remain
valid if this assumption is dropped.

A rank-r graph A is called finitely aligned if for each A,y € A the set of
minimal common extensions of A and , thatis MCE(A, ) 1= {v € A: 3, gepv =
A = up, c(Aa) = (A1) V o(u)}, is finite. It is called row-finite if for each a € A°
and n € Nj the set A} := {A € A:r(A) = a,0(A) = n} of paths of shape n
ending at a is finite. When a,b € A% n e NI, we also write Az,a ={reA:
r(A) = a,s(A) = b,0(A) = n}. Finally we call the graph A finite if A" is finite for
any n € Nj (note that it does not mean that A is finite as a set). It is immediate
that finite graphs are row-finite, and row-finite graphs are finitely aligned. A is
said to have no sources if for each n € Njj and a € A there exists A € A" such that
r(A) = a, equivalently A} # @ (there are arbitrarily long paths ending at a). A
weaker condition is the following: A is said to be cofinal if for every a € A° there
isA € Awitho(A) #0and r(A) = a.

The following definition was introduced in [20]. Note that we use a different
convention to the one used in that paper when it comes to labelling target and
initial projections of the partial isometries in question (to maintain compatibility
with [19] source and range are exchanged).

DEFINITION 1.1. Suppose that A is finitely aligned. A family of partial
isometries {x) : A € A} in a C*-algebra B is called a Toeplitz—Cuntz—Krieger A-
family if the following are satisfied:

(i) {xs : a € A%} is a family of mutually orthogonal projections;
(i) xpxp = X2, if A, p € A, s(A) = r(p);
(iii) x/*\xA = X5()) if A eA;
(iv)if n € Nj\ {0}, 2 € A’ and F C Al is finite then x, > ¥ x)x};
A€F
(V) x;xy = Y xaxE forall y,v € A.
ua=vBe MCE(u,v)
If A is row finite and instead of (iv) a stronger condition

Xo= ) XX}
AeAl

is satisfied for all n € N} \ {0} and a € A then {x, : A € A} is called a Cuntz—
Pimsner A-family.
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CONCRETE OPERATOR ALGEBRAS ASSOCIATED WITH A. Consider the creation
operators on a Hilbert space [2(A) (where A is equipped with the counting mea-
sure) defined by

r(p),
r(4), AueA
Further we follow the convention that dy, := 0 and Ly, := 0if s(A) # r(p). It
is easily seen that all L) are partial isometries. If A is finitely aligned they form
a Toeplitz-Cuntz-Krieger family (in B(I>(A))). The space [?(A) may be viewed
as a Fock space associated with the graph A. In particular if r = 1 and the graph
A has only one vertex with k edges, I>(A) is naturally isometrically isomorphic
to the free Fock space over C¥. We will consider the following concrete operator
algebras contained in B(I?(A)):

Ta=C*([Ly : A€AY), Ax=ALG{I Ly:A€A)), Ha=ALGw(I, Ly:AEA)),

L[ by, ifs(A) =
“%—{Syﬁqm¢

where ALG(S) (respectively, ALG (S)) denotes the smallest norm (respectively
ultraweakly) closed subalgebra generated by the set 5. The algebras above can
be respectively interpreted as noncommutative higher-rank graph versions of the
Toeplitz C*-algebra, disc algebra, and H*. Note that 7, is unital if and only
if the set A" is finite. If this is not the case we will occasionally consider the
natural unitisation 7 := C*(I,7,). It is important in the sequel to note that
Tp = Lin{L,L} : p,v € A} when A is finitely aligned. This is an immediate
consequence of equality (iii) in Definition 1.1.

Denote by P; (j € {1,...,r}) the projection onto the span of those J, for
which o(A); = 0. Note that if A is finite then

Pi=I1— Y LyLi= ) Li— ) LyLj,

AEAT aeA0 AeAT

so that each P; belongs to 7. In this case we denote by J the ideal of 7, gener-
ated by all P; and define the Cuntz-type algebra

Opr=T)/J.

The canonical generators in O, obtained by quotienting from the creation oper-
ators L), will be denoted by s,. These form a Cuntz-Pimsner A-family.

It is natural to ask whether the Toeplitz- and Cuntz-type algebras intro-
duced above coincide with “universal” graph algebras considered in [9], [20]
and [21]. Recall that the latter are defined as universal objects respectively for
Toeplitz—Cuntz—Krieger and Cuntz—Pimsner families. When A is finitely aligned,
Corollary 7.7 of [20] implies that 74 coincides with the corresponding universal
object. For the Cuntz-type algebra the situation is a little more complicated, but if
A is finite and has no sources one can exploit in the usual way the gauge unique-
ness theorem. Define first for each z € T" a unitary U, € B(I>(A)) by the linear
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continuous extension of the formula
U.(6y) =2'M6, Aea,

where for all z € T", n € Njj we write z" := z’fl .-z, The formula

az(x) =UxUl, xe€Ty

is easily seen to define an automorphism of 7,. As we have a; (L)) = z7 ML,
for each A € A, it is also easy to see that « yields a (pointwise norm) continuous
action of T" on 74. For A finite each «, leaves the ideal 7 invariant, so that the
action of « descends canonically to O,. Now it remains to observe that if A has
no sources then each of the generators s, (a € AY) is non-zero. Indeed, it is easy
to see that whenever y,v,a,p € A,and j € {1,...,r} then for all ¥ € A such that
o(y)j > o(B)j — o(a);
LyLyPiLaLgéy = 0.

On the other hand for any n € Nj we can find v € A] such that L;,6, = J,.
As the set of finite linear combinations of operators of the form L, Ly P;jLyLy is
norm dense in 7, we see that d(L,;, J) = 1. Theorem 3.4 of [9] implies that O, is
isomorphic to the universal object C*(A).

It is clear from the discussion above that 7 may be viewed as the ideal of
all operators of “finite length in at least one direction” in 7. If A is infinite, 7
may not contain any operators of that type. Providing Fock space models for O 4
becomes more complicated in this situation.

A-CONTRACTIONS AND A-ISOMETRIES. In Section 3 we will be interested in joint
dilations of families of operators to Toeplitz—-Cuntz-Krieger or Cuntz-Pimsner
families. The definitions below encapsulate the conditions we would impose on
the families we expect to dilate.

DEFINITION 1.2. Let H be a Hilbert space. A family V = {V) : A € A} of
operators in B(H) is called a A-contraction if the following conditions are satisfied:
0 Yauens) 2y VaVu = 0;
(i) V)\,yeA,s()\):r(y)VAVy = V/\y}
(iii) Vyeny & VAVy <
AEA"

(iv) each V, (a € A%) is an orthogonal projectionand ), V, = 1.
aeAl
All infinite sums of Hilbert space operators here and in what follows are

understood in the strong operator topology.

The definition above is not optimal — condition (iv) is in a sense redundant.
If V = {V, : A € A} is a family of operators satisfying (i)—(iii) above then con-
ditions (ii) and (iii) imply that each V; for a € A is a contractive idempotent,
hence a projection. Further (i) shows that V,V, = 0if b € AYand a # b. De-

noting by p the sum Y. V, we see that V) = pV,p (by (i) and (ii)). Therefore
ac Al
even if the second part of the condition (iv) is not satisfied at the outset, we can
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to all aims and purposes analyse the obvious A-contraction on pH. Following the
convention introduced earlier we define V,, := 0if s(A) # r(u).

DEFINITION 1.3. A A-contraction is called a A-isometry if the following
holds:

(V) Vieny X VaVy =1
AEA"

Following on the theme of non-optimality of the definitions above, in condi-
tions (iii) and (v) above it is enough to assume that the inequalities (respectively,
equalities) hold only for n of the forme;, j € {1,...,r}.

We point out that the existence of nontrivial A-isometries imposes condi-
tions on the graph A. Indeed, ). V,Vy = [forn € Njimplies V;=V, Y V,Vy

A€An AEAN
= Y VA V] so that if only %/u is nonzero, A # @. This implies gchat if H
AEAL
is nontrivial, then A has to be cofinal, and if each of the vertex projections V,
is non-zero then A has no sources. Conversely, if A has no sources then non-
trivial A-isometries exist (just consider the canonical Cuntz-Pimsner A-family in
B(12(A))).

One may think of A-contractions as generated by r sets of row-contractions,
each corresponding to a “coordinate” of A, with certain commutation relations
imposed on them. In particular when the graph A is finite, a A-contraction is
generated by a finite set of operators satisfying a combination of inequalities and
commutation relations. This is related to the way of seeing higher-rank graphs as
product systems of usual graphs over {1,...,r}, as analysed by I. Raeburn and
A. Sims in [20].

DEFINITION 1.4. LetV be a A-contraction and define fors € (0, 1) the defect
operator

(1.1) AWV)= Y (=AM
ueAo(p)<e

The family V is said to satisfy the Popescu condition (or condition (P)) if there
exists p € (0,1) such that forall s € (p, 1) the operator As(V) is positive.

Each A-isometry V satisfies the Popescu condition, as then for each s ¢
(0,1) one can easily compute As(V) = Y (=s?)HI = (15?1 Another
neAo(p)<e
case when the Popescu condition is automatically satisfied is the one of doubly
commuting A-contractions. Here a A-contraction V is doubly commuting if and
only if foralli,j € {1,...,r}, A € A%, yu € A%, there is

ViV, = Z VgV,
wEA% BEAT AP=pu
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Indeed, for a doubly commuting A-contraction V

s =T1(1- T viv;),

=1 HEA
and the right hand side of the above expression is positive as the product of com-
muting positive operators for all s € (0,1).

2. THE POISSON TRANSFORM FOR A-CONTRACTIONS

In this section we define and introduce basic properties of the Poisson trans-
form associated to a higher-rank graph which is the main tool to be applied in the
following sections. The techniques of the proofs are similar to the ones in [14], but
the graph formalism not only yields a far-reaching generalisation of the results of
that paper but also allows for more concise, and (in our opinion) more transpar-
ent proofs.

LEMMA 2.1. Let V be a A-contraction (on H) and recall the operator As(V) de-
fined by (1.1). Then for any s € (0,1) the following holds

1) Y MV A W)V = Iy
AEA
In particular if the operator As(V) is positive then the map Ws(V) € B(H;12(A) ® H)
defined by
(22) Ws(V)(@) = Y oy @sMa,(v)2vie
AEA
(¢ € H) is an isometry.

Proof. Compute:

Z SZWV/\AS(V)VA* — Z sleV)\( Z (—sz)lP‘lVyVIj)VX

AeA AeA HeAo(pn)<e
2(|A 2
=y ¥ & ‘*'P")(—l)‘V‘VMVXﬂ:Z e, v, vz,
AeA peAo(p)<e reA

where C, € R (y € A) are certain constants. To determine C,, we have to consider
all factorisations v = ap with o(u) < e. If o(y) = 0, then the only way -y can be
written as the composition of two elements is y = 47,50 C, = (-1 =1.

Suppose now that for some k € {1,...,r} and some non-empty set Z =
{ir,...,ix} € {1,...,r} of indices ¢(); > 0 fori € Z and ¢(y); = 0 forj €
{1,...,7}\Z. Let m € NJj, m < e. Then 7 can be written (in a unique way) as aj
for some « € Aand p € A" if and only if m < e;; + - - - + ¢;,. This implies that

1
Cy= Y (-prt-te=o.

ifeip=0
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Combination of the above shows that
Y sPMviavyvi = Y v Vi = 1.
AeA YyEAD

The second part of the lemma follows from the first. &

With the above in hand we are ready to establish the main theorem of this
section.

THEOREM 2.2. Let A be finitely aligned and let V be a A-contraction (on H)
satisfying the Popescu condition. Then there exists a unique continuous linear map
Ry : Tp — B(H) satisfying

RV(L)LL:[) :V)\V*, /\,]/IEA.
The map Ry, will be called the A-Poisson transform (associated with V). It is completely

positive and contractive, unital if T, is unital. If T, is not unital, Ry has a unique unital
extension to T1, which is also completely positive. In any case Ry| 4 , Is multiplicative.

Proof. Let p € (0,1) be such that for all s € (p,1) the operator Ag(V) is
positive. Define for each such s amap Ry : 7y — B(H) by the formula
Roy(x) = Ws(V)"(x @ In)Ws(V),

where W; (V) is the isometry defined in the last lemma (note that the above for-
mula obviously makes sense for any x € B(I2(A))). It is clear that Ry, is com-
pletely positive and contractive. Moreover for any y,v € A

(2.3) Roy(L,Ly) = sty v,

Indeed, let 4, v € Aand {5 € H. Then, using the convention V4 := 0 if s(a) #
r(B), we have

<77, sV(L}l > 77/ L;IL*®IH)WS(V)‘:>

W,
<25A®s'A'A VIRV, (Ll 6, 9s18,(0)2V5¢E)
AEA YEA

(¥ or@sMas)2vin, ¥ o @ st a,(0)12v,8)
AEA aEA

:< Z‘Syﬁ@SWHﬁ‘As(V)l/ZV* Z(wa®s|a\+\v|A (V)1/2V5a§>
BEA xeA

aEA

it (v, ( z 2y, Va)VJC>-

Now (2.1) implies that the above is actually equal to s/*/* V! (Viin, Vy¢), and the
equality (2.3) is established. As the set {L,L; : ur,v € A} is total in 7}, it follows
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by standard arguments that for each x € 7, the limit liI{l Ry (x) exists (in the
e

—

norm topology), and moreover the map Ry, : 7y — B(H) defined by

Rv(x) = Sli)r{l_ RS’V(X), x €Ty

satisfies all the requirements of the theorem. Uniqueness is again a consequence
of the totality of the set {L,Lj : u,v € A} in Ty. All the statements concerning
unitality and multiplicativity are now easy to prove. 1

REMARK 2.3. Note that if we are only interested in the operator algebra A4,
to obtain the existence of the completely contractive map Ry, : Ay, — B(H) with
all the properties above we do not need to assume that A is finitely aligned. The
latter condition is only necessary to prove uniqueness in the C*-case.

Suppose again that A is finitely aligned. For each operator polynomial
p(L) € B(£*(A)) in noncommuting variables L, and L} there exist finitely many
complex coefficients {ay,, € C: x,v € A} such that

(2.4) p(L) =) axyLiL;.

KVEA

Following [14] for any A-contraction on a Hilbert space H we define the operator
p(V) € B(H) by
p(V) =Y aViVy.
KVEA
The following von Neumann type inequality is now an immediate consequence
of Theorem 2.2. Note that it implies in particular that the definition of p(V) does
not depend on the representation chosen in (2.4).

COROLLARY 2.4. Let A be finitely aligned, V be a A-contraction satisfying the
Popescu condition and let p be a polynomial in noncommuting variables indexed by A x
A. Then the following von Neumann type inequality holds:

P < [lp(L)]-

When A is finite with no sources and V is a A-isometry, the Poisson trans-
form associated to V may be regarded as a map on O:

THEOREM 2.5. Let A be finite and without sources and let V be a A-isometry.
Then there exists a unique unital completely positive map Ty, : O — B(H) satisfying

Tv(S)LS;) =V,\V5, AueA
Proof. It is enough to check that the map Ry constructed in the previous
theorem vanishes on the ideal 7. To this end consider an operator of the form
xPjy, where x,y € Ty, ] € {1,...,r}. We can assume that x = L\L}, y = L,XLE
(A, v,a, B € A). Further we can also assume that in fact xP]-y = LijL]’j: an op-
erator PjL, is non-zero only if o(a) j = 0, and then P,L, = L,P;. But then, as
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P]- =1- ) LA,L,*Y, there is

yeA‘i
Ry(xPy) = Ry(LiLy = ¥ LipLiy) = ViVi = ¥ VigVi,
yeAi yeA]
=V =vi(( X vV =0 u
YeAI

The following corollary will be of use for the analysis of states on O, in
Section 3.

COROLLARY 2.6. Let A be finite without sources and let V = {V) : A € A} be
a family of operators satisfying conditions (i)—(ii) of Definition 1.2. Let D € B(H) be a
positive operator such that
(2.5) Vnenr Y. V\DV; =D.
AEAn
Then there exists a unique completely positive map Ty p : Op — B(H) satisfying
TV,D(S)\S;) = V/\DV;, )L,}l e A

Proof. Following [4] in the rank 1 case assume for the moment that D has a
bounded inverse. Consider the A-isometry given by the family {D~1/2V, D1/2
A € A}. The construction from the previous theorem yields the unital completely
positive map T : Oy — B(H) such that

T(sysy) = D~ V2V,DV;D" 2, A ue A
It is easy to see that the map defined by
Ty,p(x) = D'?T(x)D'?, x € Oy,
satisfies the condition in the corollary.

In the general case we may modify (following [15] in the rank 1 case) the
defect operator and Poisson transform as follows. Define
AspW)= Y DV, DV;=Y (=)' Y v, DV;=Y"(-s*)"ID=(1-s*)D

neAo(p)<e n<e HEAT n<e
which is positive for all s € (0,1). The same arguments as before show that
Y 2N via p(V)Vy =D
AEA

so that Wy p : H — ¢2(A) ® H given by W, p(&) = /\gA o0 ® S‘/\‘Als,/ljz)vfg verifies
Wi pWsp = D and Ty p(x) = 21_13 Wi p(x ® I)Ws p is the required completely

positive map. 1
Note that (2.5) may be interpreted as the statement that the operator D is

left invariant by certain natural completely positive maps acting on B(H). This
will be exploited later.
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3. DILATION AND COMMUTANT LIFTING THEOREMS FOR A-CONTRACTIONS

In this section we construct (minimal) dilations of A-contractions satisfying
the Popescu condition and of A-isometries. Related commutant lifting theorems
are also discussed and canonical unital completely positive maps associated to a
given A-isometry introduced.

DILATIONS. The Poisson transform in conjunction with the Stinespring Theorem
provides a dilation of A-contractions (or A-isometries) to Toeplitz—Cuntz-Krieger
(or Cuntz-Pimsner) families. This can be thought of as a dilation of a family of
contractions satisfying certain commutation relations to a family of partial isome-
tries which will not only satisfy the initial commutation relations but also extra
conditions involving their adjoints. As is well known, although the dilation of
a triple of commuting contractions to commuting isometries may not be pos-
sible, it may always be constructed as long as the contractions in question are
doubly commuting. This is reflected in our context by the requirement that the
A-contractions we are dilating are supposed to satisfy the Popescu condition.

THEOREM 3.1. Let A be finitely aligned and let V be a A-contraction on a Hilbert
space H satisfying the Popescu condition. There exists a Hilbert space K D H and a A-
contraction W on K consisting of partial isometries forming a Toeplitz—Cuntz—Krieger
family such that for each A € A

Wiln = V3.

One may assume that K = Lin{W)H : A € A}; under this assumption the family W is
unique up to unitary equivalence and is called the minimal dilation of V (to a Toeplitz—
Cuntz—Krieger family).

Proof. Consider the minimal Stinespring dilation of the Poisson transform
Ry constructed in Theorem 2.2. This provides us with a Hilbert space K, a repre-
sentation 77 : Ty — B(K) and an operator V € B(H; K) such that for all x € T

Ry(x) =V*rn(x)V

and K = Lin{7t(x)V¢ : x € Ty, & € H}. We may assume that V is an isometry, as
even when AU is infinite we can “make” Ry, and 7r unital by passing to T/%. This
allows us to view H as a subspace of K. Define for each A € A

W/\ = 7T(L/\).

It is clear that the family {W, : A € A} is a Toeplitz—Cuntz—Krieger family, so in
particular a A-contraction. Let A, y,v € Aand ¢, € H. Then

(Wxg, m(LyuLy)n) = (&, WaWu W) = (&, W Wyn)
= (& VYo = Vg, VW) = (Vi e(LyuLy)n)

and by minimality this implies that each W} leaves H invariant and W |y = V7.
The minimality condition may be therefore written as K = Lin{W,g : A € A, ¢ €



438 ADAM SKALSKI AND JOACHIM ZACHARIAS

H}. The uniqueness claim follows since one can easily check that if W' is a A-
contraction on a Hilbert space K’ satisfying the requirements in the theorem, then
the continuous linear extension of the map W& — W} & (A € A, ¢ € H) yields the
intertwining unitary from K to K'. 1

Note that this dilation result in particular subsumes the dilation theorem for
contractive A-relation tuples obtained in [3]. Itis also closely connected to general
dilation theory for completely contractive representations of product systems of
C*-correspondences [24]. For the description of these connections we refer to [23],
where it is in particular established that every rank-2 contraction can be dilated
to a Toeplitz type family.

If V is a A-isometry it is natural to expect that it can be dilated to a Cuntz-
Pimsner A-family. The theorem below shows that this is automatically verified
for the minimal dilation to a Toeplitz—-Cuntz-Krieger A-family.

THEOREM 3.2. Assume that A is row-finite. Then the minimal dilation of a A-
isometry is a Cuntz—Pimsner A-family.

Proof. Let V be a A-isometry on H. As row-finite higher rank graphs are
finitely aligned and A-isometries satisfy the Popescu condition, we can apply
Theorem 3.1 to V to obtain its minimal dilation ¥V on a Hilbert space K O H. By
minimality it suffices to show the following

(3.1) (W&, WaWorp) = ) (WAWWa &, WaWyip)
AeAl

forall y,v € A,a € AOn € N and ¢,7 € H. We can assume that 7(v) = a.
Moreover, using the fact that WV is a Toeplitz—Cuntz—Krieger family, we see that
W,W)W; = 0, whenever A € A and r(A) # a (using Definition 1.1(i) and (iii)).
This, together with Definition 1.1(v) implies that the right hand side of (3.1) is
equal to

Z (WAW, G, WyWyi) = Z Z <thWE§r WYWun)
AEAN AEA" A\x=yBEMCE(A,7)

= Z Z <Wg€r Wj\kaWVn>

AEA" \a=yBEMCE(A,7)

=) ) Y (WEe W)

AEA" A\a=yBeMCE(A,y) Aap=vke MCE(Aw,v)

=) ) )3 (Wi, & Win)

AEA" A\a=yBeMCE(A,y) Aap=vke MCE(Aw,v)

=) ) ) (Vi & Vin).

AEA" A\a=yBeMCE(A,y) Aap=vke MCE(Aa,v)
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Suppose that o(y) = m, o(v) = p. Then the factorisation property implies that
the sum above can be rewritten as follows:

2 (WYWa &, WxWorp) = 2 z <V§yér Vin)
AeA" peAm M=t r(B)=s(7) yBu=vkEMCE(YB,v)

= )3 Y (VegVin)

ﬁeAn\/m—m’r(lg):S(,y) ’)/5:1/1(6/\”vm\/p

= Z 2 < o C’ K’ ﬁ/ >
'ya’:vﬁ’eMCE('y,v) KleAn\/m\/pfn\/m

= 2 Z VK, K g V/ >
'ya’:vﬁ’EMCE('y,v) K/ e AnVmVp—nVm

AsVis a A-isometry we finally obtain

Y (WiW, g, WiW, 1) = y (Vi Vim).
AeAr ya'=vp' e MCE(y,v)

Using again condition (v) in the definition of a Toeplitz—Cuntz—Krieger family it
is easy to check that the sum above is equal to the expression on the right hand
side of (3.1).

As W is a Cuntz-Pimsner A-family, to show that it is a A-isometry it is

enough to prove that ). W, = Iy. This follows immediately from the minimal-
aeA0
ity condition, as forall y € A,and ¢ € H

Y WaWol = W) Wol = Wo .
aeA?
A similar result for rank-2 graphs with one vertex has been established in
Lemma 5.2 of [6]. Theorem 3.2 implies the following corollary.

COROLLARY 3.3. Let A be finite and let V be a A-isometry on a Hilbert space
H. There exists a Hilbert space K D H and a A-isometry W on K consisting of partial
isometries forming a Cuntz—Pimsner family such that for each A € A

Wiy = V7.

One may assume that K = Lin{W)H : A € A}, under this assumption the family W is
unique up to unitary equivalence.

Note that if A is additionally assumed to have no sources the corollary can
be proved directly along identical lines as Theorem 3.1, this time exploiting the
version of the Poisson transform obtained in Theorem 2.5.

COMMUTANT LIFTING THEOREMS. Our first commutant lifting theorem concerns
dilations of A-contractions. It is an immediate consequence of Arveson’s commu-
tant lifting result (Theorem 1.3.1 of [1]) exploiting the way in which the dilations
were constructed (see also [14]). Whenever V is a A-contraction on a Hilbert
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space H we will write V' = {T € B(H) : VycATV) = V) T}. V' is generally a non-
selfadjoint operator algebra, whereas (V U V*)' = V' N (V*) is a von Neumann
algebra, further by a slight abuse of language called the commutant of V' .

THEOREM 3.4. Let A be finitely aligned and let V be a A-contraction on H sat-
isfying the Popescu condition. Let VW be its minimal dilation to a Toeplitz—Cuntz—
Krieger family acting on a Hilbert space K O H and let P € B(K) denote the or-
thogonal projection onto H. For any X € V' N (V*)" C B(H) there exists a unique
X € WUW?*) n{PY such that X|y = X. The correspondence X — X is a normal
s-isomorphism of the von Neumann algebras (V U V*)" and (W UW* U {P})".

Before we formulate the second of our commutant lifting theorems we need
to discuss natural families of unital completely positive maps arising from A-
isometries, which generalise familiar endomorphisms of B(H) associated with
representations of Cuntz algebras on a Hilbert space H.

DEFINITION 3.5. Suppose that A is cofinal and V is a A-contraction on a
Hilbert space H. Define for each n € Njjand X € B(H)

oy(n)(X) = ) VaXVy
A€An
(cofinality assures that each A" is non-empty). Each o (n) is a completely posi-
tive contraction on B(H) and moreover for all n,m € Nj

oy(n+m) = oy(n) ooy (m).

The resulting action of Nj on B(H) will be denoted by o . It is unital if and only
if V is a A-isometry. We also introduce a selfadjoint subspace of operators left
invariant by the action:

Fix 0y = {X € B(H) : Yenyy 0y (1) (X) = X}.

r r
Note that Fix 0y, C (1 Fix 0y,(e;) and an operator in (| Fix oy (e;) belongs
=1 j=1
to Fix oy if and only if it is “diagonal” with respect to the decomposition H =

@ V,H. In fact the inclusion above is an equality except in degenerate cases. As
aeA0
it is often implicitly used in what follows we formulate it as a lemma.

LEMMA 3.6. Suppose that A is cofinal and V is a A-contraction on H. Then
r
Fix oy = m Fix 0']}(6']').
j=1
Proof. Suppose that X € Fix oy(e;) for all j € {1,...,r} so that X =
Y. V)XV}.Thus we have
AEAT
Y uXVa= ) VaX(VaVy) = ) XV =X,
acA AEA’T, aeA AEAT
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so that X = Y V,XV, = 0y(0)(X) and in particular X is diagonal with re-
aeA?
spect to the decompositionH = @ V,H. Moreover, 0y,(n)(X) = oyp(n1eq)o---o
a€A?
oy(ne)(X) = Xforalln € Nj. &

The next lemma generalises a well known result on connections between
the space of fixed points of an endomorphism of B(H) and the commutant of the
corresponding representation of a Cuntz algebra O,.

LEMMA 3.7. Suppose that A is finite and has no sources. Let (71, K) be a represen-
tation of O 5 and let V be the A-isometry given by V) = 7t(s, ). Then Fix oy, = t(O,)’.

Proof. Let X € Fix oy and v € A. Then XV, = Y VXVI'V, = V, X.
AeAT)
Moreover as Fix 0y, is selfadjoint, we also get XV;" = V;*X, hence X € n(0,)’.
The inclusion 71(O4)" C Fix 0y, is obvious. &

The following lemma is an extension of the well known result concerning
states and GNS representations (see for example Proposition 3.10 in [26]). It fol-
lows from results in Section 1.4 of [1]. We include a short proof for the readers
convenience.

LEMMA 3.8. Let A be a unital C*-algebra, H be a Hilbert space and suppose we are
given two completely positive maps ¥, P : A — B(H). Assume that @ is unital, & — ¥
is completely positive and let @ = V*7t(-)V be the minimal Stinespring decomposition
of @ (so that (11,K) is a representation of A, V. : H — K is an isometry and K =
Lin{7t(a)V¢&:a € A, & € H}). Then there exists a unique operator X € rt(A)" C B(K)
such that

(3.2) ¥(a) =V*(Xm(a))V, foralla e A.
Moreover 0 < X < .

Proof. Consider the quadratic form on K = Lin{7n(a)V¢ : a € A, € H}
given by

k k
B(Ym(a)ve) = Y (& ¥laia)),
i=1 ij=1
ke N, ay,...,ap € A G1,...Cr € H. Note that as ¥ is completely positive, B is
positive-definite. Moreover, as @ — ¥ is completely positive

HZ Ve - (X e ve) = 3 (6 (@ - $)aiad) >0

i=1 ij=1
so that B is actually well-defined. Its associated sesquilinear form B : K x K — C
is given by

K K k
(Z m(a;)VeEi, ) ﬂ(bj)V’?]) =Y (&, ¥(ajbj)n;),
i1 =1 ij=1
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(keN,ay,... a5, b1,..., b € A, C1,...Cr, 1, . - - Mk € H) and represents a bounded
operator X on K. More precisely, there exists a unique X € B(K) such that for all

(1,02 €K
(C1,XC2) = B'(C1,02)-

It is now elementary to check that X is a positive contraction in 77(A)’ satisfying
(32). 1

Note that it is not enough to assume in the lemma above that @ — ¥ is pos-
itive; it is possible to find examples of completely positive maps &, ¥ such that
@ — Y is positive but not completely positive. In such case it is clearly impossible
to have a representation as in (3.2) for a positive X € 7(A)’.

We are now ready to state and prove the second of the commutant lifting
theorems in this section. It concerns dilations of A-isometries (as opposed to A-
contractions). When V is a A-isometry on H, Theorem 3.4 implies that the commu-
tant of V is isomorphic to the intersection of the commutant of the representation
of O, induced by the minimal dilation of V with the algebra of operators diag-
onal with respect to the decomposition of the dilation space: K = H® (K& H).
The theorem below shows that we can actually find an alternative representation
of the selfadjoint part of the whole commutant of the afore-mentioned represen-
tation of O 4. The way to do it is suggested by the Lemma 3.7, which shows that
there is a close connection between the commutants we are interested in and fixed
points of the relevant completely positive maps. As the fixed point subspaces of
completely positive maps do not have to be closed under multiplication, it is nat-
ural that here the identification obtained may be valid only in the category of
operator systems (i.e. a *-homomorphism is replaced by an isometric order iso-
morphism). For more discussion on this topic we refer the reader to the paper [4].

THEOREM 3.9. Suppose that A is finite without sources. Let V be a A-isometry
on a Hilbert space H and let W be its minimal dilation to a Cuntz—Pimsner family on
K. Let P : K — H denote the projection onto H and let (71, K) be the representation of
O determined by W. Then the map X — PXP yields a complete order isomorphism
between the commutant 77(O )" and the operator system Fix oy,.

Proof. Suppose that X € 71(O,)’. To show that PXP € Fix oy notice that by
Corollary 3.3 we have PW, = PV,,P = V) P forall A € A hence

oy(n)(PXP) = Y VA\PXPVi= Y PW,XWiP= ) PW,W;XP=PXP
AeA! AeA! AEA!

for n € Nj.
Conversely suppose that D € Fix oy, and assume first 0 < D < Iy. Corol-

lary 2.6 implies the existence of completely positive maps Ty ;_p, Ty p : Op —
B(H) such that

TV,D(S/\S;) = VADV;, Ty,I_D(SAS;;) = VA(I — D)V* Ay €A

},{/
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It is easy to see that Ty,;_p = Ty — Ty p. Recall that the minimal dilation of
V to a A-isometry was achieved via the Stinespring dilation of the map Ty. By
Lemma 3.8 there exists a unique operator X € (O A)’ such that 0 < X < Ig and

(€, Ty,p(S)n) = (¢, Xn(S)y), S€OngneH.

Comparing the formulas above yields the equality
(6, VADV, 1) = (&, WaXW,1p),

for arbitrary A,y € Aand {,n € H, so that D = PXP.

The fact that the correspondence X +— PXP preserves order and norm when
restricted to respective selfadjoint parts may be now established exactly as in
Proposition 4.1 of [4].

A unital isometric order isomorphism ¢y between selfadjoint parts of two
operator systems Y; and Y has a unique extension to a complex linear map ¢ :
Y7 — Y. It is easy to check that ¢ is a (Banach space) isomorphism; moreover, as
it is positive and unital, it has to be contractive. The same argument applied to
the inverse of ¢ shows that actually ¢ has to be isometric.

It remains to show that all the above properties of the map P +— PXP remain
valid when we pass to its matrix liftings mapping M, (7w(O,)") — My (Fix oy)
(n € N).

To this end fix 7 € N and consider the A-contraction V(") on H" defined by
V)En) =V @ - @ V), (A € A). The minimal dilation of V(") to a Cuntz-Pimsner
family can be identified with the A-contraction W(). Let P(*) : K®" — H®" be
the relevant orthogonal projection and let 7t(") denote the representation of O on
K®" associated with W), From the first part of the proof it follows that the map
XM pX(MPM) is an isometric unital order isomorphism of (71()(0,))’
and Fix 0y,(,). It remains to note that actually (M (0L) = (In @ m(0))) =
My @ 71(O,)', Fix 0y, = My(Fix 0y) and the map X s p(m) X p(n) is equal
to the matrix lifting of P — PXP. This ends the proof. 1

The theorem above is a generalisation of Theorem 5.1 in [4]. Using the meth-
ods identical to the ones of that paper we can establish the following corollary.

COROLLARY 3.10. Let A be finite without sources. Suppose that V and V are
A-isometries on a Hilbert space H and let W, W be their respective minimal dilations
to Cuntz—Pimsner families (acting respectively on Hilbert spaces K and K). There is a
completely isometric correspondence between the set of intertwiners between VW and W
(i.e. operators U € B(K;K) such that for each A € A there is UW, = W)U) and the set
of operators X € B(H;H) such that for all n € N},

Y WXV =X
AeAn
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4. APPLICATIONS TO NON-SELFADJOINT HIGHER-RANK GRAPH OPERATOR ALGEBRAS
AS WELL AS STATES ON HIGHER RANK GRAPH ALGEBRAS

In this last section we present several applications of the Poisson-type trans-
forms to the analysis of the structure of the related graph operator algebras. In
particular we discuss character spaces of the Hardy-type algebras related to a
higher-rank graph A and characterise purity of a state on O, in terms of the re-
lated families of unital completely positive maps.

CHARACTER SPACES OF Ay AND H . We denote by C, the set of all A-contrac-
tions on the one dimensional Hilbert space C. Note that if V € Cj4, then the
condition (iv) in Definition 1.2 implies that there exists a € AY such that V, = 1,
V, = 0forb € A% b # a. Moreover condition (ii) forces V) = 0 unless 7(\) =

s(A) = a. This together with the remarks after Definition 1.3 means that each

(zxy) Jaez,), where

a€ A forje {1,...,r} the sequence of complex numbers (zxgj)) 7, (where the

index set J; := AZ’;Q) satisfies Y |0<E\j)|2 <1,and fori,j € {1,...,r},i # j, there
AET]

element of C can be identified with a tuple: (a, (oc(Al) JAeTir s

are commutation relations between ocf\]) and txg) enforced by the structure of A. To
understand the situation it is essentially sufficient to determine what happens if A
has only one vertex (as we are concerned with each a separately). If additionally
r = 2 and A is finite we are exactly in the framework considered in [17].

It is easy to see from the above discussion that C4 equipped with the topol-

ogy of pointwise convergence (that is a net of A-contractions V(!) converges to a

A-contraction V if and only if V)El) converges to V) for each A € A) is a compact
Hausdorff space. Due to the identifications above, C5 can be actually homeomor-
phically embedded into the disjoint union of Hilbert spaces I*(7), j € {1,...,r},
with each factor equipped with the weak topology. In particular if A is finite,
Ca may be identified with a subset of C" for some n € N. The analysis of the
resulting set has been crucial for the full classification of operator algebras A as-
sociated with a rank-2 graph having one vertex and finitely many edges of each
colour carried out in [10] and [17].

THEOREM 4.1. Suppose that A is finite. Then the character space of the Banach
algebra A is homeomorphic to C.

Proof. Suppose first that f : Ay — C is a character and put V/{ = f(Ly)
(A € A). We claim that the family V/ (where complex numbers are viewed as
operators on C) is a A-contraction. The only condition that has to be checked is

whether ) |V{ > < 1forall n € NJ. This is easy to see if we remember that
AEA"
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every character is completely contractive. Let k € Nand A4,..., A, € A". Then

f
L Vh 0 . Ly, ©
£2\ /2 o )
(§|VA,-|) = 00 =\f o
=
vi 0 - Ly, 0
L
M0 k 1/2
<[ 0 =S| <
Ly 0 - i=1

Given a A-contraction V € Cp, define a functional on Lin{L, : A € A} by
fv(La) = Vj. Corollary 2.4 implies that f), isbounded by 1, and the last statement
in Theorem 2.2 (together with Remark 2.3) shows that its continuous extension to
A, is a character.

The correspondences above are in an obvious way inverses of each other
(so that V/v =V, fyr = f)- Itis easy to see that the one mapping the character
space into C, is continuous. By compactness of the sets in question it has to be
the desired homeomorphism. 1§

When A is infinite, it may happen that f(L,) = 0 for all a € A? and yet
f e A%, f(1) = 1. The following is an easy observation which can be proved
using the same methods as for the theorem above.

COROLLARY 4.2. Suppose that A° is infinite. The character space of the Banach
algebra A, is homeomorphic to the disjoint topological union Cx U { fo}, where fq is a
point representing the character given by fo(1) =1, fo(Ly) = 0for A € A.

In the next theorem we characterise the space of all weakly-operator contin-
uous (wo-continuous) characters on H 4.

THEOREM 4.3. There is a one-to-one correspondence between the wo-continuous
characters on 'H A and those A-contractions V in C, for which

(4.1) K=Y [MF<1
AeA

foreachje {1,...,r}.

Proof. Note first that the class of wo-continuous characters on H 4, denoted
further by C,,,, is a subclass of the family of all continuous characters on A,. If
AV is infinite, the special character fj is not wo-continuous, so that it remains to
check which of the elements in C4 determine characters in Cy,,. To this end we
will apply the method from [18].
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Suppose first that V € C, satisfies (4.1). Let a € A” be such that V, = 1. As
for each n € N

L= 1 o L VW

AeAL, MEALT A AR
nq ny
_ 2 2 _.m n
_( Z |V)\1|) ( Z |V/\r‘) =K K,
MeA, Ar€AT,
we have

r

Y wlP=Y Y WmP= Yt =0 —x)

AEAg, neNy AeA;, neNj i=1
Define & € I?(A) by
I= ) Vi

ANy

and let 6 = H%H It is now easy to check that, in the notation of Theorem 4.1,

(4.2) fr=1(&-G).
Indeed, if 4 € A\ Ay, then L,¢=0or L;‘,C = 0 and therefore
(& Lu) = 0= f(Ly).
If y € Ay then
(€, Lu@ = Z Z <VA(5MV7LH57> = Z Z <Vw5umvw5m>

AEAG . YEAGL xENgq YEA
= Y VulVal> = Vullgll* = F(LlIEN>
XEAgq

This shows that the formula (4.2) holds and therefore fy € Cp,,.

Suppose now that V € Cj and fy € Ca,, and let again a € A° be such
that V, = 1. By the arguments similar to those of [18] we can show that for
eachj € {1,...,r} restrictions of fy, to the wo-closed algebras generated by I and
{Ly: A€ AZ’ .} yield wo-continuous characters on isomorphic copies of the non-
commutative analytic Toeplitz algebras of the type considered in [5]. Theorem 2.3
of that paper implies that V' has to satisfy (4.1). 1

The theorems above may be used to show that many non-selfadjoint higher-
rank graph algebras are not isomorphic [13], [10].

AMENABILITY OF A,. To analyse amenability of the operator algebra A, we
use the characterisation of bounded derivations with values in C equipped with
a certain natural A,-bimodule structure, obtained by G. Popescu in [13] (and
exploited also in [14]). The main difference here is that in our context we can
consider several bimodule structures on C.
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Let a, b€ A". Note that the formulas V, =1, V), =0 for A€ A\ {a} definea A
contraction V € C4. We will denote the character f), (see the proof of Theorem 4.1)
simply by f,. Let C, , denote C equipped with the following actions of A,:

x-A=fa(x)A, A-x=Afp(x), x€ Ay A eC.

It is immediate to check that C, , equipped with these actions is a (dual, normal)
Banach bimodule.

Denote A}, = {A € A: [o(A)| =1,7(A) = a,s(A) = b}.
LEMMA 4.4. Leta,b € A%, a # b. Every derivation 6 : Ay — C, is given by a
linear extension of the formula
S(Ly) =mr, A €A,
6(Ly) = —6(La) = ay,
6(1)=6(Ly) =0, AeA\{A],U{ab}},

where v, € C, and the family {ay € C : A € A}i/b} is such that ) 21 lay > <
eAl,

co. Conversely, every a € C and square integrable family {ay : A € AL} define a
derivation via the formulas above. The same remains true for a = b, except that a, = 0.

Proof. Suppose first that a # b and we are given a bounded derivation ¢ :
Ap — C,p. Then the formulas

0=06(0) = 8(LyLy) = 6(Ly) + 6(Ly),

0=0(LcLy) = 8(L)1 +05(Ly), ¢ € A%c ¢ {a,b},
6(Luv) = 0(Ly)0+05(Ly) =0, pveA\A°

6(Ly) = 0Ly +Lyy0 =0, ueAlo(p)|="1r(u) #a,
0(Ly) = Ly0+O0Ly,y =0, peAfo(p)| =1,5(u) #0,

imply that §(Ly) = O unless A € AL, U{a,b}. Puta, = &(Ly), &y = 6(L,) for
A € Al,. Choose j € {1,...,r} and consider the set Aijb ={Ae A% :r(A) =

a,s(A) = b}. As J is bounded we have in particular for each finite set F C Azj b
and all coefficients y)y € C (A € F)

‘ ) ’MM‘ = ‘5( ) WL\)‘ < H5||H ) %LAH-
AEF AEF AEF

It remains to compute the norm on the right hand side. This however is easy if
we note that due to the factorisation property the operator ) )L, has a certain
A€EF

block structure with respect to the orthogonal decomposition I2(A) = @ A"
neNj
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More precisely, for any & € I(A), & = ¥ Budy we have
HEA

|E @l = Znu( S ool =] £ noonl
A€F AEFueA
= X ImBul =X ImP X Bl = X ImllIgl*.
A€F,ueA AEF HEA AE€F
This implies that

| ¥ | < 1ol ( 2 1)

A€F A€F
But this means that Z lap|? < ||6]|?, and as F was an arbitrary finite subset of

b/ and Al b = U A’ we proved that Y |ay]? < 7||8]%
AeA
The converse implication is even casier to establish. Suppose that we are
given o, € C and a square summable family {a) : A € A;,h}' Define a map J by
the (linear extension of the) formulas in the lemma. Asitis easy to check thatJisa
derivation, it remains to show that it is bounded. To thisend let {y, : A € A} bea
finitely supported family of complex numbers and consider f = Y v L) € Aax.
A€A

As |[f(op)] = H A(SAH = ( Y \’m|2)1/2 we have
)\eAs A)=b A€A:s(A)=b

1/2
= L ImP)
AeA:s(A)=b

Analogously

=( x k)"

AeAis(A)=a
This allows us to obtain the following estimate:

l6(f)| = "Yb“b*’raﬂéwr ) ’YMA‘

reAl,
1/2 1/2
<wwl+( L wmP) (T P
reAl ufa} AeA] U{a}
1/2
<(lel+ (X lal) )AL
reA],u{a}

This ends the proof in the case a # b.
It is easy to see that if a = b, then &}, above has to be equal 0, and all the
other arguments need not be changed. 1
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COROLLARY 4.5. Let a,b € A®. Then the first continuous cohomology group
HI(An, C,p) is isomorphic to the space I*(Al ).

Proof. The corollary follows from the lemma above and the fact that all inner
derivations ¢ : Ay — C, ;4 are trivial, and for a # b all inner derivations 6 : Ay —
C,p are given by the formula

5(La) = —6(Ly) = a,
5(Ly) =0, AcA\{ab},

whereax € C. 1

This gives the following result:

THEOREM 4.6. Suppose that A is finitely aligned and nontrivial (i.e. there exists
A € Asuch that 0(A) # 0). Then the algebra A is not amenable.

Proof. Follows immediately from the lemma above. 1

Note that this provides a wide family of examples of both finite- and infinite-
dimensional non-amenable algebras (the simplest being given by a subalgebra of
M3(C) constructed from a rank-one graph with two vertices and a connecting
edge).

STATES ON Q4. The first result is a natural generalisation of Theorem 2.1 of [4].
For its formulation we introduce a global neutral element @ for A verifying AQ =
Aforall A € A.

THEOREM 4.7. Let A be finite and with no sources. There is a 1-1 correspondence
between the following objects:
(i) states w : Op — C;
(ii) positive definite kernels k : (AU{D}) x (AU{@}) — Csuch that k(0,0) =1
and for all p,v € AU{QD}, n € Nj|

Y. k(uA,vA) = k(p,v);
AEAN

(iii) unitary equivalence classes of the triples (K, Q,V), where K is a Hilbert space,
O € Khas norm 1,V is a A-isometry on Kand K = Lin{V;Q : A € A}.
The correspondence is given by the formulas

(4.3) w(sasy) = k(A p) = (ViQ, v, 0), (Vp:= Ik, sp:=10,).

Proof. 1t is clear that whenever a state w on O or a triple (K, Q2,V) satisfy-
ing the conditions in (iii) are given, the functionk : (AU {®@}) x (AU{®}) — C
defined via the formulas in (4.3) is a positive definite kernel. Given a positive
definite kernel k as in (ii), the standard Kolmogorov construction (see for ex-
ample [11]) yields a Hilbert space K (unique up to an isomorphism) and a map
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T:(AU{®}) — Ksuch that
(TA), T(w)) =k(A,p), A peAU{D},
and K = Lin{T(A) : A € AU {@}}. Define for each u € A
S(u)(T(A) = T(Au), AeAU{D}

(with the convention that if A € A and s(u) # r(A) then T(uA) = 0). The linear
extension of S(y) is contractive: let n = (), k € N, Aq,..., A, € AU{D},
a1,...,ax € C, and compute:

[su(3em) <] oo
:"Xk:l"‘i“ﬂ:r(/\iﬂ ZM; it Ajh)
i,j=

1]1

k
<Y Y @mak(Aiy, Ajy) = szoc] (Ais A —HZIXT

ij=1yeA" ij=1

(note that in the inequality above we used the fact that k is a positive-definite
kernel). Put V;, = S(u)* and 2 = T(@). Then V is a A-isometry and the triple
(K, Q,V) satisfies the conditions in (iii) and is compatible with k (satisfies one of
the equalities in (4.3)).

It remains to show that every triple (K, (2,V) in (ii) yields a state on Oj.
This however is immediate via the Poisson transform from Theorem 2.5: define
w by the formula

w(X)=(Q,Ty(X)Q), X e O,

It is easy to check that the compatibility conditions in (4.3) hold. 1

As noted in [4], there is a direct way of constructing the triple (K, 2,V)
corresponding to a given state w on 0. It is described in the next remark.

REMARK 4.8. Let A be finite and with no sources. Suppose that w is a state
on Ox. Let (71, Hy, 2) be the corresponding GNS triple and define the A-isometry
W on H,, by putting Wy, = 7(s)) (A € A). Let K = Lin{W; Q2 : A € A} and let
P denote the orthogonal projection from H,, onto K. Put V) = PW, P for A € A.
Then it is easy to check that the resulting family V is a A-isometry on K. For
example if A, u € A then for arbitrary v,y € A

Wy, VAVWEQ) = (VIWHQ,WEQ) = (WaW,) Wi, Q, WEQ).
Now the latter is equal 0 if r(p) # s(A) and if r(p) = s(A)
(Wi, VAVWEQ) = (W) Wi Q2 WIQ) = (Wi Q, Vy, W),

which implies that V)V, = V,, if r(u) = s(A) and V,;V,, = 0 otherwise. In par-
ticular this implies that each V, (2 € A?) is an idempotent (as it is obviously a
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contraction, it has to be a selfadjoint projection). Moreover W is the minimal di-
lation of V to a Cuntz—Pimsner A-family. This follows immediately from the fact
that each element in H,, can be approximated by linear combinations of vectors
of the type WyW; €2 (A, € A) and the latter are obviously linear combinations
of vectors of the form W) ¢ (A € A, ¢ € K).

The following lemma is an immediate consequence of Theorem 3.9 and the
discussion above. We use the notation introduced in Definition 3.5.

LEMMA 4.9. Suppose that A is finite and has no sources. Let w be a state on
Op and let (1,Hy, Q), K, P, W and V be defined as in Remark 4.8. Then the map
X — PXP yields a completely isometric complete order isomorphism between 1t(O,)’
and the operator system Fix oy.

The following theorem extends the characterisation of pure states on the
Cuntz algebras O, given in [4]. The states are characterised in terms of the prop-
erties of a corresponding A-isometry.

THEOREM 4.10. Suppose that A is finite and has no sources. Let w : Op — C
be a state, let (71,H, Q) be the GNS triple for w, let W be the A-isometry given by
Wy = m(sp)(A € A). Denote the closed subspace spanned by WiQ (A € A) by K,
let P denote the orthogonal projection from H to K and let V be the A-isometry on K
constructed according to Remark 4.8. The following are equivalent:

(i) w is pure;
(ii) Fix oy = Cly;
(iii) Fix oy = Clg;
(iv) V acts irreducibly on Kand P € t(O,)".

Proof. The state w is pure if and only if 7(O,) = Cly. By Lemma 3.7
the latter is equivalent to Fix ¢y, = CIy. Similarly by Lemma 4.9 7(0,)" =
Cly if and only if the selfadjoint part of Fix oy is one-dimensional (over reals).
This happens if and only if Fix ¢y = Clk and the equivalences (i)« (ii) < (iii)
have been proved. If (i) holds then 7(O,)” = B(H) and the commutant of V is
contained in Fix oy so by (iii) has to be trivial. Thus (i) and (iii) imply (iv).

Suppose finally that (iv) holds. Since P € 7(O,)” it is easy to see that
Prt(O,)'P is an algebra. By Lemma 4.9 Fix 0y = Prt(Ox)'P. Suppose that p €
B(K) is a projection. Note that as Fix oy = (r] Fix oy (ej) N Fix 0y (0) and the

j=1
commutant of V is the intersection of the commutants of the sets {V), V' : A €
A%} (j € {1,...,r}) and the commutant of {V, : a € A}, Lemma 3.3 of [4]
implies that p belongs to Fix oy if and only if it belongs to the commutant of
V. This implies that the largest von Neumann subalgebra (or, equivalently here,
the largest *-subalgebra) of Fix ¢y coincides with the commutant of V. As we
established before that Fix oy is an algebra, (iii) follows. &
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In Section 7 of [4] a version of Theorem 4.7 was used to construct transla-
tionally invariant states on two-sided quantum spin chains. The construction can
be generalised to our framework. Given a triple (K, 2,V) as in Theorem 4.7 (iii)
we obtain a state on O, and thus also a state on the canonical AF algebra Fx
(assume A is finite) arising as a fixed point subalgebra for the gauge action on
O (see [9] for the details). The resulting state can be interpreted as being trans-
lationally invariant with respect to the shifts in each of the r available directions.
Note however that already for basic rank-2 examples the situation becomes very
subtle. When A is rank-2 graph which has one vertex, two “red” edges e1, e; and
two “green” edges fi, f» with the factorisation rules e; f, = fies, exf1 = fae,
the algebra O 4 is isomorphic to C(T) ® O,, and Fp ~ UHF(2%). Itis easy to see
that the states on UHF(2%) arising via the construction described above are quite
different to those produced in [4].
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