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ABSTRACT. Let H be the general, reduced Heisenberg group. Our main result
establishes the inverse-closedness of a class of integral operators acting on
LP(H), given by the off-diagonal decay of the kernel. As a consequence of this
result, we show thatif a1+ S r where S ¥ is the operator given by convolution

with f, f € LL(H), is invertible in B(L? (H)), then (a;I + Sf)*1 = apl + Sg,
and g € L1(H). We prove analogous results for twisted convolution operators

and apply the latter results to a class of Weyl pseudodifferential operators. We
briefly discuss relevance to mobile communications.
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1. INTRODUCTION

We consider a class of integral operators defined for the general reduced
Heisenberg group H. We show that if the kernel of the integral operator N; has
Ll-integrable off-diagonal decay (here v is a weight) and the operator a11 + Nj is
invertible, then its inverse also has the form a1 4+ Np, and the off-diagonal decay
is preserved in the kernel of Np. As a consequence of this result, we establish the
inverse-closedness of a Banach algebra of convolution operators on the general
reduced Heisenberg group. Namely, we consider the operator Sy given by con-
volution with f and show that if a;1 + Sy, f € LI(H), is invertible in B(LF(H)),
then (a1 + Sf)_1 = ] + Sy, where ¢ € LL(H). While this result relies on other
recent results, it has its roots in Wiener’s lemma.

Wiener’s lemma states that if a periodic function f has an absolutely sum-
mable Fourier series

(1L.1) () = ¥ age?mnt

nez
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and is nowhere zero, then 1/ f also has an absolutely convergent Fourier series
[29]. We call this inverse-closed property the spectral algebra property. That is, let
Aand B, B C A, be Banach algebras. B has the spectral algebra property if when-
ever b € Bisinvertiblein A, b~! € B. We equivalently say that B is inverse-closed
in A. In Wiener’s lemma and in many of its descendants, the space B is given by
some form of I! decay, for example summability of Fourier coefficients. Another
perspective on inverse-closedness for a Banach algebra views the elements of the
algebra as operators and considers to what degree the operator maps subspaces
to other subspaces or to what degree it leaves subspaces invariant. This perspec-
tive becomes fruitful when we consider subspaces derived from the structure of
the underlying group, rather than from a basis.

To view a periodic function with summable Fourier series a = {a, },c7z as
an operator, we consider the algebra of bi-infinite Toeplitz matrices with summa-
ble antidiagonals, and we let T, be the Toeplitz matrix given by the sequence a
as antidiagonal. To frame the Toeplitz case in the subspace perspective, we refor-
mulate the summable antidiagonal property as

12) Y sup [(Tacie)| = ¥ [(Taen,e0)| < oo,

neZi—j=n nez

where {e;};c7 is the standard basis for I?(Z). In this case, the subspace perspec-
tive simply states that for the subspaces E; and E; given by ¢; and ¢;, || T, : E; —
Ej|| — Oas [i — j| — oo with decay given by (1.2).

Bochner and Phillips contributed the first essential step towards a general
operator version of the spectral algebra property [6]. They showed that the a4, in
(1.1) may belong to a, possibly noncommutative, Banach algebra. This key result
enabled Gohberg, Kaashoek and Woerdeman [11] and Baskakov [3] to establish
an operator version of the spectral algebra property. They considered subspaces
X; of the Banach space X, indexed by a discrete abelian group I, satisfying X; N
Xj = {0} for i # jand X = span{X;};c1, and set P; to be the projection onto X;.
For the linear operator T : X — X they set

an = Y, PTP,

i—j=n
and consider the operator-valued Fourier series

(1.3) f=% a,e?™nt,

nel

They then use Bochner and Phillips’s work to establish that operators of the form
(1.3) satisfying Y- ||an|| = ¥ sup [|[PTP;|| < oo form an inverse-closed Banach
nez i—]

nelii—j=n

algebra in B(X) [11], [3], [4].
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In the commutative setting, Gelfand, Raikov and Shilov [10] addressed the
important question: what rates of decay of an element are preserved in its in-
verse? They answered this question by determining conditions on a weight func-
tion v such that series finite in the following weighted norm form an inverse-
closed Banach algebra in I} (Z):

lallyz = ¥ lanllo(n) < .
nez
These three conditions on v are given later; the key condition is called the GRS
condition, and a function satisfying all three is called admissible. Baskakov in-
corporated the GRS condition and proved the following operator version of the
spectral algebra property [4], [5] (the version presented here is slightly different
from the theorems in [4], [5], but it can be easily extracted from the proof of The-
orem 2 in [4]): let v be an admissible weight; if the linear operator T satisfies

Y sup |P;TP;||o(n) < oo
nezZi—j=n

and is invertible, then

Y sup HPiT*1Pj||U(n) < o0.
nezZi—j=n

Kurbatov considered a class of operators satisfying

(1.4 (TH®) < [ Bt =9)If(s)lds

for some B € L!. He showed, using results very similar to Baskakov’s (but de-
rived independently), thatif a1 I + Tj is invertible and T; satisfies (1.4) for 81 € L,
then (a1] + T1) ™! = apl + T» and T, satisfies (1.4) for B € L! [20]. This theorem,
as stated for integral operators in [19], is the point of departure for the research
presented in this paper.

We have two motivations for the work presented here: on the one hand
a question of abstract harmonic analysis and on the other hand research on the
propagation channel of a mobile communication system. The abstract harmonic
analysis question is: for what nonabelian groups does the spectral algebra prop-
erty hold? One recent result in this direction is by Grochenig and Leinert [13],
[14]. They established the spectral algebra property for (I1(Z* x 7?%), t4), where
hp is the following form of twisted convolution:

(a8b) () = Y Axib—s e,
klezd

and they use this result to prove the spectral algebra property for convergent

sums of time-frequency shifts Y. cyTy, Mw,, L |calv(A) < co. (Ty and My,
A€EA AEA
are defined below.) Balan recently generalized this result by relaxing the lattice
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requirement to solely a discrete subset of R??. He showed that if

Z C/\TX/\M(UA/ Z |C/\|U()\) < o,
AEA AEA

is invertible, then

—1
( Z cATxAMwA) = Z coTx,My, and 2 lco|v(0) < oo,
AEA cex rex

where A, £ C R*, and |A|, |Z| < o0, but A # X (in general) [1].

Many of the other recent results of this nature are for integral operators,
where the spectral algebra property is manifested in the kernel. This is true for
the seminal paper by Sjostrand in pseudodifferential operator theory [26]. In that
paper he proves the matrix version of Baskakov’s result, and uses this to prove
the spectral algebra property for pseudodifferential operators with symbols in
MPHRXM). (Let g € S(R*) be a compactly supported, C* function satisfy-

ing kZZ g(t —k) = 1forall t € R*. Then the symbol o € S’(R*!) belongs to
€

MPY (R if [ sup |(o-g(- —k))"({)|d{ < o0.) Sjpstrand proved the matrix
R2d kez2d
Baskakov result and his pseudodifferential operator result using techniques from

“hard analysis”. Grochenig later also achieved this same result using techniques
solely from harmonic analysis [12]. In fact, he proved more. He showed that a
pseudodifferential operator L, has Weyl symbol o € My’ 1 (R2) if and only if the
matrix given by M,, , v = (LoWm,n, Yy o), for a proper Gabor frame {4y }iicz
[16], is in the Baskakov matrix algebra given by [12]

2 sup |Am,n,m’,n’|v(krl) < 00,
(k1)ez2 (m—m'n—n")=(k1)

Grochenig and one of us recently extended this result to pseudodifferential op-
erators with symbols defined on G x G, where G is any locally compact abelian
group and G is its dual group [15]. Locally compact abelian groups, their dual
groups and twisted convolution are standard features throughout the work just
discussed; therefore, it is very natural to look directly at the general reduced
Heisenberg group for a fundamental theorem.

In mobile communications a transmitted signal travels through a channel
that is modeled by a pseudodifferential operator. When a single source transmits
a signal it is reflected by objects in its environment, which results in different
paths from transmitter to receiver, each with its own travel time. In the case of
mobile communications, a moving transmitter and/or receiver gives rise to the
Doppler effect [23], which results in a frequency shift. Thus, denoting time shift
by Tyf(t) = f(t — x) and modulation or frequency shift by M, f(t) = e2™«! f(t),
the received signal can be represented as the following collection of weighted,
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delayed and modulated copies of the transmitted signal:

frec // w,Xx Txwatrans( )dXdCU

R R+
We, therefore, consider Weyl pseudodifferential operators:

Lyf(t) // w, X) m“’xT_xwa( )dwdx.
GG

In particular, we posed the question, if a1 I 4 L, is invertible and & € LL(G x G),
does (411 + Ly) ™! = apl + Ly, where T € LL(G x G)?

Throughout this paper, A will denote the Banach algebra A with adjoined
identity. In Section 2 we prove the spectral algebra property for NV} (H), where
NZ(H) is the space of integral operators with kernels having L} (H)-integrable
off-diagonal decay. The basis for our proof is establishing an operator class for
which we can apply Baskakov’s theorem, and using a dense, two-sided, proper
ideal within that class. We use this result to prove the spectral algebra property
for convolution operators on Ll (H). In Section 3 we prove the spectral algebra

property for (L1(G x G), 1), where 1 is twisted convolution. This result is in the
same spirit as work of Grochenig and Leinert on (L}(Z4 x Z%),49) [13], [14], but
more general, in that it holds for arbitrary locally compact abelian groups. We
apply these results to the class of pseudodifferential operator with symbols ¢
satisfying & € L1(G x G). Lastly, we discuss the consequences of these theorems
for mobile communication channels.

2. THE CONVOLUTION ALGEBRA ON THE GENERAL, REDUCED HEISENBERG GROUP

Our construction of the general, reduced Heisenberg group begins with the
locally compact abelian group G and its dual group G, which is also locally com-
pact and abelian [9]. We assume that G is second countable and metrizable.
Throughout this paper, arbitrary groups will be denoted G, and locally compact
abelian groups will be denoted G. While H is not abelian, it will still be written in
the same font as G. Elements of G will be written in Latin letters and elements of
G in Greek letters. By Pontrjagin’s duality theorem, G = G [24]. For convenience,
we will set €X'« — (x,w), where (x,w) denotes the action of w € G on x € G.

Here we approach the Heisenberg group from the perspective of pseudo-
differential operators and time-frequency analysis, and thus motivate it from the
operators translation and modulation. Translation is right addition by the inverse
of anelementin G : Txf(y) = f(y — x); modulation is multiplication by the eval-
uation of a character in G : M, f(y) = (w,y)f(y). However the set of operators
TyM,, is not closed, as (TyMy)(TyM,,) = €2 @T vixvMy i, and therefore
this set of operators is not parameterizable by G x G, but by G x G x T. The
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extension of G x G to G x G x T is called the general, reduced Heisenberg group
H=GxGxT [8], [16]. Elements of H will be written in bold, and elements
of G, G and T will be written in the normal font. The group operation for H is
written as multiplication, while the operations for G and G are written additively
and for T is written multiplicatively:

s L . ! . ! !
hh' — (X, w, e27‘[n’)(xll w// e27‘[1T ) _ (x + x',w + w/’ eZn1(T+T )em(x “W—X-w ))

The identity on H is e = (0,0,1). The measure on H is dh = dxdwdt, where
dx, dw and dt correspond to the invariant measures on G, G and T respectively,
normalized so that the measures of Ug, Ug and Ur, to be defined shortly, are each
1. Since G, G and T are commutative, the invariant measure is both left and right
invariant. The space L (H) consists of those functions satisfying

Fllaey = [ 1FW)few)dn,
H

where v is an admissible weight, as defined below. We use * to denote the convo-
lution of two functions defined on H as follows

(Fix ) (hg) = / Fi(h)F>(h™"ho)dh.
i

We now address three preliminaries: partitions, weight functions and the amal-
gam spaces.

DEFINITION 2.1. Let G be a group. (Z, U) is a partition of G if 7 is a discrete
set, U is subset of a locally compact group, (i) N (U) = @ for i # i, and
U (iU) covers G. For simplicity we assume that U contains the identity.
ieT

LEMMA 2.2. The general reduced Heisenberg group H possesses a partition.

Proof. We call on the structure theorem, which states that for any locally,
compact, abelian group G, G = R? x Gy, where the locally compact abelian
group Go contains a compact, open subgroup K [18]. D = Gy /K is a discrete
group and Gy = U (dK), G = U ((i,4)([0,1) x K)), and different blocks

deD (i,d)eZ4xD

are disjoint. If the group Go contains the compact open subgroup K, then Go
contains the compact open subgroup K+ [24]; thus a partition of G exists that
is analogous to the partition used for G. While the structure theorem does not
apply in general to nonabelian groups, we can still partition H into blocks by the
following construction. Set D = (Gg x Gg)/(K x K1), T = 72 x D x {0}, and
U =1[0,1)* xKx K" xT. Then | (ill) covers H and (Z, U) is a partition for
H. Note that 7 is not closed, and hérelge isnot a group. 1

DEFINITION 2.3. Let G be a group. A weight function v defined on G is
admissible if it satisfies the following three conditions:
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(i) v is continuous, symmetric, i.e. v(x) = v(x~!), and normalized so that
v(0) = 1.
(i) v is submultiplicative, i.e. v(xy) < v(x)v(y) forall x,y € G.
(iii) v satisfies the Gelfand—Raikov—-Shilov (GRS) [10] condition:

lim v(nx)/" =1 forallx € G.

n—oo

NOTE 2.4. Throughout this paper the weight v will be assumed to be ad-
missible.

DEFINITION 2.5. Let G be a locally compact group and v an admissible
weight function. The amalgam space W(LP(G),1{) is the space of functions finite
in the local L norm and the global I{ norm as follows:

1/q

1 Fllywzr ey = (-EZ} 11 uny2@)7)

for a partition (Z, U) of G.

The definition of W(L}(G),1{) is independent of the partition, as different
partitions result in equivalent norms; see [27], [17]. Note that LY(G) =
W(LY(G),1}). Kurbatov uses the amalgam spaces to prove the inverse-closedness
of a class of integral operators given by the off-diagonal decay of the kernel. He
considers integral operators N of the form

(NA® = [ nlts)f(s)ds
seG
where G is a locally compact abelian group. We introduce some notation and
define three spaces: N1(G) is the space of kernels n for which there exists g €
LL(G) such that |n(t,s)| < B(ts~1) for all t,s € G. N} (G) is the space of integral
operators with kernel n € NJ(G). An operator satisfying this property is said to
be majorized by B. For H we define Q; ; = (i,4,0)([0,1)* x K x K+ x T), where
(i,d) € 721 x D, as in Lemma 2.2. To make notation easier, u,v and v will be
elements of Z? x D. Define P, to be the projection of W(LP(H),1]) onto {f|f €
W(LP(H), 1), supp(f) C Qu}. For N € B(W(LF(H),1])), we set Ny, = P,NP,,
and N, = ¥ Ny N°(G) is the class of operators (not necessarily integral

pr—l=y
operators) satisfying

Y sup [[Nuw:LH(Qy) — L¥(Qp) [[o(7) < oo
yez2xD v 1=y
The following is a slightly restricted version of Kurbatov’s theorem as it
applies to the work in this paper:
THEOREM 2.6 (Klir/batov, Theorem 5.4.7 [19]). Let G be a non-discrete, locally

compact abelian group. N7 (G) is an inverse-closed subalgebra of B(W(LP(G),13)) for
1<p,qg< oo
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REMARK 2.7. If G is discrete it is not necessary to adjoin the identity opera-
tor to N (G). The corresponding version of Theorem 2.6 for a discrete group G is
a special case of Baskakov’s more general and very significant Theorem 1 in [5].

We show that Kurbatov’s result, Theorem 2.6 above, holds with admissible
weight functions for the nonabelian group H.

THEOREM 2.8. Let J\/’U1 (H) denote those bounded integral operators N on
W(LE(H),19), 1 < p,q < oo, of the form

(Nf)(ho) = [ n(ho, h)f(h)dh,

H
for which there exists B € LL(H) satisfying
|n(ho, h)| < p(hy 'h)
forallhyg, h € H. Then J\Z} (H) is an inverse-closed Banach algebra in B(W (L5 (H), 17)).

Before we prove Theorem 2.8 we need some preparation. Kurbatov’s proof
of Theorem 2.6 can be adapted to the nonabelian group H, Theorem 2.8, once two
essential pieces are established. First, an appropriate partition must be developed
for L1 (H) that allows us to apply Baskakov’s result. Second, one must establish
that N2°(H) is a two-sided ideal in NV} (H). The proofs below of the intermediate
results, Propositions 2.11 and 2.12 and Theorem 2.6 follow very closely Kurba-
tov’s proofs of the analogous results for the abelian case, cf. Sections 5.3 and 5.4
of [19].

LEMMA 2.9. The identity operator I is not an element of N3° (H).

Proof. Let (Z,U) be a partition for H. Consider the indicator function xg,
where E C il for some i € Z, and the measure of E is u(E) = ¢ > 0. Then
|I:LYGU) — L2GEU)|| = 1/e. ¥

LEMMA 2.10 (Kurbatov, Lemma 5.3.3 [19]). Let Q and Q be locally compact
topological spaces with measures A and A, respectively. For any N € B(L'(Q),L*(Q))
there exists a function n € L®(Q x Q) such that for all f € L'(Q) one has

(NF)(t) = /n(t,s)x(s)d/\(s).

PROPOSITION 2.11. The operator N is an integral operator majorized by
W(L®(H),1}) if and only if Y. sup [Ny : LY(Qy) — L¥(Qy)[lv(v) < oco. That
Y ’,[1/*1:')»
is, N3°(H) is the class of integral operators with kernels majorized by functions in
W(L®(H),1}).
Proof. If N is majorized by B € W(L®(H),}), then |N,, : LY (Q)) —
L*®(Qu)|| < sup |B|, which proves the first claim. We prove the second claim.

pr1
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Let fu = Puf, where P, is the projection onto Q,, as defined following Defi-

nition 25. N € N °(H) implies (Nf), = ¥  Nufy. In the following,
veZ2d xD

r,s and t will be elements of R¥ x K x K+ x T. By Lemma 2.10, there exists

nyuy € L%(Qu % Qy) such that

(N £ (8) = [ mt,3)fu(s)4A(S)
Qv
fort € Q. Setting
ay = sup [[Nuw:L'(Qu) — L™(Qu)ll,
y=pv~1
v € Z* x D, we have |n,(t,s)| < a1 forallt € Quands € Qy. Defining
n(t,s) to equal nw(t s) fort € Qu,s € Qu, we have

(NF)(E) = > / (L) f)AMs) = [ n(t5)f(5)dAG)

yeZdeID) veZ2deD>
We now must show that 7 is majorized by a function g € W(L®(H), I}). We have
QuQ, ! = (iuiy !, dud, 1, 0)((—1,1)% x Kx K+ x T),
where y = (iy,dy) and v = (iy, dy).
For r € R x K x T, we define
B(r) =sup{a, : (r) € (iy,dy,O)((—l,l)Zd x K x Kt xT)}.
We then have |n(t,s)| < &1 < < B(tst) fort € Qyand s € Q,. We define A =

r) to be the set of all grid points # € Z2? x Dsuch thatr € (i,,d,,0)((—1,1)% x
griap I prly

K x K+ x T). Now B(r) < max{ay : 4 € A}, which implies that f(r) < ¥ ay.
HEA

By the definition of N°(H), Y a,0(p) < co. Ahas at most 224 elements for any r.
H

Since B is constant on each block Q. || Bllyy(p. () 1) < 22 Y a,o(p) < co. W
to ‘1/{

PROPOSITION 2.12. N°(H) is dense in N} (H).

Proof. By Proposition 2.11 we may use that W(L*(H),I}) is dense in
W(L'(H),1}), and choose B € W(L®(H),1}) such that || — [3||W Ly < &
We may assume that 0 < B(h) < B(h) for all h. Set

B(hoh; ') .
fi(hg,hy) = { Blhoh, ) ﬁ(hoh11>#o,
0 . B(hoh!) =

We then have 7i(hg, h;) < B(hoh; ') and 0 < n(hg, hy) —7i(ho, hy) < B(hoh;!) —
B(hoh1).
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The following is one of the three cases covered by Baskakov’s Theorem 1
in [4].

THEOREM 2.13. Let v be an admissible weight function, 1 a discrete abelian group,
and {X;};c1 subspaces of the Banach space X satisfying X; N X; = {0} for i # j and
X = span{X;}c1. Let P; be the projection onto X;. If T is invertible in B(X) and

Y sup [|PTP[o(n) < oo
iclj—k=i

then
Y. sup BT Pflo(n) < co.
i€Z j—k=i
THEOREM 2.14. If N € N (H) is invertible in B(W (L} (H),19)), then N~! €
N2 (H).

Proof. We first define the space of operators

Mo ={T| ¥ sup [IT:LP(Qu) = LP(Qu)o(y) < oo Vp € [1,09]},
yeZ2dxD pv—l=y

where for each p, T is understood to be identically defined on the common part
of different spaces. (Note that L*(Q),) is dense in each LF(Q,), p € [1,00].) By
Theorem 2.13,if T € M, and T is invertible in B(W(L?(H), 1)), then T~1 € M,,. I
is clearly an element of My, though it is not an element of N;°(H) by Lemma 2.9.
For N € N°(H) and T € M,,

Y. sup [INT:L'(Qu) — L=(Qu)llo(r)

yeZ2 xD pv 1=y

Ssup [ T:L%(Qu) = L2(Qu)l Y. sup [IN:LY(Qy) — L¥(Qu)llo(v),
Hv yez?xD pvl=y

and

Y. sup [[TN:LY(Qu) — L®(Qu)llo(7)

yeZ2 xD pv~l=7y

Ssup | T:LY(Qu) = LYQu)ll Y. sup [IN:LY(Qy) — L¥(Qu)llo(v);
1V yez?xD pvl=y

therefore, N°(H) is a proper two-sided ideal in M,. If a;1 + N; € N (H) and
w11 + Nj is invertible in B(LP(H)), then Theorem 2.13 implies (ay1 + Np)~! =T
for some T € M,. Then (aq] + N;)T = I implies T = (1/aq)] — (1/a1)N1T. By
the ideal property of N3°(H), T = ayI + N, for some N, € N°(H). 1

LEMMA 2.15. N°(H) is a two-sided ideal in N7} (H).
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Proof. Assume f € L} (H) and ¢ € L?(H). Then

I % 8l =suip| / £(h)g(h~"ho)dho(hy) < [ |£(h) | sup [g(h~"ho)o(ho) dh
hy H hy

/ )] sup lg(ho)o(ho) o)tk = Iy 156

One similarly shows that L (H) x L. (H) C L (H). By Theorem 11.8.3 in [17] and
the discussion immediately following it concerning H, W(L>®(H),I}) is a two-
sided ideal in W(L!(H),I}) with respect to convolution. The lemma then follows
from the composition rule for majorized integral operators given at the start of
the proof of Theorem 2.8. 1

Proof of Theorem 2.8. Let Ny, Ny € N} (H) be majorized, respectively, by B
and B;. Using Fubini’s theorem, we have

(NlNz)f(ho):/nl(ho,hl)/le(hl,hz)f(hz)dhzdhl

2// n1(ho, hy)ny(hy, hy)f(hy)dhydhy = /”(ho, hy) f(hy)dhy.

Therefore, N1 N, defines an integral operator of the same form:
(NlNz)f(ho):/ ni (hQ, hl) / np (hlr hz)f(hz)dhzdhl
<[ Bu(hg™ha) [ pa(hy o) ()| dhodhy

=[] B1(8)B2(n b ha)dh £ () ldha = [ (o) f(hy) kg

for B = By * B2 € L (H). This establishes the Banach algebra property.

Assume that the operator al + N, N € N} (H), is invertible. We first show
that I ¢ NVI(H). If I € N} (H), then since N°(H) is dense in N (H) (Proposi-
tion 2.12), N3°(H) would contain a sequence approaching I. Lemma 2.9 shows
that such an operator would be unbounded in the N3° (H)-norm. Therefore « # 0.

By Proposition 2.12 we may choose N € N3° (H) such that || — 72|y 115 1)
< a/2. Then by Proposition 1.4.2in [19], aI + (N — N) is invertible in /\71,1 (H). As
in the proof of Theorem 5.4.7 in [19] we consider the operator

K=(al + (N —=N))"Yal+N) = (aIl + (N =N)) }(al + (N - N) +N)
=(al+(N-N)"Yal+(N=N))+(al+(N—=N)) 'N=I+(al+(N-N))"'N.
K is invertible as the product of two invertible operators in /\7;1 (H). By the ideal
property of N3°(H), Proposition 2.12, (aI + (N — N))~'N € NZ°(H); therefore
Theorem 2.14 implies that K1 € N (H). The composition of K1 € N °°( )
and (aI + (N — N))~! € N1(H) is also in N} (H). Therefore, (aI + N)~! =
K Yal+(N=N))"te NM}(H).
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Theorem 2.8 allows us to prove the spectral algebra property for convolu-
tion operators on the Heisenberg group.

COROLLARY 2.16. Let H be the general, reduced Heisenberg group, v an admis-
sible weight function, and Sy the operator given by convolution with f. If a11+ Sy,

f € Ly(H), is invertible in B(LF (H)), then (a11+ S¢)~ " = apl + Sg, g € Ly (H).
REMARK 2.17. Barnes proves in [2] that the spectral algebra property for a
convolution operator on L!(G) is equivalent to G being amenable and symmetric.

Since H is nilpotent, it is symmetric [21]. Taking M as a shift-invariant mean on
L*(G x G), Mu(f) = [ M(f(-,-,€*™7))dt, is a shift-invariant mean on L% (H),

T
and consequently H is amenable; see Chapters 2 and 12 of [22]. Therefore, Corol-
lary 2.16 also follows from Barnes’s work in [2]. For the case when G is compactly
generated, Corollary 2.16 is also a special case of Theorems 3.6 and 3.7 in [7].

Proof. For Fi,F, € LI(H),

uFl*Panl(H)\/ / [Fy ()| Fa(h~"ho) [o(h)dhodh

- / IR (f 1Fa(ho) o(ho)dho ) o(h)dh = (Il e Fll g
H H

Consequently,

(0164 F1) % (a0 + ) = mqapd + w1 4+ apFy, + Fi x>, = a3d +F, F e LY(H).
To meet the conditions of Theorem 2.8, we define the function F(hg, h)=f(hoh™!).
Then al plus the integral operator with kernel F is the same as S, r and satisfies
the conditions of Theorem 2.8. Assuming S, s, s to be invertible in B(LP(H)),

Theorem 2.8 states that S 15 n
jorized by a function B € L}(H). We use an approximate identity {t,},>0 C

Ly(H). Weset 6, = S, ;. s¥n,and 0 = lim (ap] + A)ypy = apd + lim Ayp,. Since
A is majorized by g € LL(H),

1im [Ayy|(ho) < lim /1/;” h'h)dh = B(hy).

= ap] + A, where A is an integral operator ma-

Set g = nlgr;lo Ay, € LL(H). Then @ = a6 + g, and by the continuity of convo-
lution, (a16 + f) * (20 + g) = J. For any ¢ € Cy(H), the space of continuous,
compactly supported functions on H,
Suys+£(So — (a2l + A)) =Sy fSars+g® — Swro+f S5 19
=0+ f)x (b0 +8)—p=0xp—¢p=0
Su,6+ f is assumed invertible in B(LF (H)), and both S5, ¢¢ and (az] + A)¢ are in
L} (H); therefore, (Sy,54¢ — (221 + A))¢ = 0 for all ¢ € Co(H). Since the space of
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continuous compactly supported functions is dense in L1 (H), Sworg = w2l + A,
and 5;115_” = Suy619/ 8 € LL(H). Equivalently, if ay I + Se. f € L} (H), is invertible
in B(L?(H)), then its inverse is also of the form a,I + Sy, and g € LL(H).

3. SPECTRAL ALGEBRA PROPERTY FOR TWISTED CONVOLUTION
AND PSEUDODIFFERENTIAL OPERATORS

T is originally adjoined to G x G, thus creating the Heisenberg group, in
order to obtain group structure for G x G. However, functions defined only
G x G are still of special interest, particularly for pseudodifferential operators.
Here we discuss the Weyl pseudodifferential operator L., given by a symbol

e 8 (GxG):
(3.1) Lof(t) = //(Af(w,x)e*m“’"‘T,xwa(t)dwdx.

GG
The map o — L, is called the Weyl transform, and ¢ and ¢ are called the symbol
and spreading function of the operator L,. The composition rule for two Weyl
pseudodifferential operators is LyLr = L F1(347) where fj denotes twisted convo-
lution [8] and is defined by

FiG(xp,wp) = //F(x,w)G(xO — X, wp — w)eF0-wX0) qeyd .
GG

Since FiG(x,w) < |F| * |G|(x,w), twisted convolution is dominated by regular
convolution. Therefore, L (G x G) is closed with respect to twisted convolution.
In order to prove the spectral algebra property for twisted convolution on L} (G x

~

G) we need a weighted version of Kurbatov’s Theorem 2.6.

THEOREM 3.1. Let G be a locally compact abelian group. Then /\701(@) is an
inverse-closed Banach algebra in B(LP(G),17),1 < p,q < oo.

Proof. Kurbatov’s proof of his Theorem 5.4.7 [19] holds here. The addition
of weights is justified by Theorem 2.13. 1

COROLLARY 3.2. Let G be a locally compact abelian group and G its dual group,
and let Ty € B(LP(G x G)) be the operator given by twisted convolution with f: Trp =

fip, ¢ € LP(G x G). If ayI + Ty is invertible in B(LY (G x G)) and f € L}(G x G),
then (a1 + Tf)_1 =apl + Tyand g € LY(G x G).

Proof. The proof of Corollary 2.16 carries over exactly with the sole substi-
tution of G x G and f for Hand x. 1

Before applying these theorems to pseudodifferential operators, we briefly
discuss the importance of pseudodifferential operators in the study of time-
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varying communication systems, such as wireless communications. We view
f(t) as a transmitted signal; then Ty f(f), x > 0, corresponds to a time shift of
the signal, and M, f(t) corresponds to a modulation or frequency shift. The re-
ceived signal at time #( is a weighted collection of delayed, modulated copies of
the transmitted signal. Therefore the received signal may be expressed as

(3.2) freclto) = [ [ 75, 0)Tx M forans () dxdlv,
R R

where we have absorbed e 7% into 0. The assumption that ¢ € Ll(R?) is
appropriate, as in practice the strength of the delayed copies of the signal de-
cays quickly in time. The Doppler effect or frequency shift depends on the travel
speed of the signal and the relative speeds and angles between the transmitter,
any reflecting bodies, and the receiver. Since these quantities are all bounded in
practice, the Doppler effect is also bounded. Hence if the Doppler effect is lim-
ited to [—D, D], the support of 7(x, -) is contained in [—D, D] for all x [23], [28]. In
practice one must “numerically invert” the operator in (3.2). Theorem 3.3 states
that the inverse will have the same off-diagonal decay as the original operator.
The resulting matrix may, therefore, be truncated to a small number of diagonals,
which is essential for fast real-world computation.

Above we showed that L1 (G x @) is an inverse-closed Banach algebra with
respect to twisted convolution. Due to the composition rule, the previous theo-
rems easily establish the spectral algebra property for a class of Weyl pseudodif-
ferential operators.

THEOREM 3.3. Let OP(F'LL(G x G)) denote the space of pseudodifferential
operators with Weyl symbol o satisfying @ € LL(G x G). Then OP(F1LL(G x G))
is an inverse-closed subalgebra of B(LY(G)). That is:

(i) «I + L, is bounded on all LP(G).
(i) If 5,7 € LY(G x G), then (aq] + Lo) (a2l + Le) = (a3l + L), where § €
LY(G x G).
(iii) If w11 + Ly is invertible in B(LP(G)), then (a11 + Ly) ™! = (aol + Ly) where
7e LG xG).
Proof. (i) We have:

ILofIIF, < / | / / a(w,x)e—ﬂiW'XT,xwa(t)dxdw\’g dt
&G

/ 5w, %)|| f(t+x)|dwdx)p dt
g
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= Ml = 1A1@IE < IFILIAIL < 1815 17

Therefore, |[(al + Lo) fllr(g) < (& + 17l 2 ()1 f e (c)-

(i) By Corollary 3.2, if 7,7 € LY(G x G), (116 4+ 7)5(a26 + T) = (a36 + 7),
where 7 € L'(G x G). Then F~1(a36 +7) = a3+, and (a11 + L) (a1 4+ Ly) =
(0631 + Lry).

(iii) Let (a1] + Ly)~! = A, A € B(LP(G)). Using the Schwartz kernel the-
orem, Grochenig shows in [16], that there exists a symbol v € S'(G), such that
A = L,. In order to apply Corollary 3.2 we must show that the twisted convo-
lution operator T is bounded as an operator on L! (G x G). By the closed graph
theorem [25], T5 is not bounded on L (@ x G) if and only if there exists a sequence
{n}nen € LY(G x G) such that {¢,} — 0,but Ts¢, ~ 0. If T5 ¢ B(L'(G x G)),
then there exists an ¢ > 0 and a subsequence {@,, } such that || Ts¢u,|| ;1 (©xG) > €
for all n. L, € B(LF(G)) by assumption, and Ly, € B(LP(G)) by (i). Therefore
LyLy, € B(LF(G)). By (i) we have

1Ly L, — LyLgy, I5wr @) < ILyllswr@)) 16m = $nll @)

Since {¢y, } is a convergent sequence, {LyLg, } is a Cauchy sequence in the Ba-
nach space B(LF(G)). Since klim {¢n,} =0, klim {LyLg, } = 0, where the latter

convergence is in operator norm. By Theorem 14.6.1 in [16],
I (1T, 26 ) = O
which implies klim (| T P || 11(@xe) = 0 and contradicts the assumption. Thus

T; € B(LY(G x G)). Therefore (a1 + Ly)L, = I implies (10 + 7))y = 4, and
similarly 74(a;6 4+ &) = 6. By Corollary 3.2, v = 06 + 7, T € LY(G x G). 1
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